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LOGARITHMIC GEOMETRY AND ALGEBRAIC STACKS

BY MARTIN C. OLSSON

ABSTRACT. – We construct algebraic moduli stacks of log structures and give stack-theoretic inte
tions of K. Kato’s notions of log flat, log smooth, and log étale morphisms. In the last section we de
the local structure of these moduli stacks in terms of toric stacks.

 2003 Elsevier SAS

RÉSUMÉ. – Nous construisons des champs algébriques classifiant les structures logarithmi
donnons de nouvelles interprétations, fondées sur la théorie des champs, des concepts de morp
plat, log lisse, et log étale introduits par K. Kato. Dans la dernière partie, nous décrivons la structur
de ces champs en termes de champs toriques.

 2003 Elsevier SAS

1. Introduction

The purpose of this paper is to introduce a stack-theoretic approach to the theory of loga
geometry [9,17].

Let S be a fine log scheme with underlying schemeS̊, and define a fibered category

LogS → (S̊-schemes)

as follows. The objects ofLogS are morphisms of fine log schemesX → S, and a morphism
h :X ′

/S → X/S in LogS is a morphism ofS-log schemes for whichhb :h∗MX →MX′ is an

isomorphism. The categoryLogS is fibered over the category of̊S-schemes by sending a fin
log schemeX/S to the underlying scheme̊X . The main result of this paper is the followin
theorem, which was originally suggested to us by A. Abbes (see (1.2) for our conventions
algebraic stacks):

THEOREM 1.1. – LogS is an algebraic stack locally of finite presentation overS̊.

A morphism of fine log schemesf :X → S defines tautologically a morphism of algebra
stacks

Log(f) :LogX →LogS ,

and the associationS �→ LogS defines a2-functor

(category of log schemes)→ (2-category of algebraic stacks)

which can be viewed as an “embedding”. In this paper we explain how this2-functor can be use
to reinterpret and study basic notions in logarithmic geometry.
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748 M.C. OLSSON

The paper is organized as follows.
Section 2 contains some basic results about charts which will be used in what follows.
In Section 3 we present a proof of (1.1), assuming the result, proven in the appendix (A.2), that
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LogS is a stack with respect to the fppf topology. There are two main reasons for provin
LogS is a stack with respect to the fppf topology in the appendix rather than in the main bo
the paper. First, (A.2) is a corollary of a foundational result in the theory of log geometry
comparing the notion of a fine log structure in the fppf topology with the notion of a fine
structure in the étale topology. Since the proof of (A.1) is not directly related to the relatio
between algebraic stacks and log geometry it seems best to prove it in an appendix. Sec
one restricts attention to the substackT orS ⊂ LogS classifying fs (i.e. fine and saturated) l
schemes overS, then the use of (A.2) can be avoided (see (3.1)). Throughout the paper we
out when results from the appendix are used, and how in the case ofT orS one can procee
without them.

The proof of (1.1) in Section 3 is based on the theory of charts developed in Section
feel that this proof is the most natural for the purposes of this paper. However, one can als
(1.1) using deformation theory of log structures and M. Artin’s method [1]. In fact, Theorem
implies that a “good” deformation theory of log structures exists, and in other contexts it is
to have an understanding of this deformation theory [18]. Closely related to this is the fa
(1.1) enables one to define the cotangent complex of a morphism of log schemes. We
return to this subject in the future.

Section 4 is devoted to studying properties of morphisms of log schemesf :X → S using
the associated morphisms of algebraic stacksLog(f). We define what it means for a morphis
f :X → S of fine log schemes to have a propertyP , whereP is a property of representab
morphisms of algebraic stacks. In particular, we get notions of étale, smooth, and flat mor
of fine log schemes, and in ((4.6)–(4.7)) we show that these definitions agree with the defi
of K. Kato.

In Section 5 we explain how work of L. Illusie on “toric stacks” yields a beautiful étale c
of the stackLogS . This enables one to describe properties of morphisms of log schemes in
of locally defined maps to toric stacks. As in the proof of (1.1), issues about the fppf top
present themselves in this section and certain results from the appendix ((A.3)–(A.5)) ar
If one restricts attention to fs log structures, then the use of these results can be avoided,
point out how one can do so. From the stack-theoretic point of view, however, we feel tha
may be some interest in considering non-saturated log structures (see (5.29)).

In the appendix we compare the notions of fine log structure in the fppf, étale, and Z
topology. The main result is (A.1) which asserts that ifX is a scheme, then there is a natu
equivalence between the category of fine log structures on the fppf siteXfl and the category o
fine log structures on the étale siteXet (the comparison between fine log structures onXet and
the Zariski siteXZar is slightly more complicated; see (A.1) for the statement). An immed
corollary of (A.1) is the statement mentioned above thatLogS is a stack with respect to the fp
topology (A.2). We also obtain three other corollaries ((A.3)–(A.5)) which are used in Sect
The results about Zariski log structures are not used in the main body of the paper but are in
for completeness.

Finally let us mention three applications of (1.1) which are not discussed in this pape
can develop the theory of log crystalline cohomology using a theory of crystalline cohom
of schemes over algebraic stacks [19], and also the deformation theory of log schemes
understood using (1.1). In addition, Theorem (1.1) has a natural place in the study of the
of fine log schemes [20]. We intend to discuss these subjects in future papers.
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1.2. Conventions and prerequisites

We assume that the reader is familiar with logarithmic geometry at the level of the first two
n

and

nt
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y

h

l

sections of [9]. Throughout the paper, a log structure on a schemeX means a log structure o
the étale siteXet unless another topology is specified.

If X is a log scheme we denote the underlying scheme byX̊ , and iff :X → Y is a morphism
of log schemes we denote the underlying morphism of schemes byf̊ : X̊ → Y̊ . If (M, α) is a log
structure on a schemeX , we denote byλ :O∗

X →M the inverse ofα−1(O∗
X)→O∗

X , and byM
the sheafM/O∗

X . If X is a log scheme, we usually denote by(MX , αX) (or simplyMX ) its
log structure. Ifα :M→OX is a pre-log structure on a schemeX , then we denote by(Ma, α)
(or justMa) the associated log structure.

A monoidP is called fine if it is finitely generated and integral, and is called fs if it is fine
saturated (i.e. ifa ∈ P gp and there existsr > 0 such thatra ∈ P ⊂ P gp thena ∈ P ). We denote
the set of invertible elements inP by P ∗. If P is fine andP ∗ = {0}, then a nonzero eleme
p ∈ P is called irreducible if for every pair of elementsp1, p2 ∈ P for which p = p1 + p2 either
p1 or p2 is zero.

Recall that a chart for a fine log structureM on a schemeX is a mapP → M from the
constant sheaf associated to a fine monoidP such thatP a →M is an isomorphism ([9], 2.9(1)
For a fine monoidP , we denote bySpec(P → Z[P ]) the log scheme with underlying schem
Spec(Z[P ]) and log structure induced by the natural mapP → Z[P ]. If no confusion seems likel
to arise, we may also abuse notation and writeSpec(Z[P ]) for the log schemeSpec(P → Z[P ]).
Giving a chartP →M for a log structureM on a schemeX is equivalent to giving a morphism
of log schemes

(f, f b) : (X,MX)→ Spec(P → Z[P ])

for whichf b is an isomorphism (such a morphism is called strict ([8], 3.1)). IfS is a scheme, we
write S[P ] for the scheme

S[P ] := S ×Spec(Z) Spec(Z[P ])(1.2.1)

andMS[P ] for the log structure onS[P ] induced by the log structure onSpec(Z[P ]).
A chart for a morphism of fine log schemesf :X → S is a5-tuple (Q,P,βQ, βP , θ), where

βQ :Q→MS andβP :P →MX are charts andθ :Q→ P is a morphism of fine monoids, suc
that the induced diagram of fine log schemes

X

f

βP Spec(P → Z[P ])

θ

S
βQ

Spec(Q→ Z[Q])

(1.2.2)

commutes ([9], 2.9(2)). If no confusion seems likely to arise, we sometimes write(Q,P, θ) for a
chart(Q,P,βQ, βP , θ).

In general, given a morphism of fine monoidsθ :Q→ P and a chartβ :Q→M for a fine log
structureM on a schemeX , we letXQ[P ] denote the scheme

XQ[P ] := X ×Spec(Z[Q]) Spec(Z[P ]).(1.2.3)

The natural mapP →OXQ[P ] induces a log structureMXQ[P ] onXQ[P ], and there is a natura
morphism of log schemes

(XQ[P ],MXQ[P ])→ (X,M).

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



750 M.C. OLSSON

Regarding algebraic stacks we follow the conventions of [14], except we do not assume that
our stacks are quasi-separated. More precisely, by an algebraic stack over a base schemeS, we
mean a stackX/S in the sense of ([14], 3.1) satisfying the following:

(1.1),

t

p,
the

)

map

le

ose

es
(1.2.4) the diagonal

∆:X →X ×S X
is representable and of finite presentation;

(1.2.5) there exists a surjective smooth morphismX →X from a scheme.
The reader is assumed to be familiar with algebraic stacks.

2. Some remarks about charts

In this section we prove two propositions about charts which will be used in the proof of
and we discuss two corollaries which will be used in Section 5.

PROPOSITION 2.1. – LetM be a fine log structure on a schemeX and letx ∈X be a point.
Then there exist an fppf neighborhoodf :X ′ → X of x and a chartβ :P → f∗M such that
for some geometric point̄x′ → X ′ lying overx, the natural mapP → f−1Mx̄′ is bijective. If
Mgp,tor

x̄ ⊗ k(x) = 0 (whereMgp,tor

x̄ denotes the torsion subgroup ofMgp

x̄ ), then such a char
exists in an étale neighborhood ofx.

Proof. –The key point is that the extension

0→O∗
X,x̄

λ→Mgp
x̄ →Mgp

x̄ → 0(2.1.1)

splits after replacingX by an fppf neighborhood ofx. Indeed, choose an isomorphismMgp

x̄ �
F ⊕ G, whereF is a free group andG =

⊕m
i=1 Gi is a direct sum of finite cyclic groupsGi

generated by an elementgi ∈Gi of orderri. SinceF is a finitely generated free abelian grou
it is clear that the projectionMgp

x̄ → F admits a section. In order to construct a section of
projectionMgp

x̄ →
⊕

Gi, let g̃i ∈Mgp
x̄ be a lift ofgi. Thenrg̃i (writing the group law additively

is equal toλ(ui) for some unitui ∈O∗
X,x̄. Thus after replacingOX,x̄ by the ring

OX,x̄[T1, . . . , Tm]/(T ri − ui)mi=1(2.1.2)

andg̃i by g̃i − λ(Ti), the extension (2.1.1) splits. Note that (2.1.2) is a finite flatOX,x̄-algebra

and is an étale algebra if theri are prime tok(x); that is, ifMgp,tor

x̄ ⊗ k(x) = 0.
Hence it suffices to prove the proposition under the additional hypothesis that the

Mgp
x̄ →Mgp

x̄ admits a sections :Mgp

x̄ →Mgp
x̄ . LetP :=Mx̄. Then since

Mx̄ =Mgp
x̄ ×Mgp

x̄
Mx̄

(this follows from the definition ofM), the maps induces a mapβP :P →Mx̄ such that the
induced mapP →Mx̄ is bijective. By ([9], 2.10) the mapβP extends to a chart in some éta
neighborhood of̄x, and so the proposition follows.✷

PROPOSITION 2.2. – Let f :X → S be a morphism of fine log schemes and supp
βQ :Q → MS is a chart. Then étale locally on̊X there exists a chart(Q,P,βQ, βP , θ) (with
the same(Q,βQ)) for f with θ :Q→ P injective. Iff :X → S is a morphism of fs log schem
and if Q is saturated and torsion free, then étale locally on̊X there exists such a chart withP
saturated and torsion free.

4e SÉRIE– TOME 36 – 2003 –N◦ 5
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Proof. –Étale locally onX̊ we can find a chartβP ′ :P ′ →MX , and in the fs case, we can by
(2.1) find a chart withP ′ fs and torsion free. Let̄x→X be a geometric point, and defineP to
be the fiber product of the diagram

e

e

s

s of

m

en

p
e

p

Qgp ⊕ P ′gp

fb◦βQ⊕βP ′

MX,x̄ Mgp
X,x̄.

By ([9], 2.10),P is a fine monoid, and in the fs case withQ andP ′ saturated and torsion free, th
monoidP is again saturated and torsion free since it is a submonoid ofQgp ⊕ P ′gp andMX,x̄

is saturated. Letθ :Q→ P be the map induced by the mapQ→Qgp ⊕P ′gp which sendsq ∈Q
to (q,0), and letβP :P →MX,x̄ denote the projection toMX,x̄. After replacingX by an étale
neighborhood of̄x, we can by ([9], 2.10) assume thatβP extends to a global chart, which w
also denote byβP , for MX . Moreover, sinceQ is finitely generated the resulting diagram

Q

βQ

θ
P

βP

f∗MS
fb

MX

commutes in an étale neighborhood ofx̄, since it is commutative at̄x by construction. Thu
(Q,P,βQ, βP , θ) defines a chart as desired in some étale neighborhood ofx̄. ✷

In Section 5, we shall often consider the situation of a fine log structureM on a schemeX and
a mapP →M, whereP is a fine monoid. We therefore include the following two corollarie
(2.1):

COROLLARY 2.3. – LetM be a fine log structure on a schemeX , and suppose a morphis
π :P →M from a fine monoidP is given. Then in a fppf neighborhood of any pointx ∈X there
exists a liftingπ̃ :P →M of π. If Mgp,tor

x̄ ⊗ k(x) = 0, then a liftingπ̃ of π exists in an étale
neighborhood ofx.

Proof. –Let r :M → M denote the quotient map. By (2.1), we can after replacingX by a
fppf neighborhood ofx assume that the maprx̄ :Mx̄ →Mx̄ admits a section (in the case wh
Mgp,tor

x̄ ⊗ k(x) = 0 it suffices by (2.1) to replaceX by an étale neighborhood ofx). Hence we
can find a map̃πx̄ :P →Mx̄ such thatrx̄ ◦ π̃x̄ = πx̄. SinceP is fine, we can extend the ma
π̃x̄ to a map̃π :P →M in some étale neighborhood ofx̄. Now sinceP is finitely generated, th
two maps

π, r ◦ π̃ :P →M,

which are equal at̄x, are equal in some étale neighborhood ofx̄. From this the result follows. ✷
COROLLARY 2.4. – Let M be a fine log structure on a schemeX , and suppose a ma

π :P →M from a fine monoidP is given.
(i) If π̃i :P →M (i= 1,2) are two lifts ofπ, thenπ̃1 is a chart if and only if̃π2 is a chart.
(ii) If M is fs, thenπ lifts fppf locally onX to a chart forM if and only ifπ lifts étale locally

to a chart forM.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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Proof. –To see (i), note that for eachp ∈ P there exists a unique unitup ∈ O∗
X such that

π̃1(p) = λ(up) + π̃2(p). Hence if εi :Mi → M (i = 1,2) denotes the morphism of fine log
structures obtained from̃πi, then the map

hat
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).

wo
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d

14],

the

nsult

that
se
ism of
P →O∗
X ⊕ P, p �→ (up, p)

induces an isomorphismσ :M1 →M2 such thatε1 = ε2 ◦ σ. Therefore,ε1 is an isomorphism
if and only if ε2 is an isomorphism.

