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A NEW FAMILY OF SURFACES
WITH pg = 0 AND K2 = 3

BY MARGARIDA MENDES LOPESAND RITA PARDINI

ABSTRACT. – LetS be a minimal complex surface of general type withpg = 0 such that the bicanonica
map ϕ of S is not birational and letZ be the bicanonical image. In [M. Mendes Lopes, R. Pard
Math. Z. 241 (4) (2002) 673–683] it is shown that either: (i)Z is a rational surface, or (ii)K2

S = 3, the
mapϕ is a degree two morphism andZ is birational to an Enriques surface. Up to now no example
case (ii) was known. Here an explicit construction of all such surfaces is given. Furthermore it is
that the corresponding subset of the moduli space of surfaces of general type is irreducible and un
dimension 6.
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RÉSUMÉ. – SoitS une surface de type général avecpg = 0 dont l’application bicanoniqueϕ of S n’est
pas birationnelle, et soitZ l’image bicanonique. Dans un précédent article, nous avons montré queZ
est une surface rationnelle, soitK2

S = 3, ϕ est un morphisme de degré 2 etZ est (birationnellement) un
surface d’Enriques. On ne savait pas si cette seconde possibilité pouvait être réalisée. Ici nous donnon
une construction explicite de toutes ces surfaces, et nous montrons aussi que la partie correspon
l’espace des modules des surfaces de type général est irréductible et unirationnelle de dimension

 2004 Elsevier SAS

1. Introduction

The knowledge of surfaces of general type withpg = 0 continues to be scarce in spite of mu
progress in surface theory. A minimal surface of general type withpg = 0 satisfies1 � K2 � 9
and examples for all possible values forK2 are known (see, e.g., [1, Chapter VII, §11]).

In recent years we have undertaken to study surfaces withpg = 0 by looking at their
bicanonical map. When the bicanonical map is generically finite but not birational, this app
works and it has allowed us to obtain classification results and also, in some cases, info
on the moduli space (see for instance [16,18,23]).

The first step in describing a class of surfaceswith nonbirational bicanonical map is to analy
the bicanonical image. IfS is a minimal surface withpg = 0, then the bicanonical imageZ of
S is contained inPK2

, thus, in particular, forK2 = 1 it is equal toP1. ForK2 � 2, Z is always
a surface [27] and, if the bicanonical mapϕ is not birational, thenZ is either rational or it is an
Enriques surface [28]. In [17], it has been proven that the latter case can occur only ifK2 = 3
andϕ is a morphism of degree 2. No such example appears in the literature.

Indeed, the known examples of minimal surfaces of general type withpg = 0 andK2 = 3
are the examples of Burniat and Inoue ([3,11], see also [24]), the examples due indepe
to J.H. Keum and D. Naie [12,21] and the recent examples due to F. Catanese [5]. The
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508 M. MENDES LOPES AND R. PARDINI

of the bicanonical map of all these surfaces is equal to 4 (cf. [17,16]), although the Keum–
Naie examples are in fact double covers of nodal Enriques surfaces and their bicanonical map
factorizes through the covering map.
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In this paper we prove that surfaces withpg = 0 whose bicanonical image is an Enriqu
surface do exist. More precisely, we give an explicit construction of all such surface
we prove that the corresponding subsetE of the moduli space of surfaces of general type
irreducible and uniruled of dimension 6. Since the closure ofE contains the Keum–Naie surfac
(see Proposition 7.3), it follows that the fundamental group of our surfaces is isomorphic
Z2

2 ×Z4 (see Corollary 7.2).
There is an analogy between the surfaces we study here and the so-called Todorov s

These are surfaces of general type withpg = 1 andq = 0 that are mapped2−to−1 onto a K3
surface by the bicanonical map [26,19], and theyare the only surfaces whose bicanonical im
is a K3 surface.

This analogy is accounted for by the fact thatthe surfaces that we construct can also
obtained as freeZ2-quotients of some Todorov surfaces withK2 = 6. We remark that it is known
that, for fixedK2, the Todorov surfaces form an irreducible subset of the moduli space [19
K2 = 2, in [6] the authors have described very precisely the irreducible componentX of the
moduli space containing the Todorov surfaces, showing in particular that the bicanonical map
birational for a general surface ofX .

A natural question, that at the moment we are not able to answer (see Remark 7
whether the closurēE of the subset of the moduli space consisting of the surfaces st
here is an irreducible component. If the answer were affirmative, then one would have a
phenomenon to the case of surfaces withpg = 0, K2 = 6 and bicanonical map of degree 4, whi
form a component of the moduli space [16]. On the other hand, if the answer were negativ
it would follow that Todorov surfaces withK2 = 6 behave similarly to those withK2 = 2.

Our description of surfaces whose bicanonical imageZ is an Enriques surface is based o
very detailed study of the normalization ofZ . This is a polarized Enriques surface of degre
with 7 nodes, satisfying some additional conditions (see Proposition 2.1 and the setting of §
The analysis and construction of these Enriques surfaces form the bulk of this paper. The m
tools we use are the classification of linear systems on an Enriques surface, the analysis of
configuration of singular fibres of certain ellipticpencils, the code associated to the nodes o
surface and the corresponding Galois cover (cf. [9]).

The plan of the paper is as follows: Section 2 explains the relation between the surfaces
are studying and a certain class of polarized Enriques surfaces(Σ,B) with 7 nodes; in Section
some properties of these Enriques surfaces are established and some examples are describe
Section 4 we make a very detailed study of the singular fibres of the elliptic pencils ofΣ and
we determine the code associated to the nodes ofΣ; in Section 5 we describe a constructi
yielding pairs(Σ,B) and prove that all such pairs are obtained in that way; in Section
introduce and study a quasi-projective variety parametrizing the isomorphism classes o
(Σ,B) and finally in Section 7 we apply the previous results to describe the family of sur
whose bicanonical image is an Enriques surface.

Notation and conventions: We work over the complex numbers. A node of a surface i
ordinary double point, namely a singularity analytically isomorphic tox2 + y2 + z2 = 0. The
exceptional divisor of the minimal resolution of a node is a curveC � P1 such thatC2 = −2.
A curve with these properties is called−2−curve, or nodal curve.

We say that a projective surfaceΣ with canonical singularities is minimal, of general typ
Enriques . . . if the minimal resolution ofΣ is minimal, of general type, Enriques. . . . Our standard
reference for Enriques surfaces is [8], and we use freely its terminology.
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A NEW FAMILY OF SURFACES WITHpg = 0 AND K2 = 3 509

Given an automorphismσ of a varietyX , we say that a mapf :X → Y is composed with
σ if f ◦ σ = f . If G is a finite group, aG-cover is a finite mapf :X → Y of normal varieties
together with a faithfulG-action onX such thatf is isomorphic to the quotient mapX →X/G.
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If G = Z2, then we say thatf is a double cover. Contrary to what is often done (cf. for insta
[22]), we do not require thatf be flat.

We denote linear equivalence by≡ and numerical equivalence by∼num. The group of line
bundles modulo numerical equivalence on a varietyY is denoted byNum(Y ).

2. Surfaces with pg = 0 and K2 = 3 and Enriques surfaces

As explained in the introduction, the bulk of this paper is a very detailed study of a cla
polarized Enriques surfaces with 7 nodes. In thissection we explain the relation between su
Enriques surfaces and a class of minimal surfaces of general type withnonbirational bicanonica
map. LetS be a minimal surface of general type withpg(S) = 0 andK2

S = 3. We denote by
ϕ :S → P3 the bicanonical map ofS and we assume thatS has an involutionσ such that:

(a) ϕ is composed withσ;
(b) the quotient surfaceT := S/σ is birational to an Enriques surface.
We denote byX the canonical model ofS. Abusing notation, we denote by the same letter

involution induced byσ onX .

PROPOSITION 2.1. –In the above setting:
(i) the quotient surfaceΣ := X/σ is an Enriques surface with 7 nodes;
(ii) the quotient mapπ :X → Σ is branched on the nodes ofΣ and on a divisorB with

negligible singularities, contained in the smooth part ofΣ;
(iii) B is ample andB2 = 6;
(iv) the bicanonical system|2KX |= π∗|B| is base point free;
(v) the degree of the bicanonical map ofS (andX) is either2 or 4.

Proof. –Since the bicanonical mapϕ of S factorizes throughσ, by [18, Proposition 2.1] th
isolated fixed points ofσ are 7. The quotient surfaceT := S/σ has 7 nodes, which are the imag
of the isolated fixed points ofσ. The quotient mapS → T is branched on the nodes and on
smooth divisorB0 contained in the smooth part ofT . By Lemma 7 of [28] and the remar
following it, there exists a birational morphismr :T → Σ′, whereΣ′ is an Enriques surface wit
7 nodes, such that the exceptional curves ofr are contained in the smooth part ofT and the

divisor B := r(B0) has negligible singularities. LetS → X ′ π′
→Σ′ be the Stein factorization o

the induced mapS → Σ′. The mapπ′ :X ′ → Σ′ is a double cover branched on the nodes
Σ′ and on the divisorB. The singularities ofX ′ occur above the singularities ofB, hence they
are canonical and there is a birational morphism fromX ′ to the canonical modelX of S. More
precisely, there is a commutative diagram:

X ′

π′

X

π

Σ′ Σ

where the horizontal arrows represent birational morphisms andπ, π′ are the quotient maps fo
the involutions induced byσ onX andX ′.

By adjunction we have2KX′ = π′∗(2KΣ′ + B) = π′∗B, henceB is nef andB2 = 6. Since
the bicanonical map ofX ′ factorizes throughπ′, we actually have|2KX′| = π′∗|B|. The same
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510 M. MENDES LOPES AND R. PARDINI

argument as in the proof of [17, Theorem 5.1] shows that the system|B| is free. Thus(Σ′,B) is a
pair as in the setting of §3 and we can apply Corollary 3.3, which is proven in §3, showing thatB
is ample. It follows that the horizontal maps in the above diagram are isomorphisms and we can
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identify X with X ′ andΣ with Σ′. The system|B|, being free, is not hyperelliptic, therefore
[7, Proposition 5.2.1] either it is birational or it has degree 2. Hence the degree of the bicanon
map ofX andS has degree either 2 or 4. This completes the proof.�

The previous proposition has a converse:

PROPOSITION 2.2. –Let Σ be an Enriques surface with7 nodes and letπ :X → Σ be a
double cover branched on the nodes ofΣ and on a divisorB such that:

(a) B is ample andB2 = 6;
(b) B is contained in the smooth part ofΣ and it has negligible singularities.
ThenX is the canonical model of a minimal surfaceS of general type withpg(S) = 0 and

K2
S = 3 and the bicanonical map ofS factorizes through the mapS → Σ.

Condition (a) can be replaced by:
(a′) |B| is free andB2 = 6.

