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ON SPIN AND MODULARITY
IN CONFORMAL FIELD THEORY

BY IGOR KRIZ 1

ABSTRACT. – We shall investigate chiral conformal field theories with1-dimensional conforma
anomalies with or without spin. We shall rigorously classify such anomalies and describe their mod
properties. Thereby, we give a detailed mathematical treatment of the simplest case of G. Segal’s a
to conformal field theory.

 2003 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Nous étudions les théories du champ conforme chirales avec anomalies confor
dimension1, avec ou sans spin. Nous faisons une classification rigoureuse de telles anomalies
décrivons leurs propriétés modulaires. Nous donnons ainsi un fondement mathématique au ca
simple de l’approche de la théorie du champ conforme due à G. Segal.

 2003 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

This paper is about the relationship between conformal anomalies and modularity fo
for partition functionsZ(τ) of holomorphic conformal field theories. Our goal is to work
rigorously a very basic case, namely when the anomaly is1-dimensional. The author becam
interested in this question as a prerequisite for investigating connections between holom
conformal field theory and elliptic cohomology. (That project will be pursued elsewhere.) D
the investigation of the question, a surprizing number of subtle complications appeared,
will turn out to be our main focus.

The mathematical definition of conformal field theory (CFT), and its anomaly, was give
Segal [21]. In this paper, Segal also gives a modularity formula forZ(τ) for holomorphic CFT’s
([21], Proposition 6.9). Terminological note: In physics, holomorphic CFT’s are also some
called chiral (and antiholomorphic antichiral), although the author believes originally chira
a common term for both holomorphic and antiholomorphic CFT’s. Segal’s modularity for
says that after multiplying by a certain power ofq = e2πiτ , depending on the central charge
the theory,Z(τ) transforms under modular transformationsg of level 1 by multiplication by a
certain character ofSL2(Z) (see also Corollary 3.4 below).

In [21], (Section 8), Segal constructs a series of basic examples of holomorphic con
field theories with their anomalies (or, more precisely, slight generalizations). The space o
F(Ωα) of these CFT’s is the Hilbert completion of the exterior algebra on the Hilbert spa
α-forms onS1, α ∈ 1

2Z (the Fock space – see Section 2 below). In some sense, these a

1 The author was supported by the NSF.
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58 I. KRIZ

most basic examples. In physics, they are known asb–c systems (see [12,17], Chapter 13.1). The
most interesting case isα= 1/2, which is the CFT of the chiral fermion. But in this case, we get
a Spin -CFT, i.e. a mathematical object which satisfies the axiom of CFT when the spaceC of
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Riemann surfaces is replaced by the spaceCspin of Riemann surfaces withSpin -structure (see
Section 2 below). The formula [21], Proposition 6.9, does not apply as stated to that ca
course, for this example, the partition function is known explicitly, but it would be nice to h
general formula which includes this case. Whenα ∈ Z, then [21], Proposition 6.9 does apply, b
finds thatZ(τ) = 0 (these theories areZ/2-graded, causing cancellation of terms – see Secti
below).

The goal of this note is to find modularity formula which would apply, in a non-trivial wa
a general class of conformal field theories with1-dimensional anomalies, including the theor
F(Ωα), α ∈ 1

2Z. We use the class of allSpin-conformal field theories with1-dimensiona
anomaly in the case whenα ∈ Z + 1

2 . Whenα ∈ Z, spin is not relevant, but the theoriesF(Ωα)
do have extra structure, namely can be defined on the spaceCZ/2 of Riemann surfaces equippe
with aZ/2-principal bundleL (which we call aSqrt -structure). This allows one to define anoth
partition functionZ−(τ) which is non-zero forF(Ωα). We obtain a general modularity formu
for the partition functionsZ−(τ).

In the proof of Segal’s formula [21], Proposition 6.9, the major ingredient is a theore
Mumford, which classifiesC×-central extensions of the spaceC, with the operations of sewin
and disjoint union. The theorem says that all suchholomorphiccentral extensions are essentia
of the formDet⊗n wheren ∈ Z, andDet is the determinant line of Quillen [18]. Two details a
missing in this description: first, for odd powers ofDet , theC×-central extensions are ‘super’ (
Z/2-graded, with appropriate signs). Second, the statement is only true modulo certain “
central extensions which will be mentioned below. This paper contains two preliminary se
In Section 2, we will define the relevant algebraic structures on the moduli spaces of surfC,
Cspin , CZ/2, andC×-central extensions. In Section 3, we shall review the basics of confo
field theory.

When extending the modularity formula to conformal field theories withSpin- andSqrt -
structure, the crucial step is to extend Mumford’s theorem so as to classify holom
C×-central extensions ofCspin and CZ/2. Up to equivalence, (i.e. modulo trivialC×-central
extensions), this is done in Section 4. It turns out that both groups of equivalence class
suitable sense) of central extensions are isomorphic toZ×Z/4Z, and we identify the generator
In the case ofCspin , the generators are the Quillen determinant, and the conformal anom
the CFTF(Ω1/2). In the case ofCZ/2, the generators are the Quillen determinant, which is
conformal anomaly ofF(Ω0), and a twisted version of the Quillen determinant, which, instea
functions (i.e.Ω0), uses sections of the complex line bundle associated with theSqrt -structureL.

Despite the classification ofZ/2-gradedC×-central extensions ofCspin given in Section 4
intuition suggests very strongly that with a suitable generalization of the axioms, theC×-central
extension ofCspin given byF(Ω1/2) should have a square root, i.e. aPfaffianof the space o
1/2-forms. While this Pfaffian is easy to define in certain cases (for example on the m
space ofSpin -surfaces with antiperiodic boundary components only), the axioms in the ge
case require the formalism of the super-Brauer group ofC, and were suggested to me
P. Deligne [4]. This is covered in Section 5.

“Trivial” C×-central extensions are discussed in Section 6. These are certain holom
C×-central extensions which are constant lines on the moduli spaces of curves of given
and depend only on the diffeomorphic type of the curve (with itsSpin-structure). We classify in
detail such trivialC×-central extensions ofC, Cspin .

In Section 7, we review some basic facts about automorphic functions of level1 and2, and
in Section 8 we use them to obtain modularity formulas forZ(τ) in the case ofSpin -CFT’s,
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ON SPIN AND MODULARITY IN CONFORMAL FIELD THEORY 59

andZ−(τ) in the case ofSqrt -CFT’s. The groups of modular transformations occuring in these
cases are subgroups ofSL2(Z) of modular transformations of elliptic curves with distinguished
point of order2. These are three subgroupsΓ1,Γ2,Γ3 of index3 in SL2(Z), which contain the
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groupΓ(2) of order2 modular transformations as an index2 subgroup (one must pass to cent
extensions of the modular groups byZ/2 in theSpin case). The modularity formulas assert t
after multiplying byq−c/24, the partition functions become essentially modular (of weigh0)
with respect to the appropriateΓi, up to a character ofΓi which is determined by the conform
anomaly considered as an element of the group ofC×-central extensions ofCspin , CZ/2.

2. Moduli spaces of surfaces and their C×-central extensions

In this paper, the word surface always refers to a real2-manifold or complex curve, i.e. no
a complex surface. We will work with conformal surfacesX , by which we shall mean oriente
smooth real2-manifolds with boundary and a conformal structure. This is the same thing
smooth oriented Riemann surface, where two Riemann metrics are considered equivalent
a scalar multiple of the other at each point. Further, we will assume that the boundary comp
ofX are parametrized by diffeomorphisms withS1. There are two choices of orientation of su
parametrization, according to which we shall distinguish the boundary components asincoming
or outgoing. We label a boundary component asoutgoingif the basis(v, vout) gives positive
orientation wherev is the image of the tangent vector(0,1)T to S1 ⊂ C at the point1 ∈C, and
vout is the normal vector to the boundary component ofX , pointed outward. Thus, the bounda
of the unit disk inC parametrized byId :S1→ S1 is incoming.

For two conformal surfacesX , Y we can obviously consider the conformal surfaceX�Y . On
the other hand, if we choose one incoming and one outgoing boundary componentcin , cout of a
conformal surfaceX , we can define another conformal surfaceX̌ by gluingcin with cout by their
parametrizations; if we choose a Riemann metric onX , the Riemann metrics on the two sid
of the identified boundary componentscin , cout may not be compatible. They can, howev
be multiplied smoothly by scalars at each point in such a way that the resulting metric
give a well defined Riemann metric oňX . Further, it can be shown that the resulting conform
structure does not depend on the choice of metric. We will work with the moduli spaceC of
conformal surfaces. The connected components ofC consisting of surfaces which do not ha
closed components can be viewed as∞-dimensional complex manifolds [21]. The compone
consisting of closed surfaces are finite-dimensional, but can have automorphisms, and
should be viewed as an analytic stack. Essentially, rather than just the space of isomo
classes, we want to consider the Teichmüller space with the action of the modular gro
shall elaborate more on this below.

For now, let us consider the algebraic structure onC. First,C is a category where the morphism
are isomorphisms of surfaces. Second, we have two operations onC: disjoint union� and
sewing?̌ along a specified pair of incoming and outgoing boundary component. We then
the following requirements:

a symmetric monoidal structure onC with respect to
the operation�(2.1)

an isomorphismX � Y̌ ∼= ˇ(X � Y )(2.2)

an isomorphism between surfaces obtained by sewing
two fixed pairs of boundary components, but with
reversed order of sewing.

(2.3)

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



60 I. KRIZ

These isomorphisms are required to give commutative coherence diagrams obtained whenever
one expression in the operations� and?̌ can be converted to another using the isos (2.1)–(2.3)
in two different ways.

e one
nts,

oincide.
or each

r

spective

, where
It is tedious to write down explicitly all the coherence diagrams arising, but we shall giv
example. Consider a surfaceX ∈ C with three distinguished pairs of boundary compone
each containing one inbound and one outbound boundary component. Denoting byX̌i,j,k,
{i, j, k} = {1,2,3}, the surface obtained fromX by sewing theith, jth andkth pair in this
order, then the isomorphisms (2.3) specify two compositions of isos

X̌123
∼= X̌213

∼= X̌231

and

X̌123
∼= X̌132

∼= X̌321
∼= X̌231.

The corresponding coherence diagram says that these two compositions are required to c
To axiomatize the structure for which these axioms make sense precisely, note that f

conformal surfaceX we have a pair

ω(X) = (Xin ,Xout)

of sets of inbound and outbound boundary components ofX . The sewing operators give, fo
a ∈Xin , b ∈Xout , a surface

X̌(a, b)

where

X̌(a, b)in =Xin − {a}, X̌(a, b)out =Xout − {b}.

A categoryCat with such structure, i.e. assigning to each objectX a pair of setsω(X) and
a corresponding sewing operator as above, satisfying the axioms (2.1)–(2.3) and the re
coherence diagrams, will be calledcategory with sewing. We shall further require thatCat be a
groupoid.

We now define a (Z/2-graded)C×-central extensionof a category with sewingCat as a
collection ofZ/2-graded complex linesDX (i.e. pairs(L, εL) whereL is a line andεL ∈ Z/2),
indexed over objectsX ∈ C and functorial there with respect to isomorphisms inCat , together
with natural isomorphisms

DX�Y ∼=DX ⊗DY ,

DX̌
∼=DX .

(2.4)

The isomorphisms are coherent in the sense that diagrams of the following kind commute
the arrows are the specified natural isomorphisms:

DX�Y�Z
∼=

∼=

DX ⊗DY�Z

∼=

DX�Y ⊗DZ
∼=
DX ⊗DY ⊗DZ ,

(2.5)
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DX�Y
∼=

∼=

DX̌�Y

∼=(2.6)
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DX ⊗DY
∼=

DX̌ ⊗DY ,

DX
∼=

∼=

DX̌(1)

∼=

DX̌(2)

∼=
DX̌(12) ,

(2.7)

DX�Y
∼=

∼=

DX ⊗DY
T

DY�X
∼=
DY ⊗DX .

(2.8)

The penultimate diagram expresses commutativity of sewing isomorphism when we cha
order of sewing. In the last diagram, the left column is functoriality, the right column is give
exchange of factors multiplied by(−1)εDX

εDY .
These diagrams are important: it would be wrong to require that all isomorphisms be

the linesDX obtained from (2.4) be compatible with all of the operations. For examp
Cat = C andD+ andD− are copies of the unit disk inC with boundary parametrized byz,
z−1, respectively (thus, the boundary ofD+ is outgoing and the boundary ofD− is incoming),
andA is any annulus, then by the Riemann mapping theorem, we obtain an isomorphism

DD+ ⊗DA ⊗DD−

∼=−→DP1 ,

which gives as isomorphism

DA ∼=DA′

for any two annuliA,A′. However, those isomorphisms cannot be compatible with gluing, s
as we shall see,D is characterized by theC×-central extension it specifies on the semigroup
annuli (and can be non-trivial – see [21], Chapter 5).

We would like to define aC×-central extension ofC holomorphicif for a holomorphic family
of conformal surfaces(Xb)b∈B whereB is a complex manifold,L(Xb) form holomorphic vecto
bundle onB.

To be completely precise about what ‘holomorphic families of conformal surfaces’ m
actually, we must introduce the language of stacks [6,13]. We will consider the ground ca
M of smooth, but possibly infinite-dimensional (see [21,16]) complex manifolds with
analytic topology (i.e. coverings are coverings by systems of open sets). Over this categM,
astack with sewingwill then be defined as a symmetric monoidal stackF with operation�, and
also a map of stacks

ω :F →Sin ×Sout

where the target is a product of two copies of the stackS whose sections overB ∈ Obj (M)
are finite covering spaces ofB. Further, forX ∈Obj (FB) (the right hand side denoting objec
overB), if ω(X) = (Sin , Sout) anda, b are sections ofSin , Sout overB, then we require tha
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62 I. KRIZ

we have a functorial

X̌(a, b) ∈Obj (F)

onding

for

bound-
th the
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orphic)
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nnected
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with
where

ω
(
X̌(a, b)

)
=

(
Sin − {a}, Sout − {b}

)
(in the obvious sense). Stack versions of the axioms (2.1)–(2.3), and the corresp
coherences are also required.

To define a (holomorphic)C×-central extension of a stack with sewing, we require that
eachB ∈ ObjM, X ∈ Obj (FB), DX be a (holomorphic) complex line bundle overB, with
functoriality and all operations in the category of (holomorphic) line bundles.

The most fundamental example of stack with sewing is the moduli stackC of conformal sur-
faces with parametrized boundary components: the sections ofC overB ∈M are holomorphic
families of surfaces overB, i.e. complex manifoldsM with a holomorphic projectionM → B
transverse to every point where the fiber is a surface (= complex curve), and a map∂M → S1

which restricts to a boundary parametrization on each fiber (i.e. diffeomorphism on each
ary component of the fiber). Morphisms are holomorphic diffeomorphisms compatible wi
projection toB and boundary parametrization. Note that the category denoted above asC is the
category of sections of the stackC over a point.

Another exampleC0 of stack with sewing has the same objects asC, but morphisms are a
isotopy classes of orientation preserving fibered diffeomorphisms (not necessarily holom
compatible with boundary parametrization. The isotopy is required to be through maps
same kind, i.e. fibered and preserving boundary parametrization.

Finally, we can define a stack with sewingCtop which has the same objects asC, C0, and
morphisms are equivalence classes of morphisms inC0 where two morphisms are defined
be equivalent if they induce the same maps on the sets of boundary components and co
components. We have obvious maps of stacks with sewing

C → C0→Ctop .

All the stacks we will use are analytic in the sense that they are equivalent to sta
the form [V/G] whereV is a smooth (possibly infinite-dimensional) complex manifold w
properly discontinuousG-action. The sections of[V/G] over a complex manifoldU are free
G-equivariant manifoldsU ′ with G-equivariant mapU ′→ V and an isomorphismU ′/G∼=U .

To explore this point further, we introduce some additional formalism. For categories
sewingC1, C2, a lax functor with sewingfromC1 toC2 consists of

(1) a functorF :C1 →C2

(2) a natural isomorphism

λ :F (X � Y )→ F (X)�F (Y )

(3) a natural isomorphism

φ :ω(X)→ ω
(
F (X)

)
(4) a natural isomorphism

µ :F
(
X̌(a, b)

)
→ ˇF (X)

(
φ(a, b)

)
4e SÉRIE– TOME 36 – 2003 –N◦ 1



ON SPIN AND MODULARITY IN CONFORMAL FIELD THEORY 63

for which the respective induced maps form commutative diagrams with the isos (2.1)–(2.3). For
example, the commutative diagrams with (2.1) say thatF is a lax functor of symmetric monoidal
categories. The commutative diagram with (2.3) is of the form

with
F (X̌(a, b))∨(c, d)
∼=
µ F (X̌(a, b))∨(φ(c, d))

∼=
µ̌(φ(c,d))

F (X̌)(φ(a, b))∨(φ(c, d))

F (X̌(c, d))∨(a, b)
∼=
µ F (X̌(c, d))∨(φ(a, b))

∼=
µ̌(φ(a,b))

F (X̌)(φ(c, d))∨(φ(a, b)).

(HereX∨ := X̌ .)
For two lax functors with sewingF,G :C1 → C2, an isomorphism with sewingis a natural

isomorphism

η :F →G

which commutes with the mapsλ,φ,µ. In particular, for (3) this means the diagram

ω(X)
φ

φ

ω(F (X))

ω(η)

ω(G(X))

and for (4)

F (X̌(a, b))
µ

η

F (X̌)(φ(a, b))

η̌(φ(a,b))

G(X̌(a, b))
µ
G(X̌)(φ(a, b)).

There are obvious versions of these definitions for stacks with sewing. Anequivalenceof
categories with sewingC1,C2 consists of a pair of lax functors with sewingF :C1 → C2,
G :C2→C1 and isomorphisms with sewingFG∼= Id ,GF ∼= Id .

LEMMA 2.9. – A lax functor with sewingF :C1→C2 between categories with sewing(resp.
stacks with sewing) defines for every(holomorphic) C×-central extensionD of C2 a canonical
(holomorphic) C×-central extensionF ∗D of C1. An isomorphism with sewingη :F → G
induces an isomorphism of(holomorphic) C×-central extensions

F ∗(D)∼=G∗(D).

