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RIGIDITY OF CENTRALIZERS OF
DIFFEOMORPHISMS
BY J. PALIS AND J. C. YOCCOZ (1)

ABSTRACT. — We show that a large class of smooth diffeomorphisms in every compact boundaryless
manifold have trivial centralizers; i. e., the diffeomorphisms commute only with their own powers.

1. Introduction
Centralizers of diffeomorphisms play a relevant role in several topics in Dynamical
Systems. This is the case when for instance we attempt to classify diffeomorphisms up
to differentiable conjugacies such as in [3], [10], [17]. The same happens in certain
aspects of the study of abelian group actions related to deformations-local connectedness,
stability of actions and of suspended foliations. Another question of much interest,
such as in dynamical bifurcations of diffeomorphisms and flows, is whether certain
diffeomorphisms embed in smooth flows as their time one map. In the affirmative case,
we say that such diffeomorphisms have a large centralizer since they commute with many
other diffeomotphisms. We refer the reader to the references above and also to [2], [5],
[7] for some discussions, results and further bibliography about the points above.
We will show in the present paper that a broad class of C00 diffeomorphisms of any
compact, connected, boundaryless C°° manifold have smallest possible centralizers: they
commute only with their own integer powers among all C00 diffeomorphisms of the
manifold. In this case we say that the diffeomorphisms have trivial centralizers.
We denote the manifold by M and by Diff^lV^Dif^M) its set of C°° diffeomorphisms endowed with the C°° topology. For/eDiff(M), Z(f) denotes the centralizer
group of/; i. e., the set of elements in Diff(M) that commute with/ A question posed
by Smale more than twenty years ago is whether the elements of an open and dense
subset of Diff(M) have trivial centralizers. In this generality, it is very hard to address
the question except in the case of the circle (for which it is true [4]). We, however, go
here quite a long way in showing that the answer is affirmative when the question is

(1) The second author is thankful to IMPA/CNPq for a kind hospitality during part of the period of
preparation of this paper.
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restricted to the subset 91 (M) of diffeomorphisms satisfying Axiom A and the (strong)
transversality condition.
Let us recall basic concepts before stating our results in a precise way; more details
and examples may be found in [6], [8], [14], [15].
A point x e M is wandering for /eDiff(M) if there is a neighborhood U of x such
that / n U ^ U = 0 for all integers n^O. Otherwise we call the point x
nonwandering. The set of nonwandering points for/is denoted by Q(/).
We say that / satisfies Axiom A if Q (/) is hyperbolic and the set of periodic points
P(f) is dense in Q(/). Recall that a closed /-invariant set A is hyperbolic if for any
Riemannian metric on M there are constants C>0 and 0 < ^ < 1 and a (continuous)
splitting T\ M = E5 © E" of the tangent bundle of M restricted to A such that for all
x e A and n^O, we have
||D/^||^C^||i;||
llD/^wll^C^llwH

for veE^
for vveE^.

Through each point x e A we can define the stable manifold W(x)={y•,d(flx,fly) ->0
as n -> + oo}, where d is the distance function induced by the metric. We also can
define the stable set of A, W' (A) = {y, d {fy, A) -^ 0 as n -> + oo }. From the fact that
A is hyperbolic we have that W^x) is an injective immersion of some Euclidean
space. Clearly, W(Q.(f))=M and, when/satisfies Axiom A, we have that W(^l(j)) is
the union of W^x) for xeQ(/). Similary for unstable manifolds and unstable
sets. Another relevant fact here is Smale's spectral decomposition of Q(/) when /
satisfies Axiom A [16]. It states that Q(/)=Qi U. . • U^i, where each H is closed, /invariant and transitive (has a dense orbit). The 0^ are called basic sets for/and they
are attractors or repellors if their stable or unstable sets are open subsets of M.
Suppose / satisfies Axiom A. We say that it also satisfies the (strong) transversality
condition if W^x) is transverse to W"(y) for all x,^e0(/). As before we denote by
91 (M) the subset of elements in Diff(M) that satisfy Axiom A and the transversality
condition.
It is well known that 91 (M) is open. We denote by 9Ii (M) the open subset of 91 (M)
formed by diffeomorphisms that exhibit either a sink (periodic attractor) or a source
(periodic repellor). An important open subset of 9Ii(M) is the one whose elements,
called Morse-Smale diffeomorphisms, have their nonwandering sets made up with
finitely many periodic orbits. Morse-Smale diffeomorphisms exist on every
manifold. Somewhat in the other extreme, there are diffeomorphisms for which all of
the ambient manifold is hyperbolic. These diffeomorphisms are defined on special
manifolds, like the torus T", and are called Anosov diffeomorphisms. A final point,
before stating our results, is that for /e9I(M) there can be no cycles on
Q (/)= Q^ {j... {j Q^, each Q^ being a basic set. This means that there can be no subset
of indices^, . . . J^ suc!1 that

w^o^nw"^,)^,.. ..w^n^nw^)^
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and

w^nw"^)^.
We now list our main results about centralizers. Recall that Z (f) denotes the centralizer of/in Diff(M).
THEOREM 1 (Rigidity). — Let /e9l(M) and gi,g2^^(f)'
non-empty open set ofM, then g^ =g^-

