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ABSTRACT. — In this paper, we give an explicit description of the de Rham and p-adic polyloga-
rithms for elliptic curves using the Kronecker theta function. In particular, consider an elliptic curve
E defined over an imaginary quadratic field K with complex multiplication by the full ring of integers
Pk of K. Note that our condition implies that K has class number one. Assume in addition that E
has good reduction above a prime p > 5 unramified in @k. In this case, we prove that the specializa-
tions of the p-adic elliptic polylogarithm to torsion points of E of order prime to p are related to p-adic
Eisenstein-Kronecker numbers. Our result is valid even if E has supersingular reduction at p. Thisis a
p-adic analogue in a special case of the result of Beilinson and Levin, expressing the Hodge realization
of the elliptic polylogarithm in terms of Eisenstein-Kronecker-Lerch series. When p is ordinary, then
we relate the p-adic Eisenstein-Kronecker numbers to special values of p-adic L-functions associated
to certain Hecke characters of K.

RESUME. — Dans cet article, nous donnons une description explicite des réalisations de de Rham
et p-adiques des polylogarithmes elliptiques en utilisant la fonction théta de Kronecker. Considérons
en particulier une courbe elliptique E définie sur un corps quadratique imaginaire K, a multiplication
complexe par I’anneau des entiers Ok de K, et ayant bonne réduction en chaque place au-dessus d’un
nombre premier p > 5 non ramifié¢ dans K. On notera que le nombre de classe de K est nécessairement
égal a un. Nous montrons alors que les spécialisations des polylogarithmes p-adiques aux points
de torsion de E d’ordre premier a p sont reliées aux nombres d’Eisenstein-Kronecker p-adiques. Ce
résultat est valable méme si E a une réduction supersinguliére en p. C’est un analogue p-adique d’un cas
spécial du résultat de Beilinson et Levin exprimant la réalisation de Hodge du polylogarithme elliptique
en utilisant les séries d’Eisenstein-Kronecker-Lerch. Si p est quelconque, nous établissons un lien entre
les nombres d’Eisenstein-Kronecker p-adiques et les valeurs spéciales des fonctions L associées aux
caracteres de Hecke de K.
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0. Introduction

0.1. Introduction

In the paper [7], Beilinson and Levin constructed the elliptic polylogarithm, which is an
element in absolute Hodge or ¢-adic cohomology of an elliptic curve minus the identity.
This construction is a generalization to the case of elliptic curves of the construction by
Beilinson and Deligne of the polylogarithm sheaf on the projective line minus three points.
The purpose of this paper is to study the p-adic realization of the elliptic polylogarithm for
an elliptic curve with complex multiplication, even when the elliptic curve has supersingular
reduction at the prime p.

To achieve our goal, we first describe the de Rham realization of the elliptic polylogarithm
for a general elliptic curve defined over a subfield of C. In particular, we explicitly describe
the connection of the elliptic polylogarithm using rational functions. Similar results were
obtained by Levin and Racinet [21] Section 5.1.3, and Besser and Solomon [28].

The de Rham realization of the elliptic polylogarithm gives the coherent module with con-
nection underlying the polylogarithm sheaf in the Hodge and p-adic cases. We construct
the p-adic realization of the elliptic polylogarithm as a filtered overconvergent F-isocrystal
on the elliptic curve minus the identity, when the elliptic curve is defined over an imaginary
quadratic field, has complex multiplication by its ring of full integers, and has good reduction
over a fixed prime p > 5 unramified in the ring of complex multiplication. The Frobenius
structure on the p-adic elliptic polylogarithm by definition is compatible with the connec-
tion of the underlying de Rham realization. Our main result, Theorem 4.19, is an explicit
description of the Frobenius structure on the p-adic elliptic polylogarithm sheaf in terms of
overconvergent functions characterized as the solutions of the p-adic differential equations
arising from the compatibility of the Frobenius with the connection.

Using this description, we calculate the specializations of the p-adic elliptic polylogarithm
to torsion points of order prime to p (more precisely, torsion points of order prime to p)
and prove that the specializations give the p-adic Eisenstein-Kronecker numbers, which are
special values of the p-adic distribution interpolating Eisenstein-Kronecker numbers (see
Theorem 5.7). This result is a generalization of the result of [4], where we have dealt only with
the one variable case for an ordinary prime. A similar result concerning the specialization in
two-variables was obtained in [5], again for ordinary primes, using a very different method.
The result of the current paper is valid even when p is supersingular.

When the elliptic curve has good ordinary reduction at the primes above p, the p-adic
Eisenstein-Kronecker numbers are related to special values of p-adic L-functions which
p-adically interpolate special values of certain Hecke L-functions associated to imaginary
quadratic fields (see Proposition 2.27). Hence our main result in the ordinary case implies
that the specialization of the p-adic elliptic polylogarithm to torsion points as above are
related to special values of certain p-adic L-functions (Corollary 5.10). Recently, Solomon
[28] has announced that the p-adic elliptic polylogarithm as constructed in this paper is the
image by the syntomic regulator of the motivic elliptic polylogarithm. Assuming this fact,
our result may be interpreted as a p-adic analogue of Beilinson’s conjecture.

In the appendix, modeling on our approach of the p-adic case, we calculate the real Hodge
realization of the elliptic polylogarithm by solving certain iterated differential equations as
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ELLIPTIC POLYLOGARITHM 187

in the p-adic case. The Hodge realization of the elliptic polylogarithm was first described by
Beilinson-Levin [7] and Wildeshaus [32]. We give an alternative description of the real Hodge
realization in terms of multi-valued meromorphic functions given as the solutions of these
differential equations. Our method highlights the striking similarity between the classical
and the p-adic cases.

0.2. Overview

The detailed content of this paper is as follows. In §1, we introduce the Kronecker theta
function ©(z, w), which is our main tool in describing the elliptic polylogarithm. A slightly
modified version of this function was previously used by Levin [20] to describe the analytic
aspect of the elliptic polylogarithm. We use this function to construct rational functions L,
on the elliptic curve, which we call the connection functions. The main result of the first
section is the explicit description of the de Rham realization of the elliptic polylogarithm
in terms of L,, (Corollary 1.42).

The main result of this paper is an explicit description of the p-adic elliptic polylogarithm
for CM elliptic curves. Let K be an imaginary quadratic field, and let FE be an elliptic curve
defined over K with complex multiplication by the full ring of integers &k of K. Note that
by the theory of complex multiplication, the existence of F implies that the class number of
K is one. We assume in addition that E has good reduction above a prime p > 5 unramified
in k. We denote by ¢z x the Grossencharacter of E over K. We fix a prime p of O over
p, and we let 7 := ¢z (p). Let T be the period lattice of E for some invariant differential w
defined over O.

In §2, we introduce the Eisenstein-Kronecker-Lerch series and Eisenstein-Kronecker
numbers. We fix a lattice ' in C. Let zp € C \ I'. We define the Eisenstein-Kronecker
numbers e}, ,(2o) for integers a and b by the formula

~a

cplz)= Y. iy, ),

v€r\{0}
where (vy,z0) = exp((vZo — 207)/A) and A is the fundamental area of T' divided by
w = 3.14159--.. The above sum converges only for b > a + 2, but one may give it

meaning for all a and b by analytic continuation. Let zg be a point in C \ T" which defines
a non-zero torsion point in F(Q) = C/T, which we again denoted by zy. By Damerell’s
theorem, the numbers e}, ,(20)/A® are algebraic over K when a,b > 0. We fix once and for
all an embedding i, : K < C, continuous for the p-adic topology on K, and we regard
ey p(20)/A? for a,b > 0 as p-adic numbers through this embedding. The Hodge realization
of the elliptic polylogarithm is related to Eisenstein-Kronecker numbers e}, ;(20) fora < 0
(see Theorem A.29), which are complex numbers expected to be transcendental. We use p-

adic interpolation to define p-adic versions of e;, ,(zo) for a < 0.

Assume now that p is ordinary of the form (p) = pp* in Ok, and suppose that z; is a
non-zero torsion point of order prime to p. For their construction of the two-variable p-adic
L-function for CM elliptic curves (see also [6]), Manin-Vishik [22] and Katz [19] constructed

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



188 K. BANNALI, S. KOBAYASHI AND T. TSUJI

a p-adic measure pi., 0 on Z, x Zj, satisfying

! agb _ arp [ Caps1(20) T, 4 (T20)
W /Z;; XZp i duzo,O(x’ y) B (_1) Ae B fb-i—lAa

for any a,b > 0, where €2, is a certain p-adic period in W* for the ring of integers W of
the maximal unramified extension of @, in C,. Using this measure, we define the p-adic
Eisenstein-Kronecker numbers as follows.

DEFINITION 0.1. — Suppose z is a non-zero torsion point of E(Q) of order prime to
p. For any integer a,b such that b > 0, we define the p-adic Eisenstein-Kronecker number
e?) +1(%0) by the formula

a

1
e (20) = Qe +bp)
atbp|

Note that this definition is valid even for a < 0.

/ 2yPdp L o(,y).
Ly XLy

If p is supersingular, which due to our assumption that p be unramified in f is equivalent
to the condition that p remains prime in @, then a two-variable measure as above interpolat-
ing Eisenstein-Kronecker numbers does not exist. We define e‘(f z); +1(20) using p-adic distribu-
tions, constructed originally by Boxall [12][11], Schneider-Teitelbaum [25], Fourquaux and
Yamamoto [33], which interpolate in one-variable Eisenstein-Kronecker numbers for fixed
b > 0. The latter construction is valid even when p is ordinary, and the definition in this case
is equivalent to the one given above. In both constructions, the fact that the generating func-
tion for Eisenstein-Kronecker numbers is given by the Kronecker theta function © , 4, (2, w)
([6] Theorem 1.17) is crucial.

In §3, we give the definition of the p-adic elliptic polylogarithm functions, which are
overconvergent functions on the elliptic curve minus the residue disc around the identity
characterized as the solutions of a certain differential equation. We then give the relation
of these functions to the p-adic Eisenstein-Kronecker numbers.

In §4, we construct and explicitly calculate the p-adic elliptic polylogarithm. Let K be
a finite unramified extension of K,. We denote by @ the ring of integers of K and by k
its residue field. We denote again by F a model of our elliptic curve over f)x. The rigid
cohomology H}, (Ex/K) of Ey := E ® k is a Frobenius K-module with Hodge filtration
coming from the Hodge filtration of de Rham cohomology of Ex := E ® K through the
canonical isomorphism

Hip(Ex/K) = Hg, (Ex/K).
This cohomology group is a K-vector space with certain basis w and w*. We let 7 be the
filtered Frobenius module dual to H}, (Ey/K), and we denote by w" and w*" the dual basis.

Let S(E) be the category of filtered overconvergent F'-isocrystals on E, referred to as the
category of syntomic coefficients in our previous papers, which plays a rough p-adic analogue
of the category of variations of mixed Hodge structures on E. We denote by S(7') the same
category on ¥ := Spec O, which is simply the category of filtered Frobenius modules.
The elliptic logarithm sheaf %4y is a pro-object Loy = liLn.,%gN in S(E). One of its main
features is the splitting principle, given as follows.
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LEMMA 0.2 (= Lemma 5.3). — Let zg € E(K) be a torsion point of order prime to p. Then
we have a canonical isomorphism
iz, ZLog = [ [ Sym’ #
j=0
as filtered Frobenius modules in S(V).

We let 77V be the dual of ., and we denote by 7% and .7 the pull-backs of .7 and
AV to E by the structure morphism. We let U = F \ [0], where [0] is the identity element
of E. The p-adic elliptic polylogarithm class is an element pol,,, in the rigid syntomic
cohomology group

polyy, € Hypn (U, 5 © Zog(1))

characterized by a certain residue condition. The importance of this element is that it is
the image by the syntomic regulator of the motivic elliptic polylogarithm [28]. Our main
theorem, Theorem 4.19, is an explicit description of the p-adic elliptic polylogarithm sheaf,
which is an extension of Zag(1) by J#% in the category S(U) of filtered overconvergent
F-isocrystals on U whose extension class corresponds to poly,,.

Finally, in §5, we calculate the specialization of the p-adic elliptic polylogarithm to non-
zero torsion points of order prime to p. We now let K be the maximal unramified extension
of K,. Let zp € E(K) be any non-zero torsion point of order prime to p, and let i,, :
Spec Ok — U be the inclusion induced by z¢. By the splitting principle, the pull-back of
polyy, to zp gives an element

i3, polyyy € [[ Han (¥, Y @ Sym? 7£(1)).
j=0
The calculation of syntomic cohomology gives an isomorphism
(0.3) He (V, 2" @ Sym? #(1)) 2 AV & Sym? # | Kw @ w*"7 .

Our main result is the following.

THEOREM 0.4 (= Theorem 5.7). — Suppose p > 5 is unramified in Ox. If we let
wm™k in HL (v, @ Sym? # (1)) through

— ,Ym,  xVk ; %
= w'mWw"'", then the image of i} poly,, syn

the isomorphism (0.3) is given as

Z e(f)gn,k+1(20)£®gm’k— Z e(_py)n_m(zo)&*@&m’k-
m+k=j m+k=j

m>1,k>0 m>0,k>1

The above result shows that the p-adic elliptic polylogarithm specializes to give the
p-adic Eisenstein-Kronecker numbers. This is a p-adic analogue of the result of Beilinson-
Levin and Wildeshaus in the Hodge case. When p is ordinary, we may interpret the above
result in terms of special values of p-adic L-functions of imaginary quadratic fields (Corollary
5.10). Since the elliptic polylogarithm is motivic in origin, our result is in the direction of the
p-adic Beilinson conjecture relating motivic elements to special values of p-adic L-functions.
The implication of our result with regards to the precise formulation of the p-adic Beilinson
conjecture of Perrin-Riou ([24], see also [13] Conjecture 2.7) as well as the precise relation
in the supersingular case between p-adic Eisenstein-Kronecker numbers and special values
of p-adic L-functions will be investigated in subsequent research.
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1. de Rham realization of the elliptic polylogarithm

1.1. Kronecker theta function

Here, we first review the definition of the Kronecker theta function ©(z,w). Then we
define the connection function L, (z), which will later be used to describe the connection of
the elliptic polylogarithm. We fix a lattice I' C C, and we define A to be the fundamental area
of T" divided by o = 3.14159 - - - . In other words, if ' = Z~; & Z~ such that Im(y; /v2) > 0,

then A = (y17, — 727,)/2ws.

DEFINITION 1.1. — We define 6(z) to be the reduced theta function (in the sense of [6]
§1.2) for E := C/T corresponding to the divisor [0], normalized so that 6'(0) = 1.

Lete; = lim, o+ Y e\ (o} 7~ 2 17I7%*, and let o (2) be the Weierstrass o-function. Then
6(z) may be given explicitly as

(1.2) 0(z) = exp [—%6;22} a(z).

The theta function 6(z) is a holomorphic function on C whose only zeroes are simple zeroes
at z € ', and satisfies the transformation formula

_ ol 7
(1.3) 8(z + ) = e(7) exp {A (= + 2)} 6(2)
for any v € T, where e(y) = —1if v & 2T and ¢(y) = 1 otherwise.