Proof. –Assume that conditions (a) and (b) are satisfied.
The singular points ofX lie above the singularities ofB. SinceB has negligible singularities

the singularities ofX are canonical and one has2KX = π∗B. SinceB is ample,KX is also
ample andX is the canonical model of a surfaceS of general type. One has

K2
S = K2

X =
1
2
B2 = 3.

To compute the birational invariantsχ(S) andpg(S), we consider the minimal resolution
singularitiesη :Y → Σ and the flat double cover̃π : X̃ → Y obtained fromπ by taking base
change withη. The surfaceX̃ has canonical singularities and it is birational toX andS. The
branch locus of̃π consists of the inverse imagẽB of B and of the−2-curvesN1, . . . ,N7 that are
exceptional forη. Soπ̃ is given by a relation2L≡ B̃+N1+ · · ·+N7, whereL is a line bundle on
Y . A standard computation givesχ(S) = χ(X̃) = χ(Y )+χ(L−1) = 1. By Kawamata–Viehweg
vanishing one hashi(KY + L) = 0 for i > 0, hence

pg(S) = pg(X̃) = h0(KY + L) = χ(KY + L) = 0.

Since the singularities of the branch divisorB of π are negligible, it is well known that th
smooth minimal modelS of X can be obtained by repeatedly blowing upΣ at the singular point
of B and taking base change and normalization. Hence the involution ofS induced byσ has the
same number of isolated base points asσ, that is 7, and the bicanonical map factorizes thro
it by [16, Proposition 2.1].

If (a′) holds, thenB is ample by Corollary 3.3, and so condition (a′) implies condition (a). �

3. Enriques surfaces with 7 nodes: examples

Recall that for Enriques surfaces we adopt the notation and the terminology of [8]. O
notation for the singular fibres of an ellipticpencil is the same as in [1], Chapter V, §7.

In this section we consider the following situation:
Set-up: Σ is a nodal Enriques surface with 7 nodes,|B| is a base point free linear system ofΣ
such thatB2 = 6. We denote byη :Y →Σ the minimal desingularization and byN1, . . . ,N7 the
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disjoint nodal curves contracted byη, and we set̃B := η∗B. Furthermore, we assume that there
existsL ∈ Pic(Y ) such thatB̃ + N1 + · · ·+ N7 = 2L.
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Remark3.1. – The choice of this set-up is suggested by the results of the previous s
Indeed, the condition that the class̃B + N1 + · · ·+ N7 be divisible by 2 inPic(Y ) means that
given a curveB̃ ∈ |B̃|, there exists a double coverπ̃ : X̃ → Y branched on the union of̃B and
N1, . . . ,N7. If B̃ is disjoint fromN1, . . . ,N7 (recall thatB̃Ni = 0) and it has at most negligibl
singularities, then the surfacẽX has canonical singularities, occurring above the singularitie
of B̃. For i = 1, . . . ,7, one has̃π∗Ni = 2Ci, whereCi is a−1-curve contained in the smoo
part ofX̃ . If we denote byX the surface obtained by contracting theCi, thenπ̃ induces a double
coverπ :X → Σ branched over the imageB of B̃ and over the nodes ofΣ. By Proposition 2.2
X is the canonical model of a minimal surface of general type withpg = 0 andK2 = 3 and the
bicanonical map ofX factorizes throughπ.

Notice that, sinceY is an Enriques surface, the line bundleL + KY also satisfies the relatio
2(L + KY ) ≡ B̃ + N1 + · · · + N7, so that a pair(Σ,B) as in the set-up determines two no
isomorphic double covers ofΣ with the same branch locus.

In order to describe some examples, weneed to prove first some general facts.

PROPOSITION 3.2. – There exist three elliptic half-pencils̃E1, Ẽ2, Ẽ3 onY such that:
(i) ẼiẼj = 1 for i �= j;
(ii) |B̃|= |Ẽ1 + Ẽ2 + Ẽ3|.

Proof. –Notice that the system|B̃|, being base point free, is not hyperelliptic. Hence, if|B̃|
is not as stated, then by Proposition 5.2.1 and Theorem 5.3.6 of [7] there are the followin
possibilities:

(1) |B̃|= |2Ẽ0 + Ẽ1 + θ2|, Ẽ0Ẽ1 = Ẽ0θ2 = 1, Ẽ1θ2 = 0;
(2) |B̃|= |3Ẽ0 + 2θ0 + θ1|, Ẽ0θ0 = θ0θ1 = 1,Ẽ0θ1 = 0,

whereẼm are elliptic half-pencils andθm are nodal curves,m = 0,1,2. Consider the noda
curvesN1, . . . ,N7 and recall that̃B + N1 + · · ·+ N7 is divisible by 2 inPic(Y ).

In case (1), suppose first thatθ2 is not one of the curvesNi. SinceNiB̃ = 0, necessarily the
curvesθ2,N1, . . . ,N7 are disjoint and so by Lemma 4.2 of [17] the divisorθ2 + N1 + · · ·+ N7

is divisible by 2 in Pic(Y ). Hence alsoẼ1 is divisible by 2 in Pic(Y ), a contradiction
So θ2 is one of the curvesNi, say θ2 = N7. Then there existsL ∈ Pic(Y ) such thatD =
Ẽ1 + N1 + · · · + N6 = 2L and we getD2 = −12 and L2 = −3, contradicting the fact tha
the intersection form on an Enriques surface is even.

Consider now case (2). As in case (1), if neither of the curvesθ0, θ1 is one of the nodal curve
N1, . . . ,N7, we conclude that the half-pencil̃E0 is divisible by 2 inPic(Y ), a contradiction. Ifθ1

is one of the curvesNi, we also arrive at a contradiction as in case (1). Finally suppose thaθ0 is
one of the curvesNi, sayN7. ThenẼ0(N1 + · · ·+N7) = 1. SinceẼ0B̃ = 2, B̃ +N1 + · · ·+N7

is not divisible by 2 inPic(Y ), a contradiction.
So |B̃| is as stated. �
COROLLARY 3.3. – The divisorB is ample onΣ.

Proof. –Denote byR
B̃

the set of irreducible curvesC of Y with B̃C = 0. By [8,
Corollary 4.1.1],R

B̃
is a finite set and the corresponding classes are independent inNum(Y ).

By Proposition 3.2, we can writẽB = Ẽ1 + Ẽ2 + Ẽ3, where theẼi are elliptic half-pencils. If we
denote byV the subspace ofNum(Y )⊗Q spanned by the classes ofẼ1, Ẽ2, Ẽ3, then the classe
of the curves ofR

B̃
belong toV ⊥, which has dimension 7. So we haveR

B̃
= {N1, . . . ,N7} and

B = η∗B̃ is ample onΣ. �
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



512 M. MENDES LOPES AND R. PARDINI

The following is a partial converse to Proposition 3.2:

LEMMA 3.4. – Let Y be a smooth Enriques surface containing7 disjoint nodal curves˜ ˜ ˜ ˜ ˜
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N1, . . . ,N7. Assume thatE1,E2,E3 are elliptic half pencils onY such thatEiEj = 1 if i �= j

andẼiNj = 0 for everyi, j. If we setB̃ := Ẽ1 + Ẽ2 + Ẽ3, thenB̃ + N1 + · · ·+ N7 is divisible
by2 in Num(Y ).

Proof. –Recall thatNum(Y ) is an even unimodular lattice of rank 10.
Let M be the sublattice ofNum(Y ) spanned by the classes ofẼ1 − Ẽ2 andẼ1 − Ẽ3. The

discriminant ofM is equal to 3, henceM is primitive. Let M ′ be the sublattice spanned
the classes of theNi and by the class of̃B. The primitive closure ofM ′ is M⊥ and the code
W associated to the set of classesB̃,N1, . . . ,N7 is naturally isomorphic to the quotient grou
M⊥/M ′. Computing discriminants one gets:

28 · 3 = disc(M ′) = disc(M⊥)22dimW = disc(M) · 22dimW = 3 · 22dimW ,

namelydimW = 4. Using the fact that the intersection form onY is even, it is easy to chec
that the elements ofW have weight divisible by 4. SinceW has length 8, this implies thatW is
the extended Hamming code (see, e.g., [13]), and in particular it contains the vector of we
i.e.,B̃ + N1 + · · ·+ N7 is divisible by 2 inNum(Y ). �

For i = 1,2,3, we denote byẼ′
i the unique effective divisor in|Ẽi + KY | and we write

|F̃i| = |2Ẽi| = |2Ẽ′
i|. Thus |F̃i| is an elliptic pencil with double fibres2Ẽi and 2Ẽ′

i. The
classesẼi are nef, hencẽBNj = 0 implies ẼiNj = 0 for everyi, j and therefore fori = 1,2,3
|F̃i| induces an elliptic pencil|Fi| = |2Ei| = |2E′

i| on Σ, whereEi = η∗Ẽi, E′
i = η∗Ẽ

′
i and

B = E1 + E2 + E3.

Example3.5. – This example appears in [21] and in an unpublished paper by J. Keum
One considers an Enriques surfaceΣ with 8 nodes as in Example 1 of [17]. The surfaceΣ has
two isotrivial elliptic pencils|F1| and|F2| with F1F2 = 4. The system|F1 +F2| gives a degree
morphism onto a Del Pezzo quartic inP4 such that the nodes ofΣ are mapped to smooth poin
(cf. [21, §2]). We takeΣ to be the surface obtained by resolving one of the nodes ofΣ and we
denote byC the corresponding nodal curve. We denote by the same letter the pull-backs o|F1|,
|F2| on Σ and we setB := F1 + F2 − C. By the above discussion, the system|B| is free and it
gives a degree 2 map onto a Del Pezzo cubic inP3. By [17, Lemma 4.2], the class ofN1 + · · ·+
N7 + C is divisible by 2 inPic(Y ), hence the class of̃B + N1 + · · ·+ N7 is also divisible by 2.

Let 2Ei be a double fibre ofFi, i = 1,2. By Riemann–Roch there exists an effective divi
E3 ≡ E1 + E2 − C. We haveE2

3 = 0 andE1E3 = E2E3 = 1. We claim thatE3 is an elliptic
half-pencil, so thatB ≡ E1 + E2 + E3 as predicted by Proposition 3.2.

We now work on the nonsingular surfaceY and, as usual, we denote bỹD the pull-back onY
of a divisorD of Σ. Let Gi ∈ |F̃i|, i = 1,2, be the fibre containingC. By the description ofΣ
given in [17],G1 andG2 are fibres of typeI∗0 and the divisorG3 := G1 + G2 − 2C is an elliptic
configuration of typeI∗2 . It follows that |G3| is an elliptic pencil and that2Ẽ3 is a double fibre
of |G3|.