V 81 and g^ coincide on a

THEOREM 2. — There is an open and dense subset o/9Ii(M) whose elements have trivial
centralizers.
THEOREM 3. — (a) Let dimM=2. There is an open and dense subset o/9I(M) whose
elements have trivial centralizers.
(b) Let dimM^3. For a residual (Baire second category) subset offs in 9((M) the
centralizers Z(j) are trivial. For an open and dense subset offs in 91 (M), none of the
equations hk==fJ,j, feeZ, have non trivial solutions heZ(f), i.e., suchfs have no roots of
any order.
The proof of Theorem 1 is presented in Section 2. In Section 3 we analyse the
centralizer of a non-resonant linear contraction in R". The proofs of Theorems 2 and 3
are given in Sections 4 and 5.
In a subsequent paper [9] we deal directly with the interesting case of Anosov diffeomorphisms on tori: we show that the elements of an open and dense subset have trivial
centralizers.
Our results generalize, among others, previous work of Kopell [4], Anderson [1] and
the first author of this paper [7]. Kopell showed the triviality of the centralizer for an
open and dense subset of diffeomorphisms of the circle. In higher dimensions, it was
proved in [7] that the elements of an open and dense subset of 91 (M) have discrete
centralizer. Before, Anderson had shown this fact restricted to Morse-Smale
diffeomorphisms. There is a version of these results for Axiom A flows satisfying the
transversality condition: Sad [13] has shown that the elements of an open and dense
subset only commute with their constant multiples. We also want to mention that our
main results, Theorems 2 and 3 above, are very likely to be true for a bigger open set
®(M) => 91 (M): the set of diffeomorphisms satisfying Axiom A and having no cycles on
the nonwandering set. The arguments should be very similar; the main point is to
determine that the Rigidity Theorem (Theorem 1), which is valid for any/e9l(M), is
now true for an open and dense subset of 8(M).

2. Rigidity Theorem
2.1. ELEMENTARY PROPERTIES OF THE CENTRALIZER. — We collect some elementary
properties which must be verified by any heZ(f) commuting with /eDiff(M). They
will be used quite often in the sequel without further comments.
ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE
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Let /eDiff(M), heZ(f); then, for each n ^ l , the set of fixed points of /" is hinvariant. Moreover, if p is a fixed point of /", the derivative Tp h conjugates T /" and
T,^/". ForxeM.let
W S (x)={^eM, lim d(fx,fy)}=0,
n -* + oo

u

^ (x)={yeM, lim d(fx,fy)}=0.
Then we have
h (W (x)) == W (h (x)\ h (W" (x)) = W" (/i (x)) for any x e M.
Suppose that/satisfies Axiom A and let 0(/)=Qi U . . . U Q( be the spectral decomposition of 0,(f)', any fceZ(/) leaves 0(/) invariant. Let /? a periodic point in some 0^,
0 (p) its orbit, /i(p)e0,.; we must have
h(0(p))=0(h (p)\

h (W (0 (p))) = W (h (0 (p)\

h (W (Q,)) = h (W (0 (p))) = W5 (0 (h (p))) = W (0,),

^(W^Q^W^n,),

and

^(Q,) ^^(w5^) n w"^)) =ws(Q,) n w^n,) =n,:
in conclusion, we have a group homomorphism h -> CT^ from Z (/) into the symmetric
group S, such that /i(H)=Q^, ^(W^Q^W5^^), ^(W M (^))=W U (^(,)) for all
l^^^eZ(y).
2.2. PROOF OF THEOREM 1. — We say that a diffeomorphism / of an Euclidean space
E is a contraction if/has a unique fixed point XQ such that lim fn(x)=Xo for all xeE
n -» + oo