Proof. –Define

F ∗(D)X :=DF (X).(2.10)

The axioms for lax functors with sewing give the structure needed. For an isomorphism
sewing

η :F →G,

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



64 I. KRIZ

the induced isomorphism onC×-central extensions is

F ∗(D)X =DF (X)−→DG(X) =G∗(D)X .
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erving
Dη

The required properties are easily verified.✷
In the case of compact conformal surfaces with parametrized boundary, recall that for s

which are of given topological type, there is a (infinite-dimensional, if the boundary is
empty) contractible smooth manifoldT called the Teichmüller space on which there ac
modular group.

To define the Teichmüller space, select a surfaceX0 with complex structure and parametriz
boundary. The Teichmüller space (or fine moduli space)T = T (X0) can be defined as the spa
of isomorphism classes of data of the form

φ :X→X0

whereφ is an isotopy class of diffeomorphisms preserving orientation and boundary pa
trization, andX is a surface with complex structure and parametrized boundary.

Denote byDiff +(X0) the group of orientation preserving diffeomorphismsX0 → X0 re-
specting boundary parametrization, and denote byDiff +

0 (X0) the subgroup of diffeomorphism
which are isotopic to the identity (through diffeomorphisms respecting boundary param
tion). Then the modular group (or mapping class group)G=G(X0) is defined as

G=Diff +(X0)/Diff +
0 (X0).

We have a short exact sequence of groups

1→G0 →G→ S→ 1(2.11)

whereG0 = G0(X0) is the subgroup ofG consisting of diffeomorphisms fixing bounda
components and connected components, andS = S(X0) is the group of allowable permutation
of boundary components.

The groupS is a semidirect product of the form

S = S0 � SC

whereSC = SC(X0) is the group of all permutations of connected components ofX0 preserving
isomorphism type of connected components, andS0 is the product over connected componentC
of the groups of all permutations of boundary components ofX0 contained inC, which preserve
orientation (i.e. which send inbound boundary components to inbound and outbound bo
components to outbound).

Now recall that there is an equivalence of stacks

C
∼=−→

∐
X0

[
T (X0)/G(X0)

]
(2.12)

where the disjoint union is over representatives of boundary parametrization pres
diffeomorphism of conformal surfaces. Similarly, we have equivalences of stacks

C0 ∼=−→
∐
X0

[
∗/G(X0)

]
,(2.13)
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ON SPIN AND MODULARITY IN CONFORMAL FIELD THEORY 65

Ctop ∼=−→
∐
X0

[
∗/S(X0)

]
.(2.14)

Note that we can use these equivalences toinducestructures of stacks with sewing on the
ks with
there is
Thus,
re not

metric

y
l

s
al

iven

en

hand

sjoint

on
map),
y
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right hand sides of (2.12)–(2.14), so that (2.12)–(2.14) then become equivalences of stac
sewing. However, note that the equivalences of stacks (2.12)–(2.14) are not canonical:
merely a distinguished class of equivalences any two of which are naturally isomorphic.
the induced structures of stacks with sewing on the right hand sides of (2.12)–(2.14) a
canonical, although any two such structures are equivalent.

Note that this discussion is an elaboration of a precisely analogous discussion for sym
monoidal categories.

We will see thatC×-central extensions ofC0 correspond exactly toC×-central extensions ofC
of central charge0 (see Lemma 4.3). Also,C×-central extensions ofCtop correspond precisel
to C×-central extensions ofC of central charge and rotation number0. We shall call such centra
extensionstrivial . We shall see that in this case, they are the same thing asC×-central extension
of C0, but that will be no longer true if we replaceC by stacks of surfaces with addition
structure, such asSpin . We shall return to this later.

An example of a holomorphicC×-central extension ofC is thedeterminant lineDet . The
definition ofDet is explained in [21] (and also earlier in Quillen [18]). Another account is g
in [14]. The definition we give here is dual to [14], to get formula (2.19) below. IfX has no
closed components, we can defineDet(X) as the dual of the determinant line in the Quill
sense of the Fredholm operator

πX :Hol(X)→Ω0
+(∂X).(2.15)

(Alternately, and perhaps preferably, we may think of (2.15) as a complex.) The right
side means thenegativesubspace ofΩ0(∂X). More precisely, instead of∂X , we should use
the notation

∐
S1, as, using the parametrization, we are thinking of the boundary as a di

union of copies of the unit circle. Apolarizationof a Hilbert spaceH is an explicit direct sum
decomposition ofH into two subspaces:

H =H+ ⊕H−.

In the standard polarization ofΩ0(S1), Ω0
+(S1) is spanned (in the topological sense) byzn,

n� 0 andΩ0
−(S1) is spanned (in the topological sense) byz−n, n > 0. This is the polarization

we use in (2.15) on the incoming components of∂X , while we use the opposite polarization
the outgoing components. The map (2.15) is given by restriction (via the parametrizing
composed with projection to the negative subspace, multiplied by−1 on the incoming boundar
components.

The Quillen determinant lineDetF of a Fredholm operatorF is in degree

εDetF
= index (F ) mod 2.

For Fredholm operatorsF of index0,DetF is defined as follows (see [16]): Suppose first thaF
has index0. LetF = J +K whereJ is invertible,K is of trace class. Let

DetF = C{J}.

This construction is canonical, for ifF = J ′ +K ′, then

J ′ = J + (K −K ′) = J
(
I + J−1(K −K ′)

)
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



66 I. KRIZ

whereI + J−1(K −K ′) is of determinant class, so we have an isomorphism

C{J ′} ∼= C{J}

int
have

at the

x and

of

n of a
is trace

er
by

J ′ �→ det
(
I + J−1(K −K ′)

)
J.

Further, [16], one defines

det(F ) ∈Det(F )

by det(QJ) = (det(Q)) · J if J is invertible andQ is of determinant class. From this po
of view, (Det ,det) generalizes the determinant of operators of determinant class: we
det(Q) = det(Q) · Id .

To define the Quillen determinant for Fredholm operators of arbitrary index, first note th
above discussion in index0 gives a canonical isomorphism

Det(F )∼=
(
Det

(
Ker(F )

))−1 ⊗
(
Det

(
Coker (F )

))
.(2.16)

An explanation of the fact that this formula is the inverse of what is suggested by inde
cohomology ultimately comes from the finite-dimensional case: for a linear map

F :U → V

between vector spaces of equal finite dimensionn, we are looking for a canonical lineDet(F )
which is canonically isomorphic for different choices ofF with the sameU,V and has a
canonical elementdet(F ) ∈Det(F ). We see that one can take

Det(F ) =Det
(
Coker (F )

)
⊗Det

(
Ker(F )

)−1
,

which is canonically isomorhpic to

Det(V )⊗Det(U)−1 ∼= Λn(V )⊗Λn(U)∗

and has canonical element corresponding to the map induced byF on top exterior powers.
Granted that, we can use (2.16) todefinethe determinant line of a Fredholm operator

arbitrary index, keeping in mind that the determinant line of a finite-dimensional spaceV is
in degreedim(V ) mod 2. The above discussion can then be interpreted as a constructio
canonical isomorphism between the determinant lines of two operators whose difference
class (i.e. a kind of “continuity result”).

To prove (2.16), choose a splittingKer(F )⊕U =H , and a lift of the mapH → Coker (F ),
which gives a splittingCoker (F ) ⊕ V =H . Then we can choose the invertible operatorJ as

J = J1 ⊕ J2 whereJ1 :Ker(F )
∼=−→ Coker (F ), J2 :U

∼=−→ V , and moreoverJ2 coincides with
a restriction ofF . ThenJ defines an element

det(J1) ∈
(
Det

(
Ker(F )

))−1 ⊗
(
Det

(
Coker (F )

))
.(2.17)

Define the isomorphism (2.16) by sendingJ ∈Det(F ) toDet(J1). We see easily that for anoth
J with these properties, (2.17) transforms according to the same rule as the generator ofDet(F )
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as defined above, so the isomorphism is well defined once we choose a splitting. But note that
Det(J1) does not depend on the splitting, since a change of splitting operator has determinant1.

The definition (2.15) does not work for closed surfaces. While the formula (2.15) makes sense
at the
rmula

glued,
ut
ffect

sed
to

w that
tein

ly
t
spect

ing

n

technically, it gives justC for closed surfaces, which is the wrong answer (in the sense th
second gluing formula (2.4) would be false). The reason is that in the proof of the gluing fo
([21], proof of Proposition 6.4), one uses a diagram of the form

0 Hol(X̌)

πX̌

Hol(X)

π̃

∆ Ω0(S1)

Id

0 Ω+(∂X̌) Ω+(∂X̌)⊕Ω0(S1) Ω0(S1) 0.

(2.18)

Here∆ is the sum of the two restrictions to the boundary components which are being
with sign reversed on the incoming component. The mapπ̃ is determined by the diagram, b
it is easily seen that it differs fromπX by an operator of trace class, and hence does not a
the determinant line. (Concretely,π̃ is just the restriction to the boundary, with sign rever
on incoming boundary components, whileπX is the same map composed with projection
the positive subspace in the polarization.) This is essentially the proof of (2.4), if we kno
∆ has dense image. This follows if̌X has no closed components (because then it is a S
manifold). However,∆ may not have dense image if̌X is closed. One way to treat this is simp
to definefor X closedDetX as the determinant line of the surfaceX ′ obtained by cutting ou
the holomorphic image of the standard disk (with boundary oriented as incoming with re
to X ′). This is in fact forced by (2.4). The definition, however requires showing thatDet(X ′)
does not depend on the choice of the disk.

The other way (which we will use) is to define, for a closed surfaceY ,

Det(Y ) =Det
(
H0(Y,Hol)

)
⊗Det

(
H1(Y,Hol)

)−1
(2.19)

where on the right hand side,Det denotes the top exterior power. This is compatible with glu
since, forY = X̌ , the homology of the complex

Hol(X) ∆−→Ω0
(
S1

)
in (2.18) is actuallyH∗(X̌,Hol).

Note that (2.19) and (2.16) explain why for a surfaceX with boundary,Det(X) is defined to
be thedualof (2.15).

We will be interested in classifying holomorphicC×-central extensions ofC. To state such
classification correctly, note that we can readily replaceDet by another central extensionDet ′

where

DetX ∼=Det ′X ,

εDetX
= εDet′

X
+ dX

wheredX is the number of boundary components ofX . To define suchDet ′, it suffices to
suitably alter the polarization ofΩ0(S1) (and henceΩ0(∂X) in (2.15)). For example, we ca
changeΩ0

+(S1) to 〈zn|n > 0〉.
It is easy to see that the holomorphicC×-central extension

(Det)−1 ⊗Det ′(2.20)
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of C then defines trivial bundles over the stacks[T/G0] for connected components[T/G] of
C (see (2.11)). This means that (2.20) defines a bundle on each[∗/S], and hence aC×-central
extension ofCtop . Recall that we called such central extensiontrivial . Two central extensions
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with

duced
D,D′ of C will be calledequivalentif D ⊗ (D′)−1 is trivial. A classification of trivial centra
extensions will be given in the beginning of Section 4.

THEOREM 2.21 (Mumford, see [21], Section 5). –The group of equivalence classes(with
respect to the equivalence just defined) of holomorphicC×-central extensions ofC is isomorphic
to Z, with generatorDet .

In Section 4, we will prove this theorem, and some generalizations, related to add
structure.

The first type of such structure isSpin -structure. Following Segal [21], aSpin-structureon
a conformal surfaceX is a holomorphic line bundleL together with an isomorphism betwe
L⊗ L and the tangent bundle ofX . On the other hand, for a real1-manifold/ (i.e. a disjoint
union on circles), aSpin-structure on/ is a real line bundleP with an explicit isomorphism
P ⊗R P with the tangent bundle of/. An isomorphism ofSpin -structuresL, L′ consists of an
isomorphism

φ :L
∼=−→ L′

such that the diagram

L⊗L
φ⊗φ

∼=

L′ ⊗L′

∼=

TX

commutes where the diagonal arrows are from the definition ofSpin-structure, andTX is
the tangent bundle. There are, of course, twoSpin -structures onS1: trivial and Möbius. As
pointed out in [21], aSpin -structure onX induces aSpin-structure on∂X : take the vectors
in L which are square roots of outgoing (resp. incoming) normal vectors at the bou
depending on whether the boundary component is outgoing or incoming. We now defi
space of holomorphick/2-forms Ωk/2(X) = Ωk/2Hol (X) as the space of sections ofL⊗−k.
(The reader should be careful not to confuse this with the Dolbeaux notation, which
to sections of exterior, rather than symmetric, powers.) Of course, for2|k, these spaces a
defined independently ofSpin-structure. We would like to remind the reader that while th
may in many cases be no difference between the different powers ofL (for example, they ma
all be trivial), we are however also interested in maps of formsinducedby holomorphic maps
f :X→ Y of conformal surfaces (not to mention parametrizations of the boundary), and th
depend onk: there is, of course, the mapDf :L⊗2

X → L⊗2
Y , whose tensor powers induce maps

Ωk, k ∈ Z. To obtain a mapLX → LY , however, one must in addition tof choose a square ro
of the mapDf (if one exists). We will refer to this as achoice of spin. A choice of spin of a mapf
determines map onΩk/2 for all k ∈ Z. Similar comments apply also toSpin -structures on rea
1-manifolds. Regarding the boundary, note that a section of any bundle onX (for example the
Spin-structure) of course canonically restricts to the restriction of the bundle on the bou
(i.e. for example the complexification of theSpin -structure on the boundary). Therefore, t
does not depend on the choice ofk, just on the isomorphism class of the (line) bundles involv
However, we alsoparametrizethe boundary components, and we see that it is critical, along
such parametrization, to make a choice of its spin. Then the requisite restriction ofk/2-forms
to

∐
S1 is equal to the canonical restriction to the boundary, composed with the map in
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by the parametrization, with the chosen spin (if2 does not dividek). The resulting map depends
onk, even if the corresponding tensor powers ofL are isomorphic for different values ofk.

An important example is our choice ofSpin-structure onAq, q = e2πiτ . Any holomorphic line

s
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nuli by

nts
ice
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utes
allow
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onents

ause
bundle on the standard annulus

Aq =
{
z ∈C | |q|< ‖z‖< 1

}
(with boundary components parametrized byz and q, respectively) is trivial, so we may a
well assume thatL = 1. There is, however, a choice ofisomorphismL⊗2 ∼= TAq: there are
two essential such choices (all others lead to isomorphic data), namely the isomorp1
(the periodic Spin structure) andz (the antiperiodicSpin structure). Note that by the abo
comments, this already determinesSpin -structure on the boundary, which is trivial (periodic)
the former case, and Möbius (antiperiodic) in the latter. We shall denote these standard an
Aq,P , Aq,A.

We can consider the moduli spaceCspin of all conformal subspaces withSpin -structure.
Regarding the boundary, we shall make a fixed choice of two standard copiesS1

A, S1
P of

S1, with ‘standard’ (fixed) representatives of the two isomorphism classes ofSpin-structures
(antiperiodic and periodic). For example, letS1

A andS1
P be the inbound boundary compone

of the antiperiodic and periodic standard annuliAq,A, Aq,P (this does not depend on the cho
of q). An element ofCspin then consists of a conformal surface withSpin -structureX , and
parametrizations of the boundary components ofX (which have inducedSpin-structures) by
specified diffeomorphisms withS1

A or S1
P , with chosen spin. By an isomorphism of surface

with Spin-structure we shall mean a holomorphic diffeomorphism with spin which comm
with the boundary parametrizations, preserving also their spin. Therefore, we do not
diffeomorphisms which induce spin reversal onS1

A, S1
P . For example, spin reversal of aSpin-

surface with non-empty boundary will not be considered an automorphism.
This categoryCspin enjoys the operations of sewing and, obviously, disjoint union, also

definition, the sewing operation is completely determined by choice of the boundary comp
to be sewn: the spin of the sewing map will be chosen as identity on the standardS1

A or S1
P .

However, unfortunately,Cspin is not a stack with sewing in the sense defined above bec
of the different types of boundary components. We need a generalization.

Define, for a small groupoidK , a stackSK as follows: Sections overB ∈M are functors

F :K→ (covering spaces ofB,deck transformations)

(by deck transformations we mean isos commuting with projection) which satisfy

k �= / ∈Obj (K) ⇒ F (k)∩ F (/) = ∅,(2.22)

f ∈Mor (K) andf �= Id ⇒ F (f) has no fixed points.(2.23)

Note thatSK enjoys a symmetric monoidal structure� defined in the obvious way.
Define astackF withK-sewingas the following set of data:
(1) A symmetric monoidal structure onF with operation denoted by�.
(2) A map of stacks

ω :F →SKin ×SKout
where the target is a product of two copies ofSK .

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



70 I. KRIZ

(3) To a dataX ∈Obj (FB), φ(X) = (F1, F2) and isosF1
∼= F �G1, F2

∼= F �G2 in SK ,
an assigned (functorial) object

of stack

or

ents
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lasses
X̌, ω(X̌) = (G1,G2).

(4) Isomorphisms analogous to (2.1)–(2.3), and coherences, analogous to the concept
with sewing.

A (Z/2-graded)C×-central extensionof a stack withK-sewing is defined analogously as f
stacks with sewing.

Define the category2 to be discrete with objects{A,P}. ThenCspin is a stack with2-sewing
where for aSpin -surfaceX ,

φ(X) = (F1, F2)

whereF1 (resp.F2) mapsA,P to the sets of all inbound (resp. outbound) boundary compon
ofX of the givenSpin -structure.