As for (ii), note first that the “if” direction is clear. To prove the “only if” direction suppose t
there exists an fppf coverf :X ′ →X such thatf−1(π) :P → f−1M lifts to a chart forf∗M. By
(2.3), we can after replacingX by an étale cover assume that we have a liftingπ̃ :P →M of π.
We claim that the morphism of log structuresε :M′ →M obtained fromπ̃ is an isomorphism
To verify this, it suffices to show that the map̄ε :M′ → M is an isomorphism ([8], 3.2), an
sincef :X ′ →X is surjective it suffices to verify that the mapf−1(ε̄) :f−1M′ → f−1M is an
isomorphism. But by (i), the mapf∗(ε) :f∗M′ →M is an isomorphism, since we are assum
that there exists some lift ofπ over X ′ which is a chart. Hence the mapf−1(ε̄) is also an
isomorphism. ✷

3. Existence of universal log structures

Fix a fine log schemeS and letLogS be as defined in the introduction. In this section we pr
Theorem (1.1) assuming the result thatLogS is a stack with respect to the fppf topology (A.2

Remark3.1. – The fact thatLogS is a stack with respect to the fppf-topology is used in t
places in the proof of (1.1):

(i) In the proof of (3.2), we use the fact that the functorI defined in (3.4(i)) is a sheaf wit
respect to the fppf topology. This is because only a flat cover ofI is constructed (3.7), an
in order to use ([14], 10.4.1) to prove thatI is an algebraic space we need thatI is a sheaf
with respect to the fppf topology.

(ii) The cover ofLogS constructed in (3.16) is only a flat cover, and in order to apply ([
10.1) we need thatLogS is a stack with respect to the fppf topology.

One can show, however, that the substackT orS ⊂ LogS classifying fs log schemes overS
is an algebraic stack without using (A.2). In the case when the log structuresM1 andM2 in
(3.4(i)) are fs, the cover ofI constructed in (3.7) is in fact an étale cover (this follows from
proof). Moreover, the theory of toric stacks discussed in Section 5 yields a smooth cover ofT orS
((5.25)–(5.27)).

The proof of (1.1) will be in several steps ((3.2)–(3.16)). The reader may wish to co
examples (3.10), (3.11), and (3.18) before proceeding with the proof.

THEOREM 3.2. –The diagonal

∆LogS
:LogS →LogS ×S̊ LogS(3.2.1)

is representable, locally separated, and of finite presentation.

Remark3.3. – Recall ([12], II.3.9) that a morphism between algebraic spacesf : I → X is
locally separated if the diagonalI → I ×X I is a quasi-compact immersion. The statement
f is locally separated can be verified étale locally onX and is preserved under arbitrary ba
changeX ′ →X . Hence by ([14], 3.10.1) it makes sense to say that a representable morph
stacks is locally separated.

4e SÉRIE– TOME 36 – 2003 –N◦ 5
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Before giving the proof of (3.2) let us note the following corollary:

COROLLARY 3.4. – (i)Let

y

a

y

gonal
M0

s2

s1 M1

M2

be a diagram of fine log structures on a schemeX . Then the functorI onX-schemes which to an
f :Z →X associates the set of isomorphismsε :f∗M1 → f∗M2 such thatε ◦ f∗(s1) = f∗(s2)
is representable by a locally separated algebraic space of finite presentation overX .

(ii) LetM be a fine log structure on a schemeX . Then the functorAut(M) on X-schemes
which to anyf :Z → X associates the set of automorphisms off∗M is representable by
locally separated algebraic space of finite presentation overX .

Proof. –To see (i), note that the mapss1 ands2 define two morphisms of log schemes

h1 : (X,M1)→ (X,M0), h2 : (X,M2)→ (X,M0)

and the functorI is by definition the fiber product of the diagram

X

h1×h2

Log (X,M0)
∆ Log (X,M0) ×X Log (X,M0).

Hence (i) follows from (3.2).
Statement (ii) follows from (i) by takingM0 =O∗

X andM1 =M2 =M. ✷
Proof of (3.2). –To say that the diagonal (3.2.1) is representable means that for anyS̊-scheme

h :X → S̊ and diagram of fine log structures onX

h∗MS

s2

s1 M1

M2,

(3.4.2)

the functorI onX-schemes obtained from (3.4(i)) by takingM0 = h∗MS is representable b
a locally separated algebraic space of finite presentation overX .

Now to prove thatI is representable and locally separated we have to show that the dia
∆: I → I ×X I is representable by quasi-compact locally closed immersions, and thatI admits
a flat cover of finite presentation overX ([14], 10.4.1), since we know thatI is a sheaf with
respect to the fppf topology by (A.2). The key tools will be (2.1) and the following lemma:

LEMMA 3.5. – LetY be a quasi-compact scheme and letM be a fine log structure onY .
(i) Suppose given a chartβ :P →M. For any geometric point̄y → Y define

Fȳ :=
{
p ∈ P | α(p) ∈O∗

Y,ȳ

}
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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and letPFȳ ⊂ P gp be the submonoid generated byP and {−f | f ∈ Fȳ}. ThenP ∗
Fȳ

⊂ P gp

equalsF gp
ȳ and the natural map

he

,

the
.5.3) is

re
sion

a

y

PFȳ/P
∗
Fȳ

→Mȳ(3.5.3)

is an isomorphism.
(ii) The sheafMgp

is a constructible sheaf ofZ-modules([3], IX.2.3).
(iii) If ζ̄ → Y is a generization([3], VIII.7.2) of a geometric point̄y → Y , then the

specialization map

Mgp

ȳ →Mgp

ζ̄

is surjective and identifiesMgp

ζ̄ with the quotient ofMgp

ȳ by the subgroup generated by t
image of {

m ∈Mȳ | α(m) ∈OY,ȳ maps to a unit inOY,ζ̄

}
.

Proof. –To see the equalityP ∗
Fȳ

= F gp
ȳ in (i), note that clearlyF gp

ȳ ⊂ P ∗
Fȳ

. On the other hand
if p ∈ P ∗

Fȳ
, then we can writep = p1 − f wherep1 ∈ P andf ∈ Fȳ . Since the mapP →Mȳ

factors throughPFȳ , the image ofp1 in Mȳ is a unit. Hencep1 ∈ Fȳ andp ∈ F gp
ȳ .

From the equalityP ∗
Fȳ

= F gp
ȳ it follows that the map (3.5.3) is an isomorphism. Indeed

construction of the log structure associated to a pre-log structure ([9], 1.3) shows that (3
surjective, and that the mapP →Mȳ induces an isomorphismMgp

ȳ � P gp/F gp
ȳ .

To prove (ii), we may assume that we have a chartP → Γ(Y,M) from a fine monoidP , since
the assertion is étale local onY by ([3], IX.2.4). We may also assume thatY = Spec(R) for some
ring R. Let p1, . . . , pn ∈ P be elements which generateP , and for each subsetS ⊂ {1, . . . , n}
let

US =
(⋂

i∈S
V
(
α(pi)

)c)∩
( ⋂

j /∈S
V
(
α(pj)

))
,

where forf ∈R we denote byV (f) the closed subschemeSpec(R/(f)). Then
⋃

US = Y and
theUS are disjoint locally closed sub-schemes ofY . Moreover, the sheafMgp |US is by (i) the
constant sheaf associated to the quotient ofP gp by the subgroup generated by{pi}i∈S .

To prove (iii), we may again assume that we have a chartP → Γ(Y,M). Then for any
geometric point̄y → Y , the stalkMgp

ȳ is by (i) isomorphic to the quotient ofP gp by the subgroup
of P gp generated by the set ofp ∈ P for whichα(p) ∈O∗

Y,ȳ. From this the result follows. ✷
With this we can begin the proof of Theorem (3.2). By replacingS by (X,h∗MS), we can

assume that̊S = X .

3.6. The diagonal ∆I : I → I ×X I is representable by quasi-compact locally closed
immersions

Proof. –What has to be shown is that ifσ :M→M is an automorphism of a fine log structu
M onX , then the conditionσ = id is represented by a quasi-compact locally closed immer
Z →X .

Consider first the map̄σ :M→M. We claim that the condition̄σ = id is represented by
quasi-compact open immersionj :U ↪→ X . Indeed the set of points ofX whereσ̄gp = id is
constructible by (3.5(ii)) and stable under generization by (3.5(iii)). Hence the conditionσ̄ = id
is representable by an open immersionj :U ↪→ X . To verify thatj is quasi-compact, we ma
replaceX by an étale cover and hence can assume thatX is affine and thatM admit a global

4e SÉRIE– TOME 36 – 2003 –N◦ 5
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chart. In this case, the proof of (3.5(ii)) shows that there exists a finite stratification ofX by
locally closed affine subschemes such thatM is constant on each stratum. Hence in this caseU
is a finite union of affine schemes and hence is quasi-compact. Therefore, after replacingX by

f

it
s

s
in

ism
an open set, we may assume thatσ̄ = id .
We claim that ifσ̄ = id , then the conditionσ = id is represented by a closed subscheme oX .

To see this, we may assume that we have a chartβ :P →M. Since the map̄σ is equal to the
identity, for eachp ∈ P there exists a unique unitup ∈O∗

X such that

β(p) = σ
(
β(p)

)
+ λ(up).

From this we conclude that if{p1, . . . , pr} ∈ P is a set of generators forP , then the condition
σ = id is represented by the closed subscheme defined by the ideal

(u1 − 1, . . . , ur − 1). ✷
3.7. I admits a flat cover of finite presentation over X

Proof. –For each pointx ∈ X , we can by (2.1) find a fppf neighborhoodg :V → X of x, a
geometric point̄x′ → V mapping tox, and chartsPi → g∗Mi such that the mapsPi →Mi,x̄′

are bijective (i = 1,2) (note that in the case when theMi are saturated we can takeV to be an
étale neighborhood ofx by (2.1)). Define fine monoidsQi by the formula

Qi := P gp
i ×g∗Mgp

i,x̄′
g∗MS,x̄′

and letβi :Qi → g∗MS,x̄′ be the projection maps. By the definition ofQi the image of the
composite

Qi
pr1→ P gp

i →Mgp

i,x̄′

is contained inMi,x̄′ . SincePi →Mi,x̄′ is bijective it follows that the projection toP gp
i induces

a mapθi :Qi → Pi.

LEMMA 3.8. –The maps̄βi :Qi →MS,x̄′ induced by theβi are bijective.

Proof. –If m ∈ g∗MS,x̄′ , then there exists a unique unitu(m) such that there existsq ∈ Qi

with βi(q) = λ(u(m)) + m. Indeed sincePi → Mi,x̄′ is bijective, there exists a unique un
u(m) such that the image ofλ(u(m)) + m in g∗Mi,x̄′ is in the image ofPi. Thus the map
β̄i :Qi →MS,x̄′ are surjective.

On the other hand, ifqj ∈ Qi (j = 1,2) are two elements with̄βi(q1) = β̄i(q2), then writing
qj = (pj ,mj) with pj ∈ P gp

i andmj ∈ g∗MS,x̄′ , we see that there exists a unitu such that
m1 = λ(u) +m2. Thus the images ofp1 andp2 in g∗Mi,x̄′ differ by a unit, and since the map
Pi →Mx̄′ are bijective we must havep1 = p2. Thusm2 andm2 +λ(u) have the same image
g∗Mi,x̄′ and sou = 1. From this it follows thatq1 = q2. ✷

PutQ = Q1. Since the maps̄βi :Qi →MS,x̄′ are bijective, there exists a unique isomorph
ε :Q→ Q2 such thatβ̄2 ◦ ε = β̄1. Hence for eachq ∈ Q there exists a unique unituq ∈ O∗

V,x̄′

such that

β1(q) = β2

(
ε(q)

)
+ λ(uq),

and the associationq �→ uq defines a group homomorphism

ρ :Qgp →O∗
V,x̄′ .
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Let G denote the image.
We then have a commutative diagram
Q

ρ⊕θ′2
β1

θ1
P1

G⊕ P2 g∗MS,x̄′ g∗M1,x̄′

g∗M2,x̄′

(3.8.1)

whereθ′2 := θ2 ◦ ε. Since our log structures are fine we can extend the data(Q,P1, θ1) and
(Q,G⊕P2, ρ⊕ θ′2) to charts for the morphisms

(V, g∗Mi)→ (V, g∗MS)

in some étale neighborhood ofx̄′ using ([9], 2.10).
For each isomorphismσ :P1 → P2 for whichθ′2 = σ ◦ θ1, define a scheme

Cσ := SpecV
(
OV [P gp

1 ]/J
)
,

whereJ is the ideal sheaf generated by the equations

α2

(
σ(p)

)
e(p) = α1(p), p ∈ P1(3.8.2)

and

e
(
θ1(q)

)
= ρ(q), q ∈Q.(3.8.3)

Heree(p) denotes the image of an elementp ∈ P1 in the group algebraOV [P gp
1 ], and we have

abused notation and writtenαi for the composite

Pi → g∗Mi →OV .

There is a tautological isomorphismg∗M1 � g∗M2 overCσ defined by the map

p �→ λ
(
e(p)

)
+ σ(p), p ∈ P1,

which induces a morphism

j :Cσ → I|V .

We claim thatj makesCσ an open sub-functor ofI|V .
To see this, observe thatCσ represents the functor onV -schemes which to anyf :Z → V

associates the set of isomorphismsε : (g ◦ f)∗M1 → (g ◦ f)∗M2 such that

ε ◦ (g ◦ f)∗(s1) = (g ◦ f)∗(s2),
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and for which the diagram

σ

use

lly

global

e

uch that
er
P1 P2

f−1g−1M1
ε̄

f−1g−1M2

(3.8.4)

commutes. Indeed given such anε, define a map toSpec(OV [P gp
1 ]) by sending an elemente(p)

(p∈ P1) to the unique unitup ∈O∗
Z for which

ε(p) = λ(up) + σ(p).

This map toSpec(OV [P gp
1 ]) factors throughCσ : the equations in (3.8.2) are satisfied beca

α2 ◦ ε= α1, and the equations in (3.8.3) are satisfied becauseε ◦ (g ◦ f)∗(s1) = (g ◦ f)∗(s2).
By (3.5), the condition that (3.8.4) commutes is an open condition, and henceCσ is an open

sub-functor ofI|V . In particular, the mapCσ → I is flat.
The union of allCσ constructed in the manner above coverI. Indeed given a mapε :Z → I

and a pointz ∈ Z mapping to somex ∈ X , we can, by the argument given above, fppf loca
find charts(Q,P1, θ1) and(Q,G⊕P2, ρ⊕ θ′2) for the morphisms

(X,Mi)→ (X,MS)

as in (3.8.1), such that the maps

Pi →Mi,x̄

are bijective.
The isomorphismε hence induces an isomorphismσ :P1 � P2 such thatθ′2 = σ ◦ θ1 and such

that diagram (3.8.4) overZ commutes. Therefore by the functorial description ofCσ , the image
of the map

Cσ ×I Z →Z

containsz.
Finally to see thatI →X is quasi-compact, we may assume thatX is affine. In addition, we

may replaceX by an étale cover so we may assume that all log structures involved admit
charts. In this case, there exists by the proof of (3.5) a finite stratification{Xi} by locally closed
affine subschemes ofX over which the sheavesMS ,M1, andM2 are all constant. By bas
changing to theXi we can therefore assume that these sheaves are constant overX . Replacing
X by another cover we can also assume that we have a diagram of charts as in (3.8.1) s
the mapsPi →Mi are isomorphisms. In this caseI is representable by the disjoint union ov
the set of isomorphismsσ :P1 � P2 satisfyingθ′2 = σ ◦ θ1 of theCσ . As shown in the following
lemma (3.9), the set of such isomorphisms is finite, and henceI is quasi-compact. ✷

LEMMA 3.9. – LetP be a fine monoid withP ∗ = {0}.
(i) The setIrr(P ) of irreducible elements inP is finite and generatesP .
(ii) The automorphism groupAut(P ) of P is finite.