and all the eigenvalues of T^/ have modulus strictly less than one. Anderson [1] has
showed that for any contraction/, if two diffeomorphisms gi, g^ e Z (/) c= Diff (E) coincide
on an open set of E, then g^ =g^.
Let /e9l(M), geZ(/), and suppose that for x in an open set U of M we have
g(x)=x. To prove Theorem 1 it is sufficient to prove that g=id^.
The open set U intersects the stable manifold of some attractor of/(and the unstable
manifold of some repellor of/). Suppose that for some attractor A, we have g=id^ on
some open subset U^ of W^A). Let p a periodic point in A of period k. As W(0 (p))
is dense in W^A), there exists an integer i such that W^/Q?)) intersects U^; as
^(W^/O^W^y^)), and g (/(/?)) is a periodic point, we must have
8tf(p))=fi(p)' The restriction /^/W5 (/(/?)) is a contraction of the Euclidean space
^(/OO) which commutes with g/W(f(p)\ and g coincides with id^s^i^ on an open
set (in the Euclidean topology) of W(f(p)). By Anderson's result, this implies that
g/W(f(p))=id^s^i^ hence ^/W^^dw^A). The same argument holds for a
repellor. To finish the proof of Theorem 1 we need the following lemma.
4® SERIE — TOME 22 — 1989 - N° 1
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LEMMA. — Let A, A' be two attr actors o//e9I(M) such that W(A) ^}^s(^)^0.
Then there exists a repellor A" such that W^A) Pi WU(^//)^0^W(^/) U W^A").
First we indicate how the lemma implies Theorem 1. In fact, it is sufficient to argue
that g(x)=x for x in the stable manifold of any attractor of/; the open set U intersects
the stable manifold of an attractor A, hence g/WS(A)=id^s^ as we have seen above.
As the union of the stable manifolds of all attractors is dense in M if A' is another
attractor we can find attractors Ao=A, . . .,Aj, . . .,A^=A' such that
W^A,) nW 5 (A,+i)^0. Applying the lemma, we obtain repellors A o . . . A , , _ i such
that W (A,) n W" (AO, W" (AQ 0 W5 (A,+ 0 are non-empty open sets for ^
O ^ i ^ n — 1 . We then obtain successively that g coincides with id^ on W^Ao), W"(Ao),
W^Ai), . . ., W^A'), and this shows that g=id^.
Proof of the Lemma. - Let xeW(A) QW^A'); x belongs to the stable manifold of
some basic set AO. By the X-lemma ([6],[8]), W^A) intersects W"(Ao); then, since /
satisfies Axiom A, the stable manifold of some basic set A^ intersects W"(A()) and
W^A). Iterating this construction gives basic sets A^. such that W^A^.) cuts W^A^-.i)
and W^A); but, there are no cycles, hence this process must stop, and the only way it
can do so is to obtain at some stage A^=A. As W^A^) (~\^u{\^_^^0 for l^i^j,
again by the X-lemma we must have W'(A) H W"(Ao) ^0 and W^Ao) c: W^A). Similarly W^Ao) c WQV). By the transversality condition, W(\o) must intersect the
unstable manifold of some repellor A", which has the properties required by the lemma.

3. Non-resonant Linear Contractions in R"
3.1. GENERICITY. — We say that a linear automorphism AeGL(n,R) is a linear
contraction if the eigenvalues X ^ . . . ^ of A have modulus strictly less than 1; A is nonresonant if the ^ are distinct and:
(C)

VO\...7„)e^ n ,s.t.S^2,
1

Vl^^n

1

^M ...^

In the set € of all linear contractions, those who are non-resonant form a set € ' which
is, locally in ^, the complement of finitely many submanifolds: for if A e<^, ^=Max | \ [,
^/=min[Xf|, and m e N is the least integer such that fkm<'k\ then condition (C) is
automatically satisfied in a neighbourhood of A when Z^^m. In particular, S ' is open
and dense in S.
3.2. RIGIDITY. — Let A 6^", ^,i. . .\ the real eigenvalues of A, ^+1, X^+i, . . .,^+5,
X^+s the complex eigenvalues of A, with r-\-ls=n\ one can find in IR" coordinates
Xi, . . .,^e(R, x^+i, . . .,x^+,6C such that:
A(X^, . . . , X,+s) ==(A^ Xi, . . . , A-y.+s-^r+s)*

Kopell [4] has proved that if heDiff00 (R") commutes with A, then h must be linear. On
the other hand, MeGL(n,R) commute with A if and only if, for some
ANNALES SCIENTIFIQUES DE L'fiCOLE NORMALE SUPERIEURE
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(^...^^(^^(C*)5:

MOq, . . .,x,.J=(uiXi, . . .,H,+,X,.J,
where 1R*=[R-{0} and C*=C-{0}.
Let D be the set of such elements M e GL (n, R). It is an abelian Lie group isomorphic
to [^'^(^/^^(S1)5. When B belongs to a small neighbourhood of A in D, the
centralizer Z(B) of B in Diff^lR") is still equal to D. For our purpose, we want to
have an isomorphism ©g of Z(B)=D onto (^'^(Z^^^S1)5 with the property that
©g(B) =©^(A). This is made explicit in the next paragraph.
3.3. THE CENTRALIZER AS AN ABSTRACT GROUP. — For r,se^l, let Zy , be the nonconnected abelian Lie group lR r + s x(Z/2Z) r x(S l ) 5 . If £ is the hyperplane in W8
r+s

determined by ^ 8,=0, we define a surjective homomorphism ^: Z,. ^ -> H by:
5C(9i, . . ., 9,+,, Ei, . . ., £,+,) =(9i, . . ., 6;+J

with
r+s

9-9,-—— Z9,.
r+s j=i

Let
^= {(9i, . . .,9^,£i, . . .,£^,)eZ,.,:9,=l,£,=lVl^^r+s,Vr<;^r+5};