This extends to holomorphic families of surfaces: The sections ofCspin overB ∈ Obj (M)
are families of surfacesX →B with a map∂X→ S1

A � S1
P with a holomorphic line bundleL

onX and an isoL ⊗ L ∼= TXvert (the line bundle consisting of vectors tangent to the fib
ThenL specifies a real line bundleL′ on the boundary and an isoL′⊗L′ ∼= T∂Xvert , as above
We require, as a part of the structure, a mapL′→ LS1

A
�S1

P
which induces spin on the bounda

parametrizations of fibers.
Next, note that the definition of spin of course extends to non-holomorphic ori

diffeomorphisms of surfaces, because the inclusion of structure groupsC× ⊂ GL+
2 (R) (the

target is the group of real2× 2 matrices with positive determinant) is a homotopy equivale
The same is true for the stabilizer subgroups of the positive ray of an oriented bou
component (they are contractible), and hence we can define, for two elementsX,Y of Cspin (non-
holomorphic)Spin -diffeomorphismsX → Y inducing identity spin on boundary componen
We shall call such maps ‘Spin-diffeomorphisms compatible with boundary parametrization
its spin’.

Now defineC0
spin as the stack whose sections overB are the same as the sections ofCspin , but

morphisms are isotopy classes ofSpin-diffeomorphisms compatible boundary parametriza
and its spin. The isotopies are through maps of the same kind. ThenC0

spin is also a stack with
2-sewing.

We also defineCtop
spin to have the same objects asC0

spin and morphisms equivalence classes
morphisms inC0

spin under the equivalence relation where two morphisms are equivalent
only if they induce the same maps on boundary components and connected components
we have canonical maps of stacks with2-sewing

Cspin →C0
spin →Ctop

spin .

Again, a (Z/2-graded)C×-central extension ofCspin which is a pullback of aC×-central
extension ofCtop

spin will be called trivial , and twoC×-central extensions whose ratio is triv
will be calledequivalent.

Now forX0 ∈ Cspin , we can define the Teichmüller space as the space of isomorphic c
of data of the form

φ :X→X0

where φ is an isotopy class (through maps of the same kind) ofSpin -diffeomorphisms
compatible with boundary parametrization. However, note that theSpin-structure onX

4e SÉRIE– TOME 36 – 2003 –N◦ 1



ON SPIN AND MODULARITY IN CONFORMAL FIELD THEORY 71

(including spin of boundary parametrizations) is then induced byφ, and hence this Teichmüller
space is canonically isomorphic to the already familiar Teichmüller spaceT (X0). The
Spin-mapping class group, however, is
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tation.

a

Gspin =Gspin (X0) =Diff S(X0)/Diff +
0

(
S0

)
whereDiff S(X0) is the group ofSpin-diffeomorphisms ofX0 compatible with boundar
parametrization.

Similarly as in the case ofC, we have a short exact sequence of groups

1→Gspin
0 →Gspin → Sspin → 1

whereGspin
0 is the subgroup fixing boundary components and connected componentsX0,

Sspin = Sspin(X0) is the group of allowable permutations of boundary components. The g
Sspin is again of the form

Sspin
0 � Sspin

C

where Sspin
C is the group of all permutations of connected components ofX0 preserving

Diff S-type, andSspin
0 is the product over the set of connected components of the allow

permutations of boundary components in the individual connected components.

LEMMA 2.24. – If X0 is connected, thenSspin
0 is the group of all permutations preservin

type of boudary components(i.e. inbound vs. outbound, periodic vs. antiperiodic), and such tha
the induced permutation on the set of periodic boundary components is even.

Proof. –We might as well assume thatX0 has outbound periodic boundary components o
First, observe that for a periodic annulusB with two outbound boundary components switch
the boundary components, aSpin -diffeomorphism ofB switching the boundary componen
preserves the spin of one, and reverses the other. Taking connected sum, we obtainSpin
diffeomorphism ofX0 switching two boundary components, while reversing the spin of
of them. Composing such maps, we can obtain aSpin -diffeomorphism ofX0 compatible with
boundary parametrization which induces any even permutation on the boundary compon
claimed.

Thus, it remains to show that noSpin-diffeomorphism ofX0 compatible with boundar
parametrization can induce an odd permutation of the (periodic) boundary compone
this was possible, from what we just showed it would follow that there exists aSpin-
diffeomorphism ofX0 which preserves the boundary components, and reverses spin on pr
one boundary component. Reversing orientation of boundary components and sewing,
further assume that there are only two (periodic) boundary components with opposite orien
A contradiction then follows from the following

LEMMA 2.25. – SupposeX is a closedSpin-surface. LetX ′ be obtained fromX by cutting
along a periodic simple curve, and sewing back with opposite spin. Then the surfacesX ,X ′ are
notSpin -diffeomorphic.

Proof. –By Segal [21], aSpin-structure on a closed oriented surfaceX corresponds to
quadratic form associated with the canonical symmetric bilinear form onH1(X,Z/2). By
definition, the quadratic forms corresponding toX ,X ′ have different Kervaire invariants [2].✷
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Note that we have again equivalences of stacks

Cspin
∼=−→

∐[
T (X0)/Gspin(X0)

]

a

with
nite

he

isms

-
ns

ry

nt of a
ion.
X0

whereX0 runs through representatives of equivalence classes ofSpin-surfaces underSpin-
diffeomorphisms compatible with boundary parametrization and its spin. Then also

C0
spin

∼=−→
∐
X0

[
∗/Gspin(X0)

]
,

Cspin
∼=−→

∐
X0

[
∗/Sspin(X0)

]
,

and similar discussion applies as in the case ofC.
We will also need to consider the structure we obtain when, instead ofSpin -structure, we

specify a square root of thetrivial bundle onX ∈ C, i.e. a complex holomorphic line bundleL
together with an isomorphism

L⊗L∼= 1X .

We shall call this asquare root structure(Sqrt-structure). It is equivalent to specifying
principalZ/2-bundle onX , which, of course, restricts to a principalZ/2-bundle on∂X . One
fixes, once again, representatives of the two non-isomorphicZ/2-bundles onS1 (periodic and
antiperiodic), and specifies, along with a parametrization of the boundary components of∂X , the
accompanying map ofZ/2-modules. In Segal [21], the moduli space of conformal surfaces
Sqrt -structure is denoted byCZ/2 (in fact, an analogous structure is considered for any fi
groupG). Once again, we can defineC×-central extensions ofCZ/2, which will be classified
in the next section. Once again,CZ/2 containsAA andAP . However, notice that inCZ/2, the
boundary of the standard diskD is periodic, while inCspin it is antiperiodic.

Again, we find thatCZ/2 has the structure of stack with2-sewing, and analogously as in t
Spin-case, we have maps of stacks with2-sewing

CZ/2→C0
Z/2→Ctop

Z/2.

Remark. – There are coarser variantsCcspin , Cc
Z/2 of the moduli spacesCspin , CZ/2, obtained

by including in the mapping class group diffeomorphisms inducing non-trivial automorph
of the structure on the boundary components.

To this end, let2C be the groupoid with two objectsA,P each of which has auto
morphism group isomorphic toZ/2. Then Ccspin is defined as the stack whose sectio
over B ∈Obj (M) are holomorphic familiesX → B of conformal surfaces with bounda
parametrization∂X→ S1

A � S1
P together with an isomorphism

L⊗L
∼=−→ T (X)vert .

We also require that the target of the boundary parametrization of a boundary compone
fiber match itsSpin -structure, but we do not specify the spin of the boundary parametrizat

ThenCcspin is naturally a stack with2C -sewing. The map

Ccspin →Sin
2C
×Sout

2C
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assigns to a familyM →B a pair of functors(F1, F2) whereF1(A), F1(P ), F2(A), F2(P ) are
covering spaces ofB whose fibers overx ∈B consist of possible maps

square

es
ndary
wo
nnected
anonical

ndary
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t

{LC → LS1
A
|C is an inbound antiperiodic boundary component ofXx},

{LC → LS1
P
| C is an inbound periodic boundary component ofXx},

{LC→ LS1
A
|C is an outbound antiperiodic boundary component ofXx},

{LC→ LS1
P
|C is an outbound periodic boundary component ofXx},

which define spin on the corresponding boundary component parametrization (i.e. are
roots of the differential of the boundary component parametrization –LC is theSpin -structure
on the boundary componentC induced from theSpin-structure ofXx). TheZ/2-actions are by
reversal of sign.
Cc,0spin is defined to have the same objects asCcspin , where morphisms are isotopy class

(through maps of the same kind) of diffeomorphisms with spin which preserve bou
parametrization, but not necessarily its spin.Cc,topspin is defined the same way except that t
morphisms are identified if they induce the same map on boundary components and co
components, and also the same spin on boundary component parametrization. We have c
maps of stacks with2C -sewing

Ccspin →Cc,0spin →Cc,topspin .

Now let Diff C(X0) denote the group ofC-diffeomorphisms ofX0, by which we mean
Spin-diffeomorphisms of which preserve, as diffeomorphisms, the parametrizations of bou
components, but not necessarily the spin of these parametrizations. Define the mappin
group

GC =GC(X0) =Diff C(X0)/Diff +
0 (X0).

Then we have equivalences of stacks

Ccspin
∼=−→

∐
X0

[
T (X0)/GC(X0)

]
,

Cc,0spin

∼=−→
∐
X0

[
∗/GC(X0)

]
,

where the disjoint union is over a complete set of representatives ofC-diffeomorphism classe
of Spin -surfaces. For a givenX0, we have a short exact sequence of mapping class groups

1→Gspin →GC →
∏
C∈∂X

Z/2→ 1.(2.26)

Note that this short exact sequence does not always split. A groupSC is defined by the shor
exact sequence

1→Gspin
0 →GC → SC → 1.
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Then we also have a short exact sequence

1→ Sspin → SC →
∏

Z/2→ 1,

d its
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C∈∂X

and an equivalence of stacks

Cc,topspin

∼=−→
∐
X0

[
∗/SC(X0)

]
.

Similar discussions apply as forC, Cspin . The treatment of the stack with2C -sewingCc
Z/2 is

analogous. One can then investigateC×-central extensions ofCcspin , Cc
Z/2, Cc,0spin , Cc,0

Z/2, Cc,topspin ,

Cc,top
Z/2 .

3. Conformal field theories

The purpose of this section is to review the definition of conformal field theory an
variants, and related concepts needed to understand the present paper. Our reference
[21]. Unfortunately, the full version of [21] is not yet published, and this forces us to re
some aspects of that theory.

LetD beC×-central extension of the moduli spaceC. We shall defineconformal field theory
(abbr. CFT) withconformal anomalyD.

Remark. – It should be remarked that there is a more general notion of conformal anom
which are allowed to be vector spaces of higher dimension. This is encoded in the
of modular functordescribed in [21] (although to get complete gluing data, the set of la
described as a ‘set’ in [21] should be a groupoid). This general notion of CFT whose con
anomaly is a modular functor should be equivalent to the notion of vertex operator algebr
although infinite-dimensional modular functors (in a suitable sense) would have to be allo
the vertex operator algebra is irrational. (A vertex operator algebra is called rational esse
if it has only finitely many non-isomorphic modules. For a precise definition, see [8,9].)

In this paper, we will restrict attention to CFT’s whose conformal anomaly is1-dimensional.
We will give some examples following Segal [21].

To define a conformal field theory, Segal [21] starts with a Hilbert spaceH . To every conforma
surfaceX , and elementζ ∈DX , one assigns an element

U(X,ζ) ∈
⊗
out

H ⊗
⊗
in

H(3.1)

where the tensor products (= Hilbert tensor products) are taken over the outgoing and incom
components of∂X , andH is the dual ofH . (Since not all of our examples preserve the Hilb
structure, it may be more appropriate to refer toHilbertizablevector spaces and replaceH byH∗

in (3.1).) Note that an element of the form (3.1) can be interpreted as a Hilbert–Schmid
[16,22] ⊗

in

H→
⊗
out

H.

We require however more strongly that this map be trace class. Then we require that

U(X � Y, ζ1 ⊗ ζ2) = U(X,ζ1)⊗U(Y, ζ2),
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and

U(X̌, ζ) = trace
(
U(X,ζ)

)
.
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One usually puts in more requirements, such as unitarity (reflection positivity); they
however, not affect the formulas presented here. We will, on the other hand, restrict at
to holomorphicconformal field theories, which means that the operatorU(X,ζ) depends
holomorphically onX , ζ: throughout the rest of this paper, a conformal field theory
automatically mean a holomorphic CFT.

We will be interested in thepartition functionof a conformal field theory. Forq ∈C, ‖q‖< 1,
we consider the annulusAq which is the region inC bounded by the circles‖z‖ = 1 and
‖z‖= ‖q‖. The circle‖z‖= 1 is parametrized by the identity (incoming). The circle‖z‖= ‖q‖
is parametrized by the mapz �→ qz (outgoing). Note that there is a canonical elementιq ∈DAq :
considering the unit diskD with boundaty parametrized by the identity (incoming), then sew
Aq with D givesD. ιq is the element ofDAq which induces the identity onDD. Now the
partition function is defined by

Z(τ) = trace
(
U(Aq, ιq)

)
whereq = e2πiτ . Under our assumptions, this is a holomorphic function of‖q‖< 1.

Let Eq be the elliptic curve defined by gluing the two boundary components ofAq . Segal
[21], Proposition 6.9, gives a formula for the modularity of partition functions of holomor
conformal field theories. Our main goal will be to study variations of this formula. To fix id
we give the statement and proof of the formula.

Assume that our holomorphic conformal field theory hascentral chargec, which means that

D ∼=Det−c/2.(3.2)

By Theorem 2.21, we may assumec ∈ 2Z in the case of holomorphic CFT’s with1-dimensiona
anomaly, which we are presently considering. Without referring to Mumford’s theorem
holomorphicC×-central extensionD of C restricts to a holomorphic central extension of
semigroup of annuliA. Segal [21], Chapter 5, remarks that such holomorphic central exten
are in bijective correspondence withC×-central extensions ofDiff +(S1), which are classified
by central chargec androtation h. The central charge in this sense ofDet is −2, and hence if
we define central charge of a CFT as the central charge ofD, this gives (3.2). More explanatio
will be given in Section 4 below. Letq = e2πiτ , Im(τ)> 0. ThenEq ∼= C/[τ,1]. If

τ ′ = (aτ + b)/(cτ + d), g =
(
a b
c d

)
∈ SL2(Z), q′ = e2πiτ ′ ,

thenAq changes toAq′ butEq does not change, so

Z(τ ′) = ρ(τ, g)−c/2Z(τ)

whereρ(τ, g) is the ratio of the imageεq′ of ιq′ to the imageεq of ιq in Det(Eq) = Det(Eq′ ),
where hereιq is the canonical element ofDet(Aq).

THEOREM 3.3 (Segal [21], 6.9). –We have

ρ(τ, g) = u2(g)e2πi(τ−τ ′)/12

whereu2 is as described in the beginning of Section7.
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Remark. – In Section 7, we will describeu as a homomorphism on a central extension of
SL2(Z) by Z/2, but the square of the map vanishes on the center (as is true for any homo-
morphism).

(2.18)

e

f forms

hence

(3.6).

.) To
COROLLARY 3.4. – For a conformal field theory with central chargec,

Z(τ ′)
Z(τ)

=
(q′)c/24

qc/24
u−c(g).

Proof of Theorem 3.3. –To prove the theorem, we first need a description ofDet(Eq) which
would be invariant under modular transformations. To this effect, we consider diagram
with X =Aq , X̌ =Eq . The top line is

Hol(Eq)→Hol(Aq)→ Ω0
(
S1

)
.(3.5)

We see that, sinceHol(Eq) is canonically isomorphic toC, the determinant line is dual to th
determinant line of the cokernel of the right hand map (3.5).

At this point, it is time to establish notation for sheaves of forms. We denote byΩn(S1)
ordinary de Rham forms onS1. For a conformal surfaceX , we shall denote byΩp,q(X) the
C-vector space of de Rham(p, q)-forms onX . (Obviously, only very small values ofp, q, n are
relevant.) By underlining any of these notations, we shall mean the corresponding sheaf o
(in the analytic topology). Conversely, for a sheaf, sections will be denoted byΓ. A subscript
Hol will indicate holomorphic sections. The embeddingS1→Eq will be denoted byi.

Then we have an exact sequence of sheaves onEq

0→Ω0,0
Hol (Eq)→Ω0,0

Hol (Aq)→ i∗Ω0(S1).(3.6)

Now (3.5) is a part of the long exact sequence in cohomology corresponding to (3.6), and
the cokernel of the right hand map (3.5) is

H1(Eq ,Hol) =H0,1(Eq).

This is1-dimensional, so we have shown that

Det(Eq)∼=
(
H0,1(Eq)

)−1
.(3.7)

Now let δ be the connecting map of the long exact sequence in cohomology induced by
Define

ξq = δ(1)−1.

(A non-zero element of a complex line has a well defined reciprocal in the dual line
determine the behaviour ofξq under modular transformations, we must determineδ(1) explicitly.
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To this end, consider the diagram

0 Hol(Eq) Hol(Aq) Ω0(S1)

is
0 Ω00(Eq)

∂

Ω00(Aq)

∂

κ

0 Ω01(Eq)
α Ω01(Aq).

The mapκ is onto, and a(0,1)-form onEq representingδ(1) can be obtained as

α−1∂κ−1(1).

By picking a representative ofκ−1(1) which isR-linear and constant in the real direction, it
easily seen that such a form is a constant times(

Im(τ)
)−1

du(3.8)

whereu is the standard coordinate inC, where we considerEq = C/[τ,1]. Now for

g =
(
a b
c d

)
∈ SL2(Z), g(τ) = τ ′,

it is well known that, sinceIm(τ) is proportional to volume,

Im(τ ′) = Im(τ)/‖cτ + d‖2.

On the other hand, obviously,

du′ =
du

cτ + d
.

We conclude that, ifq′ = e2πiτ ′ ,

ξq′ = ξq/(cτ + d).(3.9)

To finish the proof of the theorem, we must relate the elementεq to ξq . But this is now easy: By
the definition ofξq, We have

εq = ξq · det(F )(3.10)

where

F :Ker(δ)→Ker(δ)

is the operator which sendsπAq(zn) to π̃(zn). We see that

F
(
zn

)
=

(
1− qn

)
zn for n > 0

and

F
(
z−n

)
=

(
1− qn

)
z−n for n > 0.
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Thus,

εq = ξq
∏(

1− qn
)2
,

ble

uld give
mple
ugh

nd, we
s

nts).
ith
r

r
t

s

to
uli
n>0

and the statement of the theorem follows from the modularity properties of theη-function (7.2):

εq′

εq
=
ξq′

ξq
· η(τ

′) · (q′)−1/12

η(τ) · q−1/12
=

1
cτ + d

· (cτ + d) · u2(g)
(q′)−1/12

q−1/12
. ✷

Note that the conclusion of the theorem implies thatZ(τ) = 0 if τ = i or τ = 3
√

1 (because
then there exists a level1 modular transformationg such thatg(τ) = τ , whileu2(g) �= 1). Thus,
we have the following somewhat peculiar

COROLLARY 3.11. – For a holomorphic conformal field theory of central charge not divisi
by2 and3, we haveZ(e−2π) = Z(−e−

√
3π/2) = 0.

Remark. – There is a vertex operator algebra [10] with central charge24, and partition function

Z(τ) = q ·
(
j(τ)− 744

)
,

and an action of the Monster. This formula suggests that this vertex operator algebra sho
rise to a CFT with1-dimensional conformal anomaly. This would be a most interesting exa
from the point of view of elliptic cohomology. It is not known to the author if this is true, altho
some progress in this direction follows from the ideas of [3].

One of the purposes of this paper is to generalize the modularity formula (3.4). To this e
shall define aconformal field theory withSpin-structure(Spin-CFT), as a pair of Hilbert space
HA andHP (spaces of states corresponding toS1

A andS1
P ), aC×-central extensionD of Cspin ,

and a map assigning to every conformal surface withSpin-structureX and elementα ∈DX an
element

U(X,x) ∈
⊗
out,A

HA ⊗
⊗
out,P

HP ⊗
⊗
in,A

HA ⊗
⊗
in,P

HP

(the product is over incoming and outgoing, antiperiodic and periodic boundary compone
To define partition function forSpin-CFT, note that there are two semigroups of annuli (w

one inbound and one outbound boundary component) contained inCspin , depending on whethe
the Spin-structure is antiperiodic or periodic. The semigroupAA of antiperiodic annuli is a
2-sheeted cover ofA, while the semigroupAP of periodic annuli isA×Z/2.

We will prove in the next section that aC×-central extension ofCspin splits canonically ove
the sub-semigroup ofAA consisting of the standard annuliAq . Thus, ifι is the canonical elemen
ofDAq , we may define

Z(τ) = tr
(
U(Aq, ι)

)
,

q = e2πiτ . Note, however, that unlike the case of a CFT,Z(τ) will depend on a choice ofq1/2,
which corresponds to the choice of spin of the boundary parametrization ofAq .

Finally, defineconformal field theory with square root structure(Sqrt -CFT) analogously a
a Spin-CFT, withCspin replaced byCZ/2. To define partition function forSqrt -CFT’s, we will
show in the next section that aC×-central extension ofCZ/2 splits canonically when restricted
the sub-semigroup of the standard annuli inAP ∼=A× Z/2. If we denote these standard ann
by (Aq, ε), ε ∈ Z/2, then we have a canonical elementιε ∈D(Aq,ε). We define

Zε(τ) = tr
(
U

(
(Aq , ε), ιε

))
.
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We will now discuss the fundamental example of [21], i.e. fermionic Fock space conformal
field theories. For a polarized Hilbert spaceH , one can consider the fermionic Fock spaceF(H),
which is the Hilbert completion of the exterior algebra

finite-
space
space

ese

osition
l

y
r
e

Λ(H+ ⊕H− ).

(The Fock space should be thought of as a Floer-like analogue of the exterior algebra of a
dimensional vector space. Along these lines, other, more invariant definitions of the Fock
exist: for example, it can be defined as a module of spinors of the Clifford algebra of the
H ⊕H with respect to a choice of vacuum vector – see e.g. [16], p. 257.)

Now Segal [21] constructs, for eachk ∈ Z, a CFTF(Ωk) with H = F(Ωk(S1)), and a
Spin-CFTF(Ωk+

1
2 ) with H = F(Ωk+

1
2 (S1)). Roughly, the space of holomorphicα-forms on

X (α = k or k + 1
2 ) is interpreted as agraph of a partial function from theα-forms on the

incoming boundary components to theα-forms on the outgoing boundary components. Th
graphs are composed as partial functions, and define rays in the Fock space ofα-forms on∂X .

To understand the situation in more detail, we must first consider the Grassmanian comp
in the finite case (see [21]). Consider the following situation. LetH1, H2 be finite-dimensiona
Z-vector spaces. LetV ⊂H1 ⊕H2 ⊕H2. Defineσ(V )⊂H1 by

σ(V ) =
{
v1 | there existsv2 ∈H2 such that(v1, v2,−v2) ∈ V

}
,(3.12)

provided that the following conditions are satisfied:

The mapV →H1 ⊕H2 defined by(v1, v′2, v
′′
2 ) �→ (v1, v′2 + v′′2 ) is injective,(3.13)

The mapV →H2 defined by(v1, v′2, v
′′
2 ) �→ v′2 + v′′2 is surjective.(3.14)

We considerσ(V ) undefinedif either one of the conditions (3.13) or (3.14) fails.

PROPOSITION 3.15. – Letdim(H2) = n. Consider the composition

τ :Λ(H1)⊗Λ(H2)⊗Λ(H2) Λ(H1)⊗Λ(H2)

proj

Λ(H1)⊗Λn(H2)

Λ(H1)

where the first arrow is induced by additionH2 ⊕ H2 → H2 and the last arrow is given b
choosing a non-zero element in the dual of the1-dimensional spaceΛn(H2). Denote, also, fo
V ⊂H , λV ∈ Λ(H) the determinant defined up to scalar multiple(i.e. a non-zero element of th
determinant line ofV ). Then

τ
(
λ(V )

)
=

{
c.λ(σ(V )) if σ(V ) is defined,
0 else.

Proof. –We let∇⊂H2 ⊕H2 be the antidiagonal consisting of elements of the form(v,−v).
Let H20 ⊂H1 ⊕H2 ⊕H2 =H be the first copy ofH2. WriteH =H1 ⊕∇⊕H20. Reduced
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row echelon form then implies that there exists a basis ofV of the following form:

(r , s , t ) ∈H ⊕H ⊕∇, i= 1, . . . ,m,

en

ith
d

efined

grees. In
ents in
tend to

ional
i i i 20 1

(0, si, ti) ∈H1 ⊕∇, i=m+ 1, . . . , n,

(0,0, ti) ∈∇, i= n+ 1, . . . , p,

(3.16)

where the sets

{ri ∈H20 | i= 1, . . . ,m}, {si ∈H1 | i=m+ 1, . . . , n}, {ti ∈∇ | i= n+ 1, . . . , p}

are linearly independent. However, condition (3.14) says that{ri} is a basis ofH20, and
condition (3.13) says thatp = n. Obviously, if either of these assumptions fails, th
τ(λ(V )) = 0. If they are satisfied, then the surviving terms of the exterior productλ(V ) of (3.16)
after applying the productΛ(H2 ⊕H2)→Λ(H2) are

m∧
i=1

ri ∧
n∧

i=m+1

si.

After applying the next two maps in the definition ofτ , we obtain

n∧
i=m+1

si,

which isλ(σ(V )). ✷
We now shift attention to the infinite-dimensional case. SupposeH1 andH2 are polarized

Hilbert spaces. For a polarized Hilbert spaceH , let H̃ denote the same Hilbert space w
reversed polarizaton. Now supposeV ∈Gr(H1⊕H2⊕ H̃2) whereGr(H) denotes the restricte
Grassmanian ofH , consisting of all closed subspacesV such that the projectionV → H+

is Fredholm, and the projectionV → H− is Hilbert–Schmidt (see [16]). Defineσ(V ) by
the formula (3.12) if the conditions (3.13) and (3.14) are satisfied, and consider it und
otherwise.

Next, we must define the infinite analogue of the mapτ . TheFock spaceF(H) of a polarized
Hilbert spaceH is the Hilbert completion ofΛ(H+ ⊕H−). Note that the Fock spaceF(H̃2) is
Hilbert-dual toF(H2). Thus, we have a “supertrace map”

F(H̃2)⊗F(H2)→C,

or

str :F(H̃1)⊗F(H̃2)⊗F(H2)→F(H̃1).

The supertrace is defined in the same way as the trace, but with reversed signs in odd de
this formula, the supertrace arises because of signs which occur when we permute elem
exterior products. This map cannot be extended to the Hilbert tensor product, but does ex
its subspace oftrace class elements[22]. Now for V ∈Gr(H), we have thePlücker coordinate
λV ∈ F(H̃) (see [16]), defined up to scalar multiple. The appropriate infinite-dimens
analogue of Proposition 3.15 is then
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PROPOSITION 3.17. – LetV ∈Gr(H1 ⊕H2 ⊕ H̃2). Then, up to non-zero scalar multiple,

( ) {
0 if V does not satisfy(3.13)or (3.14),

6.

n-

ndary

r
es the
.17

d
ime
by

s

ditional

a
is
oncept
heories
str λ(V ) =
λ(σ(V )) else.

Proof. –Analogous to the finite-dimensional case, using the methods of [16], Section 10.✷
Finally, consider the case ofα-forms. If X is a connected conformal surface with no

empty boundary (andSpin-structure ifα ∈ 1
2 + Z), then we can consider the spaceΩα(X)

of holomorphicα-forms on the interior ofX which extend toL2-forms on the boundary ofX .
Forα ∈ Z, puttingH = Ωα(S1,C), the space ofC-valuedL2-α-forms onS1, this identifies

ΩαX ∈Gr
(⊕

in

H̃ ⊕
⊕
out

H

)
.

In the caseα ∈ 1
2 + Z, this is altered in the obvious way to account forSpin-structure on the

boundary components ofX . The inclusion

ΩαX ⊂
⊕
in

H̃ ⊕
⊕
out

H(3.18)

is the restriction to the boundary, composed with a minus sign on incoming bou
components. IfX is connected and∂X �= ∅, we let

U(X) = λ
(
ΩαX

)
∈

⊗̂
in
F(H̃) ⊗̂

⊗̂
out
F(H).(3.19)

Again, the obvious change is made whenα ∈ 1
2 + Z. Note thatU(X) is defined only up to scala

multiple, so we have defined a CFT with conformal anomaly. The fact that (3.19) satisfi
axioms of CFT at least whenX has no closed components follows directly from Proposition 3
and from the obvious fact that

ΩαX̌ = σ
(
ΩαX

)
whenX̌ is obtained fromX by sewing. IfX is closed, then we letDX beC if H∗(X,Ωα) = 0.
Otherwise, we putDX =Det(H∗(X,Ωα)), andU(X) = 0.

One caveat emptor is that, inH = F(Ωα(S1)), we havegrading by exterior degree, an
we have, actually, constructedgradedconformal field theories, which means that each t
we permute factors of degreep andq, we multiply by (−1)pq . We also must replace trace
supertrace in the definition of partition function.

Comment. – One can also consider a different concept ofsuper-conformal field theory, which
have even more structure. The Lie algebraVect(S1) of vector fields onS1 can be thought of a
the Lie algebra ofDiff (S1). The Lie-theoretic version of universal central extension ofDiff (S1)
is the Virasoro algebra. Conformal field theory can, in some sense, be thought of as ad
structure on representations of the Virasoro algebra.

ButVect(S1) fits together with the space of−1/2-formsΩ−1/2(S1) into a super-Lie algebr
(graded Lie algebra) structure onVect(S1)⊕Ω−1/2(S1). The universal central extension of th
super-Lie algebra is the super-Virasoro algebra. Now a super-conformal field theory is a c
relating to representations of super-Virasoro algebra in the same way as conformal field t
relate to representations of Virasoro algebra.
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A mathematical treatment of super-conformal field theories is not included in [21], but can
be worked out using super-Riemann surfaces [20,1,11,19]. The super-Riemann surfaces form a
super-moduli space. When considering only the space directions (and not “super-directions”) in

ces with

ion of

f

ck space
the super-moduli space, super-Riemann surfaces essentially reduce just to Riemann surfa
Spin-structure (which are treated in [21]).

However, we need to return to the Fock space, and calculate the partition funct
F(Ωα(S1)). We consider the variablez on the incoming boundary component ofAq (‖z‖= 1),
and the variablet = z/q on the outgoing boundary component (‖z‖ = ‖q‖). The space o
holomorphicα-forms has admissible basis

(
zn(dz)α,−qn+αtn(dt)α

)
for n� 0,(

−qn−αz−n(dz)α, t−n(dt)α
)

for n > 0.
(3.20)

The corresponding element of the determinant line ofΩα(Aq) is∧
n�0

(
zn(dz)α − qn+αtn(dt)α

)
∧

∧
n>0

(
−qn−αz−n(dz)α − t−n(dt)α

)
.(3.21)

The above discussion says that to calculate the supertrace, we don’t need to convert to Fo
notation, but can simply setz = t in (3.21) and read off the coefficient in the sum (3.21) at∧

n�0

zn(dz)α ∧
∧
n>0

z−n(dz)α.

The answer is

Z(τ) =
∏
n�0

(
1− qn+α

) ∏
n>0

(
1− qn−α

)
(3.22)

and, forα ∈ Z,

Z−(τ) =
∏
n�0

(
1 + qn+α

) ∏
n>0

(
1 + qn−α

)
.(3.23)

In particular, forα ∈ Z,

Z(τ) = 0.

Thus, in this case, the statement of Corollary 3.4 holds for trivial reasons.
Processing (3.22) and (3.23) further, we get, forα ∈ Z,

Z−(τ) = q
1
2α(1−α)

∏
n�0

(
1 + qn

)2 = q
1
24 (12α(1−α)−2) ·

(
2q1/12

∏
n>0

(
1 + qn

)2
)
,(3.24)

and forα ∈ 1
2 + Z,

Z(τ) =±q− 1
2 (α+ 1

2 )2
∏
n�0

(
1− qn+ 1

2
)2

= q
1
24 (12α(1−α)−2) ·

(
q−1/24

∏
n�0

(
1− qn+ 1

2
)2

)
.(3.25)

4e SÉRIE– TOME 36 – 2003 –N◦ 1



ON SPIN AND MODULARITY IN CONFORMAL FIELD THEORY 83

The significance of the first factor on the right hand sides of (3.24), (3.25) is thecentral charge.
A conformal field theory specifies, in particular, a central extension ofDiff (S1) by C× ([21],
Chapter 5). These extensions have an invariant called central charge. Segal [21], Chapter 8,

sions
li

trivial
we shall

l
l
n

us
how a
ation
ical

bound
nion in

d

wing

s that
calculates the central charge of the conformal field theoryF(Ωα) to be

c= 12α(1− α)− 2.(3.26)

This explains the factor of−2 in the exponent of (3.2), since forα= 0, the holomorphic ray in
F(Ωα(∂X)) isDet(X) (see also next section).

4. C×-central extensions up to equivalence

The purpose of this section is to calculate theC×-central extensions ofC, Cspin , CZ/2. The
general plan is as follows. Following [21], we introduce a certain invariant of central exten
calledcentral chargec. Central extensions withc = 0 will define flat bundles on the modu
spacesC, Cspin , CZ/2, and henceC×-central extensions ofC0, C0

spin , C0
Z/2. We then introduce

additional invariants called rotation numbers. If the rotation numbers also vanish, it implies
actions of the pure modular groups on the line associated to each type of surfaces, and
obtaintrivial central extensions in the sense introduced above, orC×-central extensions ofCtop ,
Ctop
spin , Ctop

Z/2. In this section, we shall classifyC×-central extensions up toequivalence, by which

we mean modulo trivialC×-central extensions.
We shall make use of the following results.

LEMMA 4.1. – If D is a holomorphicC×-central extension ofC which enjoys a functoria
holomorphic flat connection compatible with sewing, thenD is a pullback of a canonica
holomorphicC×-central extension ofC0. If, further, the pure modular groups act trivially o
D, thenD is a pullback of a canonicalC×-central extension ofCtop . Similarly forCspin , CZ/2,
Ccspin , Cc

Z/2.

Proof. –All the cases are analogous, so we only discussC. The second assertion is obvio
from the short exact sequence (2.11). To prove the first assertion, we must show
diffeomorphismφ :X → Y of conformal surfaces which preserves boundary parametriz
defines a canonical map onD. To this end, note that our assumption gives a canon
G(X)-equivariant flat connection on the Teichmüller spaceT (X), whereG(X) is the mapping
class group. The diffeomorphism specifiesY as a point ofY ∈ T (X). Since T (X) is
contractible, the flat connection defines a canonical isomorphismDY ∼= DX . The required
properties are easily verified.✷

The following is a well known fact:

LEMMA 4.2. – All elements of the pure mapping class groupsG0(X), Gspin
0 (X), GZ/2

0 can
be obtained from identities and elements of the mapping class groups of annuli with one in
and one outbound boundary component by using the operations of sewing and disjoint u
the respective moduli stack withK-sewingC, Cspin , Ccspin or Cc

Z/2 (but notCZ/2).

The counterexample forCZ/2 is the sign reversal on a trivialSqrt -structure on a close
conformal surfaceX .

In [21], Segal proves that a functorial flat holomorphic connection compatible with se
exists on aC×-central extensionD of C, (resp.Cspin , Ccspin , Cc

Z/2, CZ/2) if c = 0 wherec is a
certain invariant called central charge (which we shall define below). Anyway, the point i
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the central charge is also determined by the restriction ofD to the respective semigroup of annuli.
In view of Lemma 4.2, we therefore have

× f
d in

rphic

ber
e

n

s
ost

,

e

i

LEMMA 4.3. – Up to equivalence(as defined above), a holomorphicC -central extension o
C, Cspin , Ccspin , Cc

Z/2 is determined by its restrictions to the semigroups of annuli containe
each corresponding category.

Note thatC contains one semigroup of annuli, whileCspin , Ccspin , Cc
Z/2, CZ/2 contain two

semigroups of periodic and antiperiodic annuli each.
We will begin by proving Theorem 2.21. Segal [21], Section 5, proves that holomo

C×-central extensions of semigroup of annuliA are in bijective correspondence withC×-central
extensions ofDiff +(S1), which is classified by two numbersc ∈ C (the central charge) and
h ∈C/Z (the rotation number). Any pair of these numbers can occur. The rotation num
h ∈ C/Z classifiesC×-central extensions ofS1, and holomorphicC×-central extension of th
semigroup

C×
<1 =

{
q ∈C× | ‖q‖< 1

}
.

Recall from [21] that in the standard basisLn = einθd/dθ of Vect(S1), the Lie algebra versio
of a central extension ofDiff +(S1) satisfies

[L−n,Ln] = 2inL0−
1
12
cn

(
n2 − 1

)
.

Furthermore, in a representation of a central extension ofVect(S1), h can be characterized a
any eigenvalue ofL0, multiplied by−i. (Note: other authors use other conventions; the m
common choice is, settingz = eiθ , to putLn = −zn+1d/dz, which is our choice multiplied
by i.)

Thus, the theorem reduces to finding out which holomorphicC×-central extensions ofA
extend toC×-central extensions ofC. First, we see that for a holomorphic central extensionD
of C, we haveh= 0, i.e. the central extension is trivial on the semigroup of standard annuliC×

<1.
If D is the unit disk with identity (incoming) boundary parametrization, then sewingD with Aq
givesD, which gives an isomorphism

DD ⊗DAq
∼=DD.(4.4)

Chooseιq ∈ DAq which corresponds to the identity onDD. Then, by associativity of sewing
ιq · ιq′ = ιqq′ , which provesh= 0.

Now we recall that forD=Det , we haveh= 0, c=−2. Thus, we are done if we can prov

PROPOSITION 4.5. – For a holomorphic central extensionD of C, we have2|c.

Proof. –We will consider the elliptic curveEτ = C/[τ,1], and the curveEτ ′ obtained fromEτ
by removing a small circle with center0 and radiusε, parametrized byt= zε. More generally,
if L is any lattice inC, we may analogously considerEL, E′

L. Let α= E′
i. Then in the modul

spaceCα, we will consider the following loops atα:

fi(t) =E′
L(t), t ∈ [0,1], i= 1,2,3

where

L1(t) = [i+ t,1], L2(t) =
[
1 + i,1− t(1 + i)

]
, L3(t) = [1 + ti,−i].(4.6)
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Then the loopsfi are Dehn twists, which means that they are obtained by cuttingα along a
simple curve, and gluing back with a shift of parametrization on the curve. (The curvesf1, f2, f3
are the line segments[i,1+ i], [1,−i], [1+ i,1], respectively.) Thus, because the rotation number

f

k

d

es

d
n

r

g

dic)
ofD is 0,D splits canonically on the curvesfi. In other words, there is a canonical section oD
along the loopf3f2f1.

But now f = (f3f2f1)4 is homotopic to the loop atα in Cα which leavesα fixed, except
rotating the parametrization of its boundary360◦. Now the tangent space toCE′

L
at E′

L is the
space ofC-vector fields on∂E′

L modulo vector fields which extend toE′
L holomorphically.

Thus,f is equal to a path inCα obtained by leaving the curveE[i,1] fixed, and varying the dis
Dt we are cutting out, with its boundary parametrization. It follows that

f(1)
f(0)

= e2πic,

for some constantD, independent of the choice ofD.

LEMMA 4.7. – D=−1/2.

Suppose the lemma has been proven. Then note that we must have

1 =
f(1)
f(0)

,

sincef is a concatenation of Dehn twists, and the rotation number is0. Thus,e2πic, = 1, and
hence2|c, as claimed. ✷

Proof of Lemma 4.7. –Note that, theoretically, the boundary parametrization of the diskDt
can be calculated using Weierstrass’ζ-function, which would give an explicit formula forf(t).
However, this seems tedious.

Instead, note that the statement can be phrased in terms ofL|A, which can be logarithme
in the sense that it comes from aC-Lie algebra extension. However, the differentC-Lie algebra
extensions ofVectC(S1) differ only by a multiplicative constant in their cocycle. Thus, it suffic
to prove the statement forD=Det .

Now forD=Det , use the isomorphism obtained by sewing a unit disk toDt:

Det(E′
f(t))∼=Det(Ef(t))∼=H1(Ef(t),O)−1.(4.8)

Now a choice of isomorphism of a lattice with[τ,1] canonically identifies the right han
side of (4.8) withC. Further, we know how a choice of basis[ω1, ω2] defines an element i
C∼=H1(E[ω1,ω2],O) under the above identification: the element isω2. But now observe that in
the pathf , the degree of the curve swept byω2 with respect to0 ∈C is−1. Because of that, fo
a central extensionDetr of A, r ∈C, f(1)/f(2) = e2πir , as claimed. ✷

We shall next calculateC×-central extensions ofCspin , CZ/2. We begin by considerin
examples: Namely, in the case ofCspin , we have the central extension

P (X) =Det
(
F :Ω1/2(X)→ Ω1/2

+ (∂X)
)−1

.(4.9)

The target ofF is understood analogously as above, as the direct sum of copies ofΩ1/2
+ (S1

A),
Ω1/2

− (S1
A), Ω1/2

+ (S1
P ), Ω1/2

− (S1
A) over outgoing (resp. incoming) and antiperiodic (resp. perio
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boundary components. The operatorF is restriction followed by boundary parametrization,
and projection to the specified space. The proof of the fact thatP (X) is a central extension
is analogous to the proof in the case of the determinant. Of course,Det(X) is a C×-central

ic

a
harge
s

8,

o

extension ofCspin as well.
In the case ofCZ/2, let X be a Sqrt -conformal surface withSqrt -structure given by a

holomorphic complex line bundleL, and an isomorphismL ⊗ L ∼= 1X . Let Γ∂X(L) denote
the space ofL2-sections ofL restricted on∂X . Let ΓX(L) denote the space of holomorph
sections ofL on the interior ofX , which extend toL2-sections ofL∂X . Then, ifX has no
closed component, we can set

Q(X) =Det
(
F : ΓX(L)→ Γ∂X(L)+

)
,(4.10)

and prove that this defines aC×-central extension ofCZ/2 similarly as above.
Now by the same argument as used in [21] in the case of Mumford’s theorem, aC×-central

extension ofCspin or CZ/2 is determined by its restriction toAA andAP . Now AA is itself
a central extension ofA with kernel Z/2 and hence itsC×-central extension projects to
C×-central extension ofA. Such central extension is, again, characterized by central c
c ∈C and rotation numberh ∈C/Z. We will put cA = c/2 andhA = h/2 (to make the number
compatible with [21]).

On the other hand, aC×-central extension ofAP ∼= A × Z/2 is the same as aC×-central
extensions ofA⊂AP . We will denote its central charge and rotation bycP , hP .

To calculate these invariants forP,Q,Det , we include here Segal’s calculation [21], Section
of central charge and rotation number ofF(Ωα(S1)). LetLp denoteeipθd/dθ ∈VectC(S1), and
let aq = eiqθ ∈Ωα(S1). We have

Lpaq = i(q+ αp)ap+q.

Let ω = am ∧ am−1 ∧ · · · ∈ F(Ωα(S1). Then

Lpω = i

p−1∑
k=0

(m− k+ αp)ωk

if p > 0, whereωk is obtained fromω by replacingam−k by am−k+p. If p < 0, thenLpω = 0.
Hence,

[L−p,Lp]ω=−
p−1∑
k=0

(m− k+ αp)(p+m− k− αp)

=− 1
12

(
12α(1− α)− 2

)
p
(
p2 − 1

)
+

(
α(α− 1)−m(m+ 1)

)
p.

Thus,

c= 12α(1− α)− 2, h=
1
2
(
m(m+ 1)− α(α− 1)

)
.(4.11)

We see that forD =Det , we havem ∈ Z, α= 0 for both periodic and antiperiodic annuli, s

cA(Det) = cP (Det) =−2,

hA(Det) = hP (Det) = 0.
(4.12)
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ForD= P , we have, in the antiperiodic case,α= 1/2,m ∈ 1/2+Z (but note thathA ∈C/ 1
2Z).

In the periodic case,α= 1/2,m ∈ Z. We conclude that

d

ed

d

erator,

of
rs of

ns

e

s that
cA(P ) = cP (P ) = 1,

hA(P ) = 0, hP (P ) =
1
8
.

(4.13)

Thus,P andDet generate a subgroup isomorphic toZ ⊕ Z/4Z of the group ofC×-central
extensions ofCspin (the group structure is the ten product).

ForQ, the periodic case is the same forDet (since we haveC ⊂ CZ/2). In the antiperiodic
case,α= 0,m ∈ 1

2 + Z, so we have

cA(Q) = cP (Q) =−2,

hA(Q) =−1
8
∈C/

1
2

Z, hP (Q) = 0.
(4.14)

We conclude thatQ andDet generate a subgroup ofCspin isomorphic toZ⊕Z/4Z.

Remark. – We need to observe that theC×-central extensionsDet , P,Q extend to the
corresponding coarser moduli spacesCcspin , Cc

Z/2. This is obvious forDet , which does not depen
onSpin -structure (resp.Sqrt -structure).

The cases ofP,Q are analogous to each other. We shall discuss, say,P . To extendP to Ccspin ,
we must specifyZ/2-actions on the Hilbert spacesHA = F(Ω1/2(S1

A)), HP = F(Ω1/2(S1
P ))

corresponding to spin reversal, which intertwine in the appropriate way with theSpin -CFT
structure onF(Ω1/2). This action is a restriction of an action of the appropriateC×-central
extension of the loop groupLS1. The intertwining of this action with Virasoro action is describ
in [16], while the extension of this structure to CFT is usually referred to ascurrents.

Very briefly, this action is induced from the action ofLS1 on the corresponding polarize
Hilbert space: ForZ/2⊂ LS1 (constant−1), the action on polarized Hilbert space is by−1. To
lift this action to Fock space, we need a canonical element of the determinant line of its gen
or, in other words, a canonical element ofPL. However, note that a canonical element ofDL for
anyC×-central extension ofCspin is specified by the iso (4.30) below.

THEOREM 4.15. – The groups of equivalence classes ofC×-central extensions ofCspin ,
Ccspin are isomorphic toZ⊕ Z/4Z, generated byP ,Det . The groups of equivalence classes
C×-central extensions ofCc

Z/2, and of possible values of central charges and rotation numbe

C×-central extensions ofCZ/2 are isomorphic toZ⊕Z/4Z, generated by the central extensio
Q,Det .

In view of Lemma 4.3, it suffices to study the restriction of theC×-central extension to th
semigroups of annuli.

This task will be divided into several lemmas.

LEMMA 4.16. – hA = 0 for C×-central extensions ofCspin and hP = 0 for C×-central
extensions ofCZ/2.

Proof. –Analogous as in the case of Mumford’s theorem (see (4.4)). The crucial point i
in Cspin , the boundary of the unit disk is antiperiodic, while inCZ/2, it is periodic. ✷

LEMMA 4.17. – For a C×-central extension ofCspin or CZ/2, cA = cP .
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Proof. –In the case ofCspin , there exists a pair of pantsX with two periodic and one anti-
periodic boundary components. Since the tangent space toCspin atX is VectC(∂X)/Vect(X)
(Vect(X) denotes holomorphic vector fields onX), we see that sewing an antiperiodic annulus

of
f
rminant.

a

l

s

the
to X is equivalent to sewing two periodic annuli to the periodic boundary componentsX .
Passing to the Lie algebras ofAP ,AA, we see thatcA is a linear function ofcP (independent o
the choice of central extension). Thus, we are done since our statement is true for the dete
In the case ofCZ/2, the argument is analogous, switching the roles ofA andP . ✷

Note that sinceC ⊂ CZ/2, we see that in theCZ/2-case, we have2|c.
LEMMA 4.18. – If D is a central extension ofCspin (resp.CZ/2) such thatc= 0, then4hP = 0

(resp.4hA = 0).

Proof. –In both cases ofCspin andCZ/2, if c = 0, the method of [21], Chapter 5, gives
canonical flat connection on the bundleD over the subspace of the moduli spaceCspin consisting
of surfaces without closed components. Thus, we have representationsDX :π1(Cspin ,X)→C×,
if X has no closed boundary components.

Now consider the case ofCspin . Consider the curveE′
i as above, but with non-trivia

Spin-structure given by the holomorphic line bundle onEi with divisor [(τ + 1)/2] − [0].
Consider the loopg1 in Cspin which transformsE′

i intoE′
τ where

τ =
(1− t)i− t
ti+ (1 + t)

, t ∈ [0,1],

and the loopg2 in Cspin given by

τ =
i

2ti+ 1
, t ∈ [0,1].

Theng1 andg2 are Dehn twists,g1 with respect to cutting along a periodic simple curve,g2 with
respect to cutting along the double of an antiperiodic simple curve. Moreover,g2g1 is easily seen
to be homotopic to the loop inCspin atE′

i given by rotating the boundary parametrization90◦

counterclockwise. Therefore, sinceD(g2) = 0,

D
(
g4
1

)
= D(γ)

whereγ is a loop obtained by rotating the boundary parametrization360◦ counterclockwise.
This is the same as the map

µ′ :DE′
i
→DE′

i

induced by reversal of spin. Sewing on a standard disk to the boundary ofE′
i, we see that this i

equivalent to considering the map

µ :DEi →DEi(4.19)

given by reversal of spin. But now cutEi along the simple antiperiodic curve[i, i + 1]. The
resulting surface is of the formAq ∈AA (q = e(2πi)i). Note that (4.19) has the same sign as
spin-reversing automorphism

DAq →DAq ,

which is trivial sinceD restricts to a trivialC×-central extension ofAA. Thus,D(g4
1) = 1, as

claimed.
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The case ofCZ/2 is actually simpler: we still use the loopsg1, g2, but now we consider the
bundle onE′

i as aSqrt -structure. Theng1 is still Dehn twist with respect to a periodic loop,
andg2 with respect to an antiperiodic loop. Thus,(g2g1)4 is homotopic to rotating the boundary

hall

),

,
certain

es

ndary,
parametrization ofE′
i 360◦ counterclockwise. This is1, since the boundary is periodic andD|AP

is trivial whenc= 0. Similarly,D(g1) = 1. We conclude that

D(g2)4 = 1.

Hence,8hA ∈ Z, and4hA ∈ 1
2Z, as claimed. ✷

Note that in the case ofCZ/2, the proof of Theorem 4.15 is complete. From now on, we s
specialize to the case ofCspin .

LEMMA 4.20. – For a holomorphic central extension ofCspin , c ∈ Z.

Proof. –We shall consider the loopsg1, g2 as in the proof of Lemma 4.18 inCspin atE′
i, with

the Spin -structure induced by the bundle[(i + 1)/2]− [0] on Ei. Then(g2g1)8 is equal to a
loop f in Cspin obtained by varying the boundary component ofE′

i (and its parametrization
i.e. to a loop which is an integral of a path inVectC(S1). Now fixing lifts of ĝ1, ĝ2 to the line
bundle onCspin given by theC×-central extension,f will lift to a path f̂ in the line bundle
and hence we can measure the ratio of its beginning- and end-points, which would be a
number inC×. Denote the logarithm of this number, divided by2πi, by q = q(f). Now choosing
a representative ofhP moduloZ, we can pickcanonicallifts ĝ1, ĝ2 (the canonical representativ
of L0 in the central extension ofVectS

1

C ). This gives

q ≡ 8h mod Z,(4.21)

since, using analogous notation forgi as forf ,

q(g1) = h, q(g2) = 0.

Also, by the above analysis using a pair of pants with two periodic and one antiperiodic bou
the numberq is defined in Lie algebra terms only, and hence does not depend onSpin -structure.
But using the case of the determinant, we then see that

q = c.(4.22)

But replacing theSpin-structure onE′
i by the trivialSpin-structure, we then have

q(g1) = q(g2) = h,

and hence

q ≡ 24h mod Z.(4.23)

Comparing (4.21) and (4.23), we then get

16h∈ Z,

and comparing this with (4.22) and (4.21), we get

c ∈ 1
2

Z.(4.24)
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But now if, in fact, we hadc ∈ 1
2 + Z, then, by (4.21),

1 1

e
s
here

ine is
ciated
r

ts of

is the

y
rphism

played
h ∈
16

+
8

Z.(4.25)

To see this scenario is impossible, consider a periodic annulusA with one inbound and on
outbound boundary component of the same spin. LetL be the infinitesimal periodic annulu
representing spin reversal (L can be replaced by an annulus of finite thickness for models w
the existence of infinitesimal spin-reversion annuli is not assumed). Now spin reversal onA can
be interpreted as the isomorphism

A
σ−→ (L ◦A ◦L).(4.26)

(Here ◦ denotes sewing regarded as composition of annuli.) An automorphism of a l
multiplication by a non-zero complex number. We see by definition that the number asso
with the automorphism ofDE corresponding to spin reversal onE is equal to the numbe
associated with the automorphism

DA
σ

DL◦A◦L DL ⊗DA ⊗DL
∼= T⊗1

∼=
DA ⊗DL ⊗DL

1⊗T∼=

DA ⊗DL ⊗DL
1⊗sewing

DA.

(4.27)

On the other hand, similarly, the number associated with the automorphism onD associated with
spin reversal on the elliptic curveE′ obtained by sewing together the boundary componen
L ◦A is

DL ⊗DA 1⊗σ−→DL ⊗DL ⊗DA ⊗DL sew⊗1⊗1−−−−−→DA ⊗DL T−→DL ⊗DA.(4.28)

SinceA has degree0, the ratio between the numbers associated with (4.27) and (4.28)
number associated with

DL ⊗DL T−→DL ⊗DL
which is(−1)deg(L). Thus, we see that

deg(L)≡ 1 mod 2.(4.29)

However, now consider the periodic (standard) annulusB with two outbound boundar
components. Then if we select boundary parametrizations appropriately, there is an isomo
in Cspin

B ∼= L ◦B(4.30)

switching boundary components, which contradicts (4.29).✷
This concludes the proof of Theorem 4.15. We saw that cutting along a periodic curve

an essential role in excludingc= 1/2 in the above lemma.
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5. The Pfaffian central extension

We will now show that the conclusion of Theorem 4.15 changes if we change the axioms in a

g

for

s

ndle
s is,
er the

nents,
make

ng
is

ts.
h

re

of
.

suitable way.
Consider the case ofX closed first. ConsideringΩ1/2 as a sheaf, note that we have a pairin

H0
(
X,Ω1/2

)
⊗H1

(
X,Ω1/2

)
→C(5.1)

given by

ω⊗ ξ→
∫
X

ωξ.

The pairing (5.1) is non-degenerate, and hence we have a natural isomorphism

H0
(
X,Ω1/2

)∼= (
H1

(
X,Ω1/2

))∨
(5.2)

where(?)∨ denotes the dual. In view of (2.19), it is therefore natural to define

Pf (X) :=Det
(
H0

(
X,Ω1/2

))
.(5.3)

Now supposeX is a connectedSpin -surface with non-empty boundary. Recall that,
suchX , Ω1/2∂X denotes the space of complex-valuedL2-1/2-forms on ∂X with values
in C. Recall also thatΩ1/2X denotes the space ofL2-1/2-forms on∂X with an extension to
holomorphic1/2-forms in the interior ofX . As usual,Ω1/2∂X is more precisely viewed a
Ω1/2(�S1

A � �S1
P ) where the disjoint sum is over the boundary components ofX . As such,

theSpin -structure on∂X is canonically a complexification of a real bundle, namely the bu
of real1/2-forms on∂X , which gives it a real structure (a complex conjugation map). Thi
however, slightly different from the real structure we will need to use. To this end, consid
symmetric bilinear formB onΩ1/2∂X given by

B(ω, η) =
∫
∂X

ωη.(5.4)

The integration is in the direction of the parametrization of outbound boundary compo
but against the direction of the parametrization of inbound boundary components (to
holomorphic1/2-forms onX isotropic). Then we need a different real structure onΩ1/2(∂X),
such thatB is positive definite on(Ω1/2(∂X))R. Such real structure is obtained by multiplyi
the old complex conjugation operator by−1 on inbound boundary components, which
equivalent to multiplying the space of real1/2-forms by i on inbound boundary componen
We will use this new real structure from this point on. Let? denote complex conjugation wit
respect to the new real structure.

Now to define Pfaffian forSpin -surfacesX with boundary, we must pick a complex structu
on Ω1/2(∂X)R (by which we mean real1/2-forms, with respect to the formB, on a disjoint
union of copies ofS1

A, S1
P corresponding to boundary components ofX).

There is a canonical complex structure onΩ1/2(S1
A)R, where the isotropic subspaces

Ω1/2(S1
A)C are the spaces of holomorphic and antiholomorphic1/2-forms on the standard disk

However, the situation is different forΩ1/2(S1
P ). There is no complex structure onΩ1/2(S1

P )
compatible with polarization!
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In general, ifHR is a real Hilbert space with inner productB, then call a polarization ofH
even-dimensionalif there is a complex structure onHR which is compatible with polarization.
Otherwise, callHR odd-dimensional.

given

hism

lex
ick,

ry

re,

e
f

onding
an

ictions
ample,

along
The invariant distinguishing even- and odd-dimensional polarized real Hilbert spaces is
as follows: It is known ([16], Chapter 12) that the restricted orthogonal group satisfies

OresHR $O/U.

In particular,OresHR has two connected components, which gives a canonical homomorp

h :OresHR → Z/2.

We say thath is even- (resp. odd-) dimensional ifh(−1) = 1 (resp.h(−1) = −1). It can be
shown thatΩ1/2(S1

P ) is odd-dimensional.
The spaceΩ1/2∂X for X ∈ Cspin , however, is even-dimensional. We can pick a comp

structure on(Ω1/2∂X)R compatible with polarization. But since there is no such canonical p
the only way I know of defining the central extension

√
P for surfaces with periodic bounda

components is to make the complex structure a part of the moduli space:
Let C′spin be the moduli space ofSpin -surfacesX together with a specified complex structu

compatible with polarization, on the space of real1/2-forms on the boundaryΩ1/2(∂X)R (with
respect to the symmetric bilinear formB). From a stack point of view, ifT is a Teichmüller
space for a connected component ofCspin , then the corresponding Teichmüller spaceT ′ of C′spin
is isomorphic toT ×Ores/Ures . The modular groupG is the same forCspin andC′spin , and its
action commutes with the canonical projectionT ′→ T .

To define sewing onC′spin , we shall consider a certain class ofdistinguishedcomplex
structuresJ0 onΩ1/2(Cin �Cout )R whereC stands forS1

A or S1
P . Denote byP the operator

Ω1/2
(
Cin �Cout

)
C

∼= Ω1/2
(
Cin

)
C
⊕Ω1/2

(
Cout

)
C

∇−→Ω1/2(C)C

where∇(x, y) = y− x. ThenJ0 is distinguished if

P :Ω1/2
(
Cin �Cout

)
C,+

→Ω1/2(C)C

is an isomorphism, whereHC,+ is, as usual, thei-eigenspace of a complex structure onHR.
Now a sewing map corresponding toCin , Cout will be defined for surfacesX for which the

complex structure on the space of real1/2-forms of ∂X is of the formJ0 ⊕ J , whereJ0 is a
distinguished complex structure onΩ1/2(Cin �Cout )R compatible with polarization, andJ is
some complex structure onΩ1/2(∂X − (Cin �Cout ))R, also compatible with polarization. W
will then also say that the complex structureJ0 ⊕ J is distinguished, with respect to the pair o
boundary componentsCin ,Cout .

From a stack point of view, this corresponds to defining the sewing map on the corresp
substack of a connected component ofC′

spin . Diagrams (2.5)–(2.8) are interpreted in
analogous way as in the previous cases, thus giving a notion of holomorphicC×-central
extension onC′spin .

When considering this analogy, however, we must keep in mind the substantial restr
imposed by the fact that sewing is one defined on distinguished complex structures: For ex
for two pairsCin

i , Cout
i , i = 1,2, of disjoint boundary components whereCin

i , Cout
i for the

samei are both periodic or antiperiodic, the diagram expressing independence of sewing
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Cin
i ,Cout

i on the order of sewing (i= 1,2 vs.i= 2,1) has as its source the stack ofSpin -surfaces
with the boundary componentsCin

i , Cout
i and three complex structures on( )

s on

y the

n

rator

ase of

e

Ω1/2 Cin
1 �Cout

1 R
,

Ω1/2
(
Cin

2 �Cout
2

)
R
,

Ω1/2

(
∂X −

∐
i=1,2

(
Cin
i �Cout

i

))
R

where the first two are distinguished.

Remark. – It is easy to see that there exist distinguished complex structure
Ω1/2(Cin �Cout )R compatible with polarization. For example, take a standard annulusA with
boundaryCin � Cout with opposite spin, and take the complex structure determined b
isotropic subspacesΩ1/2(A), Ω1/2(A) of holomorphic and antiholomorphic forms onA. This is
a complex structure, because the elliptic curveE obtained fromA by sewingCin andCout has
non-trivial Spin -structure: then, sinceΩ1/2 is a line bundle of degree0, and is non-trivial, we
haveH∗(E,Ω1/2) = 0. Now recall thatH∗(E,Ω1/2) is the cohomology of the complex

Ω1/2(A)⊕Ω1/2(A)→Ω1/2
(
Cin �Cout

)
C
,(5.5)

so in this case the map (5.5) is an iso, as required.

THEOREM 5.6. – There exists aC×-central extension
√
P of C′spin , i.e. a central extensio

whose square is the pullback ofP to C′spin .

It is helpful to introduce the notion of Pfaffians of operators: first, given a Fredholm ope
F :U → V together with an explicit isomorphism

Ker(F )∼=Coker (F )∨,(5.7)

we can define thePfaffianof F as

Pf (F ) :=Det
(
Coker (F )

)∼= (
Det

(
Ker(F )

))−1
.(5.8)

However, we shall need a “continuity property” similar to the discussion we had in the c
the determinant line. To this end, we prove the following

CLAIM 5.9. – AssumeCoker (F ) is even-dimensional. Then there exist operatorsS :V ∗→ V ,
T :U → V ∗ such thatF + ST is invertible,S,T are Hilbert–Schmidt,S is skew and

Im
(
F
T

)
⊂ V ⊕ V ∗

is isotropic with respect to the canonical symmetric bilinear form onV ⊕ V ∗ (whereV is
isotropic, and forv ∈ V , w ∈ V ∗, B(v,w) =w(v)).

Proof. –SinceF can be replaced byFA whereA is any invertible operator, we may assum
thatF is a projection. Let its0- and1-eigenspaces beK ,W , respectively. Then

K =Ker(F ) =Coker (F ),
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so (5.7) gives a real structure onK . Denoting byKR the real subspace, letJ be any complex
structure onKR. Then we can putS = J , T =−J (extended by0 onW ). ✷
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For us, this motivates defining the Pfaffian from yet a different set of data, namely an inc(
F
T

)
: U ⊂ V ⊕ V ∗

whose image is isotropic,T is Hilbert–Schmidt and there is a skew Hilbert–Schmidt oper
S: V ∗ → V such thatF + ST is invertible. (This requiresKer(F ) to be even-dimensional
Then we can define the Pfaffian as the line generated byF + ST . Note that if we replaceS
by another skew Hilbert–Schmidt operatorS′ such thatF + S′T is invertible, then we get
canonical isomorphism of Pfaffian lines, as

(F + S′T )−1(F + ST ) = 1 + (S − S′)T (F + S′T )−1,(5.10)

whileT (F +S′T )−1 is skew. Thus, the right hand side of (5.10) is of the form1+AB withA,B
Hilbert–Schmidt and skew, and such operators have a canonical Pfaffian (see [16], Chap

Similarly as in the case of the determinant, another way to look at this discussion is n
definition, but as a “continuity statement”, specifying an isomorphism between the Pfaffi
the operatorsF , F + ST .

Following this terminology, we shall denote the desiredC×-central extensions
√
P by Pf ,

although, in comparison with our previous notation,Pf 2 is then not isomorphic toDet (since by
Det we denoted the determinant of holomorphic functions, not1/2-forms). To definePf (X),
note that our complex structure onΩ1/2(∂X)R gives a decomposition(Ω1/2∂X)C = V ⊕ V for
an isotropic spaceV (the i-eigenspace of the complex structure). We can then definePf (X) as
the Pfaffian of the inclusion (

F
T

)
:Ω1/2(X)→ V ⊕ V .(5.11)

To be able to chooseS skew Hilbert–Schmidt so thatF + ST is invertible,Ker(F ) must be
even-dimensional. If it is not, however, we can change the complex structure onΩ1/2(∂X)R to
make the kernel even-dimensional, and then divide by the Pfaffian corresponding to cha
complex structure, which is defined in [16], Chapter 12.

Another way to say this is that theB-isotropic space

Ω1/2(X)⊂Ω1/2(∂X)

(assumingX has no closed connected components) has relative dimension0 with respect to the
spacceV (with V ⊕ V = Ω1/2(∂X)). On the other hand,

Ω1/2(X)∩Ω1/2(X) = 0.(5.12)

To see this, note that an elementω ∈ Ω1/2(X) ∩ Ω1/2(X) would be real, i.e. would satisf
B(ω,ω)> 0 (if ω �= 0), contradicting the fact thatΩ1/2(X) is isotropic.

Now (5.12) and the fact thatΩ1/2(X) has0 relative dimension with respect toV implies that

Ω1/2(X)⊕Ω1/2(X) = Ω1/2(∂X),

and hencePf V (Ω1/2X) is defined in [16], Chapter 12.
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To define a sewing isomorphism along two boundary componentsCin andCout of X with
distinguished complex structureJ0 ⊕ J on Ω2(∂X)R as above, note that there is another,
canonical, complex structureJ ′

0 on

rection

x

the
2,

y have
te
rphism
Ω1/2
(
Cin �Cout

)
R

= Ω1/2
(
Cin

)
R
⊕Ω1/2

(
Cout

)
R
.(5.13)

To this end, recall first that the subscriptR refers to the real structure corresponding toB, which
multiplies the obvious real structure (square root of tangent vector to the boundary in the di
of the parametrization) byi on inbound boundary components. Thus, indentifyingCin andCout

via the canonical iso, a complex structure on (5.13) is given by the matrix(
0 −i
−i 0

)
.(5.14)

Observe that thei-eigenspace then consists of vectors of the form(
−v
v

)
, v ∈Ω1/2(C)C,

and the−i-eigenspace consists of vectors of the form(
v
v

)
, v ∈Ω1/2(C)C.

Therefore, projection onto thei-eigenspace is the map(
u
v

)
�→ u− v

2
.(5.15)

By definition,Pf (X̌) is canonically isomorphic to the Pfaffian of an operator

Ω1/2(X) Ω1/2(Cin �Cout)C ⊕Ω1/2((∂X)− (Cin �Cout ))C

G1⊕G2

Ω1/2(C)C ⊕Ω1/2((∂X)− (Cin �Cout ))C,+

where the first operator is restriction, the operatorG2 is projection toi-eigenspace of the comple
structureJ , andG1 is the restriction of the operator (5.15).

In other words, the Pfaffian of̌X is canonically isomorphic to the Pfaffian ofX with respect
to the complex structureJ ′

0 ⊕ J onΩ1/2(∂X)R.
Now the condition thatJ0 be distinguished says that the projection operator from

i-eigenspace ofJ0 to the i-eigenspace ofJ ′
o is an isomorphism. Following [16], Chapter 1

this gives a canonical trivialisation of the Pfaffian of the transition matrix fromJ0 to J ′
0.

There is a slight problem with this argument, due to the fact that, as the reader ma
realized, the canonical complex structureJ ′

0 is not compatible with polarization. (In fact, no
that there is a similar issue in the case of the determinant, if we describe the gluing isomo
in this language.)
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Applying the methods of [16], Chapter 12, in this case will leave us with the task of showing
that we have a canonical isomorphism between the Pfaffians of Fredholm operators of the form
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a field
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F, F (I − SQ)

whereS,Q are skew andSQ is trace class (butS, Q are not necessarily Hilbert–Schmidt).
other words, we must show that an operator of the form

I − SQ

for S,Q skew andSQ trace class, has a canonical Pfaffian (a number). To this end, note th
formula

Pf (I − ST ) =
∑
σ

Pf (Sσ)Pf (Qσ)(5.16)

of [16], Chapter 12, makes sense in the case whenS, Q are skew andSQ is trace class. To se
this, note that the formula is proven by taking limit over skew submatrices ofS, Q which have
only finitely many non-zero entries: for such matrices, the formula gives a square root
determinant. Thus, (5.16) must converge, sincedet(I − ST ) converges and its two square roo
form a discrete set.

The situation simplifies if we restrict attention to the submoduli spaceCAspin of Cspin consisting
of Spin -surfaces whose each boundary component is antiperiodic.

THEOREM 5.17. – There exists aC×-central extension
√
P on CAspin (i.e. a C×-central

extension whose square is the restriction ofP to CAspin ).

Proof. –As remarked above, there is acanonicalcomplex structure onΩ1/2(S1
A)R compatible

with polarization, whose isotropic subspaces ofΩ1/2(S1
A)C are the spaces of holomorphic a

antiholomorphic1/2-forms on the standard disk. Moreover, if we reverse this complex stru
on the inbound boundary component, we obtain a complex structure on

Ω1/2
((
S1
A

)in �
(
S1
A

)out)
R

which is obviously distinguished in the sense defined above. Therefore, we have de
canonical complex structure onΩ1/2(∂X)R for everyX ∈ CAspin which is distinguished with
respect to every pair consisting of an inbound and outbound boundary component. Furth
complex structure is compatible with sewing.

Therefore, we have constructed a map

CAspin →C′spin

compatible with sewing, and our statement therefore follows from Theorem 5.6.✷
Both of these approaches leave open the question as to whether there is a generaliz

the concept ofC×-central extension which would include the case of
√
P , and which would be

defined onCspin itself, without introducing additional structure. Such concept indeed exists
is due to P. Deligne.

We need the language of super-Brauer groups due to C.T.C. Wall [23,5]. Consider, for
k, the graded tensor categorysVect(k) of super-k-vector spaces, i.e.Z/2-graded vector space
where the commutativity isomorphism

T :V ⊗W →W ⊗ V
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is defined by

T (v⊗w) = (−1)deg(v)deg(w)w⊗ v
ee.

simple
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e

for homogeneous elementsv,w. Morphisms insVect(k) are homomorphisms preserving degr
An algebra insVect(k) (super-algebra) is then the same as aZ/2-gradedk-algebra, but the
notion of center is defined in the graded sense, thus giving a new notion of super-central
algebra overk.

A Morita equivalence between two super-central simple algebrasD1 ∼ D2 can be defined
as an additive functor from the category ofD1-modules to the category ofD2-modules which
is an equivalence of categories. Up to isomorphism, all such functors are of the formM⊗D1?
whereM is a rightD1-module whose commutant is isomorphic toD2. The commutant ofV
is the subalgebra ofEnd(V ) consisting of endomorphism commuting with the rightD1-action.
End(V ) is V ∗ ⊗ V , i.e. the algebra of (not necessarily graded) endomorphisms ofV .

The super-Brauer groupsBr (k) then is the group of Morita equivalence classes of finite su
central simple algebras overk (with respect to the graded tensor product⊗). For our purposes, w
only need the casek = C. The groupsBr(C) is isomorphic toZ/2, with generatorD0 which is of
the formC(even)⊕Cη(odd), η2 = 1. Every super-central simple algebra overC is isomorphic
to End(V ) or End(V )⊗D0 for someZ/2-graded complex vector spaceV . The categories o
super-modules over these algebras are easy to describe: The category ofEnd(V )-super-module
is equivalent tosVect(C), the category ofEnd(V )⊗D0-super-modules is equivalent toVect(C)
(the category of ungradedC-vector spaces).

We shall need two observations: First, there is s canonical iso (hence Morita equivale
super-algebras

D1 ⊗D2
∼=D2 ⊗D1.(5.18)

Second, for every super-algebraD, there is a super-algebraDop which isD with operation

x ·op y = (−1)deg(x)deg(y)y · x(5.19)

(for x, y homogeneous). We have a canonical Morita equivalence

D⊗Dop ∼C.(5.20)

Now a holomorphicsBr (C)-C×-central extensionof Cspin consists of the following data:
(1) A C-superalgebraD. Then define, forX ∈ Cspin ,

D(X) =
⊗
out,P

D⊗
⊗
in,P

Dop

where the first (resp. second) tensor product is over outbound (resp. inbound) p
boundary components.

(2) For eachX ∈ Cspin , an irreducibleD(X)-moduleM(X) (more precisely described in th
above stack language, i.e. in particularM(X) form holomorphicSpin-bundles over the
connected components ofCspin ).

(3) ForX̌ obtained fromX by sewing, an isomorphism between

M(X̌)

and theD(X̌)-module corresponding toM(X) by the canonical Morita equivalenc
D(S)∼D(X̌) coming from (5.20).
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(4) ForX,Y ∈ Cspin , an isomorphism betweenM(X) ⊗M(Y ) and theD(X) ⊗ D(Y )-
module coming from the canonical isoD(X)⊗D(Y )∼=D(X � Y ).

(5) Coherence diagrams analogous to (2.5)–(2.8). In particular, the analogue of (2.8) uses the

hat

we fix

le

e
thus

at
d

denote
l

isomorphism (5.18).

THEOREM 5.21. – There exists asBr(C)-C×-central extension
√
P of Cspin (i.e. such that

we have an isomorphism ofsBr(C)-C×-central extensions(
√
P

⊗2 ∼= P )).

Proof. –SupposeHR is a polarized real Hilbert space, andW0 ∈ Gr res(HC) is an isotropic
space such that

W0 ⊕W0 =HC,(5.22)

soW0 is equivalent to giving a complex structure onHR (see [16], Chapter 12). Now suppose t
we have another complex structure, i.e. another isotropic spaceW ∈Gr res(HC),W ⊕W =HC,
then [16], Definition 12.4.3 gives a canonical linePfW0

(W ) (which we already used).
The key point of the present argument is to understand how the Pfaffian line changes if

an isotropic subspaceW0 ∈ Gr res(HC) not necessarily satisfying (5.22). LetV be the (finite-
dimensional) orthogonal complement ofW0 ⊕ W0 in HC. We have a quadratic form onV
induced by the real structure onH .

OBSERVATION 5.23. – For a W0 just described,W as above gives a canonical irreducib
modulePfW0

(W ) over the Clifford algebraC(V ).

Proof. –In the caseW =W0 ⊕Z where

Z ⊕Z = V,(5.24)

putPfW0
(W ) = Λ(Z). For generalW , let PfW0

(W ) beΛ(Z) tensored with the Pfaffian lin
PfW0⊕Z(W ). The theory developed in [16], Chapter 12, shows that the Clifford modules
defined are canonically isomorphic for different choices ofZ . ✷

Now we must choose (and fix) maximal isotropic subspacesWA
0 , WP

0 in the restricted
Grassmanians ofΩ1/2S1

A, Ω1/2S1
P . We have already chosenWA

0 as the space of1/2-forms
extending to holomorphic1/2-forms on the unit disk. In the case ofΩ1/2S1

P , choose

WP
0 =

〈
zndu1/2|n > 0

〉
, wherez = e2πiu.

Then in the antiperiodic case,V = V A = 0, so the corresponding Clifford algebra isC, and in
the periodic caseV = V P = C · du1/2, soD = C(V P ) is a super-division algebra. Note th
if we reverse the sign of the symmetric bilinear form onΩ1/2S1

P (which happens on inboun
boundary components),WP

0 remains isotropic, whileD is replaced byDOp .
Thus, for aSpin -surfaceX , we have a canonical isotropic subspace

W0(X) =
⊕
A

WA
0 ⊕

⊕
P

WP
0 ⊂Ω1/2(∂X)

where the sums are over periodic (resp. antiperiodic) boundary components. Then if we
byV (X) the orthogonal complement ofW0(X)⊕W0(X) in Ω1/2(∂X)C, we obtain a canonica
isomorphism

C
(
V (X)

)∼=D(X) =
⊗
P,out

D⊗
⊗
P,in

DOp .
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Now for a maximal isotropic subspaceW ∈ Gr resΩ1/2(∂X)C (i.e. a complex structure on
Ω1/2(∂X)R), we have already defined a graded Pfaffian line
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PfW (X).

Using Observation 5.23, define aD(X)-module

Pf (X) := PfW0(X)(W )⊗PfW (X).

It is not difficult to verify that this definition does not depend on the choice ofW , and satisfies
the requisite axioms. ✷

Comment. – P. Deligne remarks that the consideration of real structure is not necess
define a Pfaffian. The construction makes sense on a polarized Hilbertizable infinite-dime
C-vector spaceH with non-degenerate symmetric bilinear formB. It then makes sense to s
whetherH is even or odd dimensional. IfH is even-dimensional, then for a maximalB-isotropic
closed subspaceW ⊂H ,W ∈Gr res(H), B defines an iso

H/W ∼=W ∗.(5.25)

A splitting

H/W →H

whose target is isotropic specifies a real structure (i.e. an antilinear complex conju
operator) onH , but any two such splittings differ by a skew mapW ∗ →W which is Hilbert–
Schmidt if the image of the splitting is in the restricted Grassmanian of the opposite polariz

For two maximal isotropic closed subspacesW,W0, we can then define a Pfaffian lin
PfW0

(W ). More generally, forW1 ∈ Gr res(H) isotropic, one can define a super-cen
simple C-algebraC as the commutant of theB-annihilator ofΛ(W1), considered as a righ
C(H)-module, and one then has a canonical irreducibleC-modulePfW1

(W ).
This corresponds to the fact that, ifH is finite-dimensional, the subgroup ofGL(H) preserving

B is the complex orthogonal group, which has the same homotopy type as the real orth
group, and hence has aSpin-central extension. In the infinite-dimensional case, a sim
discussion applies.

6. Trivial C×-central extensions

In this section, we shall classify trivialC×-central extensions ofCtop , Ctop
spin .

THEOREM 6.1. – The group of isomorphism classes ofC×-central extensions ofCtop , Ctop
Z/2

are isomorphic toZ/2, generated by aC×-central extension in which the degree of the l
associated to a surface withd components isd mod 2.

Proof of theC case. –First we will calculate the possible degrees of lines associate
conformal surfaces. (For brevity, we will sometimes refer to this degree as the degree
surface associated with the given central extension, or the degree of the central extensio
surface.) Surfaces can be cut up into disks, annuli and pairs of pants. Annuli with1 incoming and
1 outgoing component form a semigroup, and hence must have degree0. Therefore, the degre
of all surfaces is determined by the degree of the outgoing diskD+ and incoming diskD−.
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CLAIM 6.2. – In a C×-central extension ofCtop , the degrees ofD+ andD− are equal
(mod 2).
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Proof. –Suppose, say, thatdeg(D+) = 1, deg(D−) = 0. LetA++ (resp.A−− be an annulus
with two outgoing (resp. incoming) boundary components. ThenA++ andA−− have non-
trivial automorphismsα++ and α−−, switching the boundary components. However, si
automorphisms ofP1 are trivial in Ctop , and P1 can be glued fromD+,D+,A−− (resp.
D−,D−,A++) in a way equivariant with respect toα−− (resp.α++) and a switch of disks
we conclude that the sign induced byα++ on its central extension line is+1, while the sign
induced byα−− is−1. But now an elliptic curve can be glued fromA++

∐
A−− equivariantly

with respect toα++, α−−, indicating that the automorphism (which is trivial inCtop) induces
multiplication by−1.

Note that the generator is obtained as the tensor product of the two kinds of determ
mentioned above (resulting from shifting the polarization ofL2(S1) by index1). Thus, the proo
of Theorem 6.1 will follow from the following. ✷

CLAIM 6.3. – EveryC×-central extension ofCtop in which all degrees are0 (we will call this
a degree0 extension) is isomorphic to the unit central extensionI.

Proof. –Let L be a degree0 C×-central extension ofCtop . For each connected compone
[∗/S] of Ctop , we shall first prove that the modular groupS acts trivially onL. To this end, note
that by use of sewing, it suffices to show that the switch of boundary components acts trivi
the annulusA++. Recall the automorphismα++ ofA++ switching boundary components. The
however, we can sew two copies ofD− on the two boundary components ofA++, obtaining a
copy ofP1, with a non-trivial automorphism obtained by sewing the automorphismα++ with a
switch of theD−’s. But by our assumptions, the switch ofD−’s induces1 onL, and so does th
automorphism ofP1. Hence, the automorphismα++ induces1 onL also. The treatment ofα−−
is analogous.

Now we shall construct an isomorphismL∼= I. First choose isomorphismsLD+
∼= I ∼= LD−

arbitrarily. Sewing then forces the isomorphismL∼= 1 on annuli and pairs of pants, and theref
on every surface inCtop . We must show that the isomorphism thus defined is consistent.
amounts to saying that if we cut a surfaceX into disks, annuli and pairs of pants in tw
different ways, the two resulting isomorphismsLX ∼= 1 coincide. To this end, we first consid
surfacesX of genus0. (The genus of a surface with boundary is defined as the genus o
surface obtained by sewing on disks.) Note that our choices specify an isomorphismLP1 ∼= 1
and we can defineLX simply by requiring that it be consistent with attaching disks to
boundary components ofX (which givesP1). This is obviously compatible with sewing
the category of surfaces of genus0 (the reason this argument does not work inC is that there
are different kinds of disks). Now if we have a connected surfaceX of genus> 0, cutX into
Riemann surfaces of genus0 along non-separating curves. Note that there is an ambigu
such cutting due to possible permutations of boundary components. However, we have
that such permutations induce the identity onL. ✷

Proof of theCspin case. –Recall that for aC×-central extension we have itsdegreewhich is a
function assigning to each surface in the respective category an element ofZ/2.

Following similar arguments as in the case ofC, one sees that the degrees of all element
Ctop
spin with respect to aC×-central extension are determined by degrees of the following surf
(1) deg(D+) = deg(D−) (there is only one possibleSpin -structure).
(2) deg(L) whereL is a periodic annulus with one inbound and one outbound boun

component, reversing spin.
(3) deg(P ) whereP is a periodic annulus with two inbound periodic boundary compone
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We have shown in (4.30) that

deg(L) = 0,(6.4)
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even forC×-central extensions ofCspin , and, in fact, the line corresponding toL is canonically
trivialized. Thus, to show that we have the same possible degrees as in the case ofCtop , it remains
to show that

deg(P ) = 0.(6.5)

To this end, suppose that

deg(P ) �= 0(6.6)

for a C×-central extensionD of Ctop
spin . Consider a genus0 Spin -surfaceX with four

outbound boundary components. We have seen above in Lemma 2.24 that inCtop
spin , there is

an automorphismα of X which induces the permutation(12)(34) on boundary component
We can sewα with a switch of two copies ofP to get an automorphism of a genus2 closed
surface, which is trivial inCtop

spin . Because of this, (6.6) implies thatα induces−1 onDX . By
sewing, it follows that there are permutations inSspin of boundary components of a genus0
Spin-surfaceY with six outbound periodic boundary components which induce−1 on DY .
Thus, by Lemma 2.24, we would obtain a non-trivial homomorphism

A6→ C×,

which is a contradiction. Thus, (6.5) is proven.

We have reduced our task to proving

LEMMA 6.7. – All degree0 C×-central extensions ofCtop
spin are isomorphic to the uni

C×-central extensionI.

Consider aC×-central extensionM of Ctop
spin . First note that our proof of (6.5) also implie

that the groupSspin(X0) acts trivially onMX0 .
We shall now define a natural isomorphismM ∼= I on Spin-surfaces of genus0, compatible

with sewing: the trivialization is defined arbitrarily onD+,D− and annulus with two outboun
periodic boundary components. It is then specified uniquely on all pairs of pants, and
Spin-surfaceX of genus0 can be cut up into pairs of pants.

The cutting is determined by matching (or dividing into pairs) the periodic boun
components ofX . Observe carefully that the choice of matching does matter slightly: any
matchings are carried one to another by a permutation whose sign is well defined. Su
for simplicity, thatX is connected and has outbound periodic boundary components only.
Sspin(X) is the alternating group, so the order of boundary components ofX is defined up to
sign, and compatibility of order with sewing (up to sign) inCspin shows that there is a ‘positive
choice of matching which we should use for our trivialization. Reversing the sign of the or
boundary components changesX into a different (although isomorphic) surfaceX ′. Comparing
the trivializations ofMX andMX′ gives a trivialization ofML whereL is the periodic annulu
with one inbound and one outbound boundary component reversing spin.

CLAIM 6.8. – Consider the elliptic curveE with Spin-structure of Kervaire invariant0, and
the ratioλ of the images of the canonical elementsλL, λA of theC×-central extensionM of
Ctop
spin on the periodic and antiperiodic annuliL, A (L reversing spin – see(4.30))obtained by

cuttingE along a periodic(resp. antiperiodic) curve. Thenλ= 1.
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Proof. –Consider a surfaceQ obtained fromP1 by cutting out four disksD1, . . . ,D4, where
D1,D4 are inbound,D2,D3 are outbound. Choose aSpin-structure onQ whereD1,D2 are
periodic,D3,D4 are antiperiodic. There is a simple curvec inQ separatingD1 andD3 fromD2
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andD4, andc is periodic. Now construct a genus2 Spin-surfaceX by sewingD1 andD2

together into a curveλ, andD3, D4 together into a curveµ. We shall need one more simp
closed curveν in X obtained from a simple line inQ joining a pointx ∈ ∂D3 with a point
y ∈ ∂D4 such thatx, y correspond to the same point onµ. We can choose spins on∂D3, ∂D4 in
such a way that the curveν is periodic inX .

Then we make two observations: First of all, by cuttingX alongλ, µ or λ, c gives us two
genus0 Spin-surfacese, f on whichM therefore has canonical elements. However, the im
of these two elements inMX coincide, since they must coincide with the image of the canon
element inM of the (disconnected) genus0 surface obtained by cuttingX along the three disjoin
simple curvesλ, c, µ.

The second observation is that there is an automorphism ofX in Ctop
spin which carriesλ, c in

this order ontoλ, ν: to this end, simply observe that inCtop
spin , the genus0 Spin-surfaces obtaine

fromX by cutting alongλ, ν andλ, c are isomorphic.
By the triviality of actions ofCtop

spin -modular groups, the image inMX of the canonical elemen
obtained fromM on the genus0 surface obtained by cutting alongλ, ν is now equal to the
element ofMX obtained from the canonical element of theM of the surface obtained by cuttin
alongλ,µ. But we see that ifκ is a simple (antiperiodic) curve inQ separatingD1 andD2

fromD3 andD4, thenX is the connected sum, alongκ, of two elliptic curves in one of which
µ, ν are positioned as in the statement of claim, and the other one of which containsλ. ✷

Proof of Lemma 6.7. –In view of what we already showed, it suffices to prove that fo
connectedSpin -surfaceX , the trivialization ofMX obtained by cuttingX along disjoint simple
curves along disjoint simple curves into a connected genus0 surface does not depend on t
choice of curves. Clearly, it suffices to consider the case whenX is closed of genusn. Consider
a setR of n disjoint simple curves inX (thus specifying a maximal isotropic subspace of
canonical bilinear form onH1(X,Z/2)).

By a hyperbolic switch, we shall mean the following modification ofR: ExpressingX as a
connected sum

X = Y ME

of Y and an elliptic curveE (along a curve disjoint withR) such thatE is diffeomorphic to
r× s, r ∈R, then replaceR by

R′ =
(
R−{r}

)
∪ {s}.

In view of Claim 6.8, our statement then follows from the following result.✷
LEMMA 6.9. –Any two setsR, R′ of n disjoint simple curves inX can be carried one ont

another by a sequence of hyperbolic switches and elements of theSpin -mapping class group
ofX .

Proof. –Let R, R′ be as above. By cutting alongR (resp.R′) and sewing back, we see th
we can write

R= {r1, . . . , rn}, R′ = {r′1, . . . , r′n},
such thatX is a connected sum of elliptic curvesEi (resp.E′

i) diffeomorphic tori × si (resp.
r′i × s′i) for somesi, s′i. (This specifies a selection of two hyperbolic bases ofH1(X,Z/2).)
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Now consider the numbersk (resp.k′) of the elliptic curvesEi (resp.E′
i) which have Kervaire

invariant1. The parity of these numbers is the Kervaire invariant of theSpin -structure onX , and
hence

s.
hat
sum

s
nents

gonally,
nd the
the

on

ap

ent of

e two
k ≡ k′ mod 2.

Note that ifk = k′, we are done.
Thus, it suffices to show how to modify the numberk by 2 by means of hyperbolic switche

To this end, it suffices to considerX of genus2. Without loss of generality, we may assume t
r1, r2 are periodic. We must show thatX can be expressed in two ways as a connected
of two elliptic curvesE1,E2, E′

1,E
′
2 whereEi have Kervaire invariant0 andE′

i have Kervaire
invariant1, andEi = ri × si, E′

i = ri × s′i. To this end, cutX alongr1, r2, creating a genu
0 surface with four periodic boundary components. Arranging the four boundary compo
in the corners of a square, such that the pairs of components to be sewn are facing dia
the curvessi are obtained by connecting one diagonal pair of corners by a straight line, a
other by a disjoint line. The curvess′i are obtained in a similar way, switching the roles of
diagonals. ✷

Remark. – The discussion of the case ofCc,topspin is completely analogous, with the excepti

that degree0 C×-central extensionsD of Cc,topspin have an additional invariant, namely the m
onDB induced by an isomorphism

φ :B→B

switching boundary components (see (4.30)). Note that

φ4 = 1,

while φ2 is spin reversal onB. However, note that we must have

Dφ2 = Id

taking a connected sum of two copies ofB, we obtain a genus0 Spin -surfaceX with 4 outbound
periodic boundary components. Reversing spin on two of them, considered as an elem
SC(X), cannot induce−1, since performing such reversal on components1,2 then2,3 then3,1
givesId .

Thus,φ induces±1. Now it turns out that a degree0 C×-central extension ofCcspin on which
φ induces−1 does exist: It is obtained as the conformal anomaly of the tensor product of th
variants of theSpin -CFTF(Ω1/2) where in one we choose

Ω1/2
+

(
S1
P

)
=

〈
zndu1/2|n� 0

〉
, z = e2πiu,

and in the other

Ω1/2
+

(
S1
P

)
=

〈
zndu1/2|n > 0

〉
.

The rest of the argument is analogous, thus giving

THEOREM 6.10. –The group of(Z/2-graded) C×-central extensions ofCc,topspin is isomorphic
to Z/2 × Z/2 where one generator has degreed mod 2 on a surface withd boundary
components, and the other generatorD has degree0, but satisfies

Dφ =−1.
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Analogous discussions can be made forCtop
Z/2, Cc,top

Z/2 .

e most
rences
7. Some basic facts on level 2 modular transformations

In this section, we shall review some classical facts which are of interest to us. For th
part, S. Lang [15], Chapter 18, is a sufficient reference for our purposes, with his older refe
filling in all the details.

We begin with Dedekind’sη-function

η(τ) = q1/24
∏
n>0

(
1− qn

)
where, as always,q = e2πiτ . To discuss the automorphic properties ofη, let Γ(1) = PSL2(Z).
Then Γ(1) ∼= (Z/2Z) ∗ (Z/3Z), so Γ(1) has unique non-trivial central extensions byZ/2,
Z/4, respectively. TheZ/2-central extension isSL2(Z). We denote theZ/4-central extension

by S̃L2(Z). This group can be described as the set of all pairs{
(g, f) | g =

(
a b
c d

)
, ad− bc= 1, f :H→C holomorphic, f(τ)2 = cτ + d

}
whereH is the upper halfplane inC. The composition is defined by

(g, f) ◦ (g′, f ′) = (gg′, f ′′)

where

f ′′(τ) = f ′(τ) · f
(
g′(τ)

)
.

Now the abelianizationPSL2(Z)→ Z/6 obviously gives an abelianization

S̃L2(Z)→ Z/24.

We choose a model of this map

u : S̃L2(Z)→ µ24

(µn means thenth roots of unity) where

u

((
1 1
0 1

)
, Id

)
= e2πi/24,

u

((
0 −1
1 0

)
, f

)
= e−2πi/8

(7.1)

where

f(i) = e2πi/8.

Now we have for(g, f) ∈ S̃L2(Z), g : q �→ q′ (we will use this notation to meanq′ = e2πiτ ′ ,
g(τ) = τ ′),

η(τ ′) = f(τ)u
(
(g, f)

)
η(τ)(7.2)

(see [15], Theorem 6 on p. 253).
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Next, we will look at level2 modular transformations. The groupΓ(2)⊂ Γ(1) is the subgroup
consisting of all elementsg represented by( a b

c d ), where2|b, 2|c. This can be interpreted as
follows: an elementg ∈ Γ(1) defines, up to sign, an isomorphism of elliptic curves

e

l

i(g) :C/[τ,1]∼= C/
[
g(τ),1

]
.

(Here, and below,[ω1, ω2] denotes the lattice spanned byω1, ω2.) The mapi(g) is simply
1

cτ+d . Now Γ(2) consists of allg ∈ Γ(1) for which i(g) preserves each of the points1/2, τ/2,
(1 + τ)/2 ∈C/[τ,1]. ThenΓ(2) is, in fact, a degree6 subgroup ofΓ(1). It is a free group, with
free generators( 1 2

0 1 ) and( 1 0
2 1 ) (hence, the central extensions discussed above split overΓ(2)).

Γ(2) acts freely onH, and its fundamental domain is the area inH bounded by{Re(z) =−1},
{Re(z) = 1}, {‖z− 1/2‖= 1/2}, {‖z+ 1/2‖= 1/2}.

It will be beneficial for us to also consider three intermediate groups

Γ(2)⊂ Γ1,Γ2,Γ3 ⊂ Γ(1).

These are defined to be the subgroups of all elementsg ∈ Γ(1) for which i(g) preserves the
the pointτ/2, 1/2, (τ + 1)/2, respectively. These subgroups are of index3 in Γ(1); they are
conjugate, and isomorphic to(Z/2Z) ∗ Z (the order2 elements flip the remaining two of th
numbersτ/2, 1/2, (τ + 1)/2. For illustration, the fundamental domain, say, ofΓ2, is the area
in H bounded by{Re(z) = −1}, {Re(z) = 0}, {‖z + 1/2‖= 1/2}. Note that the non-trivia
central extensions ofΓ(1) by Z/2, Z/4 do pull back to non-trivial extensions ofΓi. Denote these
central extensions byGi, G̃i, respectively.

Now consider the Weierstrass function

P(x) =
1
x2

+
∑

ω∈[1,τ ]′

(
1

(z −ω)2
− 1
ω2

)
.

As usual, for a latticeL, L′ = L− {0}. We denote

e1 = P(τ/2), e2 = P(1/2), e3 = P
(
(τ + 1)/2

)
,

and also

P0 =
∞∏
n=1

(
1− qn

)
, P1 =

∞∏
n=1

(
1− qn−1/2

)
,

P2 =
∞∏
n=1

(
1 + qn

)
, P3 =

∞∏
n=1

(
1 + qn−1/2

)
.

Following [15], p. 251, we have

(e2 − e1)1/4 =
√
πP0P

2
3 ,

(e2 − e3)1/4 =
√
πP0P

2
1 ,(7.3)

(e3 − e1)1/4 =
√
π 2q1/8P0P

2
2 .
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For example,

1/12
∏(

n
)2

√
π 2q1/8P0P

2
2

efine

rms

r
ing
q 2
n>0

1 + q = √
π q1/8P0

= q1/12
(e3 − e1)1/4√

π q1/8
∏∞
n=1(1− qn)

=
(e3 − e1)1/4√

π η(τ)
.

(7.4)

On the other hand, we have

q1/12
∏
n>0

(
1 + qn

)2 =
q1/6

∏
n>0(1− q2n)2

q1/12
∏
n>0(1− qn)2

=
η(2τ)2

η(τ)2
.(7.5)

By (7.2), the modularity properties of the right hand side of (7.5) can now be computed. D

α

((
a b
c d

))
=

(
a 2b
c/2 d

)
.

Thus, forg ∈ Γ(2) (actually,g ∈G2),

(q′)1/12
∏
n>0(1 + (q′)n)2

q1/12
∏
n>0(1 + qn)2

=
u2(α(g))
u2(g)

=: v31(g).(7.6)

Here the notationv31(g) refers to the formula (7.4): We will later be interested in the transfo
of this formula by level1 modular transformations permuting theei’s. For now, explicitly, for
g ∈ Γ(2), g : τ �→ τ ′, g : ei �→ e′i,

(e′3−e′1)1/4

η(τ ′)

(e3−e1)1/4

η(τ)

= v31(g).(7.7)

By (7.1),v31 can now be computed. First, we have,

u2

((
1 1
0 1

))
= e2πi/12,

u2

((
0 −1
1 0

))
=−i.

Consequently,

v31

(
1 0
2 1

)
=
u2(( 1 0

1 1 ))
u2(( 1 0

2 1 ))
=

e−2πi/12

e−2πi/6
= e2πi/12,

v31

(
1 1
0 1

)
=
u2(( 1 2

0 1 ))
u2(( 1 1

0 1 ))
=

e2πi/6

e2πi/12
= e2πi/12.

(7.8)

We will be interested in calculating the transformsvij of v31 by level one modula
transformations which carrye3 �→ ei, e1 �→ ej . First, however, let us record the correspond
transforms of (7.4): We have

q−1/24
∏
n�0

(
1 + qn+1/2

)2 =
(e2 − e1)1/4

q1/24
√
π

∏∞
n=1(1− qn)

=
(e2 − e1)1/4√

π η(τ)
(7.9)
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and, symmetrically,

q−1/24
∏(

1− qn+1/2
)2 =

(e2 − e3)1/4√ .(7.10)

2) and
n�0
π η(τ)

Now let, forg ∈ Γ(2), g : τ �→ τ ′, g : ei �→ e′i,

(e′i−e′j)1/4

η(τ ′)

(ei−ej)1/4

η(τ)

= vij(g).(7.11)

To calculatev21, we note that

v21(g) = v31

((
1 0
1 1

)
g

(
1 0
−1 1

))
,

and hence

v21

(
1 0
2 1

)
= v31

(
1 0
2 1

)
= e2πi/12,

v21

(
1 2
0 1

)
= v31

(
−1 2
−2 3

)
= e−2πi/12,(7.12)

v21

(
2 1
−1 0

)
= v31

(
1 1
0 1

)
= e2πi/12.

Similarly,

v23(g) = v21

((
1 1
0 1

)
g

(
1 −1
0 1

))
,

and hence

v23

(
1 2
0 1

)
= v21

(
1 2
0 1

)
= e−2πi/12,

v23

(
1 0
1 1

)
= v21

(
2 −1
1 0

)
= e−2πi/12.

(7.13)

We conclude this section by remarking that one can use (7.4), (7.9), (7.10), (7.8), (7.1
(7.13) to obtain, forg ∈ Γ(2), g : ei �→ e′i,

(e′2−e′1)1/4

(e′3−e′1)1/4

(e2−e1)1/4

(e3−e1)1/4

=
v21(g)
v31(g)

=

{
1 for g = ( 1 0

2 1 ),

e−2πi/4 for g = ( 1 2
0 1 ),

(7.14)

and

(e′2−e′3)1/4

(e′3−e′1)1/4

(e2−e3)1/4

(e3−e1)1/4

=
v23(g)
v31(g)

=

{
e−2πi/4 for g = ( 1 0

2 1 ),

e−2πi/4 for g = ( 1 2
0 1 ).

(7.15)

This could, of course, also be deduced directly, since

e2 − e3
e3 − e1

,
e2 − e1
e3 − e1
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are images under level1 modular transformations of

e2 − e3

s
rly
hose

t

n
onical
λ=
e1 − e3

,

which is the generator of the field of modular functions of level2 (see [15], Section 18.6).

8. Modularity in holomorphic Spin- and Sqrt -conformal field theories

We will start with the case ofSqrt -CFT’s, which is slightly simpler. Note that aSqrt -CFT is
in particular a CFT, so the modularity formula forZ(τ) is given by (3.3) above. We will now
treat the case ofZ−(τ). DefineD : Γ2→ µ4 ⊂C× by the formula

D

(
1 0
2 1

)
= e2πi/4, D

(
1 1
0 1

)
= 1.

THEOREM 8.1. – Let g ∈ Γ2, let g(τ) = τ ′, q = e2πi, q′ = e2πiτ ′ . Then, for aSqrt -CFT,

Z−(τ ′)
Z−(τ)

=
(q′)c/24

qc/24
u(g)−cD(g)−H(8.2)

wherec is the central charge, andH = 8hA ∈ Z/4Z.

Proof. –First, note that gluing the boundary components of(Aq,−1)∈AP ⊂ CZ/2, we obtain
the elliptic curveC/[τ,1] with theSqrt -structure[1/2]− [0]. Thus, the group of symmetry isΓ2.

To see this, study the divisor of the theta-functionθ which would satisfy

θ(u+ 1) = θ(u), θ(u+ τ) =−θ(u).(8.3)

Given the fact that the functionφ has divisor[0] and satisfies

φ(u+ 1) = φ(u), φ(u+ τ) =− 1
e2πiu

,

we see thatθ(u) = φ(u+ 1/2)/φ(u) satisfies (8.3). Nowθ has divisor[1/2]− [0], as claimed.
Now recall that the group ofC×-central extensions ofCZ/2 is Z ⊕ Z/4Z, spanned byDet

andQ. Now we have a tensor product of CFT’s, and becauseDet andQ are conformal anomalie
of CFT’s, so is everyC×-central extension ofCZ/2. Because, further, the formula (8.2) is clea
preserved by tensor product of CFT’s, it suffices to establish the formula for a CFT w
conformal anomaly isQ orDet .

Now in the case ofDet , the formula is valid by Corollary 3.4 above, sinceDet is independen
of the gluing.

In the case ofQ, on the other hand, we have

Q

(
Eτ ,

[
1
2

]
− [0]

)
=DetH∗

(
Eτ ,

[
1
2

]
− [0]

)
=Det(0) = C.

Therefore,Q(Eτ , [12 ] − [0]) contains a canonical element1 which is preserved by the actio
of Γ2. Similarly as in the proof of Theorem 3.3 above, we see that the image of the can
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element ofQ((Aq,−1)) ∈AP in Q(Eτ, [12 ]− [0]) is

Z−(τ) · 1(8.4)

hose

on
e

erent
e

e of

y gluing

is
’s,
whereZ−(τ) is the negative partition function corresponding to the conformal field theory w
conformal anomaly isQ. Now (8.4) is equal to

2
∏
n�0

(
1 + qn

)2 · 1.

The modularity properties of this function are determined by (7.4)–(7.7): We have

Z−(τ ′)
Z−(τ)

= v31(g) ·
(q′)−1/12

q−1/12
.(8.5)

But now, by (7.8),v31(g) = u2(g) · D(g), and thus (8.5) is equivalent to (8.2) in this case.✷
Next, we will treat the modularity ofSpin-CFT’s. In this case, we defined only one partiti

function Z , which is, however, a function ofq1/2. Now note that when investigating th
modularity properties of this function, the variableτ determines the two square roots ofq as
eπiτ ,−eπiτ . By making a choice of the first or second square root, we get, in effect, two diff
partition functions, which we denote, in this order, byZ(τ), Z−(τ). These functions will hav
different modularity properties.

We will begin with the functionZ−(τ). First, define a function

w :G3 → µ8 ⊂C×

by

w

((
1 2
0 1

)
, Id

)
= 1,

w

((
0 −1
1 0

)
, f

)
= e−2πi/8

wheref(i) = e2πi/8.

THEOREM 8.6. – Let g ∈G3, let g(τ) = τ ′, q = e2πiτ , q′ = e2πiτ ′ . Then, for aSpin-CFT ,

Z−(τ ′)
Z−(τ)

=
(q′)c/24

qc/24
u(g)−cw(g)−H(8.7)

wherec is the central charge andH = 8hP ∈ Z/8Z.

Proof. –We will proceed similarly as in the proof of Theorem 8.1. However, becaus

c(P ) = 1, we have to deal with subgroups of̃SL2(Z).
First, one determines in an analogous manner as above (using theta functions) that b

the boundary components ofAq ∈AA with negative spin, one obtains the elliptic curveEτ with
Spin-structure given by the divisor[ τ+1

2 ]− [0]. Thus, the group of symmetry isG3.
Now recall that the group of holomorphicC×-central extensions ofCspin is Z ⊕ Z/4Z,

generated byDet andP . Similarly as above, there areSpin -CFT’s whose conformal anomaly
any given holomorphicC×-central extension ofCspin . Thus, referring to tensor product of CFT
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it suffices to verify the statement of the theorem forSpin-CFT’s with conformal anomaliesDet
andP .

Once again, the case ofDet follows from (3.4) above, sinceH = 0. In the case ofP , once

with

al

dary
again,

P

(
Eτ ,

[
1 + τ

2

]
− [0]

)
=Det

(
H∗(Eτ ,Ω1/2

[ 1+τ
2 ]−[0]

))
=Det(0) = C,

soP (Eτ , [1+τ2 ]− [0]) contains a canonical (modular-invariant) element1.
Once again, the image of the canonical element ofP (Aq) ∈AA in P (Eτ , [1+τ2 ]− [0]) is

Z−(τ) · 1(8.8)

whereZ−(τ) is the partition function of the CFT conformal anomaly defined above
conformal anomalyP . The function (8.8) is equal to∏

n�0

(
1 + qn+1/2

)2 · 1.

The modularity properties of this function are determined by (7.9), (7.11). Specifically,

Z−(τ ′)
Z−(τ)

= v21(g) ·
(q′)1/24

q1/24
.(8.9)

But now by (7.12),v21(g) = u(g)−1 · w(g)−1, so (8.9) is equivalent to (8.7) for this conform
anomaly. ✷

Finally, we treat the functionZ(τ) in the case ofSpin-CFT’s. First, define a homomorphism

ω :G1 → µ8 ⊂C×

by

ω

((
1 2
0 1

)
, Id

)
= 1,

ω

((
1 0
1 1

)
, f

)
= e2πi/8

wheref :H→C such thatf(τ)2 = τ + 1 is characterized by

f(i) = 21/4e2πi/16.

THEOREM 8.10. – Let g ∈G1, let g(τ) = τ ′, q = e2πiτ , q′ = e2πiτ ′ . Then, for aSpin -CFT ,

Z(τ ′)
Z(τ)

=
(q′)c/24

qc/24
u(g)−cω(g)−H(8.11)

wherec is the central charge andH = 8hP ∈ Z/8Z.

Proof. –The proof is isomorphic to the proof of Theorem 8.6. By gluing the boun
components ofAq ∈AA with positive spin, one obtains the elliptic curveEτ with Spin -structure
given by the divisor[ τ2 ]− [0]. Thus, the group of symmetry isG1.
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Once again, it suffices to prove the statement for a CFT whose conformal anomaly isDet
orP . Once again, the case ofDet follows from (3.4) above. In the case ofP , one still has

his

l as a

er

l. 1
P

(
Eτ ,

[
τ

2

]
− [0]

)
=Det

(
H∗(Eτ ,Ω1/2

[ τ
2 ]−[0]

))
=Det(0) = C,

soP (Eτ , [ τ2 ]− [0]) contains a modular-invariant element1.
The image of the canonical element ofP (Aq), Aq ∈AA, in P (Eτ , [ τ2 ]− [0]) is

Z(τ) · 1(8.12)

whereZ(τ) is the positive partition function of the CFT with conformal anomalyP which we
described above. The function (8.12) is equal to∏

n�0

(
1− qn+1/2

)2
.

The modularity properties of this function are determined by (7.10), (7.11). Specifically,

Z(τ ′)
Z(τ)

= v23(g) ·
(q′)1/24

q1/24
.(8.13)

But now by (7.13),v23(g) = u(g)−1ω(g)−1, so (8.13) is equivalent to (8.11) in the case of t
conformal anomaly. ✷
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