Proof. –To see (i), let{p1, . . . , pn} be a set of generators forP with n minimal. If p ∈ Irr(P ),
thenp must be one of thepi, for if we write p =

∑
i aipi then the irreducibility ofp implies

that
∑

i ai = 1. HenceIrr(P ) is finite and there is an inclusionIrr(P )⊂ {p1, . . . , pn} which we
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claim is a bijection. Indeed, suppose one of thepi, saypn, is not irreducible. Thenpn = p + q
for some non-zerop, q ∈ P . The elementsp andq must be in the submonoid ofP generated
by {p1, . . . , pn−1}, for otherwise we can writep = p′ + pn for somep′ ∈ P (after possibly

the

d
ism

m

tion
interchangingp andq) which implies thatq is a unit; a contradiction. But ifp andq are in the
submonoid generated by{p1, . . . , pn−1}, thenP is also generated by this set contradicting
minimality of our set of generators. HenceP is generated byIrr(P ).

Statement (ii) follows from (i), because any automorphism ofP must mapIrr(P ) to itself,
and since this finite set generatesP we obtain an inclusionAut(P )⊂Aut(Irr(P )). ✷

This concludes the proof of (3.2).✷
Example3.10. – LetX = A1 = Spec(Z[T ]) be the affine line with log structureMX

associated to the mapN → Z[T ], 1 �→ T . Then the algebraic spaceAut(MX) can be describe
as follows. Since a free monoid of rank0 or 1 has no automorphisms, any automorph
ε :MX → MX must induce the identity map onMX . Thus if ε ∈ Aut(MX)(Y ) for some
f :Y →X , ε is induced by a map

N →O∗
Y ⊕N, 1 �→ (u,1),(3.10.1)

whereu is a unit satisfyinguT = T . Conversely, any such unitu gives rise to an automorphis
of f∗MX by the same formula (3.10.1), and so there is an isomorphism

Aut(MX)� Spec
(
OX [U±]/T (U − 1)

)
.

Example3.11. – More generally, let us construct directly the fiber productI of the diagram

X = Spec(Z[X1, . . . ,Xr])

MX

Y = Spec(Z[Y1, . . . , Yr])
MY Log (Spec(Z),O∗

Spec(Z))
,

wherer � 1 is an integer andMX (resp.MY ) denotes the log structure associated to

N
r →OX , (ai)ri=1 �→

r∏
i=1

Xai

i

(
resp.Nr →OY , (ai)ri=1 �→

r∏
i=1

Y ai

i

)
.(3.11.1)

LetSr denote the symmetric group onr letters, and for everyσ ∈ Sr let Iσ be theX×Y -scheme
whose underlying scheme isX×Gr

m and whose structure morphism is induced by the projec
to X and the mapρσ to Y given by

ρ∗σ :Z[Yi]ri=1 → Z[Xi,U
±
i ]ri=1, Yσ(i) �→ UiXi.(3.11.2)

Let Ĩ :=
∐

σ∈Sr
Iσ , pr : Ĩ → X the projection, andρ :=

∐
ρσ : Ĩ → Y the map obtained from

theρσ.
OverIσ there is a natural isomorphismισ : pr∗MX → ρ∗σMY induced by the map

N
r →O∗

X×Gr
m
⊕N

r, ei �→
(
U−1
i , eσ(i)

)
.
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Thus there is a natural mapπ : Ĩ → I. Note also that overIσ there is a natural commutative
diagram

e �→e

f

irs
e

rify

n
3)

ctor
n

N
r

β̄X

i σ(i)

N
r

β̄Y

pr−1MX

ῑσ
ρ−1
σ MY ,

whereβX (resp.βY ) denotes the chartNr →MX (resp.Nr →MY ) used in the construction o
MX (resp.MY ).

In fact, Ĩ represents the functor which to anyg1 × g2 :Z →X × Y associates the set of pa
(ι, σ), whereι : g∗1MX → g∗2MY is an isomorphism andσ ∈ Sr is a permutation such that th
diagram

Nr

β̄X

ei �→eσ(i)

Nr

β̄Y

g−1
1 MX

ῑ
g−1
2 MY

(3.11.3)

commutes. Indeed given such a pair(ι, σ) over someX-schemef :Z → X , define a map
h :Z → Iσ �X ×Gr

m overX by

OGr
m
�Z[U±

1 , . . . ,U±
r ]→ Γ(Z,OZ), Ui �→ ui,

whereui ∈ Γ(Z,O∗
Z) denotes the unique unit such thatι(βX(ei)) =−λ(ui) + βY (eσ(i)) (such

a unit exists by the commutativity of (3.11.3)). Thenι = h∗(ισ) andh is the unique map with
this property.

Next observe that for any morphism

g1 × g2 :Z →X × Y

and isomorphism

ι : g∗1MX � g∗2MY ,

there exists étale locally onZ an elementσ ∈ Sr such that diagram (3.11.3) commutes. To ve
this we may assume thatZ is the spectrum of a strictly henselian local ring. Letz ∈ Z be the
closed point. Then the maps

β̄X :Nr →
(
g−1
1 MX

)
z
, β̄Y :Nr →

(
g−1
2 MY

)
z

admit sections by (3.5(i)) giving isomorphisms

N
r � N

r′ ⊕
(
g−1
1 MX

)
z

and N
r � N

r′ ⊕
(
g−1
2 MY

)
z

for somer′ � r. Extending the isomorphism̄ιz in some way to all ofNr we obtain a permutatio
σ ∈ Sr such that diagram (3.11.3) commutes atz ∈ Z . But then by (3.5(iii)) the diagram (3.11.
commutes everywhere sinceZ is the spectrum of a strictly henselian local ring, andσ is the
desired permutation.

It follows that I is the quotient of̃I by the equivalence relation defined by the subfun
Γ ⊂ Ĩ ×X×Y Ĩ consisting of pairs{(ι, σ), (ι, σ′)}. To show thatI is representable by a
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algebraic space it suffices to show thatΓ is representable and that the two projectionsΓ ⇒ Ĩ
are étale. LetΓσ,σ′ ⊂ Γ be the fiber product of functorsΓ ×

(Ĩ×X×Y Ĩ)
(Iσ ×X×Y Iσ′ ) so

that Γ =
∐

′ Γ ′ . The functorΓ ′ associates to anyg × g :Z → X × Y the set of

es

ple
h

r

σ,σ σ,σ σ,σ 1 2

isomorphismsι : g∗1MX � g∗2MY for which the diagram (3.11.3) commutes for bothσ and
σ′. Thus the first (resp. second) projection identifiesΓσ,σ′ with a subfunctor ofIσ (resp.Iσ′ ).
Moreover, the condition that diagram (3.11.3) commutes with bothσ andσ′ is an open condition
by lemma (3.5(ii)) and (3.5(iii)). Therefore,Γσ,σ′ maps isomorphically onto open subschem
of Iσ andIσ′ . In particular,Γ is representable and the two projections toĨ are étale.

Remark3.12. – The functorI of (3.4(i)) is not separated in general. For an explicit exam
where the valuative criterion for separation fails, letA be a discrete valuation ring wit
uniformizerπ, and letM be the log structure associated to the chart

N⊕N →A, (i, j) �→ πi+j .

Then the identity map and the map induced by

(i, j) �→ (j, i)

are two automorphisms ofM both of which induce the identity map on the generic fiber.

THEOREM 3.13. –LetQ be a fine monoid and let

Q

s2

s1
P1

P2

be a diagram of fine monoids withs1 ands2 injective. Define

S = Spec
(
Q→ Z[Q]

)
, X = Spec

(
P1 → Z[P1]

)
, Y = Spec

(
P2 → Z[P2]

)
,

and leth : X̊ ×S̊ Y̊ → S̊ be the natural map. Denote byI the algebraic space over̊X ×S̊ Y̊
obtained from(3.4(i))applied to the diagram

h∗MS pr∗1MX

pr∗2MY .

Then the two projections

I → X̊, I → Y̊

are flat.

Proof. –For any fine monoidP letP ∗ ⊂ P be the set of invertible elements and letP = P/P ∗.
Denote byr(P ) the minimal number of generators ofP . If P ∗ = {0}, then by (3.9(i)) the numbe
r(P ) is equal to the number of irreducible elements inP .
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LEMMA 3.14. –Let X be a scheme, and letP →M be a chart for a fine log structureM
onX .

(i) Let x̄ → X be a geometric point and letFx̄ ⊂ P gp be the submonoid defined in(3.5(i)).

e

y

r,

f

f

ThenFx̄ is finitely generated and ifFx̄ �= P ∗ thenr(PFx̄/P
∗
Fx̄

)< r(P ).
(ii) If x̄ → X is a geometric point withr(Mx̄) = r(P ), then the mapP → Mx̄ is an

isomorphism.

Proof. –To prove (i), letp1, . . . , pr(P) ∈ P be a set of elements whose images generatP .
ThenFx̄ is the submonoid generated byP ∗ and thosepi for which α(pi) ∈ O∗

X,x̄. Indeed, any
p ∈ Fx̄ can be written as

p= u+
∑

nipi, u ∈ P ∗, ni ∈ N,

and if α(p) = α(u)
∏

iα(pi)ni is a unit inOX,x̄, then for all i with ni > 0 we must have
α(pi) ∈ O∗

X,x̄. HenceFx̄ is finitely generated. Moreover, ifFx̄ �= P ∗ then at least onepi maps

to a unit inOX,x̄ which implies thatr(PFx̄/P
∗
Fx̄

) < r(P ).
Statement (ii) follows from (3.5(i)) and (i). ✷
To prove Theorem (3.13), it suffices to prove that the mapI → X̊ is flat. We proceed b

induction onn := r(P 1).
If n = 0, then P1 = P ∗

1 and soMX is trivial. Hence if g1 × g2 :Z → X̊ ×S̊ Y̊ is a
morphism, there exists an isomorphismg∗1pr∗1MX � g∗2pr∗2MY if and only if g∗2pr∗2MY is
trivial. Therefore,

I � Spec(Z[P ∗
1 ])×Spec(Z[Qgp ]) Spec(Z[P gp

2 ]).

Now Z[P gp
2 ]/Z[Qgp ] is flat sinceQgp → P gp

2 is injective, and henceI/Z[P ∗
1 ] is also flat.

Next we prove the theorem forn assuming the result forn − 1. If x ∈ X̊ is a point with
r(MX,x̄) < n, thenx lies in the open set

Spec(Z[P1,Fx̄ ]) ↪→ Spec(Z[P1]),

andr(MX,x̄′) < n for any other pointx′ ∈ Spec(Z[P1,Fx̄ ]) by (3.5(i)) and (3.14(i)). Moreove
by induction the theorem holds overSpec(Z[P1,Fx̄ ]). It follows that the set of pointsx∈ X̊ with
r(MX,x̄) < n is an open setU<n, and that the theorem holds overU<n.

Combining this with Lemma (3.14(ii)), we see that it suffices to show thatI → X̊ is flat over
pointsx ∈ X̊ where the mapP 1 →MX,x̄ is bijective.

We can assume thatP1 � P ∗
1 ⊕ P 1 by replacingP1 by G ⊕P∗

1
P1 for a suitable finitely

generated abelian groupG. Indeed we can choose an inclusionP ∗
1 ↪→G such that the pushout o

the sequence

0→ P ∗
1 → P gp

1 → P
gp

1 → 0

splits. Choose one such isomorphismG ⊕P∗
1
P gp

1 � G ⊕ P
gp

1 . By the universal property o
pushout and the group associated to a monoid, the natural map

(G⊕P∗
1
P1)gp →G⊕P∗

1
P gp

1

is an isomorphism, and so the composite

G⊕P∗
1
P1 →G⊕P∗

1
P gp

1 �G⊕ P
gp

1(3.14.1)
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is injective. Moreover, the image of (3.14.1) is equal toG⊕ P 1, and so there exists a splitting
G⊕P∗

1
P1 �G⊕ P 1.

The resulting map

ng
n

ed

en
Z[P1]→ Z[G⊕P∗
1
P1]� Z[G]⊗Z[P∗

1 ] Z[P1]

is faithfully flat, and since verification of the flatness ofI → X̊ can be done after replacing̊X by
a flat cover, we may replaceP1 by G⊕P∗

1
P1.

We can also assume thatP 2 is generated byn elements and that we have a splitti
P2 � P ∗

2 ⊕ P2. To see this, observe that the image ofI is contained in the union of the ope
subsets

X̊ ×S̊ Spec(Z[P2,Fȳ ])⊂ X̊ ×S̊ Y̊

whereȳ → Y̊ is a geometric point withr(M2,ȳ) � n. Hence we may replaceP2 by P2,Fȳ . In
addition, we may assume thatP2 � P ∗

2 ⊕P 2 by replacingY by

Y ′ = Spec
(
G⊕P∗

2
P2 → Z[G⊕P∗

2
P2]
)

for a suitable groupG as discussed above forP1. Then, ifI ′ denotes the algebraic space obtain
from X andY ′, we have a flat surjection

I ′ → I,

and since the property of being flat is fppf-local on domain it suffices to considerI ′.
Fix splittingsP1 � P ∗

1 ⊕ P 1 andP2 � P ∗
2 ⊕P 2, and let

ρi :Qgp → P ∗
i , θi :Q→ P i, i = 1,2

be the maps induced by the composites

P ∗
i

Q→ Pi � P ∗
i ⊕ P i

P i.

If βQ :Q → MS (resp. β1 :P1 → MX , β2 :P2 → MY ) denotes the natural chart, th
viewing βi as a map fromP ∗

i ⊕ P i using the isomorphismsPi � P ∗
i ⊕ P i we obtain charts

(Q,P ∗
i ⊕ P i, βQ, βi, ρi ⊕ θi) for the morphismsX → S andY → S.

For each isomorphismσ :P 1 → P 2 for whichσ ◦ θ1 = θ2, define a scheme

Cσ := SpecX̊×S̊Y̊

(
OX̊×S̊ Y̊

[P
gp

1 ]/J
)
,

whereJ is the ideal sheaf generated by the equations

α2

(
σ(p)

)
e(p) = α1(p), p ∈ P 1

and

e
(
θ1(q)

)
= α2

(
ρ2(q)

)
α1

(
ρ1(q)

)−1
, q ∈Q.
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Then just as in the proof of (3.2), there is a natural open immersionCσ → I, and the union of
theCσ cover the set of points ofI lying over pointsx ∈ X̊ for whichP 1 →MX,x̄ is bijective.
Therefore it suffices to show thatOCσ is flat overZ[P1].

oids

cover,
pf
an
s

ying

me

f
d
ly
This follows from the definitions. Writing out the definition ofCσ one finds that

OCσ � Z[P 1][P ∗
1 ⊕Qgp P gp

2 ],

and hence it suffices to show that

Z[P ∗
1 ]→ Z[P ∗

1 ⊕Qgp P gp
2 ]

is flat. This follows from the fact thatQgp → P gp
2 is injective. ✷

COROLLARY 3.15. – Let S be a fine log scheme and suppose given a chartQ → MS .
Let U =

∐
(θ,P ) S̊Q[P ], where the disjoint union is taken over injective maps of fine mon

θ :Q→ P . Then the natural map

U →LogS(3.15.1)

is flat and surjective.