^f is a finite set in a natural one to one correspondence with (Z/2Z)1'. Let eeJ^f; the
cyclic subgroup (e) generated by e is discrete in Zy 5; the quotient Z^ 5 g=Z^ ^/(e) is a
non-connected abelian Lie group.
Observe that ^ is contained in the kernel of /. Actually, for any eeJ^f, the group
Z^ g=Ker^/(8) is the maximal compact subgroup of Zr,s,s anc* ^e quotient Z^ , g/Z^^g
is isomorphic to Z^IR1'4'5"1.
Let ^.+5 Ae set of subsets of {1, . . .,r+s}; we write 0€^+^ ^ ^e empty subset
and 1 for the total subset. For eeJ^f, zeZ, , g, ^(z)=(9'i. . . 9;+J, we define ^(z)e^+,
by:
^ ( z ) = { i e { l . . . r + 5 } , 9 ^ = Min 9;.}.
l^j^r+s

Observe that ^ (z) ^ 0, and ^ (z) = 1 if and only if z e Z;^ ^,.
3.4. Let Ae^", r, s, \y x^ defined as in 3.2; we have seen that Z(A) coincides with
the subset D of GL(n, R) formed by the automorphisms that are diagonalizable in the
coordinates (x^. . .^+5). Let i^ be a connected neighbourhood of A in D sufficiently
small so that for B e ^ with eigenvalues X/i, . . ., ^+5, we have:
sgn^=sgn^- for 1^'^r,
4® SERIE - TOME 22 - 1989 - N° 1
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Define on ^ a smooth map p =(pi. . . p^+J: i^ -> W x C5 by:
expp,(B)=|^(B)|,
expp,(B)=^(B),

l^i^r
r<f^r+5.

Putting
_ Log|^ |
^ - Log
.——i.,
^ |i 9'
| W)

_
^
^f - expG.p^B)'

we can define an isomorphism ©g of D onto Zy 5 by
©B(diag(^i, . . .,^,+,))=(9i, . . .,9,+,,£i, . . .,£,+,)
such that ©a (B) = (1, . . ., 1, sgn Xi, . . ., sgn ^;, 1, . . ., 1) = ©A (A) e J^f. Moreover, if ^
is small enough, i^ c= ^/ and hence D is the centralizer of any B e ^. The image of any
B in V by ©a is a fixed element eeJ^f; thus the cyclic subgroup of Z(B)=D generated
by B is discrete and the quotient is naturally isomorphic to Z,. , g.
In conclusion, when we consider a small open set i^ in D C\ €\ the integers r, s and
the element £ are constant on i^\ we then will write Z^ ,=Z, Z^ , g==Zo, Z,l , g=Zi.
They are non-connected abelian Lie groups; Z^ is the maximal compact subgroup of Zg;
Z is naturally isomorphic to the centralizer of any BeY^, Zo is canonically isomorphic
to the quotient Z(B)/(B) for any Be^.
3.5. THE SPACE OF ORBITS OF A CONTRACTION IN ^"—{O}. — Let T be a small open
set in D Pi <T. For A e ^, we define a map 0^ of R x ( r - { ° }) onto IR* ^
r+s

|

|2

OA(^^l...-^r+s)=E1^
i=l l^il

where ^ are the eigenvalues of A. Clearly 0^ ls smooth; moreover, by the implicit
function
theorem,
the
equation
^^(t(x\x)=\ defines
a C°°
map
^[^-{O}-^. Clearly t(Ax)=t(x)+l. For any ueR, the set F^xetR"-^};
u^t(x)^u-\-\} is a fundamental domain for A in [R"—{0}. By identifying via A the
two boundary components of Fy, we obtain a compact connected manifold which we
denote by S^ and call it the space of orbits of A in (R"—{0}.
For B in V, we construct a canonical diffeomorphism of Sg onto S^ as follows. Let
^i, . . .Ar+s be the eigenvalues of B, p^ the value of the main branch of the logarithm
at m^i, define a smooth diffeomorphism Hg of (R"—{0} by:
HB(X)=HB(XI, . . .,x,+J==(xiexpr(x)pi,X2expr(x)p2, . . .)
Then, for xelR"-{0}:
HBA(X)=HB(^XI, . . .,^+,x,+J=(^,x,exp(?(x)+l)p,)=(^.)c,exp?(x)pf)=BHB(x).
ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE
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Hence Hg conjugates A and B; passing to the respective quotients, we obtain a canonical
identification of S^ and Sg.
Remark. — In general, if Cei^, C^B, Hi^CHe is not linear. Let S be the space of
orbits of A e ^ considered as an abstract manifold; it is also the space of orbits of any
BeY^. For any Ae^, the centralizer Z(A)=D acts canonically on S^, and A acts
trivially. This gives an action of the abstract abelian Lie group Zo on S (depending on
A). This action is smooth and depends continuously on kei^ in the C°° topology on
compact subsets of Zo.
3.6. Keeping the same notation as above, let Wi be the ;x;i-axis, i.e., the eigenspace
associated to ^. For Ee^,+,, let W e = { 0 } if E=0, Wg= © W, if E^0. Let also
ieE

W be defined by

w=tr- u WE^O^eii^xc^nx^o}.
E^l

Then for any A in y, any Ee^+,, Wg is A-in variant, hence it determines a submanifold
We of SA; as HB(WE)=WE for Be^, WE is well defined as a submanifold of S. The
same is true for W, which gives in S the open dense subset W = S — U WE.
E^l