DEerINITION 1.4 (Kronecker theta function). — We define the Kronecker theta function
O(z,w) to be the function
0(z 4+ w)
0(2)0(w)”

Note that since o(z) hence 6(z) is an odd function, we have 68”(0) = 0. We let F(z) be
the meromorphic function

Fi(z):= lim (O(z,w) —w™") = 6'(2)/0(2).

O(z,w) :=

Then F1(z) = ((z) — e}z, where {(z) := o'(z)/o(z) is the Weierstrass zeta function. Fy(z)
satisfies the transformation formula Fy (z + v) = Fy(z) + 7/Aforany vy € T.

The existence of Fy(z) :=lim,_o (©(z,w) —w™') shows that the function
O(z,w) — w~! is holomorphic in a neighborhood of w = 0 for a fixed 2 ¢ T. By ex-

changing z and w and combining the results, we see that the function ©(z,w) — 27 — w™?
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is holomorphic in a neighborhood of z = w = 0. Hence we may consider the two-variable
Taylor expansion of this function at (z,w) = (0,0). As a result, we have an expansion

O(z,w) = Z Fy(z)wb™ 1,
>0

where Fy(z) = 1, Fi(z) is as before, and Fy(z) is holomorphic in z for b > 1.

DErINITION 1.5. — We define the function Z(z, w) by

E(z,w) = exp(—F1(2)w)O(z,w).

From the transformation Formula (1.3), we see that Z(z 4+, w) = Z(z,w) for any v € T.
Since 0'(0) = 1, for any z ¢ T, the function Z(z,w) — w~! is holomorphic with respect to w
in a neighborhood of w = 0.

DEFINITION 1.6. — We define the connection function Ly, (z) to be the function in z whose
value at a fixed z € C\ T is defined as the coefficients of the Laurent expansion of Z(z, w)
with respect to w at w = 0:

(1.7) E(z,w) = Z Ly (2)w™ ™t

The connection function is given explicitly as Ly(z) = 1 when n = 0. The function L, (z)
for general n > 0 is explicitly given by the formula

no_ 2))n—b
L) =% (f;(_)b))!mz).
b=0

Since L, (z + v) = L,(z) for any v € T, the function L,(z) is an elliptic function,
holomorphic except for poles at z € I

We next prove the algebraicity of the connection function when the complex torus C/T’
has a model over a subfield F' of C. Let E be an elliptic curve defined over F, given by the
Weierstrass equation

(1.8) E:y?*=42° —gox — g3,  go,g3 € F.

Let I" be the period lattice of E with respect to the invariant differential w = dz/y, and denote
by £ the complex uniformization

(19) ¢:C/T = E(C), 2 (p(2), ¢ (2)-
Then the following results from the recurrence relation for the Taylor coefficients of o(z) at
the origin (See [1] pp. 635-636 or [31]).

LEMMA 1.10. — The Taylor expansion of o(z) at z = 0 has coefficients in F.

Lemma .10 implies that the Laurent coefficients of {(z) := ¢'(2)/0(2), p(z) = —('(2)
and p'(z) at z = 0 are also in F'. By the definition of Z(z, w) and (1.2), we have

o(z +w)

(1.11) E(z,w) = exp [-((2)w] oo’
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Hence the coefficients of the two-variable expansion of Z(z, w) at (z, w) = (0, 0) with respect
to variables z and w are also in F'. For any rational function f on E defined over F', we denote
by f(z) the pullback of f by &.

ProrosITION 1.12 (Algebraicity). — For any integern > 0, the connection function L., (z)
is obtained as a pullback by £ of a rational function L,, on E defined over F.

Proof. — The function L, (z) is holomorphic outside [0] € E(C). By the previous lemma,
the Laurent coefficients of L, (z) at z = 0 are in F'. The Laurent coefficients of p(z) and
©'(z) at the origin are also in F. We may remove the non-positive degree of the Laurent
expansion of L, (z) at 0 by subtracting a suitable function h(z) € F[p(z),¢'(2)]. Then
L,(z) = h(2) € Flp(2), '(2)], proving our assertion. O

1.2. Review of de Rham cohomology

In order to fix notations, we review facts about de Rham cohomology of smooth algebraic
varieties defined over a field F' with characteristic 0. Let X be a smooth algebraic variety
defined over F, and let Q% be the de Rham complex on X.

DEFINITION 1.13. — We denote by M (X) the abelian category consisting of pairs
(7,V), where & is a locally free module on X and V : & — & ® QX is an integrable
connection on &.

DEFINITION 1.14. — For any object & in M (X), we define the de Rham cohomology
Hip (X, ) of X with coefficients in & by
Hig(X,J) = RT(X,Q*(9)),
where Q° (&) denotes the de Rham complex & ® Q%.

PROPOSITION 1.15. — We have a canonical isomorphism
Exthyx)(0x,7) = Hip(X, ).
Proof. — The canonical homomorphism is given as follows. For an extension
(1.16) 09 —-6—-0x—0

in M(X), we define the class [§] in Hig (X, &) to be the image of 1 € F C HJz (X, Ox) by
the boundary map Hiy (X, Ox) — Hiz (X, ) associated to (1.16). The inverse homomor-
phism is defined as follows. Suppose i = {U; };¢< is an affine open covering of X. Then any
cohomology class [¢] in Hl (X, ) may be represented by a Cech cocycle

(& uij) € [[TUL, T 0%) e [] TW:iNU;, ),
il ijel
for this covering satisfying d§; = 0, du;; = & — & and u;; + ujr, = g for any 4,5,k €
I. The extension & whose class in Ext}w( x)(Ox, ) corresponds to [¢] is constructed as
follows: We define &; to be the coherent @y, -module &; := Oy, e, @ F|u,, with connection
V(e;) = &. We define & to be the extension obtained by pasting together &; on U; N U;
through the isomorphism &;|v,nv; = &jlvinu,. ¢; = €j — Uij, which is compatible with the
connection. O
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ELLIPTIC POLYLOGARITHM 193

Let X be a smooth algebraic variety over F' and D — X be a normal crossing divisor of
X over F. We denote by Q% (log D) the sheaf of differentials on X with logarithmic poles
along D. For any & € M(X), we define the logarithmic de Rham cohomology of X with
logarithmic poles along D and coefficients in & by

Hliong(Xv g) = RiF(Xv Qr (g))v

log

where Q0 (7 ) denotes the de Rham complex & ® Q% (log D) of & with log poles along D.

Let U:=X\D and let j:U — X be the natural inclusion. The morphism

Qg (9) = 5:Q°(F)|v induces a canonical isomorphism

(1.17) Hi,ar(X,9) = Hig(U,9).
Suppose X is a smooth curve defined over F, and let i : D — X be a smooth divisor
of X defined over F'. Then for & in M (X), the localization sequence in this case is the
isomorphism Hiy (X, ) = H{i (U, 7) and the exact sequence

0— Hig(X,9) — Hig(U,F) = Hx(D,i*T)

— HiR(X,9) — HiR(U,9) — 0,

obtained from the long exact sequence associated to the exact sequence
(1.18) 0— Q% () = Qe () = iui"I[-1] = 0
and the isomorphism (1.17). The boundary map
(1.19) res : Hy,, 4 (X, ) — Hgg(D,i*J)

of the long exact sequence associated to (1.18) is given as follows. Let 4 := {U;}icr
be an affine open covering of X. Then any cohomology class £ in Hﬁ)g ar(X, ) may be
represented by a cocycle

(é}-, ’Ll,ij) S HF(UZ, IR Qﬁ((log D)) D H F(Ul n Uj, g),
iel ijel
satisfying du;; = &; — & and u;; + u;r = u for any ¢, j, k € I. For each point P € D, the
image of res(&) in I'(P, i* ) is precisely resp(&;) for ¢ € I such that P € U;,.

1.3. The logarithm sheaf

We return to the case of an elliptic curve E defined over a field FF € C as in (1.8). Let
Hin (E) be the first de Rham cohomology of E, which may be calculated as

(1.20) Hig(B) = BT (B, 0s(10]) > Q52[0])) < T(E,2L(2[0))).

Let w* be the algebraic differential defined over C corresponding to dF; = dlog 6(z) through
the complex uniformization (1.9). Then w* is a differential of the second kind. As it is
the case for applications in this paper, we assume that w* is defined over F'. We denote by
w and w* the classes in H}g (E) corresponding to the differentials w := dz/y and w* in
I'(E,Q%(2[0])), which form a basis {w,w*} of Hlg(E). We denote by # := Hlz (E)V the
dual of H} (E), and we let {w", w*V} be the dual basis of {w,w*}. For any smooth scheme
X over F, we denote by J x the coherent module # ® ©)x on X with connection such that
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V(w") = V(w*Y) = 0. Since the connection on # g := # ® O is simply the differentiation
on @, we have a canonical isomorphism

(1.21) HR(E,Hp)=HR(E)QH =H" @ H.

DEFINITION 1.22. — The first logarithm sheaf fag(l) is defined to be any extension of
JH g by O in M(E), whose extension class in

Extys ) (05, H &) = Hip(E,H &)

is mapped by (1.21) to the identity w ® w" + w* ® w*V. We define the N-th logarithm sheaf
fagN to be the N-th symmetric tensor product of fag(l).

The homomorphism fag(l) — B induces a natural projection fagNH — fagN. Let

ifg): [0] < E be the natural inclusion of the identity [0] in E. Since a connection on a point
is zero, we have a splitting

(1.23) et ity LogV = FPH

on M (Spec F). A choice of € as above induces a splitting e: z‘E‘O] fag,N =] H§V= 0 Sym? # on the
N-th symmetric tensor product, which is compatible with the projection Z’HQNH — fagN.

REMARK 1.24. — The first logarithm sheaf fag(l) has non-trivial automorphisms as ex-
tensions of # g by O . However, if we choose a pair (Z’ag(l) , €) consisting of a first logarithm
sheaf and a splitting € as in (1.23), then the pair (Z’ag(l), €) is unique up to unique isomor-
phism.

We now give an explicit construction of Z’ag(l). We take an affine open covering
$1 = {U; }ier of E. Then there exists an element

(1.25) (Wi uiy) € [[TWi9p) @ [] TW:nU;, Or)

il i,jel
satisfying the cocycle conditions du;; = Wi — Wi, Ui+ ujp = Uik for any i, j, k € I,
which represents the class of w* in H}g (E). Then, if we set v; = w¥ ® w + w*¥ ® w} and
U5 = uijg*v, the pair

(l/i,’uij) S HF(UuﬂE ® QlE) D H F(Ul n Uj,ﬂE)
i€l i,j€l

is a cocycle which represents the cohomology class in H} (E, # g) that maps to the identity
by (1.21). Hence Proposition 1.15 gives the following.

PROPOSITION 1.26. — On each U;, we let Z’ag,l(.l) be Ou,e; @ Hy, with connection
horizontal on H and V(e;) = v; € T(Uj, H g ® Q). Then fag(l) is obtained by pasting
together fagl(.l) through the isomorphism on U; N Uj:

1 A 1 \Y,
(1.27) 209" |v,n0, = 269" v, € =e;—ui =e; —uyw".
Now, let w;"" := efw"""w*V" /al fora = N —m — n.
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COROLLARY 1.28. — On each U;, we let
Loyt = B Ovu™",
0<m+n<N

with connection Vp = d+v ;. Then the N-th logarithm sheaf Z’ag,N is given by pasting together
fagfv on U; N U; through the isomorphism

N ~ N T - —Usj W™ k
(129) faﬂl G = fﬂy] |UiﬁUj’ Z _Jn | Yo
Proof. — This follows by calculating w;*" in terms of g;n’ . 0
N+1

The projection Zog — Z’ayN on each U; is defined by mapping w;"" to w."" if
m+n<N,andtozeroif m+n=N + 1.

One may describe the restriction of fag(l) to U = E\ [0] by using differentials of the
second kind. Since (w}, u;;) and w* represent the same classin R'T (E, O (]0]) 4 Q%E(Q[O])> ,
this implies that there exists an element
(1.30) (us) € [[ T, Ou([0])

icl
satisfying w* = w; — du; and u;; = u; — u, forany i, j € I.
PROPOSITION 1.31. — The restriction of Z’(Jg(l) to U = E\ [0] is given by the free

Ou-module £ = Oye @ H vy, with connection horizontal on ¥ and satisfying V(e) = v,
where v = w” Q@ w + w*Y ® w*.

Proof. — Foreachi € I, we have an isomorphism £|yny, = faggl) |unu, on UNU; which
is the identity on % and e = ¢; — u;w*V. The coboundary condition for u; implies that it is
compatible with the connection. O

Let w™" := ew" " w*V™ /a! for a = N — m — n. Then we have the following.

COROLLARY 1.32. — The restriction of fagN to U is given by the free Oy-module
fN — @ @Ugm,n

0<m+n<N

with connection Ny = d + v. For any i € I, the isomorphism Z’N|UmUi = fagmymyi is given
onUNU; by

N-—m (—u;)k—n
m,n __ — g m,k
(1.33) w = kg Wﬂi .

To finish this section, we give a choice of a splitting e: kao} 25’09(1) ~ FPJ asin (1.23).
We fix an affine open covering 8l = {U;}icr of E, and we choose (w},u;;) and (u;) as in
(1.25) and (1.30). Consider any ¢ € I such that [0] € U;. Since w} = w* 4 du; is a
meromorphic differential form without poles on U;, the function n;(2) := F1(2) + u;(2) isa
meromorphic function on C, holomorphic on the inverse image of U; by the uniformization
C - C/T' 2 E(C), whose value at 0 is an element in F'. Let u; := u; — n;(0) if [0] € U,
By replacing u; by @; and w;; by u; — u;, we may assume that n;(0) = (F1 + u;)(0) = 01if
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[0] € U;. Then for any U;, U; € Y such that [0] € U; N U;, we have u;;(0) = (u; — u;)(0) =
(n; —n:)(0) = 0. Hence we may define the splitting

(1.34) eriry 2oV = FH

by mapping e; to the identity element 1 € F' for ¢ € I such that [0] € U;.

DEFINITION 1.35. — We fix (w],u;;) and (u;) as above. We let {gﬂ)’]’"} be the basis of

i) Fog" obtained as the restriction of the basis {w™"} of foyﬁv for some i € I such that
[0] € U;. This basis is independent of the choice of 4.

The splitting

N
(1.36) e iy Zog™ = [ Sym*
k=0

*Vn

induced from the splitting (1.34) is given by mapping g["g]’” to wV™mw

1.4. The polylogarithm sheaf

Here, we define and explicitly describe the elliptic polylogarithm sheaf, originally
constructed by Beilinson and Levin [7]. Let the notations be as before. In particular,
let fagN be the logarithm sheaf explicitly described in Corollary 1.28 and let € be the
splitting given in (1.36).

LemMMA 1.37. — We have lim Hiz(E, fagN) = 0 for i = 0,1, and the projection gives

an isomorphism lim  H3p (E, Log™) = H3(E) = F.

Proof. — This statement is proved in [7] 1.1.2. See also [1 7] Lemma A.1.4 or [4] Lemma
3.4. O

Let D =[0] and U = E \ [0]. By Lemma 1.37, the residue map induces an isomorphism
. Ny = .. - N N
l%lHéR(U, Log™) — %Ker (HgR(D,z[O]fag ) = Hir(E, Log )) .