Proof. –The map (3.15.1) is surjective by (2.2) which shows that any1-morphismT →LogS
factors fppf-locally onT through one of the̊SQ[P ] appearing in the definition ofU . This local
factorization also implies that to verify the flatness of (3.15.1) it suffices to show that ifθ :Q→ P
andθ′ :Q→ P ′ are two injective maps of fine monoids, then the fiber product

S̊Q[P ]×LogS
S̊Q[P ′]� S̊ ×Spec(Z[Q])

(
Spec(Z[P ])×LogSpec(Q→Z[Q])

Spec(Z[P ′])
)

is flat over both̊SQ[P ] andS̊Q[P ′]. This follows from (3.13). ✷
3.16. Completion of proof of (1.1)

By (3.2) the diagonal

∆:LogS →LogS ×S̊ LogS

is representable and of finite presentation. Thus by ([14], 10.1) it suffices to exhibit a flat
locally of finite presentation over̊S, of LogS , sinceLogS is a stack with respect to the fp
topology by (A.2). To find such a cover, we may replaceS by an étale cover and hence c
assume that we have a chartQ→MS . In this case, a cover ofLogS with the desired propertie
is provided by (3.15).

Remark3.17. – The stacksLogS are not quasi-separated. Indeed this is equivalent to sa
that the functorsI of (3.4(i)) are separated overX which they are not (see (3.12)).

Example3.18. – We continue with the example discussed in (3.11). Fix an integerr � 1, and
let S be the fibered category over the category of schemes whose fiber over some scheT is
the groupoid of fine log structureM on T such that for every geometric pointt̄→ T the stalk
Mt̄ is isomorphic toNr′ for somer′ � r. If M is any fine log structure onT , then the set o
pointst ∈ T for whichMt̄ is isomorphic toNr′ for somer′ � r is an open set by (3.5(ii)) an
(3.5(iii)). HenceS is an open substack ofLog (Spec(Z),O∗

Spec(Z))
. However, we can see direct

thatS is an algebraic stack.
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If M is a fine log structure on a schemeT , thenM defines an object ofS(T ) if and only
if étale locally onT there exists a chartNr →M. The “if” direction follows from (3.5(i)). As
for the “only if” direction, note that ifM ∈ S(T ), then we can by (2.1) étale locally find a

e

.

ng
2),
w
y

mes

n

ise.
a
en set.
chartβ :Nr′ →M for somer′ � r. Definingβ2 :Nr � N
r′ ⊕N

r−r′ →M to be the map whos
restriction toNr′ is β and whose restriction toNr−r′ sends all elements toλ(1), we obtain a
chart as desired forM.

Let X = Spec(Z[X1, . . . ,Xr]), and letMX be the log structure onX defined in (3.11.1)
By the preceding paragraph, any1-morphismt :T → S factors étale locally onT throughX .
Therefore, given two1-morphismst :T → S and t′ :T ′ → S the fiber productT ×S T ′ is
representable by an algebraic space. Indeed this can be verified étale locally onT andT ′, and so
we may assume thatt andt′ factor through maps̃t :T →X andt̃′ :T ′ →X . In this case,

T ×X (X ×S X)XT ′

is representable sinceX ×S X is representable by (3.11).
From this discussion it also follows thatMX :X →S is smooth and surjective. Indeed, usi

the notation of (3.11), the two projections from̃I to X are smooth and surjective by (3.11.
and sincẽI → I is étale, the two projections fromI to X are also smooth and surjective. No
if t :T →S is any1-morphism, to verify thatT ×S X → T is smooth and surjective, we ma
replaceT by an étale cover and hence can assume thatt factors through a map̃t :T →X . In this
case,T ×S X is isomorphic toT ×X I and the result follows. This proves thatS is an algebraic
stack.

We conclude this section by noting two basic properties of the stacksLogS .

PROPOSITION 3.19. – Lets : S̊ →LogS be the map induced by the morphism of log sche
id :S → S.

(i) For any morphism of log schemesf :T → S, the fiber product̊T ×LogS
S̊ represents the

functor onT̊ -schemes which to anyg :Z → T̊ associates the unital set if

g∗(f b) : g∗f∗MS → g∗MT

is an isomorphism and the empty set otherwise.
(ii) The maps is an open immersion.

Proof. –Statement (i) follows from the definition of̊T ×LogS
S̊.

To see (ii), note that a morphism of fine log structuresM1 → M2 on a schemeX is an
isomorphism if and only if the induced mapM1 →M2 is an isomorphism ([8], 3.2), so we ca
interpret the functor̊T ×LogS

S̊ as the functor on̊T -schemes which to anyg :Z → T̊ associates
the unital set if the mapg−1f−1MS → g−1MT is an isomorphism and the empty set otherw
Now the set of pointst ∈ T̊ for which the map(f−1MS)t̄ → MT,t̄ is an isomorphism is
constructible set by (3.5(ii)) and is stable under generization by (3.5(iii)); hence is an op
From this (ii) follows. ✷

PROPOSITION 3.20. – Suppose

X ′

pr2

pr1
X

f

S′ g
S
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is a cartesian diagram in the category of fine log schemes([9], 2.6). Then the induced diagram
of algebraic stacks

ctor

ially

ly

. We

of

e

LogX′

Log(pr2)

Log(pr1)LogX

Log(f)

LogS′
Log(g) LogS

is also cartesian([14], 2.2.2).

Proof. –By the definition of the fiber product of stacks ([14], 2.2.2), there is a natural fun

LogX′ →LogS′ ×LogS
LogX(3.20.2)

and it follows from the definitions that this functor is fully faithful. To see that it is essent
surjective, supposeT is a scheme and that we are given an objectO ∈ (LogS′ ×LogS

LogX)(T ).
By definition,O is a collection of data consisting of morphismsg1 :T → S̊′ andg2 :T → X̊ such
that g̊ ◦ g1 = f̊ ◦ g2 (call this morphismh), together with fine log structuresM1 andM2 onT
and a commutative diagram

h∗MS

id

g∗1 (gb)
g∗1MS′

gb
1 M1

ε

h∗MS

g∗2 (fb)
g∗2MX

gb
2 M2,

whereε is an isomorphism. LetO′ ∈LogX′ be the morphism(T,M1)→X ′ obtained from the
morphisms

(g2, ε
−1 ◦ gb2) : (T,M1)→X, (g1, g

b
1) : (T,M1)→ S′.

Then the image ofO′ under (3.20.2) is isomorphic toO and so (3.20.2) is essential
surjective. ✷

4. Properties of morphisms of fine log schemes

Let f :X → S be a morphism of fine log schemes. Ifg :Z → X is an object ofLogX , then
f ◦ g :Z → S is an object ofLogS , and hence there is a natural functor

Log(f) :LogX →LogS .

This functor is faithful, and hence by ([14], 8.1.2) the morphism of stacksLog(f) is a
representable.

DEFINITION 4.1. – LetP be a property of representable morphisms of algebraic stacks
say thatf :X → S has propertyLog(P) if the morphism of stacksLog(f) has propertyP . We
say thatf has property weakLog(P) if the mapX̊ →LogS has propertyP .

For example, the propertyP could be the property of being étale, smooth, flat, or locally
finite presentation ([14], 3.10). We will often refer tof as being (weakly)Log étale, (weakly)
Log smooth, (weakly)Log flat, or (weakly)Log locally of finite presentation. In this section w
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study the relationship between these notions and K. Kato’s notions of log étale, log smooth, and
log flat morphisms of log schemes (([9], 3.3) and ([10], 1.10)).

then

to

,

s

([9],

log
Remark4.2. – If the propertyP is preserved under restriction to open substacks,
(3.19(ii)) implies thatf has property weakLog(P) if f has propertyLog(P). As the following
example shows, however, there exist propertiesP for which the condition weakLog(P) does
not implyLog(P).

Example4.3. – LetR be a ring and let(M, α) (or justM) be the log structure associated
the pre-log structureN →R, 1 �→ 0. Then the morphism

M : Spec(R)→Log (Spec(R),O∗
R

)

induced byM has geometrically connected fibers. Indeed ifT = Spec(k) is the spectrum of a
separably closed field overR andMk a fine log structure onT defining a map

T →Log (Spec(R),O∗
R

),

then the productSpec(R) ×Log(Spec(R),O∗
R

)
T is the empty scheme unlessMk is isomorphic

to N in which caseMk andM|Spec(k) are isomorphic ([9], 2.5.2). IfMk andM|Spec(k) are
isomorphic, then (3.10) shows that the set of isomorphism between them is a (trivial)Gm-torsor
(and in particular is connected).

On the other hand, the morphism

Log (Spec(R),M) →Log (Spec(R),O∗
R

)

does not have geometrically connected fibers. For example, iff :T → Spec(R) is anR-scheme
then liftingf to aT -valued point of the product

Spec(R)×M,Log(Spec(R),O∗
R

)
Log (Spec(R),M)(4.3.1)

is equivalent to extendingf to a morphism of log schemes

(f, f b) : (T, f∗M)→
(
Spec(R),M

)
.

Now giving the mapf b is equivalent to giving a mapN → α−1(0)⊂ f∗M and hence (4.3.1) i
isomorphic toGm × {N− {0}}. In particular (4.3.1) is not geometrically connected overR.

Recall the following definitions, due to K. Kato, of log smooth and log étale morphisms
3.3):

DEFINITION 4.4. – A morphism of fine log schemesf :X → S is formally log smooth(resp.
formally log étale) if for every commutative diagram of solid arrows in the category of fine
schemes

(T0,MT0)

i

a0
X

f

(T,MT )

a

b
S,

(4.4.1)

4e SÉRIE– TOME 36 – 2003 –N◦ 5



LOGARITHMIC GEOMETRY AND ALGEBRAIC STACKS 767

wherei is a strict closed immersion defined by a square zero idealI, there exists étale locally on
T0 a dotted arrowa (resp. a unique dotted arrowa) filling in the diagram. The morphismf is log
smooth(resp.log étale) if it is formally log smooth (resp. formally log étale) and̊f is locally of

a
ally

en

)

e

d

0).

e

as

es
finite presentation.

In order to relate the notion of a log smooth (resp. log étale) morphism to the notion ofLog
smooth (resp.Log étale) morphism we need the notion of a formally smooth (resp. form
étale) morphism of algebraic stacks:

DEFINITION 4.5. – LetF :X →Y be a representable morphism of algebraic stacks. ThF
is formally smooth(resp.formally étale) if for every2-commutative diagram of solid arrows

T0

i

a0
X

F

T

a

b
Y,

(4.5.1)

wherei is a closed immersion defined by a square zero idealI, there exists étale locally onT0 a
dotted arrowa (resp. a unique dotted arrowa) filling in the diagram.

The following is our main result about (weakly)Log étale, (weakly)Log smooth, and (weakly
Log flat morphisms:

THEOREM 4.6. –Letf :X → S be a morphism of fine log schemes.
(i) f is formally log smooth(resp. formally log étale) if and only if for every commutativ

diagram as in(4.4.1)with a0 strict there exists étale locally onT0 a mapa (resp. a unique
mapa) filling in the diagram.

(ii) f is Log smooth(resp.Log étale) if and only if f̊ is locally of finite presentation an
Log(f) is formally smooth(resp. formally étale), and this is also equivalent tof being log
smooth(resp. log étale).

(iii) f is Log smooth(resp.Log étale) if and only if f is weaklyLog smooth(resp. weakly
Log étale).

(iv) f is Log flat if and only if fppf locally there exists a chart(Q,P, , βQ, βP , θ) for f such
thatθgp :Qgp → P gp is injective, and the map

X̊ → S̊ ×Spec(Z[Q]) Spec(Z[P ])

is flat in the usual sense.
(v) f is Log flat if and only iff is weaklyLog flat.

Remark4.7. – Statements (4.6(iv)) and (4.6(v)) imply that the notion of (weakly)Log flat
morphism is equivalent to the notion of log flat morphism in the sense of K. Kato ([10], 1.1

Proof of (4.6). –The “only if” direction of (i) is clear. To prove the “if” direction, suppos
that for every diagram as in (4.4.1) witha0 strict, there exists étale locally onT0 a morphisma
(resp. a unique morphisma) filling in the diagram. We have to show that given any diagram
in (4.4.1) there exists étale locally onT0 a morphism (resp. a unique morphism)a filling in the
diagram. To see this, let

N :=MT ×MT0
a∗0MX .

ThenN with its natural map toOT is a log structure onT lifting a∗0MX to T , andN is easily
seen to be fine. In fact the fine log scheme(T,N ) is the co-product in the category of log schem
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of the diagram

(T0,MT0) (T0, a
∗
0MX)

w

and

n

o
en
g
(i))
nts

on
e

he
(T,MT ).

From this it follows that the existence (resp. existence and uniqueness) of the arroa is
equivalent to the existence of an arrowa′ (resp. existence of a unique arrowa′) filling in the
diagram

(T0, a
∗
0MX)

i

a0
X

f

(T,N )

a′

b
S.

By assumption there exists étale locally onT0 such an arrow (resp. a unique such arrow),
hence (i) follows.

To see (ii) and (iii), note that by the definition ofLogS andLogX , to give a diagram as i
(4.4.1) is equivalent to giving a diagram

T0

i

a0 LogX

Log(f)

T

a

b LogS ,

(4.7.1)

and finding a morphisma filling in diagram (4.4.1) is equivalent to finding a morphisma filling
in (4.7.1). Moreover, to give a diagram as in (4.4.1) witha0 strict is equivalent, by (3.19(i)), t
giving a diagram as in (4.7.1) for which the morphisma0 factors through the canonical op
immersionX ↪→LogX discussed in (3.19). Thusf is formally log smooth (resp. formally lo
étale) if and only ifLog(f) is formally smooth (resp. formally étale), and this in turn is by (4.6
equivalent to the morphismX →LogS being formally smooth (resp. formally étale). Stateme
(4.6(ii)) and (4.6(iii)) therefore follow from the following two lemmas.

LEMMA 4.8. – The following are equivalent.
(i) f is Log locally of finite presentation.
(ii) f is weaklyLog locally of finite presentation.
(iii) f̊ : X̊ → S̊ is locally of finite presentation.

Proof. –Let T → LogX (resp.S̃ → LogS) be a smooth cover locally of finite presentati
overLogX (resp.LogS). SinceLogX/X̊ (resp.LogS/S̊) is locally of finite presentation th
mapT → X̊ (resp.S̃ → S̊) is also locally of finite presentation.

(i) implies (ii). If Log(f) :LogX → LogS is locally of finite presentation, then since t
canonical sections : X̊ → LogX is an open immersion by (3.19(ii)), the map̊X → LogS is
also locally of finite presentation.

(ii) implies (iii). If X̊ →LogS is locally of finite presentation, then the composite

X̊ →LogS → S̊

is also locally of finite presentation, sinceLogS → S̊ is locally of finite presentation by (1.1).
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(iii) implies (i). Suppose̊X/S̊ is locally of finite presentation. To prove thatLog(f) is locally
of finite presentation it suffices by ([14], 4.14) to show that the mapT ×LogS

S̃ → S̃ is locally of

finite presentation. The productT × S̃ is isomorphic to the algebraic spaceI overT × S̃

e

se

to

rty
d
ing

,

m

art
LogS S̊

obtained from (3.4(i)) applied to the diagram

h∗MS pr∗1 MT

pr∗2 MS̃
,

whereh :T ×S̊ S̃ → S̊ denotes the structure morphism. By (3.4(i)),I is of finite presentation

overT ×S̊ S̃. SinceT/X̊ andX̊/S̊ are both locally of finite presentation,T/S̊ is locally of finite
presentation and so the composite

I → T ×S̊ S̃ → S̃

is also locally of finite presentation.✷
LEMMA 4.9. – LetX andY be algebraic stacks over̊S, and letF :X →Y be a representabl

morphism locally of finite presentation.
(i) If Y → Y is a smooth cover andFY :YX → Y the base change ofF , thenF is formally

étale if and only ifFY is formally étale.
(ii) F is smooth(resp. étale) if and only ifF is formally smooth(resp. formally étale).