For any B e Y^, the action of Zo on S induced by Z (B) leaves invariant each submanifold
WE and W, and it is free and transitive on W.
For Ee^+5, let E" be the complementary subset o f E i n { l , . . . , r + s } . Let p^ be
the projection in R" with kernel WE' and image WE; as it commutes with the elements of
D, it induces, for any Ae^, a smooth map 7^ f1"0111 SA—WE' onto WE, hence a smooth
map p^ from S—WE' onto WE. However, as p^ does not commute with Hg for Be^,
we do not have in general p^=p^, for A, B in V. As p^ commutes with the elements of
D, p^ commutes with the action of Zo on S induced by Z(A).
3. 7. ACTION OF AN ELEMENT IN THE NON-COMPACT PART OF THE CENTRALIZER.

TWO

BASIC LEMMAS. — For Ae^", ^ a small open set in (TOD, heZo, xeS, we denote by
h. x or h^.x the image of x under the action of h associated to A. Recall that we have
defined in 3.3 an element ^(fc)e^+,, and it is not 1 iff heZo—Z^. In this case, we
write W^=W^^, W;,=W^^, p^p%^ to simplify the notation.
LEMMA 1. — Let Ae^, heZo-Z^. Then,

lim d(hn.x,hn.ph(x))=Q for any x in
n -> + ao

S—W;,, and there exists a sequence of integers (n^) such that lim hnk.x=p^,(x).
k-» +00

Proof. — The first assertion is easily deduced by calculation from the definition of
^(h). To prove the second assertion, let H be a representative of h in Z(A) and let A^,
H^ be the restriction of A, H to W^,^). If we repeat for A^, Z(A^), W^,^ the constructions that we have done for A, Z(A), R", we obtain abstract Lie groups Z^Z(A^),
Zo^Z(A^)/(A^), Z\ the maximal compact subgroup of Zo. Moreover, by definition of
^(h\ the image h' of H^ in Zo belongs to Z\\ as this group is compact, there is an
4e SERIE - TOME 22 - 1989 - N° 1
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lim (^T^^z'i (identity map on Z{).
k-> +ao

Then, as h^. z = h^. z for z e W^:
lim hnk.x= lim hnkph(x)= lim (h^p^^p^x). •
k -» + oo

k -> + oo

k -* •+ oo

The second lemma is similar to the first: it describes the action of elements of ZQ—Z^
on the tangent space level.
Let AeY^; as the subspaces Wg of IR" are A-invariant, they define for any xeS
subspaces of the tangent space T^ S ^ R". We say that a subspace V of T^ S is transverse
to some WE if
dim V 0 We = Max (0, dim V + dim WE - n).
LEMMA 2 . — L e t AeY^, fceZo—Zi, (n^) a sequence of integers which satisfy the
conclusion of the Lemma 1; suppose that for some xeS—Wj, and some subspace V ofTyS
transverse to W/,, we have
lim T,^(V)=Voc=T^S.
k ->• +00

T/ien, depending on the respective dimensions, \ve have Vo c= W^ or VQ => W/,.
Proof. — Let fe=min(dimV,dimW^). The transversality hypothesis allows us to
choose e^ . . ., e^ in V such that:
- if dim W^dimV, (T^^(^)) is a basis for W^;
— if dim W^dimV, (T^(^)) are linearly independent in W/, hence (e^) form a basis
forV.
By construction, e^W^ hence lim T^hnk(ei)=rT^p^(e^)', the properties of the family
k ->• +00

(T^/7^(^;)) then imply the lemma.

•

4. Proofs of Theorems 2 and 3. Preliminary Set Up
4.1. The set 21 (M) is open in Diff(M); any of its connected components is open and
formed by topologically equivalent diffeomorphisms; the set 911 (M) is the union of some
of these components.
Let ^ be a component of 91 (M); for N an integer ^ 1, let ^ be the set of/e^ which
verify:
(i) for any fe^N, if fk(p)=p and T^N^E^E" is the hyperbolic decomposition of
T^M at/?, the Tp/^E5 and T^/'^/E" are non-resonant linear contractions;
(ii) if p, p ' are periodic points of the same period fe^N, Tpf11 and Tp'f 1 ' are not
conjugate in GL (n, R) unless p, p ' belong to the same orbit.
ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE
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From the transversality theory, and the density of <f' in <^, we see that for every N^ 1,
^N is an open and dense subset of ^.
As elements of ^ are topologically conjugate, we can choose an integer N=N(^) such
that all basic sets of any fe ^ contains a periodic point of period less than or equal to
N; we fix such N in the sequel.
4.2. LOCALIZATION. — As Theorems 2 and 3 are local assertions in 91 (M) [resp.
9Ii(M)], it is sufficient to prove that, given any component ^ of 91 (M) [resp. 9Ii(M)]
and any /o e ^ ^ these theorems hold in a sufficiently small neighbourhood % of /o m
^N w So we fix such an fo and take a connected neighbourhood ^ of /o in ^N w
which we can assume arbitrarily small.
In particular, by structural stability of these diffeomorphisms ([II], [12]), we can take
a continuous map H from ^ to Homeo(M) such that H(/o)=idM and
H C/) % ° H (f)-1 =/ for /e ^ ' Let n = Qi U. . . U Of the spectral decomposition of the
nonwandering set of /o; choose a periodic point pi in Q, of period fei^N. For /e^,
define^, (/) =H(/)(^,), Q,(/)=H(/)(Q,); then 0(/)=HCO(Q)=un.O) is the spectral
decomposition of the nonwandering set of /, and p^ (/) is a periodic point in Q, (/) of
period k^N which depends continuously on/e^. When there is no risk of confusion,
we simply denote pi =pi (f), H- = Of (f) for a fixed fe ^U.
LEMMA. — Forfe^, heZ(f), l^i^l, \ve have:
h (0 (p,)) = 0 (p,\

