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ON THE ZERO SET OF SEMI-INVARIANTS FOR QUIVERS

BY CHRISTINE RIEDTMANN AND GRZEGORZZWARA

ABSTRACT. — Letd be a prehomogeneous dimension vector for a finite quiye¥We show that the
set of common zeros of all semi-invariants of positive degree for the variety of representati@nsithf
dimension vectotV - d under the product of the general linear groups at all vertices is irreducible and a
complete intersection for large natural numbats
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RESUME. — Soient@ un carquois fini eld un vecteur de dimension po@) tels que la variété des
représentations dé€) de dimensiond contienne une orbite dense sous l'action du groGiéd) des
changements de base en chaque sommet. Nous montrons que I'ensemble des zéros des semi-invariants
de degré positif sousl(N - d) sur la variété des représentations de dimen3ior est irréductible et une
intersection compléte pourvu qué soit suffisamment grand.
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1. Introduction

Let k be an algebraically closed field, and @@= (Qo, @1, t, k) be a finite quiver, i.e. a finite
setQo = {1,...,n} of vertices and a finite s, of arrowsa:ta — ha, whereta and ha
denote the tail and the head®f respectively.

A representation o) overk is a collection(X (i); i € Qo) of finite dimensionak-vector
spaces together with a collectiofX («): X (ta) — X (ha); « € Q1) of k-linear maps.
A morphism f: X — Y between two representations is a collectigiti): X (i) — Y (:)) of
k-linear maps such that

f(ha) o X (o) =Y (a) o f(ta) forallae@y.
The dimension vector of a representati®irof @ is the vector
dim X = (dim X (1),...,dim X (n)) € N9,

We denote the category of representations @f by rep(Q), and for any vector
d=(dy,...,d,) € N

rep(Q,d) = ] Mat(dna X dia, k)
aEQq

is the vector space of representation®f Q with X (i) = k%, i € Q,. The group

Gl(d) = ﬁ Gl(d;, k)
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acts onrep(Q, d) by

((gl,...,gn)*X)(oz):gha X (a) - gt

Note that theGl(d)-orbit of X consists of the representatiofs in rep(Q,d) which are
isomorphic toX .

We calld a prehomogeneous dimension vectaei(Q, d) contains an open orb@1(d) = T
Such a representatidhis characterized bExté(T, T) =0 [6]. If @ admits only finitely many
indecomposable representations, or equivalently if the underlying gra@hisoé disjoint union
of Dynkin diagrams\, D or E [2], every vector is prehomogeneous. Indeed, any representation
is a direct sum of indecomposables in an essentially unique way by the theorem of Krull-
Schmidt, and therefone:p(Q, d) contains finitely many orbits, one of which must be open.

Let d be prehomogeneous, and I¢t, ..., f; € k[rep(Q,d)] be the irreducible monic
polynomials whose zerog(f1),...,Z(fs) are the irreducible components of codimension
of rep(@,d) \ GI(d) x T, whereGl(d) = T is the open orbit. It is easy to see that

g-fi=xilg) - fi

for g € GI(d), wherey;:Gl(d) — k* is a character. A regular function with this property
is called a semi-invariant. By [8], any semi-invariant is a scalar multiple of a monomial in
f1,.-., fs»andfy, ..., fs are algebraically independent. We denote by

ZQ,d: {Xerep(Qad); fz(X):Oa izl,...,S}

the set of common zeros of all semi-invariants of positive degree. Obviously we have
codim Zg g4 < s, and equality means th&t 4 is a complete intersection.
Our first main result is as follows.

THEOREM 1.1.— Let T4,...,T, be pairwise non-isomorphic indecomposable representa-
tions in rep(Q) such that Exté(Ti,Tj) =0 for any 4,j < r. Then there is a positive integer
N suchthat Zg 4 isa completeintersection and an irreducible variety for any dimension vector
d=>Y"_, \i-dimT; with \; > N, i <r.

As an immediate consequence we derive the following fact.

COROLLARY 1.2. - Let d be a prehomogeneous dimension vector in N@o, Then there is a
positive integer N such that Z..4 is a complete intersection and an irreducible variety for any
c>N.

We will prove in a forthcoming paper that we may chodée= 2 if Q is a disjoint union of
Dynkin diagrams andV = 3 if @ is a disjoint union of Dynkin diagrams and extended Dynkin
diagrams.

In order to put our results into the context of invariant theory, we recall a few definitions. We
assume thak is the field of complex numbers. L&t be a reductive algebraic group acting
regularly on a finite dimensional vector spake By Hilbert's theorem, the ring:[V]“ of
G-invariant polynomials of is a finitely generated algebra and thus is the algebra of polynomial
functions on a variety’//G. The inclusion ofk[V]¢ into k[V] gives rise to a regular surjective
map~:V — V//G which is constant o6--orbits, the so-called categorical quotientiofby G
[3]. As G is completely reducible, thé-modulek[V] can be decomposed uniquely as a direct
sum

(1.1) k[V] =P My @ Vi
A
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where M, ranges over a set of representatives of the irredudiblaodules and/), is just a
vector space, possibly infinite dimensional, which records the multiplicity with whigharises
in k[V]. As the action ofG on k[V'] commutes with multiplication by-invariants, each’,
can be viewed as &V]“-module. In fact, (1.1) is a decomposition@sk[V]“-bimodules; the
groupG acts only onM, andk[V]¢ only onV). A covariant of weight\ is aG-linear map

@ k[V] — My,

or equivalently a linear form o#). The pair(V, G) is called:

e coregular ifV//G has no singularities,

e equidimensional if the fiber~!(7(0)) has the same dimension as the quotiéntG,

e cofree ifk[V] is free as a&[V]“-module, or equivalently the modulé of covariants is

free overk[V]< for all \.

An equidimensional coregular pai¥’, G) is automatically cofree ([5], [12] §17). G. Schwarz
classified all coregular and cofree representations of connected simple algebraic groups [10,11].
In [4] P. Littelmann classified all cofree irreducible representations of semisimple groups.

Let us considel” = rep(Q, d) for a prehomogeneouk as a representation of the subgroup
Si(d) =TT, Si(d;) of GI(d). For each arrow, the set

Vo={XeV; X(8)=0V3#a}

is an irreducible subrepresentation¥f and V' is the direct suml’ = @aeQ] V.. The ring
E[V]SID) of SI(d)-invariants is generated by the semi-invariafits.. ., f,. So the categorical
quotientV//S1(d) is ans-dimensional affine space ar#f, S1(d)) is coregular. It is cofree in

the cases for which our main results mentioned above hold. Surprisingly, the situation is better
for big multiples of a given dimension vector. It can be bad otherwise, as the following example

illustrates: For
1 2
Q- \

(n+1

(n—1) n

the dimension vectod = (1,...,1,n — 1) is prehomogeneous. Indeed, the open orbit in
rep(Q, d) consists of those representatiokisor which none of thgn — 1) x (n — 1)-minors
fi,..., fn Of the (n — 1) x n-matrix [ X (a1), ..., X (ay)] vanishes. On the other hand, the set
Zg,a of common zeros ofy, .. ., f,, is the set of n — 1) x n-matrices of rank less than— 1 and
thus has codimensiah In [1], Chang and Weyman examine quivéysvith underlying graph,,

and arbitrary dimension vectors. They find thap(Q, d), S1(d)) is always equidimensional, but
the setr—!(7(0)) = Z¢.a is reducible in general.

2. Notationsand preliminaries

We first recall Schofield’s construction of semi-invariants from [9]. The Euler form is the
Z-bilinear form onZ®° defined by

(de)=> die;— > diatha-

1€Qo a€Q
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Ford,e € N?, X crep(Q,d), Y € rep(Q, e) we consider the linear map

Fxy: @ Homy, (kdi,kei) — @ Homy, (kd"",ke’m),
i€Qo a€Qy

which sendgg;; i € Qo) t0 (ha; @ € Q1) With hy = gha - X (@) — Y (@) - g1 Note that
ker Fx,y = Homg(X,Y) and coker Fxy ~ Extg(X,Y).

This implies that
(dim X,dimY) = [X,Y] - '[X,Y],

where we set
[X,Y] =dim; Homg(X,Y),  '[X,Y]=dim, Ext;(X,Y).

If we assume thafd, e) = 0, the linear magFx y will be represented by a square mathiky y
(with respect to some bases), and the determideint/x y is aGl(d) x Gl(e)-semi-invariant
onrep(Q@,d) x rep(Q, e). It might vanish, however.

For a representatioll of O, the right perpendicular categoby- and the left perpendicular
category- U are the full subcategories efp(Q) whose objecty” satisfy

[U,Y]='[U,Y]=0 and [Y,U]="'[Y,U]=0,

respectively. As' [ X, Y] = [V, 7X] for any two representation§ andY of @, wherer is the
Auslander—Reiten translation (see [7] for relevant definitions), we bave- - (7U).

Now assume thaly, ..., T, are pairwise non-isomorphic withT;,7;] =0, 4,5 =1,...,r
and such that’ = @;_, T}i is sincere, i.e.T'(e) # 0 for all e € Q. Then the categor§* is
equivalent to the category of representations of a quiyérhaving (n — r) vertices. Choose
Y eT+, Y #0,and sed = dim7T, e = dim Y. Observe that

<dve> = [Tv Y] - 1[T7 Y] =0,

the dimension ofp, ., Homy (k% k*) is positive andMr y is invertible. Thus theGl(d)-
semi-invariantfy = det M x y is non-trivial onrep(Q, d). It is easy to see thafy = fy+ - fy~

for an exact sequenceé — Y’ — Y — Y” — 0 in T*. If the simple objects off'* are
S1,. .., Snh—r, the semi-invariantgs, , ..., fs,_, are algebraically independent and they generate
the algebra o§1(d)-invariants. As a consequence we have

Zga={X erep(Q,d); [X,5;]#0, j=1,....,n—7}
={X erep(Q,d); [X,Y]#0forally e T+, Y #0}.

We will keep the following assumptions and notations throughout the pdper:a sincere
representation of) with [T, 7] = 0 and dim7 = d. We can always maké" sincere by
considering the full subquiver which supports instead of@. Observe that) does not
contain oriented cycles. If the decompositioniofas a direct sum of pairwise non-isomorphic
indecomposables is

T= éT}i, N>,
=1
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we seth = min{\;: i =1,...,7}. Note thatZg 4 is defined byn — r polynomial equations. In
order to prove it is a complete intersection it suffices to show

codimZgg=2n—r.

All varieties we consider will be quasi-projective overand we will look at codimensions for
constructible subsets of affine space only.

3. Proof of Theorem 1.1

Our strategy is to first get rid of the sfX € Z¢ q4; [T, X] # 0} by showing its codimension
is big. In fact, it is for this we need our assumption on the multiplicitigs
The following lemma will be used several times in our article.

LEMMA 3.1.— Let d” € N? \ {0} besuch thatd” <d,i.e,d =d —d” € N?, and let
V=Vi®- - &V, belongtorep(Q,d”), where V1, ..., V}, areindecomposable. Then the set
Ay ={X erep(Q,d); 3 epimorphism X — V'}

iscongtructible, irreducible, and codim Ay > b — (d,d”).

Proof. — Consider the subvariety

e~ {0} et

of rep(Q,d) x GI(d). Note thatg” is an epimorphism ag is invertible. This leads to the
surjective regular mag:C — Ay given by the first projection. We see that the gkt is
constructible and that

dimm ' (X) = [X,V]+ Y didi >b+ Y _ djd;
1€Qo 1€Q0
for X € Ay, since there exists an epimorphistn— V; @ --- ® V.
On the other hand, sendind, g) to (¢ x X,g) we obtain an isomorphism from to the

subvarietyD of rep(Q,d) x Gl(d) consisting of all pairgY’, ¢g) for which Y («) is in the block
form

*

Y(a)= {O V;a)] , a€Qr.

AsDis justthe product of an affine space of dimension.,, 4}, d:. With Gl(d), we conclude
that Ay is irreducible and that

> dyydia + dimGl(d) — dim Ay = dimC — dim Ay > b+ Y did;.
acQ1 1€Qo

Our estimate follows from an easy computation

COROLLARY 3.2. — Keeping the notations of the preceding lemma, we assume moreover that
V' isa subrepresentation of 77". Then we have

codimAy > 1+ A
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Proof. — It suffices to show-(d,d”) > )\, for somei. Observe that

[T, V|<[T,7T)="T,T]=0 and '[T,V]=[V,7T]>0.

Consequently, we haveT;, V] > 1 for somei and thus
—(d,d"y=—[T, V] + T, V] =T, V] = TN, V]>N. O
For anyU € rep(Q), we denote byXy; the set
Xy = {X erep(Q,d); [X,U]#0}.
LEMMA 3.3.— Let U be a non-zero subrepresentation of 77". Then we have
codimXy 2 A+ 1—n(dimU),

wheren(e) =3, o, [e2 /4], for any e € N%°, and [q] denotes the largest integer not exceeding
qfor g €Q.

Proof. -We want to exploit that for any non-zero homomorphigmX — U from
X erep(Q,d) to U, X belongs taAy for the representatioll = ¢(X), which is a quotient of
X as well as a subrepresentationaf. Sete = dim U, and choosé € N?o with f < e, d. Con-
sider the closed subvarieff of [ [, , Grass(k®, f;) consisting of sequencé¥;);cq, such
thatU () (Vi) C Via, o € Q1. In other words.s is the variety of all subrepresentatidiiof U
with dimension vectof. Note thatdim £¢ < n(e) sincedim Grass(k¢, f) = (e — f)f < [e2/4].
The subsetFy of L¢ x rep(Q, d) consisting of pairgV, X) such that there is an epimorphism
from X ontoV is constructible. Indeed, the affine subvariety

H= {((p: (%‘),X); ¢ € Homg (X, U)} C H Homk(k:di,kei) x rep(Q,d)
1€Q0

is the disjoint unior [, 4 H¢ Of the locally closed subsets

He = {(%X) EH; rkp; = fi, i € Qo},

andL¢ is the image ofH¢ under the regular map sendifig, X) to ((im¢;), X). Observe that
Xy is the uniorUO;éKdﬁ m2(F¢) of the images under the second projection, and thus

dim Xy < max dim Fs.
0#£f<d,e

Now consider the first projection, : 7 — L¢. FOrV € L¢, we havezrl‘l(V) ={V} x Ay, so
we know by Corollary 3.2 that

dim 7 (V) < dimrep(Q,d) — 1 — A,

asV C U is a subrepresentation of" with dim V' < d. We conclude that

. < . < : . L
dim Ay < o Jhax dim F¢ < (o;zrflgii( dim Lf) + dimrep(Q,d) — 1 — A

<d,e <d,e
<n(e) —1— A+ dimrep(Q,d),
which implies our claim.

4€ SERIE— TOME 36 — 2003 -N° 6



ON THE ZERO SET OF SEMI-INVARIANTS FOR QUIVERS 975
COROLLARY 3.4.—Let c=max{n(rT;); i=1,...,r}. Then the set
Ea={X erep(Q,d); '[T, X] >0}

iseither empty or elsecodim&q > 14+ X\ —c.

Proof. — If T is projective then the s&ly is empty. Otherwise, any non-zero map in
Homg (X, 7T) ~ Extg (T, X)
induces a non-zero map — 77; for some non-projectivé;, and we see that

Eqa= U Xy,

T; non-projective

The claim follows from Lemma 3.3.
Remark 3.5.— For\ > c¢+n—r, we have that eithefy is empty or thatodimEq > 1+n—r.
Now we concentrate on the s&f, = {X € Z¢ 4; [T, X] = 0}.

LEMMA 3.6. - For X € ZJ, there exists an epimorphismn X — S = @ S;, where the sumis
taken over the n — r simple objects of 7.

Proof. —We choose a basisfi, ..., fs} of Homg (T, X) and we put

f:(fla'-'afs):TS—)X.

Then any homomorphism froffi to X factors througty. Let X’ = im f andX = coker f. The
exact sequence

(3.1) 0—-X'-X—-X—-0

induces the following long exact sequence

0 — Homg(T, X') % Homg(T, X) — Homg (T, X)
— Extg (T, X') — Extg (T, X ) — Ext (T, X) — 0.

Since there is an epimorphisfift — X’ and sincé [T, T’] = 0, we have![T, X'] = 0. Moreover,
g is bijective by the universality of and, together with our assumptiofT’, X| = 0, this implies
thatX € T+.

Recallthaf X, Y] # 0 for all non-zeraY € T+ asX liesin Zg q4. In particular[ X, S;] # 0 for
j=1,...,n—r. Mapping the sequence (3.1)$¢ and using thatX’, S;] < [T”, S;] = 0, we find
that[X, S;] # 0 for all j. But any non-zero morphistd — S; is surjective, becaus€ € T+ and
S; € T+ is simple. We obtain the required epimorphism by composing the projeation X
with a surjective mapX — S =@’ S;. O

Since the sef q is given by(n — r) equations, each irreducible component®j 4 has
codimension at mostn — ). Thus Theorem 1.1 follows from Remark 3.5 and the following
fact.

PrROPOSITION 3.7. —If Z/ isnot empty, then it isirreducible and codim Z]; =n — r.
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Proof. —If Z] is non-empty, Lemma 3.6 tells us thdt> dim S and thatz); lies in
Ag = {X erep(Q,d); 3 epimorphismX — S}.
By Lemma 3.1,45 is irreducible, and
codimAg >n—r—(d,d”y=n—r—[T,S]+[T,S] =n—r.

As![T, X]=0is an open conditionZ} is open inZg 4, and thereforeodim Z; <n —r. Thus
Z/, is open and dense ids and consequently irreducible O
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