Proof. –For (i), the “only if” direction is immediate so let us verify the “if” direction. Suppo
given a commutative diagram as in (4.5.1). Then to show that there exists a unique arrowa filling
in the diagram, we may replaceT0 by an étale cover sinceX andY are stacks with respect
the étale topology. Now sinceY/Y is smooth, there exists étale locally onT0 a factorization
of b throughY ([4], IV.17.16.3), and hence it suffices to verify the infinitesimal lifting prope
for diagrams (4.5.1) whereb factors through a map̃b :T → Y . But in this case finding a dotte
arrowa filling in diagram (4.5.1) is equivalent to finding a dotted arrow filling in the follow
diagram:

T0

i

(b̃◦i)×a0
YX

FY

T
b̃

Y.

Thus ifFY is formally étale there exists étale locally onT0 a unique arrow as desired.
As for (ii), the statement thatF is smooth if and only ifF is formally smooth follows from

([14], 4.15).
Now it follows from ([4], IV.17.3.1) and the assumption thatF is locally of finite presentation

that for any smooth coverY/Y, the morphismFY :YX → Y is étale if and only ifFY is formally
étale. Therefore, by definition of an étale morphism of stacks ([14], 3.10.1),F is étale if and only
if FY is formally étale, and hence (i) implies thatF is étale if and only ifF is formally étale. ✷

SinceLog flat implies weaklyLog flat by (4.2), statements (4.6(iv)) and (4.6(v)) follow fro
the following two lemmas.

LEMMA 4.10. –If f is weaklyLog flat, then locally in the fppf topology there exists a ch
as in(4.6(iv)).
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Proof. –We can replace̊S by an étale cover, and so may assume that we have a chart
Q→MS . Let ∐

f-

ch
U =
(P,θ)

S̊Q[P ]→LogS

be the flat cover constructed in (3.15). We then obtain a diagram

X̊ U ×LogS
X̊

g

h

U

whereg is an fppf cover andh is flat. By definition ofU this means that locally in the fpp
topology onX̊ we have a chart as in (4.6(iv)).✷

LEMMA 4.11. –If fppf locally there exists a chart as in(4.6(iv)), thenf is Log flat.

Proof. –To verify thatLogX → LogS is flat we may replace̊S andX̊ by fppf covers, and
hence we can assume that we have a global chart as in (4.6(iv)). Let

UX =
∐

(P ′,θ)

X̊P [P ′]→LogX

be the flat cover ofLogX constructed in (3.15). To verify thatLogX →LogS is flat, it suffices
to show that an fppf cover ofLogX is flat overLogS , and hence it is enough to show that ea
of theX̊P [P ′] are flat overLogS . To see this, consider the commutative diagram

LogX X̊P [P ′]

LogS S̊Q[P ′]

whereS̊Q[P ′] is the scheme obtained from the compositeQ→ P → P ′. The map

S̊Q[P ′]→LogS

is flat by Theorem (3.13), and so is the map

X̊P [P ′]→ S̊Q[P ′]

since there is a natural cartesian diagram

X̊ X̊P [P ′]

S̊Q[P ] S̊Q[P ′],
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and the map̊X → S̊Q[P ] is flat by assumption. Consequently the compositeXP [P ′]→LogS is
also flat, and henceLogX →LogS is flat. ✷

([10],

t than
ults are

s,

d the

nd
This concludes the proof of Theorem (4.6).✷
From (4.6) we obtain some basic facts about log flat morphisms in the sense of K. Kato

1.10). Note that by (4.7) a morphism of fine log schemesf :X → S is log flat if and only if it is
Log flat.

COROLLARY 4.12. – (i)If

X ′

pr2

pr1
X

f

S′ g
S

is a cartesian diagram in the category of fine log schemes withf log flat, thenpr2 is log flat.
(ii) Suppose given morphisms of fine log schemes

X
f→ Y

g→Z

and suppose thatf andg are both log flat. Theng ◦ f is also log flat.

Proof. –To say that the mappr2 in (i) is log flat is equivalent to saying that

Log(pr2) :LogX′ →LogS′

is flat which follows from (3.20).
Sinceg ◦ f is log flat if and only if the composite

Log(g ◦ f) = Log(g) ◦ Log(f) :LogX →LogZ

is flat, statement (ii) holds sinceLog(f) andLog(g) are flat. ✷
Finally we mention a definition and two theorems of K. Kato which give a stronger resul

(4.6(iv)) about the relationship between log flatness and charts. The proofs of these res
outside the scope of this paper.

DEFINITION 4.13 ([11], Definition 1). – Letf :X → S be a morphism of fine log scheme
and suppose given a chart(Q,P,βQ, βP , θ) for f . Then this chart is calledneatat a geometric
point x̄→X if the following two conditions hold:

(i) The mapθgp :Qgp → P gp is injective.
(ii) The natural map

Coker(Qgp → P gp)→Coker(Mgp

S,f(x̄) →Mgp

X,x̄)

is an isomorphism.

The basic existence result about neat charts is the following theorem (4.14), an
relationship between neat charts and log flatness is given in (4.15).

THEOREM 4.14 ([11], Proposition 1). –Letf :X → S be a morphism of fine log schemes, a
supposeβQ :Q→MS is a chart. Then in a fppf neighborhood of any pointx ∈ X̊ , there exists
a chart(Q,P,βQ, βP , θ) (with the same(Q,βQ)) which is neat at a geometric point overx.
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THEOREM 4.15 ([11], Proposition 2). –Let f :X → S be a morphism of fine log schemes
with f̊ locally of finite presentation and letx ∈ X̊ be a point. Suppose given a chart
(Q,P,βQ, βP , θ) for f which is neat at a geometric point overx. Thenf is log flat atx if

truct
his
eful to

results

.

ebraic
e

and only if the map of schemes

X̊ → S̊Q[P ]

induced by the chart is flat atx.

5. The local structure of LogS

In this section we explain how work of L. Illusie on “toric stacks” can be used to cons
an étale cover of the stackLogS (whereS is a fine log scheme). The main results of t
Section were discovered by L. Illusie in somewhat different language, and we are grat
him for allowing us to include them here.

Before discussing toric stacks, however, we need some foundational definitions and
about log structures on algebraic stacks.

If S is an algebraic stack, we denote byLis-Et(S) the lisse-étale site ofS ([14], 12.1(i)).
Recall that the objects ofLis-Et(S) are pairs(U,u), whereU is an algebraic space andu :U →S
is a smooth1-morphism. A morphism(U,u) → (V, v) in Lis-Et(S) is a pair (ϕ, ι), where
ϕ :U → V is a morphism of algebraic spaces andι :u→ v ◦ ϕ is a2-isomorphism. A collection
of maps{(ϕi, ιi) : (Ui, ui)→ (U,u)} is a covering if the map∐

i

ϕi :
∐
i

Ui →U

is étale and surjective. There is a natural sheaf of ringsOSlis-et onLis-Et(S) defined by

OSlis-et
(
(U,u)

)
= Γ(U,OU ).

We denote by(Slis-et,OSlis-et) the associated ringed topos.

DEFINITION 5.1. – A pre-log structureon an algebraic stackS is a pair (M, α) (often
denoted justM), whereM is a sheaf of monoids onLis-Et(S) and α :M → OSlis-et is a
morphism of sheaves of monoids. A pre-log structure(M, α) is a log structure if the map
α−1(OS∗

lis-et) → O∗
Slis-et is bijective. A log structureM on S is fine if for every object

(U,u) ∈ Lis-et(S), the restrictionM|Uet is a fine log structure onU and for every morphism
f : (U,u) → (U ′, u′) in Lis-Et(S) the natural mapf∗(M|U ′

et
) → M|Uet is an isomorphism

A log algebraic stackis a pair(S,MS), whereS is an algebraic stack andMS is a log structure
onS.

Remark5.2. – Just as in ([9], 1.3), ifM is a pre-log structure on an algebraic stackS, then
there is a universal mapM→Ma fromM to a log structure.

By the same argument as in ([14], 12.2.1), the category of fine log structures on an alg
stackS is equivalent to the category of systems(M(U,u), ψ(ϕ,ι)) consisting of a fine log structur
M(U,u) onU for each(U,u) ∈ Lis-Et(S) and an isomorphismψ(ϕ,ι) :ϕ∗M(V,v) →M(U,u) for
each morphism(ϕ, ι) : (U,u)→ (V, v) in Lis-Et(S) such that for a composite

(U,u)
(ϕ,ι)

(V, v)
(ϕ′,ι′)

(W,w)
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the two isomorphisms

ψ(ϕ′◦ϕ,ϕ∗(ι′)◦ι), ψ(ϕ,ι) ◦ ϕ∗ψ(ϕ′,ι′) :ϕ∗ϕ′∗M(W,w) →M(U,u)

log

ed

. If

n

n

ks
are equal.
In particular, ifS is an algebraic space andM is a fine log structure onSet, then we obtain

a fine log structureMlis-et on Lis-Et(S), by definingM(U,u) := u∗M for each(U,u) ∈
Lis-Et(S) (together with the natural transition mapsψ(ϕ,ι)). The following proposition follows
from the same reasoning used in the proof of ([14], 12.3.3):

PROPOSITION 5.3. – If S is an algebraic space, the functorM �→ Mlis-et induces an
equivalence of categories between the category of fine log structures onSet and the category
of fine log structures onSlis-et. A quasi-inverse is given by the functor which restricts a fine
structure onSlis-et to Set.

If f :S1 → S2 is a 1-morphism between two algebraic stacks, thenf extends naturally to
a morphism of ringed topoi(f, θf ) : (S1,lis-et,OS1,lis-et) → (S2,lis-et,OS2,lis-et) ([14], 12.9.3),
whereθf :f−1OS2,lis-et →OS1,lis-et is a morphism of sheaves of rings. Hence ifM is a pre-log
structure onS2, we can define the pullback pre-log structuref−1M to be

f−1M
f−1(α)

f−1OS2,lis-et
θf OS1,lis-et .

If M is a log structure onS2, then we define its pullbackf∗M to be the log structure associat
to the pre-log structuref−1(M).

If M is a fine log structure onS2, then the pullbackf∗M has a more concrete description
(U1, u1) ∈ Lis-Et(S1), then we can, after replacingU1 by an étale cover find a2-commutative
diagram

U1

u1

fU
U2

u2

S1
f S2,

where (U2, u2) is an object ofLis-Et(S2). In this case, it follows from the constructio
of the functorf−1 ([14], 12.5) that the restriction(f∗M)(U1,u1) of f∗M to U1 is simply
f∗
U (M(U2,u2)). In particular,f∗M is again fine.

Remark5.4. – If f :T →S is a1-morphism from a schemeT to an algebraic stackS, then
if M is a fine log structure onS the pullbackf∗M is a fine log structure onTlis-et. By (5.3),
f∗M is isomorphic toN lis-et for a unique fine log structureN onTet. We often abuse notatio
and writef∗M for the fine log structureN and refer toN as the pullback ofM.

If f ′ :S1 →S2 is a second1-morphism andι :f → f ′ is a2-isomorphism, thenι induces an
isomorphismσ :f−1M→ f ′−1M such that(

θf ′ ◦ f ′−1(α)
)
◦ σ = θf ◦ f−1(α),

and hence an isomorphism of log structuresι(M) :f∗M→ f ′∗M.

DEFINITION 5.5. – A 1-morphism(S1,MS1) → (S2,MS2) between log algebraic stac
is a pair (f, f b), wheref :S1 → S2 is a 1-morphism of stacks andf b :f∗MS2 → MS1 is
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a morphism of log structures onS1. A 2-isomorphism(f, f b) → (f ′, f ′b) is a 2-isomorphism
ι :f → f ′ such thatf ′b ◦ ι(MS1) = f b.

of a

atural

cal

p

],
in
The following proposition gives a useful description of fine log structures in terms
covering:

PROPOSITION 5.6. – Let S be an algebraic stack, and letz :Z → S be a morphism from
a scheme which is flat, surjective, and locally of finite presentation. Then there is a n
equivalence of categories between the category of fine log structures onSlis-et and the category
of pairs(M, σ), whereM is a fine log structure onZ andσ :pr∗1M→ pr∗2M is an isomorphism
of log structures onZ ×S Z such that

pr∗13(σ) = pr∗23(σ) ◦ pr∗12(σ)

onZ ×S Z ×S Z .

Proof. –Given a fine log structureN on S, we obtain a pair(M, σ) as in the proposition
by settingM equal toz∗N and lettingσ be the isomorphism induced by the tautologi
isomorphism of functorsz ◦ pr1 � z ◦ pr2 onZ ×S Z . In this way we obtain a functor

F : (fine log structures onS)→
(
category of pairs(M, σ)

)
(5.6.1)

which we claim is an equivalence.
To show thatF is fully faithful, let N andN ′ be fine log structures onS and consider the ma

Hom(N ,N ′)→ Hom
(
(M, σ), (M′, σ′)

)
,(5.6.2)

where(M, σ) and(M′, σ′) are the images ofN andN ′ underF .
To see that (5.6.2) is injective, supposeϕ,ψ :N →N ′ are two maps for whichF (ϕ) = F (ψ).

If (V, v) is an object ofLis-Et(S), we can find a2-commutative diagram

V ′

p

q
Z

z

V S

(5.6.3)

wherep :V ′ → V is an fppf cover, and by assumptionp∗(ϕ(V,v)) = p∗(ψ(V,v)), whereϕ(V,v) and
ψ(V,v) denote the mapsN(V,v) →N ′

(V,v) induced byϕ andψ. But then by (A.5),ϕ(V,v) = ψ(V,v),

and hence (5.6.2) is injective. Note that in the case when(Z, z) is a smooth cover we can by ([4
IV.17.16.3) find a diagram (5.6.3) withp :V ′ → V an étale cover and so (A.5) is not needed
this case.

Conversely, suppose given a morphismε : (M, σ) → (M′, σ′). Then for every(V, v) ∈
Lis-Et(S) we can find a diagram as in (5.6.3) andq∗(ε) defines a morphism

ρ :p∗N(V,v) → p∗N ′
(V,v).

Moreover, the fact thatε is compatible withσ andσ′ implies that ifh :V ′ ×V V ′ → V denotes
the mappr1 ◦ p= pr2 ◦ p, then the two maps

pr∗1(ρ), pr∗2(ρ) :h
∗N(V,v) → h∗N ′

(V,v)
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are equal. Then by (A.5) we obtain a morphismψ(V,v) :N(V,v) →N ′
(V,v), and the collection of

maps{ψ(V,v)} defines a mapN →N ′ inducingε. As before, in the case when(Z, z) is a smooth
cover we can find a diagram as in (5.6.3) withV ′/V an étale cover so (A.5) is not needed. Thus

m

ce

t from

e
f

n

rs

ism
nd
nctor
there

e

ct

.4)
that
(5.6.2) is bijective.
To complete the proof of the proposition, it remains only to see that any pair(M, σ) is

induced by a fine log structureN on S. For this, let(V, v) ∈ Lis-Et(S) and choose a diagra
as in (5.6.3). The pair(M, σ) define a log structureq∗M on V ′ together with an isomorphism
ι : pr∗1q

∗M� pr∗2q
∗M onV ′ ×V V ′ which satisfies the cocycle condition onV ′ ×V V ′ ×V V ′

becauseσ satisfies the cocycle condition. Hence by (A.5) we obtain a unique log structureN(V,v)

onV inducing the pair(q∗M, ι) onV ′ (as above whenZ/S is smooth (A.5) is not needed sin
we can chooseV ′/V étale). The family{N(V,v)} comes with natural transition mapsψ(V,v), and
hence we obtain a fine log structureN onS which induces the pair(M, σ). ✷

Remark5.7. – As pointed out above, the proof of (5.6) does not require the use of resul
the appendix in the case whenz :Z →S is smooth.