By (1.36) and Lemma 1.37 for H3g, we have an isomorphism

(1.38) res: lim Hip (U, ® Log") 2 H' @ [ Sym* .
N k>1

Note that this isomorphism depends on the choice of (1.36).

DEerINITION 1.39. — We define the polylogarithm class (for the splitting (1.36)) to be a
system of classes polé\fR € Hiz(UJH [V] ® Z’agN) which maps through (1.38) to the identity
in#'QH cH'® [Tr>1 Sym*# . Furthermore, we define the elliptic polylogarithm sheaf’
on U to be a system of sheaves PN in M (U) given as an extension

0—>fag/N—>g)N—>5"{U—>0
whose extension class in Ext}M(U) (Hu, fagN) =~ Hl (U H) ® fog,N) is polji.

The rest of this section is devoted to explicitly describing the extension class polé\]R and the

polylogarithm sheaf ?”~ . We first construct certain classes in H R, fagN).
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DEFINITION 1.40. — We define w", w*V in T'(U, Z’agN ® §2f;) to be the sections

N N
w\/ — _QO,O ®w* + § :Lngl’"fl Qw, w*\/ — § :Lngo,n ® w.
n=0

n=1
The sections w" and w*¥ define classes [w"] and [w*V] in Hg (U, fag/N).

THEOREM 1.41. — We let p™ be the cohomology class
PV = wo W] +w ewY] eH @ Hig(U, Log™).

Then the image of pNby (1.38) is the identity w @ w¥ + w* @ w*Y in H' @ H C
H @ [Tr>1 Sym"” . In particular, we have

polgg := limpolyg = limp™.
N N

The proof of this theorem will be given at the end of this section.

COROLLARY 1.42. — The polylogarithm sheaf PN may be constructed as follows. As a
coherent Oy-module, it is given as the sum

PN =9y P Logyy
with connection Ny given by Vyp on fagN and Vp(wV) = wY, Vp(w*V) = w*V.

We now prepare some results necessary for the proof of the theorem. In order to calculate
the residue (1.38), we must express the classes [w"] and [w*V] in terms of cocycles in loga-
rithmic de Rham cohomology

Hyoyar(E, 20" ) := R'T(E, O, (Zog")).

We take an open affine covering 4 = {U;} of E, and we fix a cocycle (w},u;;) and a
coboundary (u;) as in Definition 1.35. We let

Ei(z,w) = exp(—u; (2)w)E(z, w) = exp(—n;(2)w)O(z, w)
for m;(2) = F1(2) + wi(2).

DEFINITION 1.43. — For any integer k > 0 and ¢ € I, we define Ly, ;(2) to be the function
in z given by
Hi(z,w) = Z Ly i(2)w" .

k>0

By definition, Ly, ;(z) may be expressed in terms of L,, (z) and u;(z), hence it comes from a
rational function Ly, ; on E defined over F'. The importance of this function is the following

property.

PROPOSITION 1.44. — The functions Ly, ; are holomorphic on U; \ [0]. It has a simple pole
of residue one at [0] if k = 1 and is holomorphic on U; if k # 1.
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Proof. — By definition, we have Ly; = Ly = 1, so the statement is true for & = 0.
Similarly, we have Ly ; = —u; + L1 = —u;. By definition, w; is holomorphic on U; \ [0].
When [0] € U, the function n;(z) = Fi(2) + u;(2) is holomorphic at z = 0. Since the
residue of F(z) at z = 0 is one, the residue of u;(2) at z = 0 is —1. This gives the assertion
for k = 1. For the general case, note that for a fixed w ¢ T, the function ©(z,w) — 271 is
holomorphic in a neighborhood of z = 0. Since we have chosen 7;(2) so that n;(0) = 0, this
implies that Ly, ; is holomorphic on U; when k£ > 1. O]

COROLLARY 1.45. — Let
N N
w = —w’ @uw + Z Lk,igg’kfl ® w, wiV = Z Lk,igg’k QRw.
k=1 k=0
Then we have w), w?¥ € [[;e; T (Uz, fay ® 0L (log[0 ]))
Let the notations be as above.
PROPOSITION 1.46. — For any i,j € I, we define o;; € T'(U; N Uj,fagN) to be the

element
N k+1

Uij 0,k
Qi 1= Z i
— (k+1)!

Then (w) , ou;5) and (w}Y,0) satisfy the cocycle conditions

\% \Y% *
Vf(aij) =w; —w;, i + Qg = g, w: —w; = 0,

hence define cohomology classes in Hy,, 4r (E, Z’ag/N). These classes coincide with the
classes [wV] and [w*V] in HXR (U, Log") through the isomorphism Hy,.ar(E, Log") =
Hg (U, Log™).

Proof. — By (1.33) and the definition of L,, and Ly, ;, we have

N
(1.47) Zan Z ZL n), ~ Ok ZLk Wk,

k=0n=0
Hence w*¥ = w;¥ = wj", which proves that w}" — w;¥ = 0. For any i € I, we define
a; € T(U; \ [0], fag ) to be the element

Then using (1.29), we see that a;; = o — o if U; NU; # @. The equality o + o = o
follows immediately from this fact. By definition of the connection, we have

Ve(oi) = ®duz+z ui) °k® +Z u:) 1’°1®w.

Here, we have used the fact that dui = w* —w. Again by ( .33), we have

Z Lowb ™™ Z Z L, i 721 k=1 _ Z <Lk,i - ;:'Z )w%,kl.
n=1 '

k=1n=1 k=1
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Applying this equality and (1.33) of Corollary 1.32, we see that
(1.48) Ve(oy) = w) —w”.

This shows that Vi (i) = V() — V() = wi —w)'. The classes (), a;;) and (w;",0)
coincide with [w"] and [w*Y], since by (1.48), the element (av;)icr € [[; T(U; \ [0], fagN)

gives the coboundary of the difference between w" and w)’ and w*¥ = w}¥ oneach U;. O

Proof of Theorem 1.41. — By Proposition 1.46, we may calculate the residues of [w"] and
[w*V] using the cocycles (w), a;;) and (w;",0). By Proposition .44 and the description of
the residue map given at the end of §1.2, we have res([w"]) = w[lo’]o and res([w*V]) = w?o’]l.

Our theorem now follows from the definition of p¥ . O

REMARK 1.49. — As it is useful for applications, we assumed that w* is defined over F’
and used this differential to describe the de Rham realization of the elliptic polylogarithm.
It is possible to give an algebraic construction without this assumption, by taking the basis
{w,n} of Hiy (E), were nis the class corresponding to the algebraic differential of the second
kind n = zdx/y defined over F. The relation is given by n = —w* — ejw.

2. Classical and p-adic Eisenstein-Kronecker numbers

In this section, we will first review the definition of Eisenstein-Kronecker-Lerch series and
Eisenstein-Kronecker numbers. We will then review the construction of the p-adic distri-
bution interpolating Eisenstein-Kronecker numbers, when the corresponding elliptic curve
has complex multiplication. This distribution will be used to define the p-adic Eisenstein-
Kronecker numbers. In what follows, we fix a lattice I' C C.

2.1. Eisenstein-Kronecker numbers

Let (z,w) := exp[(2w — zZw)/A], where A is again the fundamental area of I" divided
by w.

DerINITION 2.1 ([30] VIIT §12). — Let 2, wo € C. For any integer a > 0, we define the
Eisenstein-Kronecker-Lerch series K (zg, wo, s) by

(2.2) K} (20, wo, 8) := Z*M<%wg),

where * denotes the sum over all v € T such that v # —z,. The series converges for
Re(s) > § 4+ 1, and extends to a meromorphic function on the complex plane by analytic
continuation.

We extend the definition of the above series to integers a < 0 by
(2.3) K (z0,wp,s) = (-1)*K* (=20, wp,s — a).
This function also satisfies (2.2) for Re(s) > a/2 + 1.

PROPOSITION 2.4. — Let a be an integer.

(1) The function K} (zo,wo, s) for s continues meromorphically to a function on the whole
s-plane, with a simple pole only at s = 1 if a = 0 and wy € T.
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(ii) The functions K (zo,wo, s) satisfy the functional equation
(2.5)  T(8)K;(20,wo,5) = A% T(a + 1 — ) K (wo, 20, a + 1 — s){wo, 20).-

Proof. — The assertions (i) for a > 0 and (ii) for @ > 0 are given in [30] VIII §13. We next
prove (i) for a = 0. By [30] VIII §13 (13), the only poles of I'(s) K (2o, wo, ) are a simple
poleats = 0if z9p € "'and at s = 1 if wy € I'. Since I'(s) has a simple pole at s = 0 and
I'(1) = 1, we see that the unique pole of K (2o, wo, $) is a simple poleat s = 1 if wy € T
Finally, for integers a < 0, the fact that K (2o, wo, s) is holomorphic in s follows from (2.3)
and the statement for @ > 0. The functional equation applied toI'(§—a) K* ,(— 20, wo,5—a)
gives the functional equation

(2.6) T'(s—a)K!(z0,wo,s) = (—1)* AT 72T (1 — 8) K (wo, 20, a + 1 — 8){wo, 20).
Since I'(s)['(1 — s) = w/sinws, we have I'(s) /T (s —a) = (—=1)°T'(a+1—s)/T'(1 — s). The
functional equation for a < 0 follows by multiplying this quotient to both sides of (2.6). O

Suppose zg, wg € C. In [6] Definition 1.5, we defined the Eisenstein-Kronecker numbers
ey p11(20,wo) for integers a,b > 0. We extend the definition to general integers a,b as
follows.

DEFINITION 2.7. — Let a, b be integers such that (a,b) # (—1,1) if wy € I'. We define
the Eisenstein-Kronecker numbers ez’b(zo, wyp) by

e:,b(ZOawO) = K2+b(20,w0, b)
For (a,b) = (0,0), we have ef; o (20, wo) := K§ (20, wo,0) = —(wo, 20).

Part of the importance of Eisenstein-Kronecker numbers stems from its relation to special
values of Hecke L-functions associated to imaginary quadratic fields (see for example [0]
Proposition 1.6). We will use the following version of Eisenstein-Kronecker numbers.

DEFINITION 2.8. — Suppose a,b are integers, and let 2y € C such that zo ¢ T if
(a,b) = (—1,1). We let

€a,b(20) 7= €3,5(0, 20) = K1.4(0, 20, b).-

We next consider the generating function of Eisenstein-Kronecker numbers. For any z,
wy € C, let

0. u(5w) = exp {_ zowo} exp [_ 2o + wzo} Oz + 20,w + wo).
, ) — a1
Then we have the following.

THEOREM 2.9. — The expansion of © ,, ., (2, w) at (z,w) = (0,0) is given by

5’1110 e, b 1(207 wo)
1 a+b “a,b+ b a
3 apenthenlom)

02
62077110 (va) = <'LU(),Z(]>7 + a'A“ 9

a,b>0

where 6, = 1 if x € T and 6, = 0 otherwise.

Proof. — This is obtained from §1.4 Theorem 1.17 of [0], by replacing the index a, b by
a,b+ 1. O
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By definition of O, ., (2, w), we have © ,,(2,w) = (wo, 20)Ouw,,2 (W, z). Hence by
Theorem 2.9, we have

620 1 a+b e:,b-i'l(zo) a, b
Oro0(20) = Oozg(w2) = =2+ 1 D, ()= el

Using this function, we next define the function F ,(z) as follows.

DEFINITION 2.10. — For any 2y € C, we let F, ;(2) be the function such that

©,,.0(z,w) = Z Fop(2)w® 1

b>0

In particular, F,, 1(2) = F1(z + 20) — Zo/A. For any v € I, we have

©.o4+,0(2, w) = exp [—W} O(z+ 20 +7v,w) = O, 0(2, w).

Hence F,, (%) depends only on the choice of zp modulo I'. Henceforth, the zo of F , will
either denote an element in C or a class in C/I". We have from Theorem 2.9 the following
corollary.

COROLLARY 2.11. — Forany b > 0, the Laurent expansion of F,, y(z) at 0 is given by

éb— z — ez b(Zo)
Faou(2) = % + Z(_l)a+b la"Tza’
a>0 ’

where 6y o = 1ifb=0and x € T, and is zero otherwise.

Proof. — The statement for b > 0 is Theorem 2.9. The statement for b = 0 follows from
the fact that ef 4(20) = —1 and e 4(z0) = 0 for any a > 0 (see Remark A.5 for a proof of
this fact). O

2.2. p-adic Eisenstein-Kronecker numbers

We next give the definition of p-adic Eisenstein-Kronecker numbers, when the lattice T’
is the period lattice of an elliptic curve with complex multiplication given as follows. Let K
be an imaginary quadratic field, and let E be an elliptic curve defined over K with complex
multiplication by the full ring of integers Ok of K. We note that the existence of such E
implies that K is of class number one. We fix a Weierstrass model

(2.12) E:y? =423 — gox — g3, w=dz/y

of F over Ok with good reduction at the primes above p > 5. We assume in addition that p is
unramified in Ok. We let T be the period lattice of E with respect to the invariant differential
w = dz/y. In this case, the following theorem was proved by Damerell ([14], [15]).

THEOREM 2.13 (Damerell). — Let a and b be integers > 0, and let zo € T' ® Q, which
corresponds to a torsion point of E. Then we have

ezwb(zo)/Aa e K.

Moreover, we have e3 := ef; 5(0) € K for the constant e3 defined in §1.1.
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See [6] Corollary 2.10 for a proof using ©(z,w). The above theorem shows that the
Laurent coeflicients of ©,, o(z,w) at the origin are in K. In what follows, we assume that
20 € T'®Q.

We denote by ¢g/x the Grossencharacter of K associated to £. We fix a prime p of Ok
over p, and we let 7 := g k(p) € Ok. Then 7 is a generator of p. Henceforth, we fix
an embedding i, : K — C, such that the completion of K in C, is K,. We let K be a
finite unramified extension of K, in C,. Let E be the formal group associated to E ®p, Ok,
with respect to the formal parameter s = —2z/y. Then E is a Lubin-Tate group over O, ,
of height one or two depending on whether E has ordinary or supersingular reduction at
p. Denote by A(¢) the formal logarithm of E normalized so that X/ (0) = 1, and denote by
@20,0(37 t) the formal composition of the two-variable Laurent expansion of O, o(z,w) at
z = 0 and w = 0 with the formal power series z = A(s), w = A(t). Let 95 1og := N (5) 7105 =
0.

We denote by on,b(s) the formal composition of the Taylor expansion of F, »(z) atz = 0
with the power series z = A(s). By definition, we have

0,,0(2,w) = exp(Fyy,1(2)w)E(2 + 20, w).
If we let fz[hn(s) := Ly (2 + 20)|.=x(s), then the above gives the equality

b —~
= Fapa ()"~
(2.14) Fl,5(s) = nz:% WLZM(S).
If f(z)isa meromo/r\phic function on C/T corresponding to a rational function f on E,

then the power series f(s) := f(z)|.=x(s) is the expansion of the rational function f with
respect to the formal parameter s = —2z/y of the elliptic curve.