h (0,) = 0,

h (W" (Q,)) = W" (Q,),

h (W5 (Q,)) = W5 (Q,)

h (W5 (0 (p,)) = W5 (0 (p,)),

fc(WM(0^)))=WU(0^)).

Proq/: — This results immediately from (2.1) combined with property (ii) of ^j stated
above in (4.1). •
4.3. LINEARIZATION OF CONTRACTIONS. APPLICATIONS. — We will use a parametric
version of the following result of Sternberg: If/is a contraction of an Euclidean space E
such that the derivative of / at the fixed point is a non-resonant linear contraction, then
/is C°° conjugate to this derivative.
The parametric version, proved in [I], says that the conjugacy can be chosen to depend
continuously on/in the C°° topology on compact subsets of E. This have the following
consequences.
In the case of Theorem 2: Consider a small open set ^ c= 911 (M) as above; we can
assume that p^ =p is a sink of period k. For any fe^, there is an embedding Jf (/) of
R" into M, with the following properties

(i) ^(/K^w^o^w5^);
(ii) J^(/) depends continuously on/in the C00 topology on compact subsets of IR";
(iii) there exists r, se^l with r+2s=n, coordinates x^, . . .,.x;^+,elR r xC S in 1R",
and a continuous map ^=(^1, . . ., ^,+J: ^ -> (R*Y x (C* - R*)8 such that
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(f)=^(f)~lofk/'WS(p)o^(f) is a non-resonant linear contraction of R" which is
diagonalizable in the coordinates (x;) with eigenvalues ^. (/).
In the case of Theorem 3: Consider a small open set ^ c= 91 (M); we can assume that
DI is an attractor and p=p^ is a periodic point of period k in Q^. Let n^, n^ be the
respective dimensions of E^ Eup(n^-{-n^=n).
There exists for/e^, f = l , 2 , an immersion ^r;(/) of R^ into M, with the following
properties:
(i) ^,(J)W=W(p), e^C^^W"^).
(ii) Continuous dependence on/(as in Case 1).
(iii) There are integers r,, s, with ^+25,=^., coordinates (x^ . . ..x^.^eIR' 1 xC 51
in lR"i, (xl, . . ..x^+^elR^xC^ in R^ continuous maps X:^ ^(IR*)^ x^-R*)^
and ^:^^(R*y2x(C*-R^ such that ^^(j)=^,(j)~l-fk/W(p)o^,(f), resp.
^2{f)=^l(.f)~lof~kl^^u(p)0^2{f), is a non-resonant linear contraction of lR"i (resp.
R"2), is diagonalizable in the basis (;c,), resp. (xQ, and have eigenvalues (M/)), resp.

WO)).
When/varies in ^, A(/), resp. A,(/), f = l , 2 , depends continuously on/and stays
diagonal in a fixed basis: this is the situation that we have studied in Section 3. We
call D (resp. D,) the set of matrices in GL(n, R), resp. GL(n,, R), which are diagonal in
this special basis on 1R", resp. R"1.
In Theorem 2, we call S the abstract space of orbits of A (j) in R"- {0} for any /e^;
it can also be identified, via Jf (j), with the space Sf of orbits of/* in W(p)~ [p }. The
centralizer Z(A(/)) is identified as in (3.4) with a fixed abstract Lie group Z,
^AC^MAC/)) is identified with a fixed quotient Zo=Z/(e) of Z, and we call Z^ the
maximal compact subgroup of Zg. For any/e^, the identification of S^. with S and of
^AC/^AAC/)) with Zo gives an action of Zo on S which depends continuously on
/e^. The projection maps p^p^^: S-Wg/ -> Wg are defined for fe^ and Ee^,+,,
as in (3.6), and they depend continuously on/
In Theorem 3, our basic space of reference will be the product R"1 x 1R^ together with
the linear action of D^xD^ on it. For /e^f, the subgroup generated by
(AI (A (A^ (/))~1) in DI x D2 is discrete, and the quotient Di x D2/(Ai (/), A2 (f)~1) has
a natural identification with a fixed (non-connected) Lie group ZQ; we call again Z^ the
maximal compact subgroup of Zg.
In any case, suppose that /e^, heZ(j). By the lemma in (4.2), h{0(p))=0(p)\
therefore there is a unique 0^i<k such that, putting U=h^f\ we have
^ (rt =/?,

^/ (W5 0?)) = W5 (p\

V (W" (p)) = W" (p\

Conjugating U by JfJ/) [resp. Jf,(/)], we obtain an element of Z(A(/)) [resp. of
Z (A, (/))]; we denote n the projection of this element in ZQ.
LEMMA. — his a power of f if and only ifn== 1^ .
Proof. - If h=fn, clearly n=l^. Suppose that n= 1^, this means that V coincide
with some iterate^ of/on W(p\ hence on W (ft) =W5 (0 (p))', by Theorem 1, we must
have h'=f, hence /i^-1.
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4.4. A KEY PROPOSITION. PROOF OF THEOREM 3. — In Theorem 3, for/e^, let /(f)
be the set of homoclinic points related to p\ i.e., / (f) = W (p) Pi W" (p)-{p}. Define
a map (p from / (j) into IR"1 x (R"2 by:
^(^(^lar^^ar1^)).

The map (p is injective; the image / (f) = (p (^ (/)) of ^ in UTi x R^ is discrete and
closed because W(p) and W"(p) intersect transversally. As / is /-invariant, / is
invariant under the linear transformation ( A ^ A ^ e D ^ x D ^ ; hence it makes sense to
ask if / is invariant by some element /ieZo=Di x ^/{(A^, A^ 1 ) }.
Observe that if heZ(f), and V is defined as in (4.3), we must have
h' (W5 (p) U W" (p)) = W5 (/Q U W" (^, hence W (/ (/)) = ^ (j) and JT(J (/)) = J (/).

PROPOSITION 1. —(a) For a dense open set of/e^f, no /TeZi, /T^lzi, leaves /(f)
invariant.
(b) If dimM=2, for any/e^, no heZo—Z^ leaves ^C/) invariant.
(c) If dim M^3, for a residual set of/s in ^, no JieZo—Z^ leaves ^(Y) invariant.
We give the proof of Proposition 1 in Section 5. It is clear that Proposition 1 and
the lemma in (4.3) imply Theorem 3: the only non trivial remark to make is that if
heZ(j) verifies hk=fj for some fe^2, jeZ, then H [as defined in (4.3)] belongs to Z^,
and part (a) of Proposition 1 applies.
4. 5. ANOTHER KEY PROPOSITION. PROOF OF THEOREM 2. — The proof of Theorem 2
is subdivided in 3 subcases:
Subcase 1. — W(p)— { p } is not contained in the unstable manifold of a single repellor.
Subcase 2. — W5 ( p ) — [ p } is contained in the unstable manifold of a source (periodic
orbit).
Subcase 3. — W 5 ^)—^} is contained in the unstable manifold of a repellor which is
not a periodic orbit.
Clearly, one of the three cases must be true for each fe^. In Subcase 1, the
complement in W5 ( p ) — [ p } of the unstable manifolds of the repellors o f / i s a non
empty, nowhere dense, closed, /^-invariant subset / (/). It determines in the space S of
/^orbits a non empty, nowhere dense, closed subset /(f). If heZ(j) and h\ fi are
defined as in (4.3), then we know from (2.1) that k permutes the repellors and their
unstable manifolds, and hence leaves / (f) invariant; consequently J\f) is h-invariant
in S.
In Subcase 3, the unstable manifold of the repellor is foliated by the unstable manifolds
of the points of the repellor. Call / ( f ) the restriction of this foliation to W 5 ^?)—^};
as it is /^-invariant, it determines a foliation / (f) of S. If heZ(j), by (2.1), U must
preserve / (f) and hence / (/) is /T invariant in S.
In subcase 2, first observe that the inclusion W 5 ^ ) — ^ } ^ ^ ^ ) — ^ } for some
source q implies that W(p)-{p}=WU(q)-{q}. In fact, if S, resp. S', is the space of
/^orbits in W (p)-{p}, resp. W"^)-^}, the inclusion implies that S is a compact
open subset of the space S' which is connected, hence S=S' and the equality must
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hold. Also, we can perform for/'^/W"^), W"(^) the same construction that we have
done in (4.3) for/^W5^), W(p): When/e^, the centralizer Z^^/W"^)) is naturally
isomorphic to some fixed (non-connected) Lie group Z", the quotient of Z(f~k/WU(q))
by the cyclic group generated by/"^ is naturally isomorphic to some fixed quotient Zo
of Z", and we call Z\ the maximal compact subgroup of Zo. Any fe ^l determines an
action of Zo on the space of orbits S (and an action of Zo on S). If/e^, heZ(f), and
V are defined as in (4.3), the restrictions of V determine elements in ZG/VW8^)) and
Z(j^k/WU(q)), and hence one element h in Zo and one element R in Zo, such that the
actions of H and of /T' on S are identical.
PROPOSITION 2. — In any of the subcases above, there is a dense and open subset of fs
in ^ such that
— in Subcases \ or 3, no element h in Z o — { Izo} leaves / (f) invariant',
— in Subcase 2, ifheZo, /feZo have identical actions on S, then h= \^ and h = 1^.
In view of the previous discussion and of the lemma in (4.3), Proposition 2 clearly
implies Theorem 2.

5. Proof of Propositions 1 and 2
5.1. The proofs of Proposition 1 and the three subcases of Proposition 2 are quite
similar. In each, it is necessary to distinguish whether JTeZo—Zi, or heZ^ — { 1 ^ } .
The proof of the latter case uses two facts about compact (not necessarily connected)
Lie groups, which we now recall.
LEMMA 1. — In a compact (not necessarily connected) Lie group G, any strictly decreasing sequence Go => G^ => G^. . . of closed subgroups is finite.
Proof. — In fact, at any stage, either the dimension or the number of connected
components (which is finite) must strictly decrease. •
LEMMA 2. — Let G be a compact (not necessarily connected) abelian Lie group. Go a
closed subgroup. There is a compact set K <= G — Go such that any h e G — Go, has a
power in K.

Proof. — In G/GQ, take a small open neighbourhood U of IG/GO ^^h does not
contain non trivial subgroups; the inverse image of G/Go—U under the projection
G -> G/GQ has the required property. •
5.2. For/e^, we define a group Z^ (f) by
— in Theorem 3, and Theorem 2, Subcase 1:
Z,(j)={KEZ,;h(/(f))^/(j)}.
- In Theorem 2, Subcase 2:
Z^ (f) = { (h, h') e Zi x Z\; h and h' have identical actions on S }.
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— In Theorem 2, Subcase 3:
Z, 0) = { he Z,; for any x e S, T, /i-(T, J (/)) = T^ J 0)}.

For notational reasons, in Theorem 2, Subcase 2, we now call Z^ what we were calling
Z^ x Z'i; hence, in all cases Z^ (/) is a closed subgroup of Z^. For a closed subgroup Z^
of Z^, define:
^={f^Z,(f)^Z,}.

LEMMA. — ^^ is open in (3U.
Proof. — By Lemma 2, there is a compact K <= Z ^ — Z ^ such that any / l e Z ^ — Z ^ has
a power in K. In Theorem 2, Subcase 3, the following properties are equivalent:
(i) f^^
(ii) no element of Z^ (j) belongs to K,
(iii) for any HeK, there exists xeS and a neighbourhood V of H such that
T^(T,J(/))^Ja)for^eV,
(iv) there are points x^, . . .,XN in S and open sets 0^ . . .,ON m ^i suc^ Aat
UO^ K and T^(T^.J(/))^T^(J(/)) for l^N, geO,
Property (iv) is open. In fact, if / satisfies (iv) for an open cover (0,), choose open
sets 0\ <= 0\ c: Oi such that U 0\ ^ K; then diffeomorphisms g near/satisfy (iv) for the
open cover 0\ (and the same points x, corresponding to/and the cover (0^)).
In the other cases, the proof works similarly, with a suitable version of condition (iv)
as follows. In Theorem 2, Subcase 1:
(iv) there are points x^ . . ., x^ in /(f), open sets Oi, . . ., ON suc!1 that
UO,^K

and

gx,i/(f) for geO,.

In Theorem 2, Subcase 2:
(iv) there are points x^, . . ., x^ in S, open sets Oi, . . ., ON suc!1 A^
U 0, =? Kandfor^=(^,^) eO^i (^) ^2 (^).

In Theorem 3:
(iv) there are points x^ . . . , X N in ,/(/), open sets 0^, . . . , O N such that U O ^ 3 K
and for i'e Q(, ^ any preimage of g in D^ x D^, we have gx^ ^ / (/). •
5. 3. LEMMA. — For any g e Z i — { 1^ }, the set of fe^ such that geZ^(j) is nowhere
dense in ^.
We first observe that this lemma implies the "compact part" of Propositions 1 and 2:
^{^ ) is open and dense in %. Openness follows from (5.2). To show density let ^
be open in ^U, by Lemma 1 of (5.1) there exists fei^ such that Z^ (/) is minimal (for
the inclusion) amongst the Z^ (g), g e i^\ then for / near / in V, Z^ (/') c: Z^ (/) by
Lemma 5.2, hence Zi(/')=Zi(/) by minimality; from Lemma 5.3 we conclude that

Zi(/)={lz,}. •
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5 . 4. PROOF OF LEMMA 5 . 3 IN THE CASE OF THEOREM 3. END OF THE PROOF OF PROPOSITION

1. — Let/e^, and let x, y e / ( f ) be two homoclinic points in W5 (p) C\ W" ( p ) — { p }
which are not in the same orbit of/ Let (p(x)=(xi,X2), (p(y)=(ji,^2)? where (p is the
map from / ( f ) to W11 x IR"2 defined in (4.4). We show that for any x\ sufficiently
near x^, there exists a small perturbation/ of fin ^ such that x, y are homoclinