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GEOGRAPHY OF THE CUBIC CONNECTEDNESS LOCUS:

INTERTWINING SURGERY

By Apam EPSTEIN anp MicHAEL YAMPOLSKY

ABSTRACT. — We exhibit products of Mandelbrot sets in the two-dimensional complex parameter space of cubic
polynomials. Cubic polynomials in such a product may be renormalized to produce a pair of quadratic maps. The
inverse construction intertwining two quadratics is realized by means of quasiconformal surgery. The associated

asymptotic geography of the cubic connectedness locus is discussed in the Appendix. © Elsevier, Paris

RESUME. — Nous trouvons des produits de I’ensemble de Mandelbrot dans 1’espace a deux variables complexes
des polyndmes cubiques. La renormalisation d’un polyndme cubique appartenant a un tel produit donne deux
polyndémes quadratiques. Le procédé inverse qui entrelace deux polyndmes quadratiques est obtenu par chirurgie
quasiconforme. La géométrie asymptotique du lieu de connexité cubique associée est décrit dans 1’appendice.

© Elsevier, Paris
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1. Introduction

The prevalence of Mandelbrot sets in one-parameter complex analytic families is a
well-studied phenomenon in conformal dynamics. Its explanation in [DH2] has given rise
to the theory of renormalization, and has inspired many efforts, starting with the seminal
work [BD], to invert this procedure by means of surgery on quadratic polynomials.

In this paper we exhibit products of Mandelbrot sets in the two-dimensional complex
parameter space of cubic polynomials. These products were observed by J. Milnor in
computer experiments which inspired Lavaurs’ proof of non local-connectivity for the
cubic connectedness locus [La]. Cubic polynomials in such a product may be renormalized
to produce a pair of quadratic maps. The inverse construction is an intertwining surgery on
two quadratics. The idea of intertwining first appeared in a collection of problems edited
by Bielefeld [Bi2]. Using quasiconformal surgery techniques of Branner and Douady [BD],
we show that any two quadratics may be intertwined to obtain a cubic polynomial. The
proof of continuity in our two-parameter setting requires further considerations involving
ray combinatorics and a pullback argument.

After this project was finished, we were informed by P. Haissinsky that he is
independently working on related problems [Hai].

2. Preliminaries

In this section we discuss the relevant facts and tools of holomorphic dynamics. We
assume that the reader is familiar with the basic notions and principles of the theory of
quasiconformal maps (see [LV] for a comprehensive account). The knowledgeable reader
is invited to proceed directly to §3.

2.1. Polynomial dynamics. Julia sets, external rays, landing theorems, combinatorial
rotation number, Yoccoz inequality

We recall the basic definitions and results in the theory of polynomial dynamics.
Supporting details may be found in [Mill].

Let P : C — C be a complex polynomial of degree d > 2. The filled Julia set of
P is defined as

K(P) = {z € C|{P°"(#)} is bounded}

and the Julia set as J(P) = 0K (P). Both of these are nonempty compact sets which are
connected if and only if all critical points of P have bounded orbits.

Recall that if P is a monic polynomial with connected Julia set then there exists a
unique analytic homeomorphism (the Bottcher map)

Bp:C\K(P)—C\D
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GEOGRAPHY OF THE CUBIC CONNECTED LOCUS 153

which is tangent to the identity at infinity, that is Bp(2)/z — 1 as z — oo. The Bottcher

map conjugates P to z — 2%

Bp(P(2)) = (Bp(2))",

thereby determining a dynamically natural polar coordinate system on C \ K(P). For
p > 1 the equipotential E, is the inverse image under Bp of the circle {pe?™?|0 € R}.
The external ray at angle 6 is similarly defined as the inverse image 7y of the radial line
{pe?™|p > 1}. Since P maps Ty to 74.9, the ray 74 is periodic if and only if the angle
0 is periodic (mod 1) under multiplication by d. An external ray ry is said to land at
a point ( € J(P) when

lim Bp!(pe?™) = ¢.
p—1

We note that if the Julia set of P is locally connected then all rays 7y land, and their
endpoints depend continuously on the angle 6 (see the discussion in [Mill]). We refer
to [Mill] for the proofs of the following results:

THEOREM 2.1 (Douady and Hubbard, Sullivan). — If K(P) is connected, then every periodic
external ray lands at a periodic point which is either repelling or parabolic.

TueorREM 2.2 (Douady, Milnor, Yoccoz). — If K(P) is connected, every repelling or
parabolic periodic point is the landing point of at least one external ray which is necessarily
periodic.

The landing points of such rays depend continuously on parameters:

LEmMMA 2.3 ([GM)]). — Let P; be a continuous family of monic degree-d polynomials with
continuously chosen repelling periodic points (;. If the ray of angle 0 for P, lands at (s,
then for all t close to ty the ray of angle 0 for P, lands at ;.

Kiwi has proved the following useful separation principle which directly illustrates why
a degree-d polynomial admits at most d — 1 non-repelling periodic orbits; the latter result
was earlier shown by Douady and Hubbard and appropriately generalized to rational maps
by Shishikura.

THEOREM 2.4. — Let P be a polynomial with connected Julia set, n a common multiple
of the periods of non-repelling periodic points, R the union of all external rays fixed under
P°™ together with their landing points, and Uy, ...,U,, be the connected components of
C\ Uj—o P~%(R). Then:

e Each component U; contains at most one non-repelling periodic point;

o Given any non-repelling periodic orbit (1, ..., (; passing through U, , ..., U;,, at least
one of the components U;, also contains some critical point.

We assume henceforth that K (P) is connected. Let »r = 75 be a periodic external ray
landing at the periodic point { € K(P), whose orbit we enumerate

(=CrGar...mG=C(

Denote by A; C Q/Z the set of angles of the rays in the orbit of r landing at (;.
The iterate P°™ fixes each point (;, permuting the various rays landing there while
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154 A. EPSTEIN AND M. YAMPOLSKY

preserving their cyclic order. Equivalently, multiplication by d™ carries the set A; onto
itself by an order-preserving bijection. For each 7 we may label the angles in A; as
0<# <0< ...< 06 <1; then

d"0' = 6*? (mod 1)

for some integer p, and we refer to the ratio p/q as the combinatorial rotation number of
r. The following theorem of Yoccoz (see [Hub]) relates the combinatorial rotation number
of a ray landing at a period n point ¢ to the multiplier A = (P°")’({).

Yoccoz INEQUALITY. — Let P be a monic polynomial with connected Julia set, and
¢ € K(P) a repelling fixed point with multiplier \. If { is the landing point of m distinct
cycles of external rays with combinatorial rotation number p/q then

Rep mq

. > .
@1) lp — 2mip/q|* ~ 2logd

where p is the suitable choice of log .

More geometrically, the inequality asserts that p lies in the closed disc of radius
log d/(mgq) tangent to the imaginary axis at 2mip/q.

2.2. Polynomial-like maps. Hybrid equivalence, Straightening Theorem, continuity
of straightening

Polynomial-like mappings, introduced by Douady and Hubbard in [DH2], are a key tool
in holomorphic dynamics. A polynomial-like mapping of degree d is a proper degree-d
holomorphic map f : U — V between topological discs, where U is compactly contained
in V. One defines the filled Julia set

K(f)={z€U|f"(2) e U, Vn > 1}

and the Julia set J(f) = 0K (f). We say that the map f is quadratic-like if of d = 2,
and cubic-like if d = 3.

Polynomial-like maps f : U — V and f U — V are hybrid equivalent
f

~f

if there exists a quasiconformal homeomorphism h from a neighborhood of K(f) to a
neighborhood of K (f), such that ho f = f o h near K(f) and &h = 0 almost everywhere
on K(f). We remark that h can be chosen to be a conjugacy between f|y and f |-
Notice that h is conformal on the interior of K (f) and therefore preserves the multipliers
of attracting periodic orbits. In view of the well-known quasiconformal invariance of
indifferent multipliers, we observe:

REMARK 2.5. — A hybrid equivalence between polynomial-like maps sends repelling orbits
to repelling orbits, and preserves the multipliers of attracting and indifferent orbits.

The following is fundamental:
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THEOREM 2.6 (Straightening Theorem, [DH2]). — Every polynomial-like mapping
f U — V of degree d is hybrid equivalent to a polynomial P of degree d. If K(f)
is connected then P is unique up to conjugation by an affine map.

For a quadratic-like f with connected Julia set, we write x(f) = ¢ where
fo(2)=2*+c¢

is the unique hybrid equivalent polynomial. The following theorem is due to Douady and
Hubbard; we employ the formulation of [McM2, Prop. 4.7]:

THEOREM 2.7. — Let fi : Uy — Vi, be a sequence of quadratic-like maps with connected
Julia sets, which converges uniformly to a quadratic-like map f : U — V on a neighborhood

of K(f). Then x(fr) — x(f)-

The proof of the uniqueness assertion in Theorem 2.6 relies essentially on the following
general lemma due to Bers [LV]:

LEmMMA 2.8. — Let U C C be open, K C U be compact, and ¢ and ® be two mappings
U — C which are homeomorphisms onto their images. Suppose that ¢ is quasiconformal,
that ® is quasiconformal on U \ K, and that $ = ® on K. Then ® is quasiconformal, and
d¢p = 0P almost everywhere on K.

2.3. Quadratic polynomials. Mandelbrot set, renormalizable maps and tuning

Basic facts on the structure of the Mandelbrot set are found in [DH1]. Our account of
renormalization and the Yoccoz construction follows [Lyu3] (see also [Mil5] and [McM1]).

The connectedness locus of the quadratic family f.(z) = 2% + c is the ever-popular
Mandelbrot set

M = {c e C| J(f.) is connected}

depicted in Fig. 1. The following results are shown in [DH1].

THEOREM 2.9 (Douady and Hubbard). — The Mandelbrot set is compact and connected,
with connected complement.

By definition, the hyperbolic components of M are the connected components H of M
such that f. has an attracting periodic orbit for ¢ € H. Recalling that there can be at most
one such orbit, we denote its multiplier Ag(c).

THEOREM 2.10 (Douady and Hubbard). — Let H be a hyperbolic component. The multiplier
map
Ag :H—-D

is a conformal isomorphism. This map extends to a homeomorphism between H and the

closed disc D.

Let f. be a quadratic polynomial with connected Julia set. By Theorem 2.1 the external
ray of external argument O lands at a fixed point of f., necessarily repelling or parabolic
with multiplier 1, henceforth denoted 3¢, . The main hyperbolic component Hy is the set
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Fig. 1. — The Mandelbrot set M

of all ¢ for which the other fixed point ay, is attracting; the boundary point ¢ = 1/4 is
hereafter referred to as the root of M.

For nonzero p/q € Q/Z with (p, q) = 1, we define the p/q-limb L,, to be the connected
component of M \ Hy, whose boundary contains

root,/q = )\;1(1) (62"i”/q),

and denote H,/, the hyperbolic component attached to Hy at this point; by convention,
Lo/1 = M and Hy;; = H,. In view of the following, we may refer to oy, as the dividing

fixed point.

Lemma 2.11. — For q > 2, a parameter value c € M lies in Ly, if and only if g, is the
landing point of an external ray with combinatorial rotation number p/q.

Consider a polynomial f. with connected Julia set. Let (o — (3 — ... +— (,, = (o be a
repelling cycle of f., such that each (; is the landing point of at least two external rays.
Let R be the collection of all external rays landing at these points, and let R’ = —R be
the symmetric collection. Let us also choose an arbitrary equipotential £. Denote by (2 the
component of C \ (R UR’U E) containing 0. This region is bounded by four pieces of
external rays and two pieces of E. Let n be the period of these rays, { = (; the element
of the cycle contained in 9f2, and ' C Q the component of f2~™(2) attached to (. If
0 € ¥ then fo" : Q' — Q is a branched cover of degree 2.

Following Douady and Hubbard, we say that a polynomial f. is renormalizable if there
exists a repelling cycle {(;} as above, such that 0 € ' and 0 does not escape Q' under
iteration of f2™. In this case f>"|q: can be extended to a quadratic-like map fo" : U — V
with connected Julia set by a thickening procedure (a version of this procedure is employed
in §5). To emphasize the dependence of this construction on the choice of periodic orbit,
we shall say that this renormalization of f, is associated to (.
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Recall that the w-limit set of a point z under a map f is defined as
w(z) = {w|f°"*(2) — w for some ny — oo}.

When f = f. we simply write w.(z) and pay special attention to the w-limit set of the
critical point 0. The following observation will be useful along the way:

REMARK 2.12. — For a renormalizable quadratic polynomial f. with n as above,
n—1
we(0) € |J £E@) nJ(fo).
i=0

In particular, Bs, & w(0).

THEOREM 2.13 (Douady and Hubbard, [DH2]). — Let f., be a renormalizable quadratic
polynomial with associated periodic point . Then there exists a canonical embedding of the
Mandelbrot set M onto a subset M > co such that every map f. with c € M’\{ one point}
is renormalizable with associated repelling periodic point (., where ¢ — (. is continuous

and (., = (.

These subsets M’ are customarily referred to as the small copies of the Mandelbrot set.
The inverse homeomorphism « : M’ — M is defined in terms of the straightening map x:

M3sec = U -V, & k() e M.

The periodic point (. becomes parabolic with multiplier 1 at the excluded parameter value,
hereafter referred to as the root of M’. We write M/, for the small copy “growing” from
the hyperbolic component H,,/,, its root being the point root, ,.

2.4. Cubic polynomials. Connectedness locus, types of hyperbolic components,
Per, ()\)-curves, real cubic family

We now turn our attention to cubic polynomials. Our presentation follows the detailed
discussion in [Mil2].
Observe that every cubic polynomial is affine conjugate to a map of the form

(2.2) Fop(2) = 2° — 3a®z + b,

with critical points a and —a. This normal form is unique up to conjugation by z — —z,
which interchanges F,; and F, _;. The pair of complex numbers A = a? and B = b2
parametrizes the space of cubic polynomials modulo affine conjugacy.

The cubic connectedness locus is the set # C C? of all pairs (A, B) for which the
corresponding polynomial F,; has connected Julia set. As in the quadratic case, the
connectedness locus is compact and connected with connected complement. These results
were obtained by Branner and Hubbard [BH] who showed moreover that this set is
cellular, the intersection of a sequence of strictly nested closed discs. On the other hand,
Lavaurs [La] proved that % is not locally connected (compare with Appendix B).

Milnor distinguishes four different types of hyperbolic components, according to the
behavior of the critical points: adjacent, bitransitive, capture, and disjoint [Mil2].
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We are exclusively interested in the last possibility: a component H C % is of disjoint
type D, ,, if F,; has distinct attracting periodic orbits with periods m and n for every
(a?,b%) € H. By definition, the Per,,(\)-curve consists of all parameter values for which
the cubic polynomial Fy, ; has a periodic point of period n and multiplier A. The geography
of Per;(0) was studied in [Mil3] and [Fa].

Notice that any cubic polynomial with real coefficients is affine conjugate to a map of
the form 2.2 with A, B € R, that is a,b € RU:R. Thus we may consider the connectedness
locus of real cubic maps, the set of pairs (4, B) € R? such that J(F, ) is connected. This
locus %y is also compact, connected and cellular [Mil2]. We refer the reader to Fig. 2 which
was generated by a computer program of Milnor. The real slices of various hyperbolic
components are rendered in different shades of gray. Certain disjoint type components are
indicated, as are the curves Per;(1) N &g and Pery(1) N 3.

Fig. 2. — Connectedness locus % in the real cubic family

To avoid ambiguities arising from the choice of normalization, we will actually work
in the family of cubics

PA,D = A(w3—3w)+D, A?’I 0
with marked critical points —1 and +1. The reparametrization
C*xC>3(A,D)— (A,AD?) = (A,B) e C* x C

is branched over the symmetry locus B = 0 consisting of normalized cubics which
commute with z — —z (see Fig. 3). In particular,

Z# = {(A,D) C C* x C| J(P4,p) is connected}

is a branched double cover of & N (C* x C). The marking of critical points allows
us to label the attracting cycles of maps in disjoint type components H C % #, and
we denote the corresponding multipliers /\%(A, D). 1t is shown in [Mil4] that the maps
Ay : H — D x D given by

A’H(AaD) = (’\7—-£(A’D) ’/\7-'-_1(147 D))
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