LEMMA 2.15. — Let K be a finite extension of Ky, and suppose that the meromorphic
Sfunction f(z) on C/T corresponds to a rational function f on E defined over K, without any
pole on E(mc,) \ [0]. Then f(s) := f(2)|.=x(s) has bounded coefficients.

Proof. — Consider the embedding K (E) — Frac(@x][s]]) of the functional field of E to
the fractional field of the ring of formal power series with respect to s. Note that the image
F(s) of f is of the form f(s) = P(s)/Q(s), where P(s), Q(s) € Ox][s]] are relatively prime.
By the p-adic Weierstrass preparation theorem, Q (s) is of the form @\(s) = pm/U\(s)R(s),
where ﬁ(s) € Ok|[s]]* and R(s) is a distinguished polynomial, in other words R(s) = s
modulo p for N = deg R(s). If R/(:s) # s™, then the non-zero roots of this polynomial

would correspond to poles of f on E(mc,) other than zero. Hence by our assumption, we
must have R(s) = s". This shows that p™ f(s) € Ox|[s]][s~}], proving the lemma. O

For any torsion point zg € E(Q), we define the order of z to be the annihilator of z, as

an element in the Okx-module E(Q).

PROPOSITION 2.16. — Suppose zo € E(Q) is a non-zero torsion point of order n prime
to p. Then the power series N
Fo5(s) € K[[s]]
converges on the open unit disc B—(0,1) := {s € C, | |s|, < 1}. In particular, this series
defines a rigid analytic function on B~ (0, 1).
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Proof. — When b = 0 then there is nothing to prove. Since F;(z) = ((z) — e}z, we have
0,F1(z) = —p(z) — e5. Hence

azFZU,l(z) = az-Fll(Z + ZO) = —p(z + ZO) - 6;.

By Lemma 2.15, ., (s) := 9(2z + 20)|.=x(s) is known to have bounded coefficients (in fact,
one may prove that the coefficients are p-integral). Hence this power series converges on
B~(0,1), which implies that 1/7;071 (s) also converges on B~ (0, 1). The assertion for general b
follows from (2.14), noting that by Lemma 2.15, EZU’"(S) also has bounded coefficients. [J

REMARK 2.17. — If p is a prime of ordinary reduction, then we may prove that the
coeflicients of F, 1(s), hence that of F (s), is in fact bounded.

We will use }/ioyb(s) to construct our p-adic distribution. Since E is a Lubin-Tate group,
it has an action of @Kp. ‘We have @K,, -linear isomorphisms

Homg, (E,G,,) = Homg, (T,E, T,Gp) < Ok, -

The last isomorphism depends on the choice of a p-adic period as follows. There exists
Qy € C; such that the formal power series exp(A(s)/€2y), defined as the formal composition
of the power series exp(S/€2y) in S with the power series A(s) in s, is an element in Oc,,[[s]].
The second isomorphism is given by associating to any z € @, the homomorphism of
formal groups defined by exp(zA(s)/€y), and depends on the choice of ©,. The notation
exp(zA(s)/Qy) needs some care, since if s,,, is a primitive p™-torsion point in E (m Oc, ), then
A(sm) = 0 but exp(zA(s)/Qp)|s=s,, 1s a primitive p™-th root of unity.

In what follows, we fix once and for all a choice of a p-adic period ©2,,. Let C** (0, ,C,) be
the set consisting of locally K -analytic functions on O, . We define our p-adic distribution
Iz, as follows.

DEFINITION 2.18. — Let zy be a non-zero torsion point in E(Q) of order prime to p. For
any integer b > 0, we define p., 5 to be the p-adic distribution on C*" (0, ,C,) associated
to F, 4(s). Such distribution satisfies the relation

/0 exp (TA(5)/ ) dpizg (z) = Foy ().

When p is ordinary, then this is the p-adic measure associated to bounded power series. When
p is supersingular, then this is the p-adic distribution associated to rigid analytic functions on
the open unit disc constructed in [25] Theorem 2.3 and Theorem 3.6.

When p is ordinary, the above distribution is related to the two-variable measure used by
Manin-Vishik and Katz in defining the two-variable p-adic L-function interpolating special
values of Hecke L-function of imaginary quadratic fields (See Proposition 2.25). When p
is supersingular, the above distribution was considered by Boxall [12] [11] and Schneider-
Teitelbaum [25] for the case b = 0, and by Fourquaux and Yamamoto [33] for any b > 0. We
define the p-adic Eisenstein-Kronecker numbers using this distribution.
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DEFINITION 2.19. — Let 2y be a non-zero torsion point in E(Q) of order prime to p. For
any integers a and b such that b > 0, we define the p-adic Eisenstein-Kronecker number
e} (z0) by

el (z0) = Q" | sy (@),
0%,
where we denote again by p., 5 the restriction of ., ; to @f;p.
The above definition is justified since eflp 1)7 is related to the Eisenstein-Kronecker numbers
en p(20) when a, b > 0 (see §2.3 Corollary 2.24).

2.3. Interpolation property of the p-adic distribution

Here we will relate the p-adic Eisenstein-Kronecker numbers to the Eisenstein-Kronecker
numbers when a,b > 0. We keep the notations of §2.2. We first begin with the distribution
property of ©,, o(z, w).

ProrosiTION 2.20 (Distribution relation). — For any zo € C, we have

m 1

Ormzg oM™z, T Mw) = o Z ©2o+2m,0(2,W).
Zm €= T/T

Proof. — Note that © rm,, o(7™2, T "™ w; ') = Onpmz.0(Np™2, w;p"'T). Our assertion

is a special case of [6] Proposition 1.16. O

COROLLARY 2.21. — The function F,, y(z) satisfies the relation

=mb

m b
Frmzop(n™2) = m Z Frotz,b(2)-
N(p) N
zmew—mF/F
Proof. — The statement is trivial when b = 0. The case for b > 1 follows from the
distribution relation Proposition 2.20 for the Kronecker theta function and the definition
of on,b(z)- O

In what follows, we again let zg be a non-zero torsion point of E of order prime to p. The
power series F, (s) satisfies the following translation formula with respect to p™-torsion
points.

LeEmMMA 2.22 (Translation). — Recall that @O,b(s) is the formal power series composition
of the Taylor expansion of F. v(z) at the origin with z = X(s). If we denote by @ the formal
group law of E, then we have

onyb(s @ Sm) = on+zm,b(3)’

where sy, is a torsion point in E[p™], and z,, is the image of s,, through the inclusion

—~ —_

E(mp)tor C E(Q)tor C (C/F.
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Proof. — The statement is trivial when b = 0. When b = 1, the function
F(2) :=F,1(2) =7 " Fy1(n"2)

is elliptic, hence satisfies f?\(s ® 8m) = F(2 + 2m)|.=x(s)- By theequalities F,, 1 (1™ 2)|,=x(s) =

~

Fey1([r™)s) and Foy 1 ([7™](5 ® $m)) = Fzo1([7™]s), we have

F(s® sm) = Fop1(5 ® sm) =7 " Fay 1 ([7™]5).
In addition, we have by definition F, 1 (2 + 2m) = Fyy+2,,.1(2) +Zm /A. Hence applying the
equality Fy 4 m, 1(7™2) = F, 1(n" %) for 1™ z,, € T', we have

F(z+ 2zm) = Foytr,1(2) =T "Fy1(n"2).

Our assertion follows by combining the above results. The case for b > 1 follows from (2.14),
applying our lemma for b = 1 and noting that L, ,(s ® sm) = L. 42,,.n(5) since Ly (z)
corresponds to a rational function. O

Using the above lemma, we have the following.

PROPOSITION 2.23. — The distribution i, 1, restricted to @E;p satisfies

] exp @A/9) dit (o) = Feya(5) = 25 P o[l

Kp

Proof. — Note that for any primitive p-torsion point s; in E[p], the value exp(A(s)/Qy)|s=s,
is a primitive p-th root of unity. Hence standard argument shows that the restriction of
distributions from Oy, to @Hzp is given by

—~ 1 —~
| e @A) dnegale) = Fos(s) = s 2 Faslsw ),

Kp s1€E[p]

Our result now follows from Lemma 2.22 and the distribution relation (Corollary 2.21) of
on 7b(Z) . O

The expansion of F, ;(z) given in Corollary 2.11 gives the following.

COROLLARY 2.24. — The distribution pi,, 1, satisfies

el (z0) m¥ek (mzp)
—a a _ at+b—1 a,b a,b
Qp /0]]z T diu’zmb(x) = (_1) ( Aa - b Aa
p

for any integer a > 0. In particular, we have

atb— e:,b(zo) W“ez,b(Mo)
o = e (S - EEE).

The above result shows that the p-adic Eisenstein-Kronecker numbers are related to the
usual Eisenstein-Kronecker numbers when a, b > 0.
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2.4. The relation to the p-adic L-function

Let the notations be as in §2.2. In this section, we suppose (2.12) has good ordinary
reduction at the primes above p. In this case, we relate the p-adic Eisenstein-Kronecker
numbers to special values of p-adic L-functions associated to Hecke characters of imaginary
quadratic fields. The condition on p implies that we have canonical isomorphisms Ok, = Z,
and QKP* & Z,, hence we have a canonical isomorphism (Ox ®Z,)* = L)y x 7. We denote
by k1, ko the projections to the first and second factors of the above isomorphism.

Let zo be a non-zero torsion point of E(K) order prime to p. In [6], we defined a two-
variable p-adic measure p,, o on Z, x Z,. By substituting n,(t) = exp(A(¢)/Q,) — 1 into
Definition 3.2 of [6], we see that the p-adic measure ., ¢ is defined to satisfy

/Z . exp(zA(s) /) exp(YA(t) /L )diizo 0@, y) = O3, o(s,1),

where ©* (s,t) :== 62070(8, t) —t~ L. By taking 8,{” of both sides and substituting ¢ = 0,

20,0 log
we obtain the equality
1 A*
| NS /) ol ) = WF, 1 (5),
p p X Lip

—~

where F 1 (s) = # limy0 8,03, o(s,t). Then F7 1 (s) = Fzyp11(s) +cpy1 for some
constant ¢, 41 in K. The usual formula for the restriction of the distribution to Z, x Z, gives
the equality

1
o | A/ o)
WNip VXX
—~ 1 e N 1~
= Faols) = N(p) > Fu(s®s1) = Fop(s) - %Fm,),b([ﬂs)-

s1€E[p]

Note that the * is not required in the middle term since the constant ¢ cancels in the sum.
This shows that we have

/ 2y diz, o(2,y) = b1y, / T dpzg p41(T).
ZX X Ty zX

P

Then the definition of e((f 2(20) gives the following.

PROPOSITION 2.25. — Suppose p > 5 is an ordinary prime. Let e((fg(zo) be the p-adic

Eisenstein-Kronecker number of Definition 2.19. Then for any integer a,b such that b > 0, we

have
1

(p) _
Capr1(20) = Q0!

b
a,b+1 / Y dpiz 0(2,y)-
Ly XLy

The above result shows that our definition of e((lp z)) +1(20) coincides with the definition given
in the introduction. We use the above formula to relate the p-adic Eisenstein-Kronecker
number to special values of the p-adic L-function associated to Hecke characters of K.

Suppose g is an ideal of Ok prime to p and divisible by the conductor f of ¢ k. We fix a
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complex period €2, which is any complex number satisfying I' = Ox. Let g € O be a

generator of g. For zj as above, we define a variant uiﬁ ?0 of the measure p,, o by the formula

—~
*

/Z § exp(zA(s)/Qp) exp(yA(E) /)y (z,y) = 63, o9 ]s, [3]t).

(9)

For ag € (Uk/g)*, the value ag€2/g defines a primitive g-torsion point of C/I', and 1, ¢, /9.0

induces a measure on (O ® Z,,)* through the isomorphism
(Ox © Z,)% = 0, x 0, = 25 x 2,

where the right arrow is defined by (a1,as) + (a7',az). We define the measure p, on
X:=lim (Ok/gp")” = (Ox/9)"* x (Ox ® Zp)™ by

[r@dn@ =979 X [ fasm@dl, oo
X

aUG(@K/E) X (OK‘®ZP) *
The measure p, corresponds to the measure denoted by p in [26] Theorem 4.14 through the
canonical isomorphism & := Gal(K(gp>)/K) = X. Let ¢, : X — C}{ be a p-adic character.
Similarly to [26] (49), we define the value of the p-adic L-function at the character ¢, by

Ly(gp) = / op(@)dig (@),

The p-adic L-function satisfies the following interpolation property. Let I(g) be the group
of fractional ideals of Pk prime to g, and let ¢ : I(g) — K™ bean algebraic Hecke character
whose conductor divides g. Suppose the infinity type of ¢ is (m,n). The Hecke L-function
of ¢ is defined for Re(s) > ™+ + 1 as the series

Lg(wvs) = Z ]\f((Z))S7

(a,9)=1

where the sum is over all integral ideals a of @) prime to g. By analytic continuation,
Lgy(¢p,s) extends to a meromorphic function on C. Then there exists a finite character
x : (Px/g)* — K such that ¢ is of the form ¢((a)) = x(a)a™a" for any o € Ok prime
to g. Then we have a p-adic character ¢, : X — C defined by ¢, (a) := ¢((a)) for any
a € Bk prime to gp. We have ¢, = x,«7"«} as p-adic characters on X, where x,, is obtained
as the composition of x with the fixed embedding K — C,,.

PROPOSITION 2.26. — Let ¢ be an algebraic Hecke character of K of conductor dividing g
and infinity type (m,n), and let dg be the discriminant of K. If m < 0 andn > 0, then we have

g = -t (J2) (- 22) oo S

Proof. — Note that we have A = QQ+/dx/2w. Our assertion follows from the inter-
polation property of p., o and uiﬂ ),0 ([6] Proposition 3.3), the relation between Eisenstein-
Kronecker numbers and special values of Hecke L-functions ([6] Proposition 1.6), and the

formula for the restriction to Z,* x Z, of the measure y., 0 on Zj, x Z, ([6] Proposition 3.5).
O
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The relation between the p-adic L-function and the p-adic Eisenstein-Kronecker numbers
is given as follows.

PROPOSITION 2.27. — Let the notations be as above. For a p-adic character ¢, : X — CJ,
we have

Ly(e N
500 (1@ Y x(a0)eh s (@00s).
4 o€ (Ox/g)x

Proof. — By definition of ea b(Z()) and the measure /,Liﬁ ?0, we have

[ @ @dl @ = [ o).
(0x®Z,) > VASYA
By [6] Proposition 3.5, the above integral is equal to

g™ g (e 141 (00/g) — 7w me®) L (a0/gT)) .

Since ¢, (T) = x(7)7™x", our assertion follows by taking g='Q, 3" x () on both sides of
the above equality, where the sum is over ag € (Ox/g)*. O

3. p-adic elliptic polylogarithm functions

In this section, we give the definition of the p-adic elliptic polylogarithm function. We then
prove the relation of this function to the p-adic distribution defined in the previous section.
We keep the notations of §2.2. We again assume that F has good reduction at the primes
above p > 5 and that p is unramified in O.

3.1. p-adic elliptic polylogarithm functions

In this section, we define the p-adic elliptic polylogarithm function. We first begin by
defining a p-modified variant of the connection function. For any 2, € C, let

@(P)

Z0, 0 w)?

1
(z,w) := O 0(2z,w) — %@WZO)O(WZ,W
and P (z,w) := @é{’g(z,w).

DEFINITION 3.1. — Let 2 (2, w) := exp(—F;(2)w)©® (z,w). For any integer n > 0,
we define L (z) to be the function given by

2P (2, w) ZL(p)

n>0
We let Fl(p ) (z) be the meromorphic function

(3.2) Fl(p)(z) = Fi(z) — F1 (rz) = (log ( (z)N(p)/H(ﬂ'z))), .

(p)

Then the transformation formula Fy (2 + v) = Fi(z) +7/A for v € T shows that Fl(p ) (2) is
a rational function defined over K. By definition, F. 1(z) = Fi(z + 2z0) — Zo/A. Hence for
any zg € C, we have

(3.3) F{P (24 20) = Fap 1(2) = T Frag 1 (72).
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LeEMMA 3.4. — Let n be an integer > 0. The function ngp)(z) is periodic with respect to T’
and is holomorphic outside m—'T". The meromor, phic function Lﬁf’ ) (2) corresponds to a rational
Sfunction on E defined over K. In addition, for =, )(z w) 1= exp(—Fy 1(2)w )Q(Z’;)O(z w), we
have
(3.5) EP) (z,w) = Y LP (2 + 20)w" "

n>0
Proof. — From the equality O(z, w) = exp(F1(z)w)=(z, w), we have
0P (z,w) = exp(Fy(2)w)E(z,w) — T ! exp(F (72)w/7T)E(rz, ﬁ_lw).

Since Fl(p ) (2) = Fi(2) =7 ' Fi(72), the above equality and the definition of (") (2, w) show
that we have

20 (z,w) = B(z,w) — 7 exp(—Fl(p)(z)w)E(wz, 7 lw).

This implies that L )(z) may be expressed as the difference between L, (z) and a sum
over products of T, Fl(p )(z) and [r]*Lg(z). This proves that Le )(z) is defined over K and
holomorphic outside 7~ 1T, since the same holds true for L, (z), Fl(p )(z) and [7]*Lg(z).

Equality (3.5) follows from the fact that we have Z() (2, w) = =P (2420, w) forzg € C. O

Let % be the formal completion of U with respect to the special fiber, and we denote by
U the rigid analytic space associated to %. Let R = I'(U, O), and we denote by R the
weak completion of R ([23] Definition 1.1). Then RI'K := R'® K is the ring of overconvergent
functions on % . The following are the p-adic elliptic polylogarithm functions.

THEOREM 3.6. — Let Déf?b = L%p) for any integer n > 0, and Dg,’:,)n =0ifn<0. Then
for integers m,n > 0, there exists a unique system of overconvergent functions Dg,f,)n on Uk
iteratedly satisfying

(3.7 dD%”)n - _Dg)—l,nw _ D(p)n W
We call the functions D,(,’Z,)n the p-adic elliptic polylogarithm functions.

See Lemma A.l11 for the differential equations satisfied by the elliptic polylogarithm
functions in the Hodge case. The theorem is proved using the following calculation of rigid
cohomology. Berthelot defined rigid cohomology for any scheme of finite type over a field of
characteristics p > 0 ([8], [10]). When the scheme is affine and smooth over the base,
then rigid cohomology is canonically isomorphic to Monsky-Washnitzer cohomology ([10]
Proposition 1.10), which by definition may be calculated using overconvergent functions and

differentials. Rigid cohomology ng(Uk /K) of Uy, may be calculated as

. (U,/K) = H [R}( % Rl ® Q}z] .

rlg

In order to determine if a differential form in Rf ® QL is integrable by overconvergent
functions, it is sufficient to determine the vanishing of the corresponding cohomology class
in HL (Uy/K). We have isomorphisms

rig
Hyio (Uy/K) = Hap(Ux) = Hgp(Ex) = Kw ® Kw®

for this cohomology group.
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Proof of Theorem 3.6. — We first prove the uniqueness of the solution. Let D,(ff)n and

5%’% be two systems of solutions satisfying (3.7). We prove by induction that D,(fff)n = D(p )
Suppose DY) = D% fora + b < N. We have by assumption dD¥),, = dD{), for
integers m,n > O satisfying m + n = N. Hence there exist constants ¢, , such that

Dr(,f?n = 57(5)n + cm,n- Welet ey o = 0. By (3.7) and the induction hypotheses, we have
d (Dgll,n — Dgll n) = Cm,nwW + cm+1,n,1w*.

This shows that the class of ¢ pw + Cmy1p—1w™ In H“g(Uk/K) must be zero, hence
¢m,n = 0. Our assertion now follows by induction. The existence of the solution for (3.7)

follows from Proposition 3.8 below. O

ProPOSITION 3.8. — Let Dﬁ,ﬁ)n form < 0orn <0 asin Theorem 3.6. Then for integers
m,n > 0, there exist overconvergent functions D,(,If?n on Uy iteratedly satisfying the differential

Equations (3.7) and the distribution relation ., ¢ gip)(x) Gﬁ,’f?n(z + 2z1) = 0, where

L (FPE )
(3.9 G = D).
’ kZ:O (n—k)! ok

Before proving Proposition 3.8, we first give a lemma.
LemMa 3.10. — The distribution relation above is true if m = 0 or n = 0.

Proof. — The statement for n = 0 follows from the fact that G(mp?o = ij;fo = 0. By the

definition of @i’;?wo (z,w), the distribution relation in Proposition 2.20 for ©,, ., (2, w) gives
the relation

(3.11) DI

21€E(p]

If z; € E[p], then (3.3) gives the equality Fl(p)(z+zl) = F,, 1(2) =7 ' Fy(m2). This equality
and (3.5) show that

1
o = <7F ) FP( > LP)( -t
+0(z,w) = exp = 1(m2z)w ) exp ( (z+ z1)w ) (z 4 z1)w

n>0

for any z; € E[p]. Then (3.11) translates to the equality

Z exp (Fl(p) (z 4 21) )ZL(p)(z+z1) t=o.

zleE[p] n>0

By noting that D(()f’ T)L =L% and writing out the coefficient of w™~! in the above equality, we

obtain the distribution relation for m = 0 and n > 0. O

Proof of Proposition 3.8. — The statement for m = 0 or n = 0 is given by the previous
lemma. We define Df,f,)n by induction on N = m + n. Suppose N > 1 and Dflp ; exists for
integers a, b such that a + b < N. Let m and n be integers > 0 such that m + n = N. Then

-p® | nw Df,f?n_lw* defines a class in H}, (Uy/K). Since H};,(Ux/K) = Kw ® Kw*,
there exist unique constants ¢, n, ¢y, , € K such that the cohomology class of

_D(P) *

(p) * *
m—1,n% — Dm,n—lw + Cm,nW + CmnW
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vanishes in H},

overconvergent functions Em,n on %y such that

(Ux/K). This implies that for any m and n such that m +n = N, there exist

*

dDp = —D® | W — Dﬁf:,)n_lw* + Cmnw + Cy W™

m—1,n
We define 5,,1,,1 as in (3.9), with the highest term Dﬁﬁ?n replaced by 5,”7,1. This function is

again overconvergent, and satisfies

G = —7 'GP

m,n—1

*

* ok (p) *
[T]*w™ — GpZq W + Cmnw + ¢, W™

Let Conn =3, cupp) T2 (Efmn) The differential forms w and [7]*w* are invariant under
translations 7., : z — z+ z; for z; € E[p]. Hence if we sum the above equation with respect
to translations 7, , then the distribution relations for Gﬁﬁ?n_l and G

m—1,n

ACmpn= Y 75(dCGmn) = N(P)cmnw + Coup > 75 (W)
z1€EEp] 21€E[p]

give the relation

Since the cohomology class of 77, (w*) is w* in H}, (Ux/K), and since C, ,, is an overconver-
gent function, the above formula implies that the cohomology class N (p)(cym,nw +cyy, ,w™) is
zeroin HY (Uy/K). Thisimplies that ¢, », = ¢}, ,, = 0, hence the function C,, ,, is constant.
We let

D) .= Em,n — (Crmn/N(p))-

Then Dﬁ,’z’)n satisfies (3.7). If we let Gfﬁ?n asin (3.9), then we have Ggﬁ?n = @W — (Cn/N(p)).
By the construction of C,, ,,, the function Gsﬁ?n satisfies the distribution relation. O

3.2. p-adic elliptic polylogarithm functions and p-adic Eisenstein-Kronecker numbers

We next compare the p-adic elliptic polylogarithm function Dﬁ,’l’,)n constructed in the

previous section with the p-adic distribution used in defining the p-adic Eisenstein-Kronecker
numbers. We first begin by describing the residue discs of E. Let ER be the extension to C,,
of the rigid analytic space E%”. There is a morphism

red : EE‘; — Eg
called the reduction map. The inverse image of a point in Eﬁp is called a residue disc, which
is an admissible open subset in Ea‘ (See [BGR, Sec. 9.1.4, Prop. 5]). The formal parameter
s = —2zx/y at the identity of the elliptic curve parameterizes the residue disc around [0], and
we have a natural inclusion
L:B7(0,1) — E,
where B~ (0, 1) is the rigid analytic open disc B~ (0,1) := {s € C,, | |s| < 1}.

DEerINITION 3.12. — Suppose we are given a rigid analytic function f(z) on Eg;‘ Then
following the convention of the complex case (see Lemma 2.15), we denote by f(2)|.—x(s)
the rigid analytic function on B~ (0, 1) obtained as the pull-back of f(z) by «¢.

We denote by D the translation invariant derivation on E defined by df = D(f)w for
any overconvergent function f. Then D restricts on each residue disc to the derivation
Os1og = N(s)7'0s. We define a p-modified variant of F, ;(z) using the right hand side
of Proposition 2.23.
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DerINITION 3.13. — For any integer b > 0, we define Fz((f”)b(z) to be the function

F®) (2) = F, 4(2) — 7 0 Fy.y (72).

Zo,b

Note that we have
0L (z,w) =Y FP, (2wt ",

b>0

The relation @iz),o(z, w) = exp (Fsy 1 (2)w) EP) (2, w) of Lemma 3.4 gives the relation

b
F,
(3.14) FP ()= (Ob’l_())L(p)(z + 2).
n=0
When b = 1, then Fz(f ?1 (2) = Fl(p ) (z + 20), which corresponds to a rational function defined
over K(zp). Assume now that z; is a torsion point in E(C,) of order prime to p. Then
Proposition 2.23 implies that we have

PO = [ exp @A6)/) diey ().

Kp

where Fz(f’)b( )= Fz(o 5(2)|z=a(s)-

DEFINITION 3.15. — Suppose 2 is a torsion point of E(C,) of order prime to p. For any
integer m and b such that b > 0, we define Eip )m »(8) to be the function on B~(0,1) given
by the power series

B0 a8) = (0™ [ a7 exp (0A(5)/ ) dit o (0)
OX

0%,
By the definition of p-adic Eisenstein-Kronecker numbers, we have
(3.16) E® (0)=e®) (20

for any integer m and b such that b > 0. By construction, the function EZ)’ ?mﬁ(s) satisfies
the differential equation
7

—E® (s).

zo,m—1,b

8s,logE\(p) (8) _

20,m,b

Since the p-adic distribution corresponding to the power series EW

2z0,m,b

(s) has support on
@Hép, integration by this distribution on p @, must be zero. Denote by & the formal group

law of E. By calculating the restriction to p@x, of the distribution on ©g,, we obtain the
distribution relation

s1€E[p]

We will use these properties to give the relation between E‘\g ?mJ) and Dﬁ,’f,)n

ProPoOSITION 3.17. — For any integer m,b > 0, we have the equality
b

(3.18) E®  (s)= Z 20’_n D<P> n(Z + 20) La=x(s)-
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Proof. — We prove the statement by induction on m > 0. Denote by Ezo,m,b(s) the right
hand side of (3.18). When m = 0, then D(()’,’ ) = L%, and the relation between L (z) and
Fz(f ’)b(z) of (3.14) gives the relation

by o~

20,0 b(s) = Z L(p)(z + 20) 222 (s) = Fz(f,)b(s)v

which is equal to E(p )0 »(8) by definition. Suppose now that the statement is true for m > 0.
Since F,,1(z) = Fl(z + 20) — Zo/A, we have dF, 1 = d(7} F1) = 7 (w*). From this fact

and the differential equation satisfied by Dﬁ,’:}rl »» We see that dEzO,mH,b(s) = —EZO,myb(s)w.
Hence by induction,
(3.19) DstogBzymi1p(s) = —EX),(s).

Furthermore, we have from the definition of Gm 41,5 and (3.3) that

b —~
E. FTrz TS b
Eopmi1p(s) =) Froo([m]s) ™"

G| (= + 2)

b=k ()
0 (b k)) z=A(s)
Since F\mo,l([w](s ® s1)) = 1/7\7,%, ([m]s), the distribution relation for c» mo1,k gives the
distribution relation
(3.20) > Epmirp(s®s1) =0.

s1€E[p]

The power series E\Zo,mﬂ’b(s) and Ezo,m+1,b(3) satisfy the same differential Equation (3.19),
hence differ only by a constant. Since both power series satisfy the same distribution relation
(3.20), we see that the constant is in fact zero, proving our assertion. O

4. p-adic realization of the elliptic polylogarithm

We keep the notation of §2.2. In this section, we will explicitly determine the p-adic
elliptic polylogarithm sheaf, by showing that the functions Dfﬁ,)n describe the Frobenius
isomorphism of the p-adic elliptic polylogarithm.

4.1. Rigid syntomic cohomology

We first briefly recall the theory of filtered overconvergent F'-isocrystals (or syntomic
coefficients) and rigid syntomic cohomology developed in [3]. Let K be a finite unramified
extension of Q, with ring of integers 6k and residue field k. We fix an integer ¢ = p™ for
some m > 1, and we denote by Frob, the Frobenius z — 9 on k. We let o be the extension
to Ok and K of the Frobenius Frob, on k.

Let X be a smooth scheme of finite type over @k, with smooth compactification
j: X — X over Ok such that the complement D := X \ X is a relative strict normal
crossing divisor over fx. Denote by X and X the formal completion of X and X with
respect to the special fiber. We assume in addition that there exists a Frobenius ¢ : ¥ — X
lifting the Frobenius Frob, on X := X ® k, such that ¢(X) C X. Then the triple

2 = (X,X,9)
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is a syntomic datum in the sense of [3] Definition 1.1.

Suppose M is an f)% _-module with integrable connection V : M — M ® Q%K (log D)
with logarithmic poles along D. Then as in [3], paragraph before Definition 1.8, we let
Mg = FTM™ with connection Vyig 1 Mig — Mrig @ Q}}K. A Frobenius structure on
Myig 1s an isomorphism

D : ¢ (Mhrig) — Mg
of jf @QK -modules compatible with the connection. If such a structure exists on .#;;s, then
by [9] Theorem 2.5.7, the connection Vi on .#;;; becomes overconvergent (in the sense of
[9] Definition 2.2.5), and the pair (.#;g, ®) gives a realization (in the sense of [9] p. 68) of an
overconvergent F- isocrystal in F-Isoc! (X /K).