Example3.6. – LetC ⊂ P3 be the Cayley cubic, defined byx1x2x3 + x0x2x3 + x0x1x3 +
x0x1x2 = 0. The singularities ofC are 4 nodes, that occur at the coordinate points and
an even set. The 6 lines joining the nodes are of course contained inC. We label these line
by e1, e

′
1, e2, e

′
2, e3, e

′
3 in such a way that, fori = 1,2,3, ei, e

′
i is a pair of skew lines an

e1, e2, e
′
3 are coplanar. The surfaceC contains 3 more linesl1, l2, l3, contained in the plan

x0 + x1 + x2 + x3 = 0. An elementary geometric argument shows that, up to a permut
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Fig. 1.

of the indices, we may assume that the lineli meetsei, e
′
i and it does not meetej , e

′
j for i �= j.

For i = 1,2,3 we denote by|fi| the moving part of the linear system cut out onC by the planes
containing the lineli. The generalfi is a smooth conic, hence one hasKCfi = −2, f2

i = 0 and
fifj = 2 for i �= j. The singular fibres of|fi| are2ei, 2e′i andlj + lk, wherei, j, k is a permutation
of 1,2,3.

Consider a curveD ∈ |OC(2)| such thatD is contained in the smooth part ofC and it has a
most simple singularities. LetΣ be the double cover ofC branched onD and on the four node
of C. The surfaceΣ has canonical singularities, occurring over the singular points ofD. Standard
computations (cf. the proof of Proposition 2.2) show thatΣ is an Enriques surface and that t
pull-back of the system of hyperplanes ofP3 is a complete system|B′| on Σ with B′2 = 6. For
i = 1,2,3, we consider onΣ the system|Fi| obtained by pulling-back|fi|. The system|Fi| is
an elliptic pencil,with double fibres2Ei and2E′

i, whereEi, E′
i are the pull-backs ofei, ande′i,

respectively. Fori �= j one hasEiEj = 1. Furthermore,B′ ≡ E1 + E2 + E′
3.

We consider now a special case of the above construction: we takeD to be the union of the
sectionH0 of C with the planex0 + x1 + x2 + x3 = 0 and of the sectionH with a genera
hyperplane tangent toC. SoH has an ordinary double point at the tangency point and is sm
elsewhere andH and H0 intersect transversely at 3 points. The surfaceΣ thus obtained ha
7 nodes, occurring above the singularities ofH0 + H . As usual we denote byη :Y → Σ the
minimal resolution and byN1, . . . ,N7 the exceptional curves ofη. The strict transform onY
of the line li is a nodal curveAi. It is not difficult to check that one can relabel the cur
N1, . . . ,N7 in such a way thatN7 corresponds to the singularity ofΣ above the double point o
H and the incidence relations of the set of curvesA1,A2,A3,N1, . . . ,N6 are as shown in th
dual graph in Fig. 1.

As usual we denote bỹEi, Ẽ′
i, F̃i, B̃′ the pull-backs onY of Ei, E′

i, Fi, B′. The singular
fibreGi of |F̃i| corresponding to the fibrelj + lk of |fi| is of typeI∗2 . More precisely, we have

G1 = N2 + N3 + N5 + N6 + 2(A3 + A2 + N1),

G2 = N1 + N3 + N4 + N6 + 2(A3 + A1 + N2),

G3 = N1 + N2 + N4 + N5 + 2(A1 + A2 + N3).

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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By Lemma 3.4, one of the classesB′ +N1 + · · ·+N7 andB′ +KY +N1 + · · ·+N7 is divisible
by 2 in Num(Y ). We will show later (Corollary 4.5) that the second case actually occurs. Hence
we setB := B′ + KΣ.
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Examples 3.5 and 3.6 share the common feature that either the system|B| or the system
|B + KΣ| is not birational. The next example shows that this does not happen in general.

Example3.7. – By deforming Example 1 we show the existence of a pair(Σ,B) such that
both|B| and|B + KΣ| are birational.

We start with a pair(Σ0,B0) as in Example 3.5. The Kuranishi familyp :Y → U of the
minimal resolutionY0 of Σ0 is smooth of dimension 10 by [1, Theorem VIII.19.3]. We m
assume thatU is contractible and that the familyY is differentiably trivial. Hence for every fibr
Yt := p−1(t) the inclusionYt →Y induces an isomorphismH2(Yt,Z) ∼−→ H2(Y,Z). The Leray
spectral sequence givesh1(Y,OY) = h2(Y,OY) = 0, hence by the exponential sequence ev
integral cohomology class ofY comes from a unique holomorphic line bundle. In particu
there exist line bundles̃E1, Ẽ2, Ẽ3,N1, . . . ,N7,C that restrict on the central fibreY0 to Ẽ1, Ẽ2, Ẽ3,
N1, . . . ,N7,C, respectively. We set̃B := Ẽ1 + Ẽ2 + Ẽ3 and fort ∈ U we denote bỹBt, Ẽi,t, Ni,t,
Ct the restrictions toYt of the above bundles. Obviously, the class ofB̃t + N1,t + · · ·+ N7,t is
divisible by 2 inH2(Yt,Z) for everyt ∈U .

By [4, Theorem 3.7], the subsetU1 of U where the classesNi,t are effective and irreducibl
is smooth of dimension 3, while the subsetU2 of U1 where alsoCt is effective is smooth o
dimension2. SinceCt ≡ Ẽ1,t + Ẽ2,t − Ẽ3,t, by [8, Theorem 4.7.2] the system̃Bt is birational
for t ∈ U1 \U2. On the other hand, by semicontinuity we may assume thatB̃t +KYt is birational
for every t ∈ U , since it is birational on the central fibreY0. So the required example can
obtained by takingYt with t ∈U1 \U2 and by blowing down the nodal curvesN1,t, . . . ,N7,t.

4. Enriques surfaces with 7 nodes: codes and singular fibres

We keep the set-up and the notation of the previous section.
Here we make a detailed study of the code associated to the nodal curvesN1, . . . ,N7 and of the
singular fibres of the pencils|F̃i|. These results are needed in the following section, wher
give a construction of all the pairs(Σ,B) as in the set-up of § 3.

We denote byV and Vnum, respectively, the code and thenumerical code associated
N1, . . . ,N7 (cf. [17, §2], [2]). Namely,V is the kernel of the mapZ7

2 → Pic(Y )/2Pic(Y ) that
maps(x1, . . . , x7) to the class ofx1N1 + · · · + x7N7. The codeVnum is defined in analogou
way, replacingPic(Y ) by Num(Y ). Clearly,V is a subcode ofVnum of codimension� 1. We
say that a divisorD is even if it is divisible by 2 inPic(Y ). In particular, ifD =

∑
xiNi thenD

is even if and only if(x1, . . . , x7) ∈ V (we denote by the same letter the integerxi and its class
in Z2).

LEMMA 4.1. – dimVnum = 3.

Proof. –Since the determinant of the matrix(ẼiẼj)i,j=1,2,3 is equal to 2, the classe
Ẽ1, Ẽ2, Ẽ3 span a primitive sublatticeL of rank 3 ofNum(Y ). If L′ is the sublattice spanned b
the classesN1, . . .N7, thenVnum is isomorphic to the quotient groupL⊥/L′. So we have

27 = disc(L′) = 22dimVnum disc(L⊥) = 22dimVnum disc(L),

namelydimVnum = 3. �
LEMMA 4.2. – The linear system|B| separates the nodes ofΣ.
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Proof. –This follows by [8, Lemma 4.6.3]. �
LEMMA 4.3. – Denote byP1, . . . , P7 the image points ofN1, . . . ,N7 via the system|B̃|. If
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N1 + N2 + N3 + N4 is an even divisor, thenP5, P6, P7 are collinear.

Proof. –Notice first of all that the pointsP1, . . . , P7 are distinct by Lemma 4.2.
SinceB̃ + N1 + · · · + N7 is even by assumption, there existsM ∈ Pic(Y ) such that2M ≡

B̃ − N5 − N6 − N7. SetM ′ := M + KY . SinceM2 = M ′2 = 0, there exist effective divisor
D ∈ |M | andD′ ∈ |M ′|. So the linear system|B̃−N5−N6−N7| contains two distinct divisor
2D and2D′, hence it has positive dimension. This means thatP5, P6, P7 lie on a line. �

PROPOSITION 4.4. – The codeV has dimension2.

Proof. –By Lemma 4.1, to show thatdimV = 2 it is enough to show thatV � Vnum. So
assume by contradiction thatV = Vnum. SincedimV = 3 and all the elements ofV have
weight 4, V is isomorphic to the Hamming code (see, e.g., [13]). By the definition of
Hamming code, the set of indices{1, . . . ,7} is in one-to-one correspondence with the nonz
vectors ofZ3

2. The vectors corresponding to distinct indicesi1, i2, i3 span a plane ofZ3
2 if and

only if there isv = (x1, . . . , x7) ∈ V \ {0} such thatxi1 = xi2 = xi3 = 0. By Lemma 4.3, this
happens if and only if the pointsPi1 , Pi2 , Pi3 lie on a line inP3. Hence the pointsP1, . . . , P7

form a configuration isomorphic to the finite planeP2(Z2). Since the line through two of th
Pi contains a third point of the set, it is easy to check thatP1, . . . , P7 lie in a plane. On the
other hand, it is well known that the planeP2(Z2) cannot be embedded inP2(C). So we have a
contradiction and the proof is complete.�

We are now able to complete the description of Example 3.6:

COROLLARY 4.5. – LetΣ be the surface of Example3.6. ThenB̃′ + KY + N1 + · · ·+ N7 is
divisible by2 in Pic(Y ).

Proof. –In the notation of Example 3.6 we have

G1 = 2(A2 + A3 + N1) + N2 + N3 + N5 + N6 ≡ 2Ẽ1,

henceN2 + N3 + N5 + N6 is an even divisor. The same argument shows that the div
N1 + N2 + N4 + N5 and N1 + N3 + N4 + N6 are also even. By Proposition 4.4 these
the only nonzero elements ofV .

By Lemma 3.4 we know that one of the classes

B̃′ + N1 + · · ·+ N7 and B̃′ + KY + N1 + · · ·+ N7

is even. Assume by contradiction thatB̃′ + N1 + · · ·+ N7 is even. Pulling back toY the section
of C with H0 we getB̃′ ≡ 2(A1 +A2 +A3 +N1 +N2 +N3)+N4 +N5 +N6. Hence it follows
thatN1 + N2 + N3 + N7 is also an even divisor, a contradiction.�

The next result describes the possible configurations of singular fibres of the pencils|F̃i| and
relates them to the properties of the systems|B| and|B + KΣ|.

THEOREM 4.6. – The possible configurations of fibres with singular support of the pe
|F̃i| are the following:

(1) up to a permutation of the indices, the pencils|F̃1| and |F̃2| are isotrivial with2 fibres of
typeI∗0 , while |F̃3| has a fibre of typeI∗2 and two fibres of typeI2 or 2I2.
In this case the system|B| has degree2 and the system|B + KΣ| is birational;
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(2) each of the pencils|F̃i| has a fibre of typeI∗2 and two fibres of typeI2 or 2I2. The dual
graph of the set of nodal curves that form theI∗2 fibres is the same as in Fig.1.
In this case|B| is birational and|B + KΣ| has degree2;
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(3) each of the pencils|F̃i| has a fibre of typeI∗0 and three fibres of typeI2 or 2I2.
In this case the systems|B| and|B + KΣ| are both birational.

Remark4.7. – The proof of Theorem 4.6 below actually shows more, namely that case
Theorem 4.6 corresponds exactly to Example 3.5 (cf. Lemma 4.10) and that case (2) corre
exactly to Example 3.6.

The proof of Theorem 4.6 is somewhat involved and requires some auxiliary lemmas.

LEMMA 4.8. – Assume that fori �= j, the pencils|F̃i| and |F̃j | on Y have singular fibres o
typeI∗0 or I∗2 , Gi = 2Ci + Ni1 + · · ·+ Ni4 , respectively,Gj = 2Cj + Nj1 + · · ·+ Nj4 .

ThenCiCj = 0 and the set{i1, . . . , i4} ∩ {j1, . . . , j4} consists of two elements.

Proof. –The curveCi is irreducible ifGi is of typeI∗0 and it is a chain of 3 nodal curves
Gi is of typeI∗2 . One has:4 = F̃iF̃j = GiGj = 2CiGj , namelyCi(2Cj + Nj1 + · · ·+ Nj4) = 2.
We remark thatCiNjt is equal to 1 ifjt ∈ {i1, . . . , i4}, and it is equal to 0 otherwise. Since the
are 7 of theNi, one hasCi(Nj1 + · · ·+ Nj4) > 0. So either we haveCiCj = 0 and

{i1, . . . , i4} ∩ {j1, . . . , j4}

consists of two elements, orCiCj = −1 and{i1, . . . , i4} = {j1, . . . , j4}.
Assume by contradiction that we are in the second case. This implies in particular thatCi and

Cj are not both irreducible. Assume thatCi is irreducible. ThenCj is a chain of 3 nodal curve
Cj = A1 + N + A2 such that each of the “end” curvesA1, A2 meets exactly two of the curve
Ni1 , . . . ,Ni4 and the “central” curveN is one of theNi. In fact, ifN were not one of theNi, then
the classes ofN1, . . . ,N7,N,A1,A2, being independent, would be a basis ofH2(Y,Q), against
the Index Theorem. Furthermore, fromCiCj = −1 it follows that Ci is equal toA1 or A2,
a contradiction, sinceCi meets all the curvesNi1 , . . . ,Ni4 . So we haveCj = A1 + N + A2

as above and, with an analogous notation,Ci = B1 + N ′ + B2, whereN ′ is again one of theNi.
Observe thatθCi � −1 for every irreducible curveθ. SinceN ′ and N are different from

Ni1 , . . . ,Ni4 , the relationsN ′F̃j = 0, NF̃i = 0 give:N ′Cj = NCi = 0 and

−1 = CiCj = (A1 + A2)Ci,

hence, say,A1Ci = −1, A2Ci = 0. So we can assume thatA1 = B1, while A2 is disjoint from
Ci and B2 is disjoint from Cj . Say thatA1 = B1 meets the curvesNi1 and Ni2 . Then the
connected divisor∆ = Ni1 +Ni2 +A1 +N +N ′ is orthogonal to both̃Fi andF̃j , so its suppor
is contained in bothGi andGj . If N �= N ′, then the intersection form on the components
∆ is semidefinite, hence by Zariski’s Lemma∆ is the support of bothGi andGj , but this is
impossible. HenceN = N ′, but this contradicts the fact thatA2 andCi are disjoint. �

LEMMA 4.9. – (i)The fibres with reducible support that occur in the pencils|F̃i| can be of
the following types: I2, 2I2, I∗0 , I∗2 ;

(ii) each pencil|F̃i| has at least a fibre of typeI∗0 or I∗2 ;
(iii) a fibre of typeI∗0 of |F̃i| contains3 or 4 of theNi, each with multiplicity1, and a fibre of

typeI∗2 contains4 of theNi with multiplicity 1 and one with multiplicity2.

Proof. –We recall first of all that the multiple fibres of an elliptic pencil are of typemIk,
k � 0 ([1], Chapter V, §7) and that the multiple fibres of an elliptic pencil on an Enriq

4e SÉRIE– TOME 37 – 2004 –N◦ 4



A NEW FAMILY OF SURFACES WITHpg = 0 AND K2 = 3 517

surface are precisely two double fibres ([1], Chapter VIII). The nodal curvesN1, . . . ,N7 are
contained in fibres of|F̃i| for i = 1,2,3. For every singular fibreFs of |F̃i|, we denote by
r(Fs) the number of irreducible curves contained inFs and different fromN1, . . . ,N7. Since the
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subspace orthogonal to the class ofF̃i in H2(Y,Q) has dimension 9, Zariski’s Lemma impli
that8 +

∑
Fs

(r(Fs)− 1) � 9, namelyr(Fs) � 2 for every singular fibreFs of |F̃i| and there is
at most one singular fibreFs with r(Fs) = 2. This shows that the possible types aremI2, mI3,
mI4, I∗0 , I∗1 , I∗2 , III , IV and that, except possibly one, the fibres with reducible support a
type mI2, III or I∗0 . On the other hand, we have12 = c2(Y ) =

∑
Fs singular e(Fs), hence the

quantity
∑

Fs reducible e(Fs) is � 12. Using this remark and the fact that the 7 curvesN1, . . . ,N7

are contained in fibres of|F̃i| it is easy to show that typesmI3, I∗1 , III andIV cannot occur and
that the fibres cannot all be of typemI2 or mI4. This proves (ii).

Now assume that, say,|F̃1| has a fibreG1 of typeI4 (or 2I4). ThenG1 contains two of theNi,
hence we can write the support ofG1 asC1 + C2 + N1 + N2, whereC1C2 = 0, CiNj = 1.
Assume thatC1Ẽ2 = 0. Then the connected fundamental cycleC1 + N1 + N2 is contained
in a reducible fibreG2 of |F̃2|. SinceC1Ni = 0 for i > 2, the fibreG2 is necessarily of type
I4 (or 2I4). Sincer(G1) = r(G2) = 2 by the above discussion and by (ii) it follows that bo
|F̃1| and |F̃2| have fibresG′

1, respectivelyG′
2, of typeI∗0 and that the nodal curves appear

with multiplicity 1 in G′
1 andG′

2 are a subset of{N3, . . . ,N7}, contradicting Lemma 4.8. Th
shows that the intersection numbersC1Ẽ2,C1Ẽ3,C2Ẽ2,C2Ẽ3 are all strictly positive. Since
4 = (Ẽ2 + Ẽ3)F̃1 = (Ẽ2 + Ẽ3)G1 � C1Ẽ2 + C1Ẽ3 + C2Ẽ2 + C2Ẽ3, these numbers are a
equal to 1. So the class ofC1 − C2 is orthogonal toN1, . . . ,N7, Ẽ1, Ẽ2, Ẽ3. Since the classe
of N1, . . . ,N7, Ẽ1, Ẽ2, Ẽ3 are a basis ofH2(Y,Q), the classC1 −C2 is numerically equivalen
to 0. On the other hand, we have(C1 −C2)2 = −4, a contradiction. This finishes the proof of (

Statement (iii) follows by examining the admissible types of fibres, recalling thatr(Fs) � 2
for every singular fibreFs. �

LEMMA 4.10. – Assume that there exists a nodal curveC ⊂ Y such that

Ẽ1C = N1C = · · ·= N7C = 0.

Then we have case(1) of Theorem4.6.

Proof. –By [17, Lemma 4.2], the divisorC +N1+ · · ·+N7 is divisible by 2 inPic(Y ). Hence
CẼi is even fori = 1,2,3. The curveC is contained in a fibre of|F̃1|, hence

C(Ẽ2 + Ẽ3) = CB̃ � B̃F̃1 = 4.

On the other hand, sincẽB + N1 + · · · + N7 is also even, the divisor̃B + C is even and so
(B̃ + C)2 = 4 + 2B̃C is divisible by 8. Hence we havẽBC = 2. From2 = B̃C = CẼ2 + CẼ3,
it follows, say, CẼ2 = 0, CẼ3 = 2. Now, as in the proof of Lemma 4.9, we consider
contributions toc2(Y ) and to the Picard number ofY of the various types of singular fibre
Since there are 8 disjoint nodal curves contained in the fibres of|F̃1| and|F̃2|, one sees that th
only possibility is that the fibres with singularsupport of both pencils are two fibres of typeI∗0
and that each fibre of typeI∗0 contains four of the curvesN1, . . . ,N7,C, each with multiplicity 1.
Recall that an elliptic pencil with 2 fibres of typeI∗0 on an Enriques surface is isotrivial.

By Lemma 4.8 we can label the curvesNi in such a way that the singular fibres of|F̃1| are
N1 + N2 + N3 + N4 + 2A1 andN5 + N6 + N7 + C + 2A2 and the singular fibres of|F̃2| are
N1 + N2 + N5 + N6 + 2B1 andN3 + N4 + N7 + C + 2B2.
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Computing intersection numbers, one sees thatẼ3 ∼num Ẽ1 + Ẽ2 −C, namely

Ẽ3 ≡ Ẽ1 + Ẽ2 −C or Ẽ3 ≡ Ẽ1 + Ẽ2 −C + KY .
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SinceB̃ + C is even, we conclude that̃E3 ≡ Ẽ1 + Ẽ2 − C. Hence the system|B̃| is equal to
|F̃1 + F̃2 −C| and it has degree 2 by [8, Theorem 4.7.2]. Looking at the adjunction sequen
C, one gets0 = h0(C + KY ) = h0(Ẽ1 + Ẽ2 − Ẽ′

3) = 0, hence|B̃ + KY | is birational again by
[8, Theorem 4.7.2].

Now F̃3 ≡ F̃1 + F̃2 − 2C ≡ N5 + N6 + N7 + 2A2 + N3 + N4 + N7 + 2B2, hence
N3 + N4 + N5 + N6 + 2(A2 + N7 + B2) is a fibre of|F̃3| of type I∗2 . Thus Lemma 4.9 an
the formula12 = c2(Y ) =

∑
Fs

e(Fs) imply that the remaining fibres with singular support
two fibres of typeI2 or 2I2. �

Proof of Theorem 4.6. –By Lemma 4.10, we may assume that every nodal curve disjoint
N1, . . . ,N7 satisfiesCẼi > 0 for i = 1,2,3. Hence none of the pencils|F̃i| can have two fibre
of typeI∗0 . By Lemma 4.9 and its proof one sees that in principle the possible configuratio
fibres with reducible support are:

(i) one fibre of typeI∗0 and three fibres of typeI2 or 2I2;
(ii) one fibre of typeI∗2 and two fibres of typeI2 or 2I2.

Notice that in both cases all the fibres with singular support are reducible.
Assume that, say,|F̃1| has a fibreG1 of type I∗2 . By Lemma 4.9, (iii),G1 contains five of

the Ni and two more componentsA2 andA3. Each of the curvesA2 andA3 meets 3 of the
Ni and there is only one of theNi that intersects both. We setλ2 = 2A2 +

∑
i(A2Ni)Ni and

λ3 = 2A3 +
∑

i(A3Ni)Ni. One hasλ2
2 = λ2

3 = −2 andG1 = λ2 + λ3. Since

2 = Ẽ2G1 = 2Ẽ2(A2 + A3),

we may assumẽE2A2 = 1, Ẽ2A3 = 0. Since by Corollary 3.3 the curvesN1, . . . ,N7 are the
only nodal curves orthogonal tõE1, Ẽ2, Ẽ3, we have alsõE3A3 = 1, Ẽ3A2 = 0. The support of
λ3, being connected and orthogonal tõE2, is contained in a fibreG2 of |F̃2|. SinceA3 meets
precisely three of theNi, by Lemma 4.9 the fibreG2 is also of typeI∗2 and we can write a
aboveG2 = λ1 + λ3, whereλ1 = 2A1 +

∑
i(A1Ni)Ni, with A1 a nodal curve different from

theNi and such thatA1Ẽ3 = 0, A1Ẽ1 = 1. Notice that the three nodal curvesA1, A2 andA3

are distinct. The same argument shows thatλ1 andλ2 are contained in fibres of|F̃3| of typeI∗2 .
By the proof of Lemma 4.9 each pencil|F̃i| has at most one fibre of typeI∗2 , henceλ1 andλ2

are contained in the same fibreG3 andG3 = λ1 + λ2. Assume that the curveNi that appears
with multiplicity 2 in G1 andG2 is the same, sayN7. ThenN7 is a component ofλ1, λ2 andλ3

and Lemma 4.8 implies that, up to a permutation of1, . . . ,6 the incidence relations between t
curvesN1, . . . ,N7,A1,A2,A3 are given by the dual graph of Fig. 2.

The divisorA1 + A2 + A3 + N1 + · · · + N7 is simply connected, hence its inverse ima
in the K3 cover ofY consists of two disjoint divisors isomorphic to it. It is easy to check
the intersection matrix of the components of these divisors is nondegenerate of type(2,18), but
this contradicts the Index Theorem. So, up to a permutation of the indices,G1 containsN1 with
multiplicity 2, G2 containsN2 with multiplicity 2 andG3 containsN3 with multiplicity 2. Using
Lemma 4.8 again, one shows that, up to a permutation of the indices,N7 is not contained inG1,
G2, G3 and the incidence relations betweenA1,A2,A3,N1, . . . ,N6 are given by the dual grap
in Fig. 1. Computing intersection numbers, one checks thatB̃ and the divisorλ1 + λ2 + λ3

are numerically equivalent. The argument used to prove Corollary 4.5 shows that they
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linearly equivalent, henceλ1 +λ2 +λ3 ≡ B̃ +KY . Now the system|λ1 +λ2 +λ3| has degree 2
by Theorem 7.2 of [7] and|B̃| is birational. This settles case (2).

We are left with the case in which each of the pencils|F̃i| has a fibre of typeI∗0 and 3
fibres of typeI2 or 2I2. We recall that by [7, Proposition 5.2.1] and [8, Theorem 4.7.2]|B̃|
has degree 2 if|Ẽ1 + Ẽ2 − Ẽ3| is nonempty and it is birational otherwise. Assume that the
∆ ∈ |Ẽ1 + Ẽ2 − Ẽ3|. SinceẼ1∆ = Ẽ2∆ = 0 andẼ3∆ = 2, all the components of∆ are nodal
curves contained in fibres of|F̃1| and|F̃2| and there is a componentθ of ∆ with θẼ3 > 0, but
this cannot happen because of the configuration of reducible fibres of the pencils|F̃i|. Since this
argument is purely numerical it shows also that|B̃ + KY | is birational. �

5. Enriques surfaces with 7 nodes: a general construction

Here we describe a construction giving pairs(Σ,B) as in the set-up of §3 and we prove th
all such pairs can be obtained that way.

Construction5.1. – Consider the following automorphisms of the projective lineP1:

(x0, x1)
e1�→(x0,−x1); (x0, x1)

e2�→(x1, x0).

The subgroupΓ generated bye1 ande2 is isomorphic toZ2
2; we sete3 := e1 + e2. The action

of Γ can be lifted to the line bundleOP1(2). Two such liftings differ by a character ofΓ, hence
for any chosen lifting a basis of eigenvectors ofH0(P1,OP1(2)) is given by:

s(x0, x1) := x2
0 + x2

1, d(x0, x1) := x2
0 − x2

1, p(x0, x1) = x0x1.

Denote byG the subgroup of automorphisms ofP1 × P1 × P1 generated by the elements:

(e1, e1,1), (e1,1, e1), (e2, e2, e2).
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The groupG is isomorphic toZ3
2. We denote byG0 the subgroup of index 2 generated by

(e1, e1,1) and(e1,1, e1). The fixed locus of the nonzero elements ofG0 has dimension 1, while
the fixed locus of the elements ofG \G0 has dimension 0.
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Notice that, although the action ofΓ on P1 does not lift to a linear representation on t
spaceH0(OP1(1)), the action ofG on P1 × P1 × P1 is induced by a linear representati
on H0(OP1×P1×P1(1,1,1)). Hence it is possible to lift theG-action to the line bundle
OP1×P1×P1(1,1,1) and, compatibly, to all its multiples. Notice also that the possibleG-actions
on OP1×P1×P1(1,1,1) differ by a character ofG, and thus they all induce the same action
OP1×P1×P1(2,2,2). Denoting the homogeneous coordinates onP1 × P1 × P1 by x = (x0, x1),
y = (y0, y1), z = (z0, z1), under this action the spaceH0(OP1×P1×P1(2,2,2)) decomposes int
eigenspaces as follows:

T0 :=
〈
s(x)s(y)s(z), s(x)d(y)d(z), d(x)s(y)d(z), d(x)d(y)s(z), p(x)p(y)p(z)

〉
;

T1 :=
〈
s(x)s(y)d(z), s(x)d(y)s(z), d(x)s(y)s(z), d(x)d(y)d(z)

〉
;

T2 :=
〈
s(x)s(y)p(z), p(x)p(y)s(z), d(x)d(y)p(z)

〉
;

T3 :=
〈
s(x)p(y)p(z), p(x)s(y)s(z), p(x)d(y)d(z)

〉
;

T4 :=
〈
p(x)s(y)d(z), p(x)d(y)s(z), d(x)p(y)p(z)

〉
;

T5 :=
〈
s(x)p(y)s(z), p(x)s(y)p(z), d(x)p(y)d(z)

〉
;

T6 :=
〈
s(x)d(y)p(z), p(x)p(y)d(z), d(x)s(y)p(z)

〉
;

T7 :=
〈
s(x)p(y)d(z), p(x)d(y)p(z), d(x)p(y)s(z)

〉
.

The subspaceT0 corresponds to the trivial character and the subspaceT1 corresponds to th
character orthogonal toG0. The system|T0| is base point free, while fori > 0 the base locus o
the system|Ti| is nonempty and it contains the fixed locus of some element ofG \G0.

Let Z ∈ |T0| be general. By Bertini’s theoremZ is a smooth surface. The elements(e1,1, e1),
(1, e1, e1) and(e1, e1,1) act onZ fixing 8 points each and the remaining nonzero elemen
G act freely onZ . By the adjunction formula,Z is a K3 surface, hence the quotient surfa
Z/G is a nodal Enriques surface with 6 nodes. Fori = 1,2,3, the projection on theith factor
P1 × P1 × P1 → P1 induces an elliptic pencil onZ , which in turn gives an elliptic penc
|Fi|= |2Ei| onZ/G. A standard argument shows that fori �= j one hasEiEj = 1.

Assume now thatZ has 8 nodes that form aG-orbit and no other singularities. Then the
quotient surfaceZ/G has an extra node, which is the image of the 8 nodes ofZ . By Lemma 3.4
eitherE1 + E2 + E3 or E1 + E2 + E3 + KZ/G is a divisorB as in the set-up of §3.

SetΣ := Z/G and denote byπ :Z → Σ the quotient map. Notice thatπ∗B ∼= π∗(B + KΣ)
is isomorphic toOZ(2,2,2) and π∗H0(Σ,B) and π∗H0(Σ,B + KΣ) are eigenspaces o
H0(Z,OZ(2,2,2)). So, considering the dimensions, they correspond to the restrictio
Z of T0 and T1. We will show later (Lemma 6.3) that the restriction ofT0 is equal to
π∗H0(Σ,B + KΣ) and the restriction ofT1 is equal toπ∗H0(Σ,B).

The fact that Construction 5.1 can actuallybe performed, namely that there existsZ as
required, is a consequence of the followingtheorem and of the examples given in §3.

THEOREM 5.2. – Let (Σ,B) be a pair as in the set-up of§3. Then(Σ,B) can be obtained
from Construction5.1.

Proof. –Let V be the code associated with the nodes ofΣ, which is isomorphic toZ2
2 by

Proposition 4.4. By [9], Proposition 2.1 and Remark 2, there is a Galois coverπ0 :Z0 → Σ with
Galois groupHom(V,C∗)∼= Z2

2 branched on the 6 nodes ofΣ that appear inV . The mapZ0 → Σ
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can be factorized asZ0 → Z1 → Σ, where both maps are double covers branched on a set of 4
nodes. By [17, Proposition 3.1],Z1 is a nodal Enriques surface with 6 nodes, hence, by ib.,Z0 is
an Enriques surface with 4 nodes. LetK → Σ be the K3-cover ofΣ and consider the following

n

hat

l

l

cartesian diagram:

Z

p

Z0

π0

K Σ

(5.1)

The surfaceZ is a K3 surface with 8 nodes and the mapZ → Z0 is the K3-cover ofZ0. The
composite mapπ :Z →Σ is a Galois cover with Galois group isomorphic toZ3

2. Notice (cf. [9],
proof of Proposition 2.1 and Remark 2) that, although the coverπ0 :Z0 → Σ is not uniquely
determined (in fact there are four different possibilities), the coverπ :Z →Σ does not depend o
the choice ofZ0.

For the reader’s convenience the proof is broken into steps.
Step 1: For i = 1,2,3 there exist elliptic pencils|Ci| onZ such thatπ∗Fi ≡ 4Ci.

Sinceπ is unramified in codimension 1, ifFi ∈ |Fi| is general thenπ∗Fi is a disjoint union
of linearly equivalent elliptic curves. Hence,to prove the statement it is enough to show t
π∗Fi has 4 connected components. Letπ̃ : Z̃ → Y the Galois cover obtained fromπ by taking
base change with the minimal desingularizationY → Σ and, as usual, denote by|F̃i| the elliptic
pencil ofY induced by|Fi|. By Theorem 4.6 the pencil|F̃i| has a fibreGi of typeI∗0 or I∗2 . We
write Gi = 2Ai + N i

1 + · · · + N i
4. By the results of §4, the nonzero elements ofV correspond

to the even setsN i
1 + · · ·+ N i

4, i = 1,2,3. So by the definition ofZ andZ̃ (cf. also [9, §2]) we
have the following formula:

π̃∗OZ̃
= OY ⊕KY ⊕

( ⊕
i=1,2,3

OY (Ai − Ẽi)
)
⊕

( ⊕
i=1,2,3

OY (Ai − Ẽ′
i)

)
.

The restriction of the line bundlesOY (−KY ), OY (Ai − Ẽi) andOY (Ai − Ẽ′
i) to a genera

F̃i is trivial, hencẽπ∗F̃i has at least 4 connected components. So fori = 1,2,3 we can write

π̃∗Fi ≡ miC̃i

whereC̃i is a smooth connected elliptic curve andmi = 4 or mi = 8. Notice thatC̃iC̃j � 2
for i �= j, since otherwise the product of the pencils|C̃i| and|C̃j | would give a birational map
Z̃ → P1 × P1. On the other hand, fori �= j we have32 = π̃∗F̃iπ̃

∗F̃j = mimjC̃iC̃j � 16C̃iC̃j ,
hencemi = mj = 4 andC̃iC̃j = 2. Finally, the pencils|C̃i| induce pencils|Ci| on Z such that
π∗Fi ≡ 4Ci.
Step 2: The product of the pencils|C1|, |C2| and|C3| defines an embedding

ψ :Z ↪→ P1 × P1 × P1

such thatψ(Z) is a divisor of type(2,2,2).
We remark thatD = C1 +C2 +C3 is ample onZ , since by Step 12D = π∗B andB is ample

onΣ by Corollary 3.3.
We letε :W →Z be the minimal desingularization, we denote byN ′

1, . . . ,N
′
8 the exceptiona

curves ofε and we setD̃ := ε∗D, C̃i := ε∗Ci. The divisorD̃ is nef and big and theN ′
i are

the only irreducible curves that have intersection equal to 0 withD̃. SinceD̃2 = 12, by Reider’s
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Theorem and by the fact that the intersection form on a K3 surface is even, if two pointsx, y ∈ W
are not separated by|D̃|, then there exists an effective connected divisorA  x, y such that
either: (a)A2 = −2, AD̃ = 0, or (b) A2 = 0, AD̃ = 1 or (c) A2 = 0, AD̃ = 2. Possibility (a)

as no

he

ct

f

o

er

s

.1,
we

rked in

phism
ition,
ce.

surfaces

e
l

corresponds to the case when bothx and y belong to one of the curvesN ′
i . Recall that the

pencils|C̃i| have no multiple fibres, becausethe double fibres of the pencils|F̃i| disappear when
one takes the K3 cover (actually, it is not hard to prove that any elliptic fibration on a K3 h
multiple fibres). In case (b) one would have, say,AC̃1 = AC̃2 = 0, namelyA would be a fibre
of both |C̃1| and|C̃2|, which is impossible. IfA2 = 0 andAD̃ = 2, then we have, say,AC̃1 = 0
andA is a fibre of|C̃1|. But in this caseAD̃ = 4, a contradiction.

The above discussion shows that the mapψ is one-to-one onto its image and that t
differential of ψ at every smooth point ofΣ is nonsingular. In particular the image ofψ is
an hypersurface with at most isolated singularities, hence it is normal. It follows thatψ is an
isomorphism. The fact that the image is a divisor of type(2,2,2) is a consequence of the fa
thatCiCj = 2 if i �= j.
Step 3: There exist coordinates onP1 × P1 × P1 such that the surfaceψ(Z) is an element o
the linear system|T0| defined in Construction5.1and the action of the Galois group ofZ → Σ
coincides with the group action defined there.

Denote byG the Galois group ofπ. By the definition of the mapψ, the three copies ofP1 in
P1×P1×P1 can be naturally identified with (the dual of) the linear systems|C1|, |C2| and|C3|,
henceG acts onP1 × P1 × P1 and the embeddingψ :Z → P1 × P1 × P1 is G-equivariant with
respect to the given actions. We have seen in Step 1 that for everyi = 1,2,3 there is a nonzer
gi ∈ G such thatgi acts trivially on|Ci|. Since the fixed locus ofgi on |C1| × |C2| × |C3| has
positive dimension andZ is ample,gi has fixed points onZ . Since by construction the cov
π :Z → Σ factorizes through the K3 coverK → Σ, it follows thatg1, g2, g3 do not generateG.
On the other handgi must act nontrivially on|Cj | for j �= i, since otherwise the fixed locu
of gi on P1 × P1 × P1 would be a divisor andgi would fix a curve ofZ pointwise. Hence
G0 := {1, g1, g2, g3} is a subgroup ofG isomorphic toZ2

2. Fix h ∈ G \ G0. For everyi we can
choose homogeneous coordinates onP1 = |Ci| such that, using the notation of Construction 5
the nonzero element ofG0/gi acts ase1 andh acts ase2. With respect to these coordinates
have:g1 = (1, e1, e1), g2 = (e1,1, e1), g3 = (e1, e1,1), h = (e2, e2, e2), namely theG-action on
P1 ×P1 ×P1 is the same as in Construction 5.1 and the surfaceZ , beingG-invariant, belongs to
one of the linear systems|Ti|, i = 0, . . . ,7. In addition, each of the nonzero elements ofG0 fixes
8 points ofZ and the elements ofG \G0 act freely onZ . This is the same as saying thatZ is in
general position with respect to the fixed loci of all the elements, hence, as we have rema
Construction 5.1,Z must be an element of|T0|. �

6. Enriques surfaces with 7 nodes: a parametrization

The aim of this section is to construct a quasi-projective variety parametrizing the isomor
classes of pairs(Σ,B) as in the set up of §3 and to study the geometry of this space. In add
we show the existence of a tautological familyon a finite Galois cover of the parametre spa
This tautological family admits a section and a simultaneous resolution.

These results are used in the next section to describe the subset of the moduli space of
with pg = 0 andK2 = 3 consisting of the surfacesS that have an involutionσ such that: (1) the
quotient surfaceS/σ is birational to an Enriques surface; (2) the bicanonical mapϕ of S is
composed withσ.

We use all the notation from the previous sections. For a pair(Σ,B) as in the set-up of §3 w
denote as usual byη :Y → Σ the minimal desingularization and byN1, . . . ,N7 the exceptiona
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curves ofη. In addition we assume thatN7 is the nodal curve that does not appear in the codeV
associated toN1, . . . ,N7 (cf. §4).

Denote byN the subset of|T0| consisting of the surfacesZ that satisfy the following

ts
ote by

is

the

ing

ap
f
n
s

conditions:
(a) Z is in general position with respect to the fixed loci of the elements ofG;
(b) Z has 8 nodes that form aG-orbit and no other singularities.

The setN is clearly open in the set of singular surfaces of|T0| and it is nonempty by the resul
of the previous section, hence it is a quasi-projective variety of dimension 3. We den
I ⊂ (P1 × P1 × P1) ×N the incidence variety, consisting of the pairs(P,Z) such thatP is a
singular point ofZ and we denote byp1, p2 the projections ofI onto the two factors. There
a naturalG-action onI, which is free by the definition ofN , and the mapp2 :I → N is the
quotient map with respect to thisG-action.

The first goal of this section is to study the geometry ofN . We have the following:

THEOREM 6.1. – The varietyN is smooth, irreducible of dimension3 and unirational.

The proof thatN is smooth is completely elementary (cf. Lemma 6.2 below), but proving
irreducibility requires a series of intermediate results.

LEMMA 6.2. – The varietyN is smooth of dimension3.

Proof. –Since the incidence varietyI is a topological covering ofN , it is enough to prove
thatI is smooth of dimension 3. This can be easily seen by means of a local computation, us
the fact that the linear system|T0| has no base points and the fact that for a pair(P,Z) in I the
pointP is an ordinary double point ofZ . �

LEMMA 6.3. – Assume that the pair(Σ,B) is obtained fromZ ∈ N using Construction5.1
and letπ :Z →Σ be the quotient map. Then:

π∗H0(Σ,B) = T1|Z ; π∗H0(Σ,B + KΣ) = T0|Z .

Proof. –We have already remarked in Construction 5.1 thatH0(Σ,B) andH0(Σ,B + KΣ)
pull back toT0|Z andT1|Z . So we only need to decide which is which.

Let s ∈ T0|Z be general, letD be the divisor of zeros ofs and letD be the image ofD in Σ.
The divisorD is smooth and it is numerically equivalent toB. Let f :X → Z be the double
cover branched onD. Denote byL the total space of the line bundleOZ(1,1,1), by p :L → Z
the projection and byz the tautological section ofp∗OZ(1,1,1). ThenX is isomorphic to the
hypersurface{z2 − p∗s = 0} ⊂ L and theG-action onL (cf. Construction 5.1) preservesX .
Hence theG-action onZ lifts to X and we have a commutative diagram:

X

q

Z

π

X Σ

(6.1)

whereq :X → X := X/G is the quotient map. By commutativity of the diagram, the m
X → Σ is a double cover branched onD and on a subset of the 6 nodes ofΣ that are the images o
the fixed points of theG-action onZ . As before, letη :Y → Σ be the minimal desingularizatio
of Σ. SetD̃ = η∗D and denote byN1, . . . ,Nk the nodal curves ofY corresponding to the node
of Σ whereX → Σ ramifies. The class of̃D + N1 + · · · + Nk is divisible by 2 inPic(X),
hence its self-intersection, which is equal to6− 2k, is divisible by 8. Sincek � 6, it follows that
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k = 3. If D̃ were linearly equivalent tõB, thenN4 + N5 + N6 + N7 would be divisible by 2 in
Pic(Y ), contradicting the fact thatN7 does not appear in the codeV associated with the curves
N1, . . . ,N7. So we must havẽD ≡ B̃ + KY , and thusT0|Z = π∗H0(Σ,B + KΣ). �
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LEMMA 6.4. –The curveN7 is not contained in a double fibre of|F̃i|, for i = 1,2,3.

Proof. –Assume by contradiction thatN7 is contained in a double fibre of, say,|F̃1|. Then,
by Theorem 4.6,N7 is contained in a fibre2A of |F̃1| with A of typeI2. The cover̃π : Z̃ → Y
obtained fromπ :Z → Σ by taking base change withη :Y → Σ is étale overA. More precisely,
by Step 1 of the proof of Theorem 5.2 the divisorπ̃−1(A) is the disjoint union of 2 connecte
curves, each mapping toA with Galois groupZ2

2, but this is impossible since the fundamen
group ofA is cyclic. �

LEMMA 6.5. – Assume that|KΣ + B| is birational and letψ :Σ→ P3 be the correspondin
morphism. SetΣ′ := Σ \ (E1 ∪E′

1 ∪ · · · ∪E′
3).

