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CONCERNING THE SEMI-CONTINUITY
OF ORDINARY INTEGRALS OF THE CALCULUS

OF VARIATIONS

by

EDWARD JAMES MCSHANE

(Princeton).

The present note is an addendum to my paper entitled: Existence Theorems
for Ordinary Problems of the Calculus of Variations (1), and the notations
and definitions of that paper will be used here. We are concerned with an ordinary integrand F(x, y, y’) and its associated parametric integrand, defined for x’&#x3E; 0
by a passage to
by the equation G(x, y, x’, y’)=x’F(x, y, y’lx’) and for
the limit z’- 0. As before, we define

One of the most important theorems of E. T. is theorem 6.1, which is concerned with the semi-continuity of J[C]. The proof of this theorem involved a
rather intricate construction. The purpose of the present note is to give another
proof which is both shorter and simpler. We therefore assume as in E. T. that
F(x, y, y’) is continuous together with its partial derivatives as to y!1 and y2’ for
all (x, y) on a closed set A and all y’. Also, we define K(M) to be the class of
all curves C: x = x(s), y= y(s) lying in A, having
and such
wherever it is defined. We can then state
that
THEOREM 6.1. - If I[y] is positive quasi-regular on A, then J[C] is lower
semi-continuous on the class K(M).
Let us first observe that by use of lemma 4.2 of E. T. we find exactly as
in the proof of theorem 4.1 that it is sufficient to prove the following: If the
have the respective representations (2)
curves Co, C,,...., of the class
z$=zi(t),...., 0 s t ~ 1, where all the functions z~(t) satisfy the same LIPSCHITZ
condition (say of constant Q) and z~(t) converge uniformly to z’ (t), then the ine-

quality

(1)
(2)
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(ZO, Zi, z2) is another symbol for the triple (x, yl7 y2).
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Letting h

holds.

be any

positive number,

we

write the

identity

...
,

arguments of the functions G, Gi

contained in the bounded (3) closed
and
on this set the functions are con[ (x, y)
tinuous. Hence as in the proof of Lemma (4.1), the first, third and fourth integrals
on the right tend to 0; and since E ~-- 0, we find that for every h &#x3E; 0 we have
The

in

set

Suppose

are

A, h ~ x’~ Q + h, ~

now

that

inequality (1)

H such that

does not hold: there then exist numbers

1

By lemma 2.2, G,, is upper semi-continuous for z on A and
bounded above, say Go::::; N, where
Consequently
_

Hence for every

,

we

_

,

v

hand, by

lemma 2.3 of E.

ments

(3)
lie in

on

There is no loss of generality in
bounded portion of A.

a

hence it is

have

v

On the other

~&#x3E;0~

1

T., G is
A; and

bounded below for the argufor every x, y, y’ we have

assuming A bounded,

for all the

curves

Co,

241

(If x’ &#x3E; 0, this f ollows from the continuity of G ; if x’ = 0,
G(x, y, 0, y’)). Hence, using (4), we find that there

defines
that

1

Combining (4), (5)

This contradicts

it is the equation which
such
exists an

and

(6)

we

inequality (3),

have

and the theorem is established.