DEFINITION 4.1. — We define the category of filtered overconvergent F'- isocrystals on
Z to be the category S(Z") whose objects are the 4-uples .# := (U, V, F*, @) consisting
of:

1. M is a coherent )% _-module.

2.V : M —- M@ Q%K (log D) is an integrable connection on ¥ with logarithmic
singularities along D.

3. F*isadescending exhaustive separated filtration by coherent @YK -submodules on M,
satisfying the Griffiths transversality

m m—1 1
V(F™M) C F 7I/Z®QYK(logD).
4. O : ¢*(Mhyig) =N Ayig 1s a Frobenius structure on ..

REMARK 4.2. — We will denote any object in M (X) by fonts such as &, ¢, M. Any
filtered overconvergent F-isocrystal will be denoted by fonts such as .#, ¥, .#, and the same
convention will be used for the logarithm sheaf #ag, Zog and the polylogarithm sheaf 2, &.

The Tate objects in this category is given as follows.

DEFINITION 4.3. — We define the Tate object in S(27) to be the filtered overconvergent
F-isocrystal K(j) = (M,V,F*®,®), such that i = @  with the trivial connection,
the Hodge filtration is such that F~7 U = M and F~9*'4 = 0, and the Frobenius is
multiplication by p=7.

For any filtered overconvergent F-isocrystal .# in S(Z"), we may define the de Rham and
rigid cohomology H'y (27, M) and Hjig(%, Myig) of & with coefficients in M and A,g.
The de Rham cohomology has a Hodge filtration induced from the Hodge filtration on JX,
and rigid cohomology has a Frobenius ¢ : Hfig(% s Myig) 6 K = H (£, Myg) induced

from the Frobenius on .#;s. There exists a natural homomorphism o
(4.4 0: Hig(2, M) — Hjy (X, Mig)
(see for example [2] §2 or [27]).

REMARK 4.5. — In order to define rigid syntomic cohomology, we consider filtered over-
convergent F-isocrystals .# on 2 satisfying the following additional conditions.
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1. The Hodge to de Rham spectral sequence
By’ = RT'M (X i, Grip (M @ Q% _(log D))) = Hat (2, M)

degenerates at E .
2. The 0 of (4.4) is an isomorphism.

In what follows, suppose .# satisfies the condition of Remark 4.5. Any filtered overcon-
vergent F-isocrystal which appears in our application will satisfy the above conditions.

DEFINITION 4.6. — We define the filtered Frobenius module H* (2 ,.#) of 2 with
coefficients in .# to be the cohomology group Hﬁig(% , Myig) with its natural Frobe-
nius and Hodge filtration induced from the Hodge filtration on de Rham cohomology
Hip (%, M) through the isomorphism 6.

REMARK 4.7. — In our previous paper, we imposed an additional condition, that the fil-
tered Frobenius module H*(2",.#) defined above is a weakly admissible filtered Frobenius
module in the sense of Fontaine ([16] 4.1.4). However, in the current paper for the super-
singular case, we are considering Frobenius o which is not absolute, hence this notion is not
useful. The morphisms between H'(.2", .# ) may not a priori be strictly compatible with the
Hodge filtration. For our application, any such morphism we use will be strictly compatible
with the Hodge filtration, since it underlies a morphism of mixed Hodge structures.

We denote by Hsiyn(% , /) the rigid syntomic cohomology (or simply syntomic coho-

mology) of 2" with coefficients in .#, defined in [3] Definition 2.4. Syntomic cohomology
is related to extension classes as follows.

ProPOSITION 4.8 ([3] Theorem 1). — We have a canonical isomorphism
when i =0, 1, and K (0) is the Tate object in S(Z").

Denote by ¥ = (Spec Ok, Spec Ok, o) the trivial syntomic datum. In this case, any
object .# in S(¥) is simply a filtered Frobenius module, and

4.9) Hiyo (0, ) = HY [FO 25 ]

where the F°J in the complex on the right is in degree zero. The relation between rigid
cohomology and syntomic cohomology is given as follows ([3] Proposition 2.7).

LEmMA 4.10. — We have the short exact sequence

0— HL,(F, (2, M)) = HENZ ) = H (VBN D ) = 0.

syn syn syn

We have an inclusion HY (¥, H (2, M) — H} (2", Mig). Let

syn

g1
H;yn(%a'//) — H} (%v'///rig) = HcllR(%am) - H&R(XK7m)

rig
be the morphism induced from the surjection of the short exact sequence in Lemma 4.10. The
relation between this map and the isomorphism of Proposition 4.8 is given by the following.
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LeEmMma 4.11 ([3] Proposition 4.4). — The following diagram is commutative

Exth o (K(0),.4) —2— Bxthy x,.,(K(0), )

~| =|

Hslyn(%a%) - Hle(XK,ﬂ/l),

where M (X ) is the category of coherent modules with integrable connection on X, and
For : S(2°) — M(Xk) is the functor obtained by forgetting the Hodge filtration and the
Frobenius structure.

4.2. The logarithm sheaf

We now describe the logarithm sheaf. We fix a model E over @ of our elliptic curve as
in (2.12). We let K be a finite unramified extension of K, in C,. Let 7 := 95,k (p) as before,
and let [7] : E — FE be the multiplication induced on E. We define ¢ := [r] ® o to be the
Frobenius on Ey, := F ®g, Ok induced from [r] and the Frobenius on 0. Then ¢ is a
Frobenius morphism of degree [K,, : Qp], and the triple & = (Ey,., Ey,., ¢) is a syntomic
datum.

By Damerell’s theorem, we have e5 € K C K. We let the notations be as in §1.4. We let
H1(&) be the filtered Frobenius module defined in Definition 4.6 associated to the trivial
object in S(&). Then the underlying K-vector space of H'(&) is given by Hlz (Ex/K),
hence we have H!(&) = Kw & Kw*, with Hodge filtration such that FOH (&) = H(&),
F1HY(&) = Kw, and F?H'(&) = 0. By the theory of complex multiplication, the action of
the Frobenius ¢* : HY(&) — H(&) is given by ¢*(w) = 7w and ¢*(w*) = 7Tw*, since
¢ = [r] ® o and the class of w* is that of dz/A. Hence the action of the Frobenius on
H = HY(&)V is given by

¢*(QV) — ,n_—lwv’ ¢*(g*\/) — %—lw*\/‘

For any syntomic datum 2Z°, we denote by .72 the constant filtered overconvergent
F-isocrystal on 2 obtained as the pull-back of 77 to 2". We have the natural isomorphism

Hsoyn(qj/v Hl(éaa %)) = Hgyn(qi/w%v ® %) = HomS(‘I/)(%a %)
The short exact sequence of Lemma 4.10 in this case gives

4.12) 0 — HYy(V, ) — Hiy (&, He) — Homgy) (A, H) — 0.

syn
The pullback if, by the identity [0] : ¥ — & of the elliptic curve gives a splitting
i) HL (&, 5) — H,,(V, ) of the above exact sequence.

syn

DEFINITION 4.13. — We define the first logarithm sheaf .,%9(1) to be any extension of %%
by K(0) in S(&), whose extension class in
Extg(s) (K (0), ) = Hy (8, Hs)

is mapped by the surjection of (4.12) to the identity and to zero by the splitting ifo] . We define
the N-th logarithm sheaf Zag" to be the N-th symmetric product of 92”09(1).
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Next, we explicitly construct Zag(l) in the p-adic case. We take an affine open covering
U = {Ui}ier of E ®¢, K, and we fix (n;,u;;) and (u;) as in Definition 1.35. By abuse of
notation, we again denote by U; the base extension U; ®k K of U; to K. Then {U, };c; is an
affine covering of Fx. We denote by fag,(l) the module defined in Proposition 1.26, whose
restriction to U; is given by the module faggl) defined as

fagﬁ” = Oue; @ﬂUﬂ
with Hodge filtration as the direct sum and connection V(e;) = w" @ w + w*¥ @ w}. We
define the Frobenius @ : qzﬁ*(foy(l)) — fag(l) as follows. The connection of qﬁ*faggl) on
¢~ 1(U;) is given by
Vs(el) = w” ® [r]"w + o™ @ [r]"w}.

We let F*) asin (3.2). We define fi(f) to be the rational function 53’) = F®) —u; + ([n]*us/7)
on ¢! (U;) N U;. Then the differential dfi(f) = w} — [7]*w} /7 is holomorphic on ¢~ (U;) N Uj,
hence fi(f ) is also holomorphic on ¢~ ' ({U;)NU;. We define the Frobenius
D:p* (fag(l)) — Z’ag(l) to be the morphism given locally on ¢~ (U;)NU, by the morphisms

Dij: 9" (Zg,") = Log]"

7

given by ®;;(ef) = ¢; — 51.(?)@”, ®;i(wY) = 7wV, ®;(w*Y) = 7 'w*V. Then ® is an
isomorphism compatible with the connection.

ProroSITION 4.14. — The first logarithm sheaf .Zag(l) is given explicitly by the filtered
overconvergent F-isocrystal whose underlying coherent module with connection is Z’ag(l),
whose Hodge filtration is the direct sum of the Hodge filtration on each U;, and the Frobenius
@ : ¢*(LagM) — Log" is given as above.

Proof. — We check that the module described above satisfies the necessary properties of
the first logarithm sheaf. By construction, the underlying coherent module with connection
of .,%9(1) maps to that of de Rham cohomology, which by definition corresponds to the
identity. Hence by Lemma 4.11, the surjection of (4.12) maps .Zog,(l) to the identity. From
our choice of u;, we have (;(0) = 0 for (;(2) = Fi(z) — u;(2). Hence 53’)(0) = 0, since
we have from the definition §g )(z) = (j(#) — [7]*¢i(2)/7. This implies that the splitting
€ : z'E‘O] 25’09(1) & K@ J¢ given in (1.34) of underlying K-vector spaces gives a splitting
compatible with the Hodge filtration and the Frobenius, proving our assertion. O

Let Uy, = Ep, \[0]and j : Uy, — Ep, be the natural inclusion. The Frobenius ®;;
on each ¢~1(U;) N U; paste together to give the Frobenius

Dy(e?) =e— F{Pw"
for & :=j10s,e@i 0, w @jTOs, w* on Ek. This gives the following.

COROLLARY 4.15. — The base extension of the overconvergent F-isocrystal underlying the
logarithm sheaf fag,N to j1 0y, is given as follows. The underlying module is

PN — EB jT@@‘KQm’"7

0<m+4+n<N
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with connection given by Ny = d + v and the Frobenius given by

N—m (P)\k—n
m,n 1 (_Fl ) k
B o (W) = ) mk,
2w ™) = P VT

The above overconvergent F'-isocrystal underlies the filtered overconvergent F-isocrystal
obtained as the restriction of Zug to % = (Uy,,, E,., ).

4.3. The polylogarithm sheaf

In this section, we define and calculate the p-adic polylogarithm sheaf. We again let
Up, = Ep, \ [0] and we define 7% to be the syntomic datum % = (Uy,., Eyp, ,$). We
also let 2 = ([0], [0], o). Similarly to the Hodge case, we have the following.

LEMMA 4.16. — We have isomorphisms of filtered Frobenius modules

lim HO(%, Zog™ (1)) < lim H(&, Zog™ (1)) = 0

jm
N N
res : ;%1 HY U, SLog" (1)) — 1%1 H(9, iy Log" ) = ;%mffo]goﬂ.

Proof. — By Tsuzuki [29], the localization maps in rigid cohomology are compatible with
the Frobenius. The isomorphisms follow from the calculation for de Rham cohomology
given in Lemma 1.37. The Hodge filtration is strictly compatible, since the isomorphism for
de Rham cohomology underlies an isomorphism of mixed Hodge structures. O

The exact sequence of Lemma 4.10 gives the short exact sequence

0 — Hyy, (V, HO (%, Ay @ ZLog™)(1)) = Hyy, (%, @ Log™ (1))
— HY. (v, HY (U, #y © Log™)(1)) — 0.

syn

By Lemma 4.16, the projective limit of H(% ,.,%g,N ) is zero. Hence the above sequence
gives a natural isomorphism

lim HY (%, 7 ® Log" (1)) = lim HY,, (¥, HY (U , ) ® Log™ (1)).

syn syn
N N

We have a natural isomorphism

HY, (7, HY(D, Ay @ity Log™)) = H (¥, A @ iy Log™) = @,

syn

where the last map is obtained by mapping the identity element in 57V ® # = Hom (5, )
tol € @Qp, and is an isomorphism by reasons of weights. Combining the above isomor-
phisms, we obtain an isomorphism

(4.17) lim HL, (%, ) ® ZLog" (1)) = Q.
N
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DEerINITION 4.18. — We define the polylogarithm  class to be a system of classes
polé\}f,n € HL. (%, 7y ® Zug™N (1)) which maps to 1 through (4.17). We define the
elliptic polylogarithm sheaf on 7/ to be a system of filtered overconvergent F-isocrystals

2N on % given as an extension
0— Log"N (1) —» 2N — Ay — 0
whose extension class corresponds to polsj\;n in

Ext§y ) (H, Log™ (1)) = HY (U , 75 ® Log™ (1)).

We now prove the main result of this paper, explicitly describing the p-adic elliptic poly-
logarithm sheaf 2~ on % .

THEOREM 4.19. — The elliptic polylogarithm sheaf 2N on U is given by the filtered
overconvergent F-isocrystal 2V := (QN, V, F*,®) defined as follows.

1. PN is the coherent module P~ = H P X’OQN, with integrable connection
V(wY) =wY and V(w*V) = w*V.

2. F* is the filtration on P~ given by FmP" = Frd( (&) Fm“fagN.

3. We denote by @4 the morphism g : ¢* ﬂﬁi\’g — @ﬁg which extends the Frobenius

® 1) :=N(p) 1Py on .,%gfi’g(l) and is given by

% % o (_Fl(p))THl 0 SRS (p)
;M p m,n
Ooms) = - S LT 3 S D
n=0 m=1 n=0
N N-—-m
@g@(fg*v) — g>'=\/ + Z Dgl_1,n£m’n~

By definition, ®z is compatible with the projection 2N+l — PN,

Proof. — Since the polylogarithm sheaf as an extension class is uniquely characterized by
the property of Definition 4.18, it is sufficient to prove that 2% is a filtered overconvergent
F-isocrystal satisfying the required property. By Lemma 4.11, we may take the underlying
module with connection of the polylogarithm sheaf to be that of the de Rham realization of
§1, and we may take the Hodge filtration as in §3, as the direct sum. Hence it is sufficient to
prove that ®4 is compatible with the connection and indeed gives a Frobenius structure on
the overconvergent isocrystal underlying &2~ . This fact is Proposition 4.20 below. O

The rest of this subsection is devoted to proving the following proposition.

PROPOSITION 4.20. — Let the notations be as in Theorem 4.19. Then the morphism
Dp: P* gzr]i\; — ,@r]ivg is compatible with the connection on ,@r]i\’g.

The proof of Proposition 4.20 will be given at the end of this section. We first start with
a lemma concerning the action of ®5 on w" and w*V. Recall that the Frobenius ¢ on & is
defined as ¢ := [71] ® 0.
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LeEmMA 4.21. — We have

* N (P)\k *
- F
(1 — 10y (1)) w'=-w"® (1 - ] )ch* + E 7( 1) W @ 7[7:] w*
™

N-1 (P)\k+1
) k
+Z< +1+M>w1’ Qw,

0
N

(1-7P o)) w™ = Z L,(cp)go’k ®w.
k=1

Proof. — The action of the Frobenius on w" is given by

N

N(p) = k!

@3(1)(“’V) - _ QO,k ® [7‘(’]*0}*

The last sum may be expressed as

s (L) CRT) <’““ <[w]*Ln><—Ff”>>k+1—"> _ (R

7 (k — )l 7 (k+1—n)! (k+1)!

n=0 n=0

If we expand the L, in the first sum of the right hand side, we have

k+1k+1 —b (P)\k+1—n [1* k+1 k+1—b [ 1%
(—F\")tt= 7 By (=F) 10 [n]*Fy
ZZ b)'(k+1 n) 7 _;(k)-’-l—b)! ™

b=0 n=b

Hence we have

k * (P)\k—n (P)\k+1
([m]* Lyg1) (= F7™) w» , (=F)
Lit1 =, =Lt

n=0
as desired. The second equality may be proved in a similar fashion, again by direct calcula-
tion. O

Proof of Proposition 4.20. — For the basis mw", if we calculate the composition of the
connection with the Frobenius, then we have ®5 o V»(1w") = 7® (1) (w") and

F<p>)n+1 N N-m >

Vo o) =¥ (- S EHEE 0m 1 5750

m=1 n=0

By the differential equation satisfied by fof?n and the fact that dF} = w*, we see that the
above is equal to

N (p) N-1 (P)\n+1
—F
wV + Z 0,n®dF1(P) Z ( ( 1+ )1)' 70,n+1 ® w*
n
n=0
N-1
B (L“’) L e Ffp))’“+1>w1,k
k+1 | = -
i (k+1)!
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Hence Lemma 4.21 gives the compatibility ®5» o Vo (rw") = Vg o ®up(nw") of the
Frobenius with the connection on mw*. A similar calculation gives the compatibility ®4 o
Vo (@w*) = Vg o p(Tw*Y) of the Frobenius on ww*V. This proves our assertion. [

5. Specialization of the p-adic elliptic polylogarithm sheaf

5.1. Calculation of the specialization

We next calculate the specialization of the p-adic elliptic polylogarithm to non-zero tor-
sion point zg of E(K) of order prime to p. Note that by the theory of complex multiplication,
we have a commutative diagram

SpeC @K Zz—0> E®@K @K

d d

Spec @K Zz—0> E®@K @K'
Hence the induced map i., : " — & is a morphism of syntomic data. Denote by i}, LogN
the filtered Frobenius module defined as the pullback of the logarithm sheaf .Zog™ to zo.
Then

i ZgN = P Ko™,

0<m+n<N

with the Hodge filtration given by the direct sum and the Frobenius ® : K ®, i} O.ZagN =N
i3, ZLog™ given by

N—m (p) k—n
1 —F
(I)(wm,n) . § : ( 1 (ZO)) wm,k.

T (k—n)!

In order to calculate the specialization of the polylogarithm sheaf, we will first describe the
splitting of the sheaf i} Zag" .

LEMMA 5.1. — We have F,, 1(0) € K and
o
(1= 2) Faa(0) = K (x0).

Proof. — Let n be the smallest integer > 1 such that 7™zy = 2o in E(K). Then repeatedly
using the equality F,, 1(z) = Fl(p) (24 20) + T 1 Frzy 1 (m2) of (3.3), we have

n—1
Fop1(0) = (1 =7 )71 7 R FP (nh2).
k=0

Since Fl(p )(z) is a rational function defined over K, the above equality shows that
F,,1(0) € K. Furthermore, we have by the theory of complex multiplication (Fl(p ) (20))? =
Fl(p ) (mzp). Then the above formula shows that o (F,, 1(0)) = Fr,.1(0). Hence our assertion
now follows from the fact that Fl(p) (20) = Fuy1(0) — 7 1 Frsy 1(0). O

We first describe the unique splitting of izoo%g(l) as a filtered Frobenius module. We
define an element e’ which corresponds to the basis denoted by the same character in the
Hodge case.
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LEMMA 5.2. — Let € = e — F,, 1(0)w*Y € FO(i%, LugV). Then the Frobenius acts on
this element as ®(e') = €'. In particular, by mapping the basis of K (0) to €', we have a splitting
as filtered Frobenius modules of the sequence

0— — i;ogog,(l) — K(0) — 0.

Proof. — Since we have ®(w*V) = w*V/7, the previous lemma gives the equality
o(Fy1 (0)2(w™) = (Fy1(0) = F{ (o). Since @(e) = e = F” (o)™, we
have ®(e’) = ®(e) — 0(F%,,1(0))®(w*Y) = € as desired. O

We let e™" := e wV™w*V" /a!, where a = N — m — n. This basis gives a splitting of
i, .ZoyN as filtered Frobenius modules as follows. See Lemma A.28 for the splitting principle
in the Hodge case.

LEMMA 5.3 (Splitting Principle). — We have a splitting

N
it Log" = H Sym? #
j=0

of filtered Frobenius modules, given by mapping ™™ to w"™w*V™.

Let 2o be a torsion point in E(K) of order prime to p as above. We denote by i;, 2 the
pullback of the polylogarithm sheaf #% to z;. We now describe i} . 2N using the bas1s emk,
By construction of the polylogarithm sheaf, i}, 2% is a K-vector space

izo ’@ =X @ Zzogag

endowed with a Frobenius ® : K ®, i, 2 = iz, 2" induced from that of 2V. Using
the basis e™* of i;ofagN , we have the following.

PROPOSITION 5.4. — Let e((f Z(zg) be the p-adic Eisenstein-Kronecker numbers defined in
Definition 2.19. The Frobenius on i PN is expressed as

on,l(o)kJrl 0
P(rw"’) = w" Z( 7,€+1) 1D "

k=
N N-m
k
+20 2 (e,

m=1 k=0

N—-—m

N _
@(WQ*V):Q*V_F Z Z 6,m Lk Zo mk.

m=0 k=0

Proof. — By definition of w™"™ and ¢, we have w™":= %W Mw*V"/a!=
(e + Fry 1(0)w*V)wY™w*V™ [al for a = N — m — n. This implies that

N—-m

mn _ Z on’l(o)k—n em,k.
- = (k—n)! ~
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Using this formula, we have

F(P) ) n+1

M

= (n+1)! P

N k n —n
ZZ F(p) 0)" T F.,1(0)" 0ok
oy (n+ Dk —n)! =

By Lemma 5.1, the sum in the coefficient of ¢®* is thus

Fon(0F! o(Feya ()54 _ (1 -2 ) Foa O
(k+1)! 7k + 1)! Tt/ (k+1)!

For the coefficients for the other basis, we have

N—m N—m k

m,n FZ, (O)k_n m
Z ngrf,)n+1('z0)@ ’ ZZDg)"‘H 7}_ ¢ ok,
n=0 k=0n=0 ( n)

By (3.18), the coefficient of e™* is given by

k+1 _
Fz ,1(0)k+1 n ~(p)
2 Ditn(e0) G g = Bnmea (00

n=1

where the equality holds since Dr(;f,)o = 0. This and (3.16) give the first equality. The second
equality may be proved by direct calculation in a similar fashion. O

5.2. Specialization in syntomic cohomology

We now calculate the extension class of the specialization of the elliptic polylogarithm
in syntomic cohomology. We let K be the maximal unramified extension of Q,, and let
¥ = SpecOk. Asin §5.1, let zg € E(K) be a non-zero torsion point of order prime to
p. The specialization of the elliptic polylogarithm i} 2N gives a cohomology class

polly € Extyy (A, Log(1)) = Hy(V, Y @ i%, Log™ (1)).

We use the results of the previous section to calculate this element explicitly.

LeEmMA 5.5. — We have an isomorphism of K -vector spaces

(5.6) HL (v, @ i%, Log" (1)) = %V®120$09N/@Kw®e°”

n=0

Proof. — By (4.9), we have H_, (¥, M ) — M/(1 — ®)F°M for any filtered Frobenius
module M in S(¥), where the map is given by mapping the extension class
[M'] € EXt‘ls(y/)(K(O), M) = HZ, (¥, M) of an extension

0—-M-—M — K(0)—0

o (1 — ®)e € M, where e is any lifting of the fixed basis of K(0) to FOM’. The lemma
follows from the fact that FO(7# ®i%, Zog™ (1)) = @n_o Kw®e®" and that (1 — @) gives
a surjection on this space. O
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THEOREM 5.7. — Let zy be a non-zero torsion point in E(K) of order prime to p. Then the
image ofpoli\g through the isomorphism

Exté(y)(%,lz()gagx ( )) i} % ZOXWN/@KW ® 60 n

n=0
of (5.6) is
N N-m N N-m
—ZZ _mkHsz@emk ZZe_m 1kzow *®e™k,
m=1 k=0 m=0 k=1

)

where the e(p are the p-adic Eisenstein-Kronecker numbers defined in Definition 2.19.

Proof. — The theorem follows from Proposition 5.4, (5.6) and the definition of the
p-adic Eisenstein-Kronecker numbers. The terms containing w ® %™ maps to zero, since
w® e’ e FOUAY @ if Log" (1)). O

The real Hodge analogue of the above result is given in Theorem A.29.

5.3. Relation to the p-adic L-function

Suppose E has good ordinary reduction over p > 5. Using the calculations in §2.4, we
may interpret the result of Theorem 5.7 in terms of special values of p-adic L-functions. Let
the notations be as in §2.4. In particular, let 2 be such that ' = Q0. We let g be an integral
ideal of Ok prime to p and divisible by the conductor f of 1k, and we fix a generator g of
g. For any ag € (Ox/g)*, the element (/g defines a primitive g-torsion point in E(C,).
We let K be the maximal unramified extension of Q,, so that «€2/g defines a point in E(K)
for any ag € (Ok/g)*.

For any torsion point 2o € E(K), we identify % Zbg with [];>, Sym*.# through the
splitting principle. We define the projection map

(5.8) o HY (v, 2" @ [[ Sym* (1)) — HL (7, ][ Sym* o7

k>0 k>0

to be the morphism induced from 7 ®[];.> Sym*.# — [ k>0 Sym" 2 given on the basis
by w® vag*vn — g\/m—lg*Vn and gsk ® g\/mg*\/n — vag*vn_l, with the convention
that wV"w*V™ = 0if m or n < 0. (Compare [17] Lemma 2.2.3). As in (5.6), we have an
isomorphism

(5.9) HY, (7, [ Sym? 2(1)) = ][ Sym? 2.

j>0 j>0

Then we have the following.

COROLLARY 5.10. — Let xy : (Ox/9)* — C, be a finite p-adic character. The image by
the projection (5.8) of

> Xplao)poly,a/,

a0 €(Ox/g)*
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inHL (7, I1;>0 Sym? 7 (1)) through the isomorphism of (5.9) is given in terms of the p-adic

syn

L-function Ly(¢m k) by
L m mew*Vk
-2 3 (- patr) Erlema ) £

k—m m=k
m,k>0 Qp 979

where g, . is the p-adic character g, = XpKT'KE on X = @n(@K/gpn)x.

Proof. — Our assertion follows from Theorem 5.7 and Proposition 2.27. O

Appendix

The real Hodge realization

The Hodge realization of the elliptic polylogarithm was calculated in the original paper
by Beilinson and Levin [7], as well as [32]. In the above papers, the Hodge realization was
expressed in terms of the g-averaged polylogarithm function, obtained from the classical
polylogarithm function on P! \ {0,1,00}. In the appendix, closely following our method
of the p-adic case, we will describe how to explicitly describe the R-Hodge realization of the
elliptic polylogarithm using functions given by certain iterated integrals starting from the
connection functions L, (z).

A.1. Real analytic elliptic polylogarithm functions

In this subsection, we will define the Eisenstein-Kronecker functions E,, ;(z) and the
real analytic elliptic polylogarithm function G,, ;(z). We first investigate the properties of
Eisenstein-Kronecker-Lerch series viewed as a function in z and w. For z,w € (C\ T,
we let

Kq.(z,w,s) = K}(z,w,s).
The right hand side is defined even for z,w € T', whereas the left hand side is not. Then
K.(z,w,s) is a ¥°-function for (z,w) for any integer a. Moreover, the derivatives of
K, (z,w, s) with respect to 9,, 0z, 0, O are all analytic in s. The Eisenstein-Kronecker-
Lerch series for various integers a and s are related by the following differential equations.

LEMMA A.l. — Let a be an integer, and consider K,(z,w,s) to be a function for
z,w € (C\T). Then K,(z,w, s) satisfies the differential equations
0, Ky(z,w,8) = —sKqoi1(z,w,s + 1)
0zK.(z,w,s) = (a — $)Kq—1(z,w, s)
OwKa(z,w,s) = —(Kay1(2z,w,8) —zZK,(z,w,s))/A
O5Ku(z,w,8) = (Ka—1(z,w,s — 1) — 2K,(z,w, s))/A.
The Eisenstein functions are defined as follows.
DEFINITION A.2. — For any integer m and b, we define the Eisenstein function E,, (%)
to be the €°-function on C \ T" given by
Enp(2) == K;_,,(0,2,b).
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Compare [30]VIII §14, where a slightly different definition is used. By definition, we have
(A.3) Epmp(20) = €2 4(20)

for o € C\ I'. Note that E,, ;(z) satisfies Ep, p(2) = (—=1)>"™E} (2) under complex
conjugation. By definition, we have E,, y(z + v) = Ep, (%) for any v € I'. Calculations
similar to Lemma A.1 give the equality

(A.4) 0:Em11(2) = —Emp(2)/A, 0:Em p+1(2) = Epp(2)/A.

REMARK A.5. — Note that by Definition 2.7, we have Ego(z) = —1, and (A.4) shows
that we have E_, o(2) = 0 for any a > 0. This implies that for any 2o € C, we have e o(20) = —1
and e}, 5(z0) = 0ifa > 0.

Using Lemma A.1, we may prove that
Ki(z,w,1) =Y (=1)"" B (w)2""".
b>0

By Kronecker’s equality ©(z,w) = exp(zw/A)K1(z,w,1) (see [30] VIII §4, p. 71 (7) or [6]
Theorem 1.13 for a proof), Definition 1.3, Definition 1.4 and the fact that
Ey,1(z) = Fi(z) —Z/A, we have

n Enfb P
(A.6) Ln(2) = (-1 1 L()Eo,,(z).

pard (n="0)! "

We next define real analytic functions which correspond to the periods of the ¥ >°-sheaf
associated to the elliptic polylogarithm sheaf.

DerINITION A.7 (Real analytic elliptic polylogarithm function). — We define the multi-
valued functions G, ;(z) on C\ T by first letting G, _1(2) = 0 and Go (z) = Ey(z) for
integers m, b > 0, and we then iteratedly define G,, 5(2) for m, b > 0, to be any function
satisfying

asz-f—l,b(z) = _Gm,b(z)7 &sz,bﬁ-l(z) = Gm,b(z)/A

If we assume the existence of G, +14(2) and G, p+1(2), then we have

aZ(Gerl,b(Z)/A) = _Gm,b(z)/A = _8?Gm,b+1(z)v

which implies that G, p+1(2)dz + Gmy1,6(2)dZ/A is a closed form. Hence the function
Gm+1,p+1(7) exists in this case. We fix a choice of G, ;(z) satisfying the condition in
Proposition A.8 below.

PROPOSITION A.8. — We may iteratedly choose Gy, p(2) so that

(=)

A p(2) + (1) AT G (2) = AT B p(2) =

for any integers m, b > 0.
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A.2. Elliptic polylogarithm functions

We next construct the elliptic polylogarithm functions D,, »(2) and Dy, ,(z), which are
holomorphic multi-valued functions on C\ T".

DEerINITION A.9. — For integers m,n > 0, we define the elliptic polylogarithm functions
Dy n(2) and Dy, . (2) by

— n— — E ,1(Z)n_k
Drn(2) = (20" 3 = Gml2)
_1\m+n
D:n,n(z) = Dm,n(z) - %szl(z)"

LeEMMA A.10. — Both Dy, n(2) and Dy, ,(2) are holomorphic functions on the universal
covering of C\ T

Proof. — The statement for D,, ,(z) follows from the fact that the functions in the
sum are defined on C \ T' and that 8zD,, n(2) = 0, which follows from the fact that
0zF0.1(2) = —1, 0zGp0(2) = 0, and 0zGp 1 (2) = G k—1(2)/A for k > 1. The statement
for Dy, ,,(z) follows from the fact that F;(z) is holomorphic on C \ T'. O

LemMMA A.11. — The functions Dy, »(z) and Dy, () for m,n > 0 satisfy

dDpy n(2) = =Dpm—1,n(2)dz — Dy n—1(2)dFy
dDy, .(z) = =D, (z)dz — Dy, (z)dF;.

m—1,n m,n—1

The p-adic analogues of Dy, »(z) and D}, ,(2) are the overconvergent functions DT(fff,)n
given in Theorem 3.6. By definition, we have

n Py n—k
Don(e) = (1" 3 BB o (a) = L (2),
k=0 :

Din(2) = Do) = TV R ) = ) - E ko

Hence the elliptic polylogarithm functions D,, ,(z) are obtained from L, (z) by iterated
integration.

A.3. Absolute Hodge cohomology

In this section, we will freely use terminology concerning variation of mixed Hodge
structures and absolute Hodge cohomology. See for example [18], Appendix A, for details.
For any variety X smooth and separated of finite type over C, we denote by VMHSg (X') the
category of polarizable admissible variation of mixed R-Hodge structures on X. For any
Z in VMHSg (X)), we denote by & the underlying locally free €)x-module with integrable
connection, and by .#r and %¢ the underlying R- and C-local systems. If we let X" :=
X (C), then the theorem of de Rham gives a canonical isomorphism

HcilR(X’ g) = H]iS’(XanaﬁR) ®r C

between de Rham and Betti cohomologies. We denote by H!(X?",.%) the mixed R-Hodge
structure induced from the above isomorphism, and by H?, (X, .%) the m-th absolute Hodge
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cohomology of X with coefficients in .%. Note that for ¢ = 0,1, there exists a canonical
isomorphism

(A.12) Extlyus, x) (R(0), 7) = Hi (X, 7).

Let S = SpecC. Then VMHSR(S) is the category of polarizable mixed R-Hodge
structures MHSg. The Leray spectral sequence

EY?=HP(S,HY(X™, %)) = H (X, F)
degenerates to give the short exact sequence
(A.13) 0— H.L(S,H (X %)) — H (X, F) - H% (S, H (X** Z)) — 0.

Consider the map H% (S, H* (X", %)) — Hp(X*™, %c) & Hlx(X,7), where the last
isomorphism is de Rham’s theorem. Then we have a commutative diagram

For
EXt%/MHSR(X)(R(O)ay) B— EXt}\/I(X)(@X7 )
(A.14) gl gl
HL(X,7) ——  HR(X,9),

where M (X)) is the category of locally free ©)x-modules with integrable connection defined
in Definition 1.13, and For : VMHSR(X) — M (X) is the functor associating to any .# the
underlying coherent module with connection & on X, forgetting the Hodge filtration and
the R-structure.

A.4. The logarithm sheaf

We now define the logarithm sheaf. Let E be an elliptic curve defined over
S = SpecC. We let H(E,R) be the pure R-Hodge structure of weight 1 given by
Hiz(E) 2 HL(E* R) ® C, and we let 5 := H'(E,R)" be the dual Hodge structure.

We denote by ¢, the complex conjugation on ¢ = & ®gr C defined by the action of
complex conjugation on C. The class w is represented by dz, and since
dEp1(z) = dFy — dzZ/A = w* — dz/A where Ey (%) is a single valued real analytic
function on U (see Remark A.5), the class of w* is represented by dz/A. Hence the complex
conjugation ¢, acts on these classes as

(A.15) Poo(w’) = w™ /A, Poo (W) = Aw".
If we let y1 := (w¥ + (w*V/A)) and 2 := i(w” — (w*V/A)), then v; and ~, form a basis of
.

For any smooth scheme X over S, we denote by %% the constant variation of R-Hodge
structures on X . The underlying coherent module with connection of .77 is # x. We have a
natural isomorphism

H&(S, Hl(Ean,%E)) = H&(S, AV ® ) = Hommus, (2, 7).

Hence the short exact sequence (A.13) defined from the Leray spectral sequence gives the
short exact sequence

0— HL(S,#) — HY(E, #z) — Hommus, (A, ) — 0.
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In addition, we have in this case
HL(S, ) = Extyyg, (R(0), ) = Az /(S + FO) = 0.

Hence the above exact sequence gives an isomorphism

o

(A16) H;{(E,%E) — HOmMHSR(%,%).

DEFINITION A.17. — The sheaf Zug(V) is defined to be any extension of 7% by R(0) in
VMHSR(E), whose extension class in

EXt%/MHSR(R(O)a Hp) =2 HY(E, %)

is mapped to the identity through (A.16). We define the N-th logarithm sheaf Zag" to be
the N-th symmetric tensor product of fag(l).

The logarithm sheaf for the Hodge realization is determined uniquely up to unique iso-
morphism. Denote by if‘o] the pull-back by the identity i) : S — FE of the elliptic curve.
Since the extension of .77 by R(0) is split on S, there exists a splitting

€: if‘o]fag(l) ~ R(0) @ I
as mixed R-Hodge structures. This splitting is unique due to weight reasons.

We will next describe Zag(l) as a variation of mixed R-Hodge structures on E. As in the
p-adic case, by (A.14), the underlying coherent module with connection on E of ,,%9(1) is
the locally free & g-module with connection fag(l) of Proposition 1.26. Take an affine open
covering i = {U; };er of E, and cohomology classes (7;, u;;) and (u;) as in Definition 1.35.
We denote by faygl) the module

2?0951) = Oy,e; @ﬂm

defined in Proposition 1.26, with connection V(e;) = w¥ ® w + w*¥ ® wf. The Hodge
filtration is defined to be the direct sum, which extends to a filtration of fag(l) on E. Let
v, = ¢; — 2w’ — &(2)w*Y, where &;(z) = Fi(z) — u;(z). Then the v; are horizontal and
paste together to define a multi-valued section vy of fag(l) on E?", Since the R-structure
of fag(l)
Fgan 1s invariant under monodromy, this structure descends to give an R-structure c%%(gl)
on E2". We define the weight filtration W, on .,%9]%1) by W_gfag]g ) = 0, W_lfag]g) = J&
and ngag]g ) = fagg ). The above give the structure as a variation of mixed R-Hodge
structures of Zag").

on the universal covering space of E*" given by vg and the R-structure s of

ProOPOSITION A.18. — The variation of mixed R-Hodge structures on E given above
satisfies the property of the first logarithm sheaf of Definition A.17.

Proof. — By construction, the class of the underlying coherent module with connection
fag(l) of Zag(l) maps to the element in the first de Rham cohomology which corresponds
to the identity. Hence by (A.14), the isomorphism of (A.16) maps the class of .,Sfog(l) to the
identity. This gives our assertion. O
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REMARK A.19. — By construction, the splitting € : ij, fag,(l) = C@ H given in (1.34)
of the underlying C-vector spaces gives the unique splitting of ’To] ,,2”09(1) compatible with the
Hodge filtration and the R-structure.

The N-th logarithm sheaf is the N-th symmetric tensor product of Zsg»). The Hodge
filtration, the R-structure and the weight filtration are defined naturally by taking the sym-
metric tensor product of each structure.

A.5. The polylogarithm sheaf

Next, we use the logarithm sheaf of the previous subsection to define the polylogarithm
class in absolute Hodge cohomology. Then we will explicitly describe the polylogarithm
sheaf, which is defined to be the pro-variation of mixed Hodge structures corresponding to
the polylogarithm class.

Let D = [0 and U = E \ [0]. Similarly to the p-adic case, the residue map gives an
isomorphism

(A.20) lim HY (U, ) ® Zog™ (1)) = R
N

DEFINITION A.21. — By [7] (see also [17] Appendix A), the polylogarithm class is defined
to be a system of classes poly, € HL (U, 7Y ® Zsg" (1)) which maps to 1 through (A.20).
The elliptic polylogarithm sheaf on U is defined to be a system of variation of mixed R-Hodge
structures 2% on U given as an extension

0— Zog" (1) » 2N — Ay — 0
whose extension class corresponds to pol?, in
EXt{/MHsR(U)(%waQN(l)) = H) (U, ) @ Log™ (1)).

We next explicitly describe the variations of mixed R-Hodge structures 22V, By defini-

tion, 2% is given as an extension
0— Zug" (1) —» 2N — Hy — 0.

As in the p-adic case, the polylogarithm sheaf is characterized by the image of its cohomology
class mapped to de Rham cohomology. By (A.14), this implies that the underlying coherent
module with connection of 2¥ is the de Rham realization #" given in Corollary 1.42, and
the injectivity of (A.14) implies that 2% is the unique variation of mixed R-Hodge structures
up to canonical isomorphism which one may equip on PN . We define the Hodge and weight
filtrations of %" as the direct sum of the Hodge and weight filtrations on .Zsg™¥ (1) and /7.
In order to define the R-structure 2% on P, we first introduce certain horizontal sections
v and v* of " on the universal covering space of U?" given as follows.

LEMMA A.22. — Let

N N N-m
(_Fl(z))nJrl n * m,n
v=w"’ — E Wgo’ + E E Dm,n-&-l(z)ﬂ ’
' m=1 n=0

(A.23) "
v =wtY +

-

§ : m,n
m+1, n .

0

3
Il
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. . N
Then v and v* are horizontal sections of P .

Proof. — The statement follows from the fact that dF} = w* and the differential equations
Lemma A.11 satisfied by D, ,(2) and Dy, . (2). O

Our choice of the real analytic elliptic polylogarithm function given in Proposition A.8
gives the following.

PROPOSITION A.24. — Letvy := v+ (v*/A) andvy = i(v—(v*/A)). Then the R-structure
defined by vy, vy and ,,2”09@] (1) on the universal covering space of U™ descends to give an

R-structure 28 of PN on U™, which fits into the exact sequence

0—>$ag§(1)—>9§—>%—>0.

The above proposition may be proved by explicitly calculating the action of the complex
conjugation ¢, on v and v*. By the construction of the elliptic polylogarithm, the choice of
an R-structure on " is unique up to isomorphism. Hence the R-structure defined above is
the real structure of the elliptic polylogarithm. This gives the main result of our appendix.

THEOREM A.25. — Theelliptic polylogarithm sheaf 2V is the variation of mixed R-Hodge
structures on U given as an extension

0— Zug" (1) —» 2N -y — 0,

whose underlying coherent module with connection is the object PN given in Definition 1.39,
whose Hodge filtration is given as the direct sum of the Hodge filtrations on 54, and ZLog™ (1),
whose real structure is the structure 2% given in Proposition A.24, and whose weight filtration
is the direct sum of the weight filtrations on & and Log™ (1).

This shows that the holomorphic functions Dy, (), Dy, ,,(2) of Definition A.9 are in
fact periods of the elliptic polylogarithm sheaf.

A.6. Specialization to points

We now calculate the specialization of the elliptic polylogarithm sheaf to points of the
elliptic curve. Suppose zo € C, and we denote by i3, Zug" the restriction of the variation of
mixed Hodge structures .,%gN to the point zy. We let S = Spec C.

Let /4 := " ® i}, Log™ . We have an isomorphism
(A.26) HY(S, 2V @i, Log™ (1)) = Mc/(Mr(1) + F*Mc).
Denote by i}, 2N the pull-back of the polylogarithm sheaf to the point zy. Note that

w ® w™™ € F'Mc. Hence the explicit calculation of the period of if 2™ shows that the
extension class

[i2, 2" € Extyns, (%, Zog™ (1)) = Hy (S, 2" @ i, ZLog" (1))

corresponds through (A.26) to the element

poll} =7 ® (v —m) + 7 ® (v2 — 72)
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in Mc/(Mg(1) + F*Mc). Here vy, vy is a basis of %" dual to 1, y2. Our main result is
the explicit calculation of the image of the above element through the isomorphism
(A.27) Mc/(Mg(1) + F*Mc) = Mg/Mg 0 (Mg(1) + F* Mc)

defined by u — u + ¢oo(u), Where ¢, denotes the complex conjugation on M¢. In order
to state our result, we will use a basis of 5 g™ which gives the isomorphism of mixed
R-Hodge structures between i} Zug" and TTr, Sym* . Let ¢’ := e — Ey 1(z)w*" be an
element of i%, Zag™). We let ™™ := ¢'*w"™w*V"™ /al for a = N —m —n, which form a basis
of z':o.,%gN . The complex conjugation acts on this base by @, (e™™) = A"~ ™™™,

As in the p-adic case given in Lemma 5.3, we have the following.

LeEMMA A .28 (Splitting Principle). — By mapping e€™* to wV™w*VE, we have an

isomorphism of mixed R-structures
N .
it Log" = H Sym’ /7.
3=0
Applying our choice of Gy, 1 (20) given in Proposition A.8 to the explicit description of

poli\g + oo (poli\g), we now have the following result, originally due to Beilinson and Levin
[7] (see also [32] III Theorem 4.8).

THEOREM A.29. — Let zg be a non-zero point in E(C), and let
polly := [PN] € HY(S, 2" ® i3, Log" (1))

be the pullback by zy of the cohomology class of the elliptic polylogarithm sheaf 2. Then
the image of this class through the isomorphism

HY(S, Y ® it Log" (1)) = Mg /Mg N (Mg(1) + F' M)
Sor M =V @it Zag, is given by

— N N-m (_1)]6,1
Z Z — —m,k+1(20)&®9m’k+ > ot oLk (o)w @ e,

=1 k=0 m=0 k=1

*

where €t

»(20) are the Eisenstein-Kronecker numbers of Definition 2.8.

The p-adic analogue of the above result is given in Theorem 5.7.
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