COROLLARY 5.8. – SupposeS is a fine log scheme, and letS be an algebraic stack. Then th
groupoid of morphisms of stacksS →LogS ([14], 2.2)is naturally equivalent to the groupoid o
pairs (M, f), whereM is a fine log structure onS andf : (S,M) → S is a morphism of log
stacks.

Proof. –Let U →S be a smooth cover. By ([14], 3.2), the category of morphismsS →LogS
is equivalent to the category of triples(MU , fU , σ), whereMU is a fine log structure o
U , fU : (U,MU ) → S is a morphism of fine log schemes, andσ : pr∗1 MU → pr∗2MU is an
isomorphism of log structures onU ×S U satisfying the cocycle condition onU ×S U ×S U for
which the two maps(

h,pr∗1(f
b)
)
,
(
h,σ−1 ◦ pr2(f

b)
)
: (U ×S U,pr∗1M)→ S

are equal. By (5.6), the category of such triples(MU , fU , σ) is equivalent to the category of pai
(M, f) as in the corollary. ✷

If (S,M) is a fine log algebraic stack, we can define a fibered categoryLog (S,MS) just as we
did in the case whenS is a scheme. The objects ofLog (S,MS) are pairs(T, t), whereT is a fine
log scheme andt :T → (S,MS) is a 1-morphism between log algebraic stacks. A morph
(T ′, t′) → (T, t) is a pair(σ, ι), whereσ :T ′ → T is a strict morphism of log schemes, a
ι : t′ � t ◦ σ is a2-isomorphism between morphism of log algebraic stacks. The natural fu
(T, t) �→ T̊ makesLog (S,MS) a fibered category over the category of schemes. Note that
is a natural morphismLog (S,MS) →S obtained by sending an object(T, t) to the1-morphism

T̊ →S underlyingt.

PROPOSITION 5.9. – The fibered categoryLog (S,MS) is an algebraic stack locally of finit
presentation overS.

Proof. –It follows from the fact thatS is a stack thatLog (S,MS) is also a stack with respe
to the étale topology.

From this and (1.1) follows the case whenS is an algebraic space. Indeed, both (1.2
and (1.2.5) can be verified after replacingS by an étale cover. Moreover, the statement
Log (S,MS)/S is locally of finite presentation can also be verified after replacingS by an étale
cover.

To prove the proposition in the general case, we first verify (1.2.4) and (1.2.5).
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To show (1.2.4), suppose given a schemeX , two objectsx1, x2 ∈ S over X , and two fine
log structuresM1 andM2 on X together with mapsxbi :x

∗
iMS → Mi (i = 1,2), and define

I to be the functor on the category ofX schemes whose value onf :Z →X is the set of pairs

or

of
e

nite

e

s a

g

(ι, σ), whereι :f∗(x1) → f∗(x2) is an isomorphism inS overZ andσ :f∗M1 → f∗M2 is an
isomorphism of log structures such that the diagram

f∗x∗
1MS

ι(MS)

f∗(xb
1)

f∗M1

σ

f∗x∗
2MS

f∗(xb
2)

f∗M2

commutes. To show that the diagonal

∆:Log(S,MS) →Log (S,MS) ×Log (S,MS)

is representable, it suffices to show that for any collection of data as above the functI is
representable by an algebraic space of finite presentation overX . Let π :X ′ → X be the fiber
productX ×(x1,x2),S×S,∆ S. SinceS is algebraic,X ′ is representable by an algebraic space
finite presentation overX . It follows from the definition ofI thatI is naturally isomorphic to th
fiber product of the diagram

X ′

((id,π∗(xb
1)),(id,π

∗(xb
2)◦ι))

Log (X′,π∗x∗
1MS)

∆ Log (X′,π∗x∗
1MS) ×X Log (X′,π∗x∗

1MS),

whereι denotes the universal isomorphismι : π∗x∗
1MS � π∗x∗

2MS over X ′. Hence by the
case whenS is an algebraic space, the functorI is representable by an algebraic space of fi
presentation overX ′. SinceX ′/X is of finite presentation,I/X is also of finite presentation.

To construct a smooth coverU → Log (S,MS) as in (1.2.5), we may replaceS by a smooth
cover, and hence the existence of such aU follows from (1.1).

Finally, to prove thatLog (S,MS) is locally of finite presentation overS, we may again replac
S by a smooth cover by ([14], 4.14), and hence this also follows from (1.1).✷

Note that as in the case of schemes (3.19), if(S,MS) is a log algebraic stack, then there i
natural map

s :S →Log (S,MS)(5.9.1)

obtained from the functor

(t :T →S) �→
(
(t, id) : (T, t∗MS)→ (S,MS)

)
.

It follows from (3.19(ii)) thats is an open immersion since this can be verified after replacinS
by a smooth cover.

Observe also that if

f : (S1,MS1)→ (S2,MS2)(5.9.2)
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is a1-morphism between log algebraic stacks, then there is a morphism

Log(f) :Log(S1,MS ) →Log (S2,MS )(5.9.3)

t

that
as

t, in

.9.1) is

, and
at

we
ing

stacks

f

3],
1 2

obtained from (
g :T → (S1,MS1)

)
�→
(
g ◦ f :T → (S2,MS2)

)
.

If s1 :S1 →Log (S1,MS1) is the map (5.9.1) for(S1,MS1), then the composite

Log(f) ◦ s1 :S1 →Log (S2,MS2)(5.9.4)

is the morphism induced by the composite

(t :T →S1) �→
((

t, t∗(f b)
)
: (T, t∗MS1)→ (S2,MS2)

)
.

Though we will only use the notions ofLog representable andLog étale morphisms in wha
follows, we include the following two general definitions ((5.10)–(5.11)).

DEFINITION 5.10. – LetP be a property of morphism between algebraic stacks. We say
a morphismf as in (5.9.2)has propertyLog(P) if the morphism of algebraic stacks (5.9.3) h
propertyP , and thatf has property weakLog(P ) if (5.9.4) has propertyP .

For example, the propertyP could be the property of being representable, smooth, or fla
which case we sometimes say thatf is (weakly)Log representable, (weakly)Log smooth, and
(weakly)Log flat.

ForLog representable morphisms, one can define more properties (note that since (5
an open immersion,Log representable implies weaklyLog representable):

DEFINITION 5.11. – LetP be a property of representable morphisms of algebraic stacks
let f be a morphism of log algebraic stacks as in (5.9.2) which isLog representable. We say th
f has propertyLog(P) if the induced map (5.9.3) has propertyP , and thatf has property weak
Log(P) if the map (5.9.4) has propertyP .

For example,P could be the property of being étale, unramified, or quasi-finite. Below
shall see interesting examples ((5.23)–(5.29))ofLog representable morphisms whose underly
morphism of algebraic stacks is not representable.

The above definitions and results is the basic foundational work on log structures on
that we need, and we now turn our attention to “toric stacks”.

Let S be a scheme, and recall that for any fine monoidP , we have aS-schemeS[P ] =
Spec(OS [P ]) (1.2.1). For any affine schemeSpec(R) overS, there is a natural bijection

S[P ]
(
Spec(R)

)
= HomMon(P,R)

which givesS[P ] the structure of a monoid scheme overS. There is a natural inclusion o
monoid schemesS[P gp] ↪→ S[P ], and so the group schemeS[P gp ] acts onS[P ] by translation.
We denote bySP the stack theoretic quotient ofS[P ] by the action ofS[P gp ] (denoted
[S[P ]/S[P gp]] in ([14], 4.6.1)).

Remark5.12. – WhenP is a saturated and torsion free monoid,S[P ] with the action of
S[P gp] is a toric variety. In this caseSP is a toric stack in the sense of L. Lafforgue ([1
IV.1.a).
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Example5.13. – In the case whenP = Nr for somer ∈ N, SP = [Ar/Gr
m]. To give a1-mor-

phismT → SP is equivalent to givingr-line bundlesLi on T , together with morphisms of
line bundlessi :Li → OT . Indeed the stack classifying such collections of data(Li, si)ri=1

over
s

t 1).
d
elow

map

)

s.

ce

ry

(A.3),
when
nd

sheaves
gy

show
e

is naturally equivalent to the stack associated to the prestack whose objects
a schemeT are r-tuples of elements(x1, . . . , xr) in Γ(T,OT ), and whose morphism
(x1, . . . , xr) → (x′

1, . . . , x
′
r) arer-tuples of elementsui ∈ Γ(T,O∗

T ) such thatx′
i = uixi. This

prestack is in turn naturally equivalent to that defined byAr with its Gr
m-action. Now such a

collection(Li, si) is what K. Kato calls a Deligne-Faltings log structure in ([9], complemen
Thus by (loc. cit.),SNr is the classifying stack of pairs(M, γ), whereM is a log structure an
γ :Nr →M is a map which étale locally lifts to a chart. Propositions (5.14) and (5.20) b
generalize this example.

The action ofS[P gp] on S[P ] extends naturally to an action on the log structure onS[P ]
associated to the mapP →OS [P ]. This just means that for a ringR and mapsa :P → R and
b :P gp → R∗, there is a natural isomorphism between the log structure associated to thea
and that associated toa · b. Such an isomorphism is provided by the map

P →R∗ ⊕ P, p �→
(
b(p)−1, p

)
.

It follows from this and (5.6) that the log structure onS[P ] descends to a log structureMSP

onSP . Note that in the case whenP gp is torsion free,S[P ] is smooth overSP so Remark (5.7
applies in this case. Note also that there is a natural mapπP :P →MSP .

If t :T → SP is any 1-morphism from a scheme, we obtain a pair(t∗MSP , t∗πP ), where
t∗MSP is a fine log structure onT andt∗πP :P → t∗MSP is a morphism of sheaves of monoid
Moreover, sinceS[P ] →SP is flat and surjective, the mapt∗πP lifts fppf locally to a chart for
t∗MSP . In the case whenP is saturated, the mapS[P ]→SP is smooth, and then the existen
of a quasi-section for smooth morphisms ([4], IV.17.16.3) implies that the mapt∗πP lifts étale
locally onT to a chart fort∗MSP .

PROPOSITION 5.14. – LetP be a fine monoid. Then the pair(MSP , πP ) onSP induces an
equivalence of stacks betweenSP and the fibered categoryS′

P over the category ofS-schemes
whose fiber over a schemeT is the groupoid of pairs(N , γ), whereN is a fine log structure on
T andγ :P →N is a morphism which locally in the fppf topology onT lifts to a chart forN .

Remark5.15. – WhenP is fs, (2.4(ii)) shows thatS′
P is equivalent to the fibered catego

classifying pairs(N , γ), whereN is a fs log structure andγ :P → N is a morphism which
locally in the étale topology lifts to a chart.

Remark5.16. – The proof of (5.14) given below uses the result, proven in the appendix
thatS′

P is a stack with respect to the fppf topology. However, as pointed out in the proof,
P is fs and torsion free one needs only thatS′

P is a stack with respect to the étale topology, a
(A.3) is not needed.

Proof of (5.14). –Let

F :SP →S′
P(5.16.1)

denote the morphism of fibered categories ([14], 2.2) defined by(MSP , πP ). Note thatS′
P is a

stack with respect to the étale topology since étale sheaves and morphisms between étale
may be constructed étale locally, and in factS′

P is a stack with respect to the fppf topolo
by (A.3).

SinceSP is also a stack with the respect to the fppf topology ([14], 10.7(a)), it suffices to
thatF is fully faithful and that every object ofS′

P is fppf locally isomorphic to an object in th

4e SÉRIE– TOME 36 – 2003 –N◦ 5



LOGARITHMIC GEOMETRY AND ALGEBRAIC STACKS 779

image ofF . In the case whenP is fs, the proof given below shows thatF is fully faithful and
that every object ofS′

P is étale locally in the image ofF , so in this case one only needs to know
thatS′

P is a stack with respect to the étale topology and so (A.3) is not needed.

f

t

es

tack
ory
e
5).
s

gy in

e

are
s

p

(A.4)
logy on
To prove the full faithfulness, it suffices to show that for any affineS-schemeSpec(R), and
pointsa, b ∈ S[P ](R) inducing objects(Na, γa) and (Nb, γb) of S′

P (R), any isomorphismσ
between(Nb, γb) and (Na, γa) is induced by a unique pointu ∈ (S[P ] ×S S[P gp ])(R) such
thatpr1(u) = a andpr2(u) = b (wherepr1 is the projection andpr2 is given by the action o
S[P gp] on S[P ]). Now the isomorphismσ is by definition an isomorphismσ : Nb � Na such
that σ̄ ◦ γb = γa. For such an isomorphism, there exists for eachp ∈ P , a unique unitup ∈ R∗

such thatλ(up) + p = σ(p) in Na. In other words, there exists a unique pointu ∈ S[P gp ](R)
such thatσ is induced from the map

P →R∗ ⊕ P, p �→ (up, p),

and the fact thatσ is an isomorphism of log structures implies thatpr1(u) = a andpr2(u) = b.
ThusF is fully faithful.

Now by definition any object(N , γ) of S′
P over someS-schemeT , is fppf locally (étale

locally whenP is fs by (2.4(ii))) obtained from a mapP → Γ(T,OT ) sinceγ is assumed to lif
to a chart fppf locally. This implies that every object ofS′

P is fppf locally (étale locally whenP
is fs) obtained from a point ofS[P ] and hence is in the image ofF . ✷

It is also interesting to consider the fibered categoryS log
P over the category of fine log schem

defined bySP with its log structure.
In general, if (S,MS) is an algebraic stack with a fine log structure, we obtain a s

denoted(S,MS)log (or simply S log if no confusion seems likely to arise) over the categ
of fine log schemes. The objects of this stack are pairs(T, t), whereT is a fine log schem
and t :T → (S,MS) is a 1-morphismt :T → (S,MS) between log algebraic stacks (5.
A morphism(T, t) → (T ′, t′) is a pair(ϕ, ι), whereϕ :T → T ′ is a morphism of log scheme
andι : t→ t′ ◦ϕ is a2-isomorphism. If we give the category of fine log schemes the topolo
which covers are given by strict étale morphisms (thestrict étale topology), thenS log is in fact a
stack.

In the case ofSP , the associated stackS log
P “is” (i.e. is equivalent to) a functor. Indeed to giv

a1-morphismt : T̊ →SP is by (5.14) equivalent to giving a log structureM onT together with
a mapP → M which fppf locally (étale locally in the fs case) lifts to a chart. Now if we
given a morphismι :M→MT of log structures, the fact thatι is a bijection on units implie
that there are no non-trivial automorphismsσ of M which induce the identity onM for which
ι= ι◦σ. Hence the objects ofS log

P admit no non-trivial automorphisms, and soS log
P is equivalent

to a functor. This functor has the following interpretation:

PROPOSITION 5.17. – The functorS log
P is naturally isomorphic to the functor

Hom(P,M) :T �→Hom
(
P,Γ(T,MT )

)
.

Moreover, a morphismT → (SP ,MSP ) is strict if and only if the corresponding ma
π :P →MT lifts fppf locally to a chart.

Remark5.18. – WhenP is fs, the condition thatπ :P →MT lifts fppf locally to a chart is
by (2.4(ii)) equivalent to the condition thatπ lifts étale locally to a chart.

Remark5.19. – In the proof of (5.17) given below, we use a result from the appendix
when asserting that the map (5.19.1) is a map between sheaves for the strict fppf topo
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the category of fine log schemes. IfP is saturated and torsion free and if one restrictsS log
P and

Hom(P,M) to the category of fs log schemes, then one needs only that the map (5.19.1) is a
map of sheaves with respect to the strict étale topology and the use of (A.4) can be avoided.
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Proof of (5.17). –Let (N , π, ι) ∈ S log
P (T ) be an object over some log schemeT , whereN

is a fine log structure onT , π :P → N is a morphism which fppf locally lifts to a chart, an
ι :N →MT is a morphism of log structures. Thenῑ ◦ π :P →MT determines an element
Hom(P,M)(T ) and this defines a map

M :S log
P →Hom(P,M).(5.19.1)

It follows from (A.4) and ([14], 10.7(a)) thatS log
P is a sheaf for the strict fppf topology o

the category of log schemes. Here by the strict fppf topology we mean the topology
category of log schemes locally of finite presentation overS where coverings are given b
strict morphisms whose underlying morphism of schemes is faithfully flat and locally of
presentation. Moreover, by ([3], VIII.9.1) the functorHom(P,M) is also a sheaf with respe
to the strict fppf topology. Hence to show that (5.19.1) is an isomorphism it suffices to sho
following:

(5.19.2) Any section ofHom(P,M) is fppf locally in the image ofM ;
(5.19.3) Any two sections ofS log

P which map to the same element underM are fppf locally
isomorphic.

Statement (5.19.2) follows from (2.3) which shows that any mapP → MT on some log
schemeT is fppf locally (étale locally whenM is fs) on T̊ induced by a morphism of lo
schemesT → Spec(P → Z[P ]).

To prove statement (5.19.3), we show that ifT is a log scheme then two elements(N , π, ι)
and(N ′, π′, ι′) of S log

P (T ) are isomorphic if and only if the induced maps

ῑ ◦ π, ῑ′ ◦ π′ :P →MT

are equal. The “only if” direction is clear. For the other direction, observe that by the uniqu
of isomorphisms it suffices to construct an isomorphism fppf locally. Thus by (2.3) we
assume we have liftings̃π and π̃′ of π andπ′ (note that whenN andN ′ are fs we have suc
liftings étale locally). In this case, for everyp ∈ P there exists a unique unitup ∈ O∗

T such
that ι(π̃(p)) = λ(up) + ι′(π̃′(p)). The desired isomorphismN �N ′ is then obtained from th
isomorphism induced by the map

P →O∗
T ⊕P, p �→ (up, p).

From this it follows that (5.19.1) is an isomorphism.
Finally we show that a morphismf :T → (SP ,MSP ) is strict if and only if P → MT

lifts fppf locally to a chart. The “only if” direction is clear. As for the “if” direction, suppo
f :T → (SP ,MSP ) is such thatP → MT fppf locally lifts to a chart. Locally in the fpp
topology onT̊ , we can liftf∗(πP ) :P → f−1MSP to a chartβ :P → f∗MSP , and by (2.4(i))
the compositef b ◦ β :P → MT is also a chart. Hencef b :f∗MSP → MT is fppf-locally an
isomorphism. Therefore,̄f b :f∗MSP

→ MT is an isomorphism (since this can be verifi
after pulling back by any surjective morphismX ′ → X) and so by ([8], 3.2) the mapf b is
an isomorphism as well. ✷

The construction ofSP is functorial. More precisely, ifl :Q→ P is a morphism of monoids
then the natural mapS[P ] → S[Q] is compatible with the actions ofS[P gp] andS[Qgp], and

4e SÉRIE– TOME 36 – 2003 –N◦ 5



LOGARITHMIC GEOMETRY AND ALGEBRAIC STACKS 781

hencel induces a mapS(l) :SP →SQ. Moreover, there is a natural morphism of log structures
ηl :S(l)∗MSQ →MSP for which the diagram

e

f

ry
P
πP MSP

Q

l

πQ MSQ

η̄l

commutes.
We can describe this mapS(l) :SP →SQ in terms of the modular interpretation ofSP given

in Proposition (5.14). By (5.14), to give an object ofSP over some schemeT is equivalent to
giving a pair(N , γ), whereN is a fine log structure onT andγ :P → N is a morphism of
sheaves of monoids which fppf locally lifts to a chart. We construct an object(N ′, γ′) of SQ as
follows. Locally in the fppf topology we can choose a chartβ :P →N lifting γ (if P is fs then
by (2.4(ii)) we can find such a lifting étale locally), and we define(N ′, γ′) to be the log structur
associated to the composite

Q→ P
β→N →OT

together with the natural mapγ′ :Q→N ′
. If β1, β2 are two liftings ofγ, then for eachq, there

exists a unique unitu(q) such thatβ1(q) = λ(u(q)) + β2(q). If ρi :N ′
i →N (i = 1,2) are the

two morphisms of log structures obtained fromβ1 andβ2, then theu(q) define an isomorphism

ε :N ′
1 →N ′

2, q �→ λ
(
u(q)

)
+ q

such thatρ1 = ρ2 ◦ ε and such that the two maps

ε̄ ◦ γ′
1, γ′

2 :Q→N ′
2

are equal. Thus we get an object ofSQ. This isS(l)(N , γ).

PROPOSITION 5.20. – SupposeS is a fine log scheme and letS(l) :SP → SQ be the
morphism of stacks over̊S obtained froml :Q→ P . Suppose further that a chartβ :Q→MS

is given inducing a map̊S → SQ. Then the pullback of the triple(MSP , ηl, πP ) to the stack
SP ×SQ S̊ defines an isomorphism of̊S-stacks betweenSP ×SQ S̊ and the stackS′

P/Q whose

fiber overf :T → S̊ is the groupoid of triples(N , η, γ), whereN is a fine log structure on
T , η :f∗MS →N is a morphism of log structures, andγ :P →N is a morphism, which fpp
locally lifts to a chart, such that the diagram

Q

β̄

l
P

γ

f−1MS N

(5.20.1)

commutes.

Remark5.21. – WhenP is fs, (2.4(ii)) shows thatS′
P/Q is equivalent to the fibered catego

classifying triples(N , η, γ) as in the proposition whereγ lifts étale locally to a chart forN .
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Proof of (5.20). –Let

F :SP ×SQ S̊ →S′
P/Q(5.21.1)

he

ry

e

y
f log
be the functor induced by(MSP , ηl, πP ).
ThatF is fully faithful follows from the definition of the product of stacksSP ×SQ S̊.
To see thatF is essentially surjective, note thatF is a morphism of stacks with respect to t

fppf topology by (A.3) and (A.4), and so it suffices to show that every object ofS′
P/Q is fppf

locally in the image ofF (in the case whenP is fs the proof below actually shows that eve
object ofS′

P/Q is étale locally in the image ofF so one needs only thatS′
P/Q is a stack with

respect to the étale topology which is immediate).
Given a triple(N , η, γ) over someS̊-schemeT defining an object ofS′

P/Q, we can by
assumption fppf locally liftγ to a chartγ̃ :P → OT for N (whenP is fs we can by (2.4(ii))
find γ̃ étale locally onT ). The induced diagram

Q

β

l
P

γ̃

f∗MS
fb

N

may not commute, but the commutativity of (5.20.1) insures that for eachq ∈ Q there exists
a unique unituq ∈ O∗

T such that̃γ(l(q)) = λ(uq) + f b(β(q)). If M denotes the log structur
associated tõγ ◦ l :Q→N , then the map

Q→ f∗MS, q �→ λ(uq) + β(q)

defines an isomorphism betweenM andf∗MS compatible with the maps toN and the maps
Q→M andQ→ f−1MS . This implies that every triple(N , η, γ) is fppf locally obtained from
a morphism toSP ×SQ S̊ and the proposition follows. ✷

COROLLARY 5.22. –The fibered category over the category ofS-log schemes defined b
SP ×SQ S̊ is naturally equivalent to that defined by the functor which to any morphism o
schemesf :T → S associates the set of mapsρ :P → Γ(T,MT ) for which the diagram

Q
l

P

ρ

Γ(S,MS)
fb

Γ(T,MT )

commutes.

Proof. –This follows from the same argument used in the proof of (5.17).✷
COROLLARY 5.23. – For any morphism of fine monoidsl :Q → P , the induced morphism

S(l) : (SP ,MSP )→ (SQ,MSQ) is Log representable andLog étale.

Proof. –We have to show that the map

Log
(
S(l)

)
:Log (SP ,MSP

) →Log (SQ,MSQ
)
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is representable and étale.
To show thatLog(S(l)) is representable it suffices by ([14], 8.1.2) to show that for any

schemeT and objectt ∈ Log(SP ,MSP )(T ) in the fiber overT , there are no non-trivial
n

tor

it

tacks

of
eal
any

p

site

he

k

ows
f
by
ap
nse

t
at the
automorphisms oft whose image underLog(S(l)) is the identity. But ifT is a scheme, the
the fiberLog (SP ,MSP

)(T ) is by (5.17) equivalent to the groupoid of pairs(M, ρ), whereM
is a fine log structure onT andρ :P →M is a morphism of sheaves of monoids. The func
Log(S(l)) is simply given by

(M, ρ) �→ (M, ρ ◦ l),

and evidently there are no non-trivial automorphisms(M, ρ) which induce the identity on
(M, ρ ◦ l).

To see thatLog(S(l)) is étale, note first thatLog(S(l)) is locally of finite presentation since
is a morphism between algebraic stacks locally of finite presentation overS; hence is locally of
finite presentation by ([4], IV.1.4.3(v)) and the definition of a morphism between algebraic s
locally of finite presentation ([14], 4.14). Therefore, to show thatLog(S(l)) is étale it suffices to
show thatLog(S(l)) is formally étale by (4.9(ii)). By (5.17), the infinitesimal lifting criterion
(4.5) amounts to the following: ifi :T0 ↪→ T is a closed immersion defined by a nilpotent id
I, M is a fine log structure onT , andε :Q→M is a morphism of sheaves of monoids, then
mapρ :P → ι−1M for whichρ ◦ l = ι−1(ε) can be lifted to a unique map̃ρ :P →M such that
ρ ◦ l = ε. But this is trivial since the étale sites ofT andT0 are equivalent by ([5], I.8.3). ✷

COROLLARY 5.24. – If S is a fine log scheme andQ → MS a chart, then the ma
F :SP ×SQ S̊ →LogS defined by the pullback of the mapl∗MSQ →MSP onSP (and(5.8)) is
representable and étale.

Proof. –Let s :SP ↪→ Log (SP ,MSP
) be the open immersion (5.9.1). Then the compo

Log(S(l)) ◦ s :SP → Log (SQ,MSQ
) is an étale morphism overSQ by (5.23), and the mapF

is simply the base change of this map by the morphismS̊ →SQ. ✷
COROLLARY 5.25. – Fix a fine log schemeS, and letJ be the set of triples(U,β, l), where

U/S̊ is étale,β :Q → MS |U is a chart, andl :Q → P is a morphism of monoids. Then t
natural morphism

S̃ :=
∐

(U,β,l)∈J
SP ×SQ U →LogS

is representable, étale, and surjective.

Remark5.26. – SupposeS is an fs log scheme, and letT orS ⊂ LogS be the substac
classifying fs log schemes overS. In general ifM is a fine log structure on a schemeX ,
then the set of pointsx ∈ X for which Mx̄ is saturated is an open set since (3.5) sh
that it is constructible and stable under generization. Therefore,T orS is an open substack o
LogS ; in particularT orS is an algebraic stack. IfU ⊂ S̃ denotes the open substack obtained
considering only those triples(U,β, l) for which P is saturated and torsion free, then the m
U → T orS is surjective by (2.2). ThusT orS admits an étale cover by toric stacks in the se
of [13].

Remark5.27. – In fact, Remark (5.26) enables one to prove thatT orS is algebraic withou
appealing to (A.2) used in the proof of (1.1). Indeed as mentioned in (3.1) the proof th
diagonal

∆T orS :T orS →T orS ×S̊ T orS
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is representable does not require the use of (A.2). Moreover, whenP is fs and torsion free the
proof of (5.20) does not require any results from the appendix (as noted in the proof), and so one
can construct the étale coverU → T orS without appealing to results about log structures in the

d

ted
g

y
e

fppf topology. SinceU is an algebraic stack it admits a smooth coverU →U by a scheme, an
the compositeU →T orS is then a smooth cover ofT orS .

Example5.28. – Letk be a field of characteristicp > 0 and let

ρ : [A1/Gm]→ [A1/Gm]

be the morphism of stacks overk associated to the maps

ρA1 :A1 → A
1, ρGm :Gm → Gm

induced by

k[T ]→ k[T ], T �→ T p, and k[U±]→ k[U±], U �→Up.

The mapρ is not smooth since there is a commutative diagram

A1

ρA1

π [A1/Gm]

ρ

A
1 π [A1/Gm]

whereπ is smooth butρA1 is not. However, if we view[A1/Gm] as the log stackSN andρ as the
underlying morphism of stacks associated to the morphism of log stacks

S(×p) : (SN,MSN
)→ (SN,MSN

)

induced by multiplication byp onN, then by (5.23) the mapS(×p) is log étale.

Example5.29. – Continuing with the preceding example, define

S := [A1/Gm]×ρ,[A1/Gm],ρ [A1/Gm].

ThenS is isomorphic to the stackSP , whereP is the quotient of the free monoid genera
by two elementsx andy modulo the relationpx = py. By (5.23) this stack with its natural lo
structure is log étale overk (with the trivial log structure). Note however, thatSpec(k[P ]) with
its natural log structure is not log smooth. Indeed even the open setSpec(k[P gp ]) � µp × Gm

where the log structure onSpec(k[P ]) is trivial is not smooth.
In addition, the underlying stackSP is not smooth overk either. To see this, letP ′ be the

quotient ofN2 ⊕Z by the relation(p,0,0) = (0, p,1) and letβ :P ′ → P be the map obtained b
sending(1,0,0) to x, (0,1,0) to y, and(0,0,1) to 0. If M is a fine log structure on a schem
X andγ :P ′ →M is a map which fppf locally lifts to a chart, thenγ factors throughβ since
(0,0,1)∈ P ′ is a unit. Thus by (5.14) the mapβ induces an isomorphismS(β) :SP � SP ′ . Since
P ′gp �Z2, the mapSpec(k[P ′])→SP ′ is smooth, and sinceSpec(k[P ′]) is not smooth,SP ′ is
not smooth either.
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Finally letP be a property of morphismsf :X → Y of algebraic spaces which is stable under
base change and étale local on source and target. That is, for any family of commutative squares

say that

, and

to

perty

have a

ted by
for

tening
about
course
Xi

fi

gi

X

f

Yi
hi

Y

for which the maps ∐
i

gi :
∐
i

Xi →X,
∐
i

hi :
∐
i

Yi → Y

are étale and surjective, the mapf has propertyP if and only if all the mapsfi have propertyP .
For example,P could be the property of being étale, smooth, or flat. IfF :S1 → S2 is a
representable morphism of algebraic stacks, then it makes sense, by ([14], 3.10.1), to
F has propertyP .

Remark5.30. – Ifg :U → V is a representable and étale morphism of algebraic stacks
if f :X → U is a map from a scheme, then it follows from our assumptions onP that f has
propertyP if and only if g ◦ f has propertyP .

We can describe in terms of the stacksSP what it means for a morphism of log schemes
have property weakLog(P):

COROLLARY 5.31. – A morphism of log schemesf :X → S has property weakLog(P) if
and only if étale locally onS andX there exists a chart(Q,P,βQ, βP , θ) for f such that the
induced map

X̊ → S̊ ×SQ SP(5.31.1)

has propertyP . Moreover, iff has property weakLog(P), then for any chart(Q,P,βQ, βP , θ)
the map(5.31.1)has propertyP .

Proof. –To see the “if” direction, note that by the assumptions onP , we may replaceS and
X by étale covers, and hence may assume that we have a chart such that (5.31.1) has proP .
In this case (5.24) and (5.30) applied to

X̊
h→ S̊ ×SQ SP

g→LogS(5.31.2)

show thatf has property weakLog(P).
To prove the “only if” direction and the second statement, we may assume that we

chart (Q,P,βQ, βP , θ) for f so that we have a factorization as in (5.31.2). Iff has property
weakLog(P), then the mapg ◦ h has propertyP , and so (5.24) and (5.30) imply thath also has
propertyP . ✷
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Appendix A. Comparison of topologies

Let X be a scheme, and letXZar (resp.Xet, Xfl) denote the small Zariski site (resp. sm
étale site, big fppf site) ([15], Chapter II, §1). Thus the objects ofXfl are all schemes locally o
finite presentation overX , and coverings inXfl are given by surjective flat morphisms locally
finite presentation.

We can speak of fine log structures onX with any of these topologies: a log structure is fi
if it is locally isomorphic to the log structure associated to a morphismP → OX from a fine
monoidP .

Let

Xfl
π1→Xet

π2→XZar

be the natural morphisms of ringed topoi. IfM is a pre-log structure onXZar, thenπ−1
2 M can

naturally be viewed as a pre-log structure onXet via the composite

π−1
2 M

π−1
2 (α)

π−1
2 OXZar →OXet .

By taking the associated log structure, we get for any log structureM onXZar a log structure

π∗
2M :=

(
π−1

2 M
)a

onXet. Similarly, if M is a log structure onXet, then we get a log structureπ∗
1M onXfl. Just as

in ([9], 1.4.2), ifM is a pre-log structure onXet (resp.XZar), thenπ∗
1(Ma) (resp.π∗

2(Ma)) is
canonically isomorphic to(π−1

1 M)a (resp.(π−1
2 M)a). In particular ifM is a fine log structure

onXet (resp.XZar) thenπ∗
1M (resp.π∗

2M) is also fine.
The functorπ∗

1 (resp.π∗
2 ) has a right adjointπlog

1∗ (resp.πlog
2∗ ). If (M, α) is a log structure

onXfl (resp.Xet), thenπlog
1∗ (M) (resp.πlog

2∗ (M)) is simply the restriction ofM to Xet (resp.
XZar) with map toOXet (resp.OXZar ) given by restriction ofα. The fact that(π∗

1 , π
log
1∗ ) (resp.

(π∗
2 , π

log
2∗ )) are adjoint functors is checked as in ([9], 1.4).

The following theorem summarizes the basic relationship between the categories
structures in the various topologies (see also ([16], §2) for a comparison of the étale and
topologies):

THEOREM A.1. –The functorπ∗
1 (resp.π∗

2 ) induces an equivalence between the categor
fine log structures onXet (resp.XZar) and the category of fine log structures onXfl (resp. fine
log structuresM onXet for which the adjunction mapπ−1

2 π2∗M→M is an isomorphism).

Before giving the proof of (A.1), let us note the following corollaries:

COROLLARY A.2. – Let S be a fine log scheme(with log structure on the étale topology).
Then the fibered categoryLogS is a stack with respect to the fppf-topology on the categor
S̊-schemes.
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Proof. –It follows from (A.1) thatLogS is equivalent to the fibered category over the category
of S̊-schemes whose objects are morphisms

s in
o

.

aves

er

t.
s that

n
t

(X,MX)→ (S̊, π∗
1MS),

whereMX is a fine log structure onXfl. Since log structures and morphisms of log structure
the fppf topology may be constructed fppf-locally it follows thatLogS is a stack with respect t
the fppf topology. ✷

COROLLARY A.3. – Let S be a scheme andP be a fine monoid. Denote byS′
P the fibered

category over the category ofS-schemes whose fiber over a schemeT is the groupoid of pairs
(N , γ), whereN is a fine log structure onTet andγ :P →N is a map which fppf locally onT
lifts to a chart. ThenS′

P is a stack with respect to the fppf topology on the category ofS-schemes

Proof. –If M is a fine log structure on the étale site of a schemeX , then for any fine monoid
P , to give a mapγet :P → M of étale sheaves is equivalent to giving a map of fppf she
γfl :P → π−1

1 M since by adjunction

HomXfl

(
P,π−1

1 M
)
= HomXet

(
P,π1∗π

−1
1 M

)
= HomXet(P,M),

where the last equality follows from ([3], VIII.9.2). We claim thatγet lifts fppf locally to a
chart forM if and only if γfl lifts fppf locally to a chart forπ∗

1M. The “only if” direction is
clear. To see the “if” direction, we may by (2.3) assume that we have a liftingγ̃et :P →M. Let
ι :N →M be the resulting morphism of fine log structures onXet. By (2.4(i)) (which also holds
for fppf log structures by the same argument) and the assumption thatγfl lifts fppf locally to a
chart forπ∗

1M, the mapπ∗
1 :π∗

1N → π∗
1M is an isomorphism. Then by (A.1), the mapι is an

isomorphism as well and soγet lifts fppf locally to a chart.
It follows from this discussion and (A.1) thatS′

P,fl is equivalent to the fibered category ov
the category ofS-schemes whose fiber over a schemeT is the groupoid of pairs(N , γ), where
N is a fine log structure onTfl andγ :P →N is a morphism which fppf locally lifts to a char
Since fppf sheaves and morphisms between them may be constructed fppf locally it follow
S′
P,fl is a stack with respect to the fppf topology.✷
COROLLARY A.4. – Let X be a scheme and letM1 andM2 be two fine log structures o

Xet. Then the functorHom(M1,M2) onX-schemes which to anyf :T →X associates the se
of morphisms of log structuresf∗M1 → f∗M2 is a sheaf with respect to the fppf topology.

Proof. –By (A.1), the functorHom(M1,M2) is isomorphic to the functor

Hom(π∗
1M1, π

∗
1M2)

which to anyf :T → X associates the set of morphismsf∗(π∗
1M1) → f∗(π∗

1M2). Since
morphisms between fppf sheaves may be constructed fppf locally the result follows.✷

COROLLARY A.5. – Let X be a scheme andX ′ → X an fppf cover ofX . Then there is a
natural equivalence of categories between the category of fine log structures onXet, and the
category of pairs(M′, σ), whereM′ is a fine log structure onX ′

et andσ : pr∗1M′ → pr∗2M′ is
an isomorphism onX ′ ×X X ′ satisfying the cocycle condition

pr∗13(σ) = pr∗23(σ) ◦ pr∗12(σ)

onX ′ ×X X ′ ×X X ′.
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Proof. –By (A.1), the category of fine log structures onXet is equivalent to the category of
fine log structures onXfl, and the category of pairs(M′, σ) as in the corollary is equivalent to the
category of pairs(M′

fl, σfl), whereM′
fl is a fine log structure onX ′

fl andσfl : pr∗1M′
fl � pr∗2M′

fl

is

n,

in the
ent

r

e

s

is an isomorphism of log structures on(X ′ ×X X ′)fl satisfying the cocycle condition. From th
the result follows. ✷

We now begin the proof of (A.1) which will be in several steps ((A.6)–(A.11)).

PROPOSITION A.6. – Supposeu :X ′ →X is a faithfully flat morphism of finite presentatio
and thatM is an integral log structure([9], 2.2) on Xet (resp.XZar). Letpri (i = 1,2) be the
two projectionsX ′ ×X X ′ ⇒ X ′, and letũ = u ◦ pr1 = u ◦ pr2. Then the sequence

Γ(X,M)→ Γ(X ′, u∗M) ⇒ Γ(X ′ ×X X ′, ũ∗M)

is exact.

Proof. –It is known that the sequence

Γ(X,M)→ Γ
(
X ′, u−1M

)
⇒ Γ

(
X ′ ×X X ′, ũ−1M

)
(A.6.1)

is exact (in the étale topology this is ([3], VIII.9.2) and a similar argument gives the result
Zariski topology). Thus ifm1,m2 ∈ Γ(X,M) are two sections which map to the same elem
in Γ(X ′, u∗M), then there exists a unique unitγ ∈ Γ(X,O∗

X) such thatλ(γ)+m1 = m2. Since
the mapΓ(X,O∗

X) → Γ(X ′,O∗
X′) is injective, the images ofm1 andm2 in Γ(X ′, u∗M) are

equal if and only ifγ = 1 andm1 = m2. HenceΓ(X,M)→ Γ(X ′, u∗M) is injective.
Next supposem′ ∈ Γ(X ′, u∗M) is an element for whichpr∗1m

′ = pr∗2m
′. To prove thatm′ is

in the image ofΓ(X,M), we may, by the injectivity shown above, replaceX by an étale cove
(resp. Zariski cover). By the exactness of (A.6.1), the image ofm′ in Γ(X ′, u−1M) is contained
in Γ(X,M). Therefore, after perhaps replacingX by an étale cover (resp. Zariski cover), w
may assume that there exists a Sectionm ∈ Γ(X,M) whose image inΓ(X ′, u−1M) is equal
to the image ofm′. SinceM is integral, there exists a unique unitγ ∈ Γ(X ′,O∗

X′) such that
λ(γ) +m = m′. Moreover, since bothm andm′ are in the equalizer ofpr∗1 andpr∗2, γ is in the
equalizer of the two maps

Γ(X ′,O∗
X′) ⇒ Γ(X ′ ×X X ′,O∗

X′×XX′).

By descent theoryγ ∈ Γ(X,O∗
X), and hencem′ ∈ Γ(X,M). ✷

COROLLARY A.7. – If M is an integral log structure onXet (resp.XZar), thenπ∗
1M (resp.

π∗
2M) is the log structure which to any morphism of finite presentation(resp. étale) f :X ′ →X

associatesΓ(X ′, f∗M). In particular if M is an integral log structure onXet (resp.XZar), then
the natural mapM→ πlog

1∗ π∗
1M (resp.M→ πlog

2∗ π∗
2M) is an isomorphism.

COROLLARY A.8. – The restriction ofπ∗
1 (resp.π∗

2 ) to the category of integral log structure
onXet (resp.XZar) is fully faithful.

Proof. –If M1 andM2 are integral log structures onXet (resp.XZar), then

Hom(π∗M1, π
∗M2)�Hom

(
M1, π

log
∗ π∗M2

)
�Hom(M1,M2),

whereπ denotesπ1 (resp.π2). ✷
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COROLLARY A.9. – Let X be a scheme andM a fine log structure onXfl. Then the
adjunction mapπ−1

1 π1∗M→M is an isomorphism.

nt
ts

t

)
i)

rhood

.

by
t

Proof. –Let f :X ′ → X be a flat cover such that there exist a fine log structureN on X ′
et

and an isomorphismπ∗
1N �M|X′

fl
. By (A.8), the tautological descent datum forM|X′

fl
relative

to the morphismf induces descent datum forN relative tof . From this we obtain desce
datum for the étale sheafN relative tof , which by ([3], VIII.9.4) is effective. Thus there exis
a sheaf of monoidsF on Xet inducingN with its descent datum. ThusM� π−1

1 F , and since
π1∗π

−1
1 F �F ([15], III.3.11(b)) the result follows. ✷

PROPOSITION A.10. – Let X be a scheme andM an integral log structure onXet (resp.
XZar). ThenM is fine if and only ifπ∗

1M (resp.π∗
2M) is fine.

Proof. –The “only if” direction was already noted. Now ifπ∗
1M (resp.π∗

2M) is fine, then
there exist a flat (resp. étale) coverf :X ′ →X and a fine log structureM′ onX ′

et (resp.X ′
Zar)

such thatπ∗
1M|X′ (resp.π∗

2M|X′ ) is isomorphic toπ∗
1M′ (resp.π∗

2M′). From this and (A.8)
we obtain an isomorphismf∗M�M′ and hencef∗M is fine. Letx̄→X be a geometric poin
(resp. point) and let̄y →X ′ be a geometric point (resp. point) lying overx̄. Then

Mx̄ �
(
f−1M

)
ȳ
�M′

ȳ

which implies thatMx̄ is a fine monoid. Choose a finitely generated groupG and a map
h :G → Mgp

x̄ such that the compositeG → Mgp

x̄ is surjective. Then by ([9], proof of 2.10
the monoidP := h−1(Mx̄) is fine, and so after replacingX by some étale (resp. Zarisk
neighborhood of̄x we can find a mapP →M. Let N be the log structure associated toP and
letN →M be the induced map. By ([9], 2.10) there exists an étale (resp. Zariski) neighbo
of ȳ such thatf∗N → f∗M is an isomorphism. From this and (A.8) it follows thatN →M is
an isomorphism in some neighborhood ofx̄. ✷

PROPOSITION A.11. – LetX be a scheme andM a fine log structure onXfl (resp.Xet such
thatπ−1

2 π2∗M→M is an isomorphism). Then there exists a pair(N , s), whereN is a fine log
structure onXet (resp.XZar) ands is an isomorphism betweenM andπ∗

1N (resp.π∗
2N ).

Proof. –Let π denoteπ1 (resp.π2). DefineN := πlog
∗ M, and lets :π∗N →M be the map

obtained by adjunction. To prove the proposition it suffices to show thats is an isomorphism
Once this is shown, the fact thatN is fine follows from (A.10).

To show thats is an isomorphism, it suffices to show that

s̄ :π−1(N )� (π∗N )→M

is an isomorphism, sinces is a morphism of integral log structures ([8], 3.2). By (A.9) (resp.
assumption) the mapπ−1π∗M→M is an isomorphism, so to verify thats̄ is an isomorphism i
suffices to verify thatπ∗(s̄) :N → π∗M is an isomorphism.

Thatπ∗(s̄) is injective follows from the commutative diagram

N
π∗(s̄)

N gp

π∗M π∗(M
gp

)
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and the snake lemma applied to the following commutative diagram of sheaves onXet (resp.
XZar):

gp

at

he

r
eric

n
sm
d

ris,

des
du

, 28,

s,
0 O∗
X N gp N 0

0 O∗
X π∗Mgp π∗(M

gp
).

To see that the mapπ∗(s̄) is surjective, suppose we have a sectionm̄ ∈ π∗(M)(U) for some
étale (resp. Zariski)U → X . Then the surjectivity ofπ∗(s̄) is equivalent to the statement th
locally in the étale (resp. Zariski) topology onU there exists a lifting of̄m toM. In other words,
we have to show that the sheafS onUfl (resp.Uet) defined by

V �→
{

liftings of m̄ to M(V )
}

admits a section locally in the étale (resp. Zariski) topology. ButS is naturally aGm-torsor, so
this follows from the fact that anyGm-torsor in the flat topology can be trivialized locally in t
Zariski topology ([5], XI.5.1). ✷

ExampleA.12. – SupposeR is a complete discrete valuation ring andE/R a proper regula
scheme whose closed fiberj : E0 ⊂ E is a divisor with normal crossings and whose gen
fiber is smooth. Suppose thatE0 is an irreducible nodal genus 1 curve, and letME be the log
structure onEet defined by the divisorE0 ([9], 1.5.1). Then we claim thatME is not induced by
a log structure onEZar. In fact evenME0 := j∗ME is not induced by a Zariski log structure o
E0. To see this letp : Ẽ0 →E0 be the normalization ofE0, and note that there is an isomorphi
p∗Z � Mgp

E0
([8], 11.5). Now if U ⊂ E0 is an open set, thenp−1(U) ⊂ Ẽ0 is connected an

hence(p∗Z)(U) = Z. Thus the restriction ofMgp

E0
to E0,Zar is the constant sheafZ, and if

p̄→E0 denotes a geometric point mapping to the node, then the map

Z �
(
π−1

2 π2∗M
gp

E0

)
p̄
→Mgp

E0,p̄ � Z
2

is the diagonal map. In particular, the mapπ−1
2 π2∗ME0 →ME0 is not an isomorphism.
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