Then the restricted mapψ|Σ′ :Σ′ → ψ(Σ′) is an isomorphism.

Proof. –The mapψ is a morphism onto a sextic ofP3. The divisorB is ample by Corollary 3.3
henceKΣ + B is also ample andψ :Σ → ψ(Σ) is the normalization map. Fori = 1,2,3, the
supportsEi, E′

i of the double fibres of|Fi| are mapped2-to-1 onto distinct linesLi, L′
i which are

double forψ(Σ). The general curve of|KΣ +B| is smooth of genus 4, hence the general sec
C of ψ(Σ) has geometric genus 4. SinceC has arithmetic genus 10 and it has at least 6 sing
pointsC ∩ L1, · · · ,C ∩ L′

3, it follows thatL1, . . . ,L
′
3 are the only1−dimensional componen

of the singular locus ofψ(Σ). SinceKΣ + B ≡ E1 + E2 + E′
3 ≡ · · · ≡ E′

1 + E′
2 + E′

3, the
inverse image ofψ(Σ) \ (L1 ∪ · · · ∪ L′

3) is Σ′. The surfaceψ(Σ′) = ψ(Σ) \ (L1 ∪ · · · ∪ L′
3) is

normal, since it is an hypersurface and it is smooth in codimension 1. It follows that the
ψ|Σ′ :Σ′ → ψ(Σ′) is an isomorphism. �

We denote byN0 ⊂N the set of surfacesZ such that|T0| induces a birational mapZ/G→ P3.
By Lemma 6.3Z ∈N0 if and only if the system|KΣ + B| is birational, where(Σ,B) is the pair
obtained fromZ by Construction 5.1. The setN0 is open inN .

PROPOSITION 6.6. – The setN0 is dense inN .

Proof. –We only give an outline of the proof, which otherwise would be quite lengthy.
reader can easily fill in the missing details.

Let Z ∈ N be a point. Denote by(Σ,B) the pair obtained fromZ by Construction 5.1 an
denote byZ → Σ the G-cover defined in the proof of Theorem 5.2. LetY be the minimal
desingularization ofΣ, let N1, . . . ,N7 be the corresponding nodal curves onY and letZ̃ → Y
be theG-cover obtained fromπ :Z → Σ by taking base change withη. As in Example 3.7
consider the restrictionY1 → (U1,0) of the Kuranishi family ofY to the subset where th
classes ofN1, . . . ,N7 stay effective. We recall that the base of the Kuranishi family ofY is
smooth of dimension 10 by [1, Theorem VIII.19.3]. Thus the setU1 is smooth of dimension
by [4, Theorem 2.14].

After possibly shrinkingU1, one can construct by standard arguments aG-cover Z̃ → Y1

that specializes tõZ → Y over the point0 ∈ U1. The induced family of surfaces̃Z → U1 is
smooth. Furthermore, after possibly shrinkingU1 again, the proof of Theorem 5.1 can be ea
modified to show the existence of aG-equivariant mapΨ Z̃ → U1 × (P1 × P1 × P1) overU1

that extends the birational map̃Z → P1 × P1 × P1 obtained by composing̃Z → Z with the
embeddingψ :Z → P1 × P1 × P1 defined in Step 2 of the proof of Theorem 5.1. For ev
t ∈ U1 the surfaceΨ(Z̃t) belongs to the linear system|T0|, and hence, for smallt ∈U1, toN .
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Assume now thatZ /∈ N0. By Lemma 6.3, the system|B + KΣ| is not birational. The
configuration of reducible fibres of the pencils|F̃i| on Y is described in Theorem 4.6(2). By
the proof of Theorem 4.6, the components of the reducible fibres of the elliptic pencils can be

y

by

ar

at
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g
s

labelled in such a way that their dual diagram is the one given in Fig. 1 andFiAj = 2δi,j . In the
notation of the proof of Theorem 4.6, we have

λ1 + λ2 + λ3 ≡ B̃ + KY and λ1 + λ2 ≡ F̃3.

Then we have

N1 + N2 + N6 + 2A3 = λ3 ≡ B̃ + KY − F̃3 ≡ Ẽ1 + Ẽ2 − Ẽ3 + KY .

We denote byẼi the line bundle onY1 that extendsẼi, i = 1,2,3, by B̃ = Ẽ1 + Ẽ2 + Ẽ3

the line bundle that extendsB and byNi the divisor that extendsNi, i = 1, . . . ,7. By [7,
Proposition 5.2.1] and [8, Theorem 4.7.2], the system|KYt + B̃t| is not birational if and only
if Ẽ1,t + Ẽ2,t − Ẽ3,t + KYt is effective. Again by [4, Theorem 3.7], the subsetU2 of the baseU
of the Kuranishi family ofY where the divisors

Ẽ1,t + Ẽ2,t − Ẽ3,t + KYt , N3,t, N4,t, N5,t, N7,t

are effective is smooth of dimension 2 in a neighbourhood oft = 0. HenceU1 \U2 is nonempty
and fort ∈ U1\U2 the surfaceΨ(Z̃t) is an element ofN0. This proves thatN0 is dense inN . �

Proof of Theorem 6.1. –The varietyN is smooth of dimension 3 by Lemma 6.2. B
Lemma 6.6, to complete the proof it suffices to show thatN0 is irreducible and unirational.

Denote byI0 the restriction toN0 of the incidence varietyI and denote again by

p1 :I0 → P1 × P1 × P1 and p2 :I0 →N0

the projections. The mapp2 is an étaleG-cover by construction. We prove the theorem
showing thatp1 is injective.

Let P ∈ p1(I0) be a point. The fibrep−1
1 (P ) is a (nonempty) open subset of the line

subsystem of|T0| consisting of the surfaces which are singular atP . Assume thatp−1
1 (P ) has

positive dimension and letZ , Z ′ be two distinct surfaces inp−1
1 (P ), let (Σ,B) be the pair

obtained fromZ by Construction 5.1 and letη :Y → Σ be the minimal resolution. Recall th
the image ofP is the node ofΣ corresponding to the nodal curveN7 of Y that does not appea
in the codeV . Denote byD the divisor onΣ = Z/G induced by the restriction ofZ ′ to Z . By
Lemma 6.3,D ≡B + KΣ. It is not difficult to check that the pull back̃D of D to Y vanishes on
N7 of order at least 2. Henceh0(Y,KY + B̃ − 2N7) > 0 and the restriction map

H0(Y,KY + B̃ −N7)→ H0(N7,ON7(2))

is not surjective. This is a contradiction to Lemma 6.5, sinceZ is an element ofN0. �
Let Z ⊂ (P1 × P1 × P1)×N be the universal family. The groupG acts onZ preserving the

fibres ofZ →N , hence we can take the quotient and obtain a familyS := Z/G →N , which
is easily seen to be flat. We can also define a polarizationB on S as follows: we modify the
G-action on the line bundleOP1×P1×P1(2,2,2) considered in Construction 5.1 by multiplyin
it with the nontrivial character ofG orthogonal to the subgroupG0. The effect of this choice i
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that theG-invariant sections now correspond to the subspaceT1. Denote byBs ⊂ P1 × P1 × P1

the base locus of the system|T1|. The restriction ofOP1×P1×P1(2,2,2) to (P1 × P1 × P1) \ Bs
is generated at every point by global sections which are invariant for the chosen linearization,
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hence it is the pull back of a line bundleB from the quotient((P1 ×P1 ×P1) \Bs)/G. One can
check that, by the definition ofN , the familyZ is contained in(P1 ×P1×P1 \Bs)×N . Hence
the projection onto the first factor induces a map

S → (P1 × P1 × P1 \Bs)/G.

We letB be the pull back ofB via this map. For everyt ∈ N the elements ofT1 give global
sections of the restrictionBt of B to the fibreΣt of S at t. By Construction 5.1 and Lemma 6.
(Σt,Bt) is a pair as in the set-up of §3 and by Theorem 5.2 all pairs(Σ,B) occur as(Σt,Bt) for
somet ∈N .

A simultaneous resolutionof a flat familyS → U of normal projective surfaces is a flat fam
Y → U with a mapY → S overU such that for everyt ∈ U the restricted mapYt → St is the
minimal resolution of the singularities ofSt.

PROPOSITION 6.7. – The familyS→N admits a simultaneous resolutionY →N .

Proof. –To construct a resolution one can proceed as follows. First one blows up insi
family

Z ⊂
(
(P1 × P1 × P1) \Bs

)
×N

the fixed loci of the nonzero elements ofG and the set of the singular points of the fibres, t
obtaining a smooth familyZ ′ such that the fixed loci of the elements ofG on Z ′ are divisors.
Then one takes as the simultaneous resolution ofS the quotientY := Z ′/G. �

LEMMA 6.8. – The family of smooth surfacesY →N admits a sectionSec ⊂Y .

Proof. –Consider the familyZ ⊂ (P1 × P1 × P1)×N . For everyt ∈N the curve

C :=
{
(1,1,1,1)

}
× P1

meetsZt transversally at two smooth points, hence it induces an étale bisection ofZ →N . The
image of this bisection inS = Z/G is a section that intersects every fibreΣt at a smooth point
and its inverse image inY is the required sectionSec. �

We recall briefly from [20, Chapter 0, §5] (see also [10]) the main facts about relative Pica
schemes.

Given a familyX → T , one defines the relative Picard functor from the category of sch
overT to the category of sets. Given a schemeT ′ → T , the relative Picard functor associates
T ′ the quotient of the group of isomorphism classes of line bundles onX ×T T ′ by the subgroup
of the classes of line bundles pulled back fromT ′. If X → T admits a section, one can defi
the relative Picard functor also by taking the isomorphism classes of “normalized” line bu
namely of the line bundles whose restriction to the pull back overT ′ of the given section is trivial
If X → T is flat and projective with reduced irreducible fibres and it admits a section, the
relative Picard functor is represented by a group schemePicX/T → T . Therefore by Lemma 6.
we can consider the schemePicY/N → N , whereY is the family definedin Proposition 6.7

Denote byB̃ the pull back toY of the line bundleB that we have previously defined onS and
denote byEx the exceptional divisor of the simultaneous resolutionY → S. The line bundle
B̃ ⊗OY(Ex) defines a sectionb :N → PicY/N . We defineÑ ⊂ PicY/N to be the inverse imag
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of b(N ) via the multiplication by 2 mapPicY/N → PicY/N . SoÑ is closed inPicY/N and the

natural mapÑ → N is an étale double cover. A point of̃N determines a pair(Σ,B) together
with a solutionL ∈Pic(Y ) of the linear equivalence
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2L≡ B̃ + N1 + · · ·+ N7.

We are finally ready to construct varieties that parametrize the isomorphism classes of p
(Σ,B) and the isomorphism classes of triples(Σ,B,L) as above. We do this by taking th
quotient ofN andÑ by a suitable finite group.

Let St(G) be the subgroup ofAut(P1 × P1 × P1) consisting of the elementsγ such that
γGγ−1 = G. It is easy to verify thatSt(G) is a finite group. The groupSt(G) permutes
the G-eigenspacesT0, . . . , T7 of H0(OP1×P1×P1(2,2,2)). SinceT0 is the only eigenspace o
dimension 5 andT1 is the only eigenspace of dimension 4, it follows thatSt(G) preservesT0

andT1. In view of this observation, it follows from the definitions given so far thatSt(G) acts
on N , on the familiesZ, S andY and on the line bundleB on S, and that all these action
are compatible. Clearly, the action ofSt(G) onY maps to itself the exceptional divisorEx and
therefore we also have an action ofSt(G) on Ñ .

THEOREM 6.9. –
(i) The set of isomorphism classes of pairs(Σ,B) as in the set up of§3 is in one-to-one

correspondence with the quasiprojective varietyN/St(G);
(ii) The set of isomorphism classes of triples(Σ,B,L), where(Σ,B) is a pair as above and

L ∈ Pic(Y ) satisfies2L ≡ B̃ + N1 + · · ·+ N7, is in one-to-one correspondence with t
quasi-projective varietỹN /St(G).

Proof of Theorem 6.9. –The proof is an easy consequence of the previous results.
Consider for instance statement (i) and let(Σ,B), (Σ′,B′) be isomorphic pairs. Then on

observes the following facts: (1) up to the order, an isomorphism of the pairs(Σ,B) and
(Σ′,B′) necessarily maps the pencils|Fi| on Σ to the pencils|F ′

i | on Σ′, since these pencil
can be recovered from the geometry of the image of the map associated to the system|B|,
respectively|B′|; (2) any isomorphismΣ → Σ′ lifts to an isomorphismZ → Z ′ of the
corresponding covers, since these are defined intrinsically; (3) by (1) the isomorphismZ → Z ′

is given by an element ofSt(G).
The second statement can be proven in a similar way.�
Since N is irreducible by Theorem 6.1, the varietyN/St(G) is also irreducible. The

variety Ñ , being an étale double cover ofN , either is irreducible or it is the disjoint unio
of two components isomorphic toN . We close this section by showing that, in any case, ta
the quotient ofÑ by St(G) we get an irreducible variety.

PROPOSITION 6.10. – The varietyÑ/St(G) is irreducible.

Proof. –The variety Ñ , being an étale cover ofN , is smooth by Lemma 6.2 and th
Ñ/St(G) is normal. So, to prove that̃N /St(G) is irreducible it suffices to show that it
connected. We do this by showing that there exist a pointt in N and an automorphismγ ∈ St(G)
such thatγt = t butγ exchanges the two points of̃N lying overt. This amounts to finding a pa
(Σ,B) such that there exists an automorphismh of Σ with h∗B ≡ B and such that the induce
automorphism ofY exchanges the two solutions inPic(Y ) of the relation

2L≡ B̃ + N1 + · · ·+ N7.
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Indeed by Theorem 5.2 such a pair is isomorphic to(Σt,Bt) for somet. Moreover,h induces
an automorphismh′ of Z , sinceZ is defined intrinsically. The set of pencils|F1|, |F2|, |F3| is
determined uniquely byB, hence it is preserved byh. It follows thath′ is compatible with the

we
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embeddingZ → |C1| × |C2| × |C3| (cf. proof of Theorem 5.2, Step 2). In other words, if
identify |C1| × |C2| × |C3| with P1 ×P1 ×P1 as in the proof of Theorem 5.2, thenh′ is induced
by an elementγ of St(G). The pair(Σ,B) that we construct is a special instance of Example
(cf. also [17]).

So we letZ2
2 = {1, e1, e2, e3} act on a productD1 ×D2 of elliptic curves by

(x, y) e1�→ (−x, y + b), (x, y) e2�→ (x + a,−y),

wherea ∈D1 andb ∈D2 are nonzero elements of order 2. The quotient surfaceΣ is an Enriques
surface with8 nodes and has two elliptic pencils|F1|, |F2| such thatF1F2 = 4, induced by
the projections ofD1 × D2 onto the two factors. One of the double fibres of|F1| occurs over
the image inP1 = D1/Z2

2 of the points0 anda and the other one occurs over the image
the remaining2-torsion pointsa1 anda2. The fibres over the image inP1 of the fixed points
of x �→ −x + a map contain 4 nodes each and they give rise to two fibres of typeI∗0 on the
resolutionY of Σ. Now we assume in addition thatD1 admits an automorphismτ of order 4
fixing the origin0. The fixed locus ofτ consists of the origin and of another point of order2.
Hence we may takea in the above construction to be a fixed point ofτ . We observe thatτ
exchanges the pointsa1 anda2. Consider the automorphism

h0 :D1 ×D2 →D1 ×D2

defined by(x, y) �→ (τx + a1, y). The automorphismh0 commutes with the elements ofZ2
2,

hence it induces an automorphismh̄ of the quotient surfaceΣ, that clearly maps each fibre of|F2|
to itself. The square of the mapx→ τx+a1 is equal to the mapx �→ −x+a. Thusx �→ τx+a1

has order 4 and it fixes 2 points, that are necessarily also fixed points ofx →−x + a. Henceh̄
maps to itself each of the fibres with 4 nodes of|F1| and it induces the identity on one of the
On the other hand,̄h exchanges the two double fibres of|F1|. We letΣ be the surface obtaine
by resolving one of the singular points ofΣ that are fixed bȳh, we denote byC the exceptiona
curve ofΣ→Σ and we setB := |F1 + F2 −C|, where we omit to denote pull backs. Clearlyh̄
induces an automorphismh of Σ and an automorphism ofY that we also denote byh. As usual
we denote by|F̃i|, i = 1,2, the pull back of|Fi| to Y and by2Ẽi, 2Ẽ′

i the double fibres of|F̃i|.
Furthermore we letC1 andC2 be the multiple components of the two fibres of typeI∗0 of |F̃1|.
Then the solutions inPic(Y ) of the relation

2L≡ B̃ + N1 + · · ·+ N7

are the linear equivalence classes of3Ẽ1 + Ẽ2 −C1 −C2 −C and of3Ẽ′
1 + Ẽ2 −C1 −C2 −C.

It is clear by the above description that these classes are exchanged byh. �
7. A new family of surfaces with pg = 0 and K2 = 3

In this section we apply the previous results tothe study of the moduli of surfaces of gene
type with pg = 0 and K2 = 3. We refer the reader to M. Manetti’s Ph.D. thesis [14] for
excellent survey of the known results on this moduli space.

We keep the notation from the previous sections. Also we letM be the moduli space o
(canonical models) of surfaces of general type withpg = 0 andK2 = 3, and we denote byE the
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subset ofM consisting of the canonical surfaces whose bicanonical map is composed with an
involutionσ such that the quotient surfaceX/σ is birational to an Enriques surface. Notice that,
if X belongs toE , then, by Theorem 2.1,X/σ is in fact a nodal Enriques surface with 7 nodes.
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THEOREM 7.1. – The setE is constructible.
The closureE of E in M is irreducible and uniruled of dimension6.

Proof. –The claims follow from the results of Section 6 by standard constructions.
Let N , Ñ be the spaces introduced in §6 and letq̃ : Ỹ → Ñ be the family obtained by pullin

back the familyY →N defined in Proposition 6.7. We denote again byB̃ andEx the pullbacks
on Ỹ of the corresponding objects ofY . By Lemma 6.8, the familyY →N has a sectionSec,
that induces a section of̃q that we denote again bySec. Up to tensoring with a line bundle pulle
back fromÑ , we may also assume that the line bundleB̃ is normalized with respect to the secti
Sec, namely that its restriction toSec is trivial. Then, if we denote byL the pull back toỸ of the
normalized Poincaré line bundle onY ×N PicY/N , we have the equivalence relation

2L≡ B̃ + Ex.

Using these data one can construct a familyp :X → V of surfaces of general type such th
(1) the baseV of the family is a nonempty open set in aP3-bundle overÑ , hence it is irreducible
and ruled of dimension 6; (2) the image of the induced mapV →M is preciselyE ; (3) the map
V →M has finite fibres. �

COROLLARY 7.2. – Let S be a smooth surface such that the canonical model ofS is in E .
Then:

π1(S)� Z2
2 ×Z4.

Proof. –Since blowing up does not change the fundamental group of a smooth surface,
may assume thatS is minimal. By Theorem 7.1, all the minimal surfaces whose canonical mod
is in E have the same fundamental group, so the statement follows by [21, Theorem 3.1].�

PROPOSITION 7.3. – If X ∈ E , then the bicanonical mapϕ of X is a morphism of degre
either2 or 4. The subsetEd4 consisting of the surfaces for whichdegϕ = 4 is a closed subset o
E of codimension1 and its closureEd4 is irreducible.

Proof. –The fact thatϕ is a morphism of degree 2 or 4 is immediate by Proposition 2.1. S
degϕ is a semicontinuous function ofX ∈M, the setEd4 is clearly closed inE and it is a prope
subset ofE by Examples 3.6 and 3.7. To show the last part of the statement one proce
in the proof of Theorem 7.1 by constructing a5-dimensional family of surfaces that maps on
Ed4 with finite fibres. By Theorem 4.6, Propositions2.1 and 2.2, the fibres of this family are t
double coversX → Σ, with Σ an Enriques surface with 7 nodes, branched on the nodes a
a divisorB with negligible singularities, and such that the pair(Σ,B) is as in Example 3.5. W
omit the explicit construction of this family, which is standard by the classification of Enri
surfaces with 8 nodes given in [17].�

Remark7.4. – The main question left open by Theorem 7.1 is whetherE is an irreducible
component ofM. To answer this question one has to consider forX ∈ E the natural map o
functorsDef (X,σ) → Def (X), whereDef (X) denotes deformations ofX and Def (X,σ)
denotes deformations ofX with an involution extendingσ. One needs to decide whether t
map is surjective for a generalX . To show that this is indeed the case, it is enough to ex
one surfaceX ∈ E such that the mapDef (X,σ) → Def (X) is smooth, and smoothness can
turn be checked by means of an infinitesimal computation. Unfortunately, although we ca
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that for a smoothX ∈ E the functorDef (X,σ) is smooth, we have not been able to prove the
smoothness ofDef (X,σ) → Def (X). Notice that, since the expected dimension ofDef (X) is
equal to 4, Theorem 7.1 implies that the obstruction spaceT 2

X of Def (X) has dimension� 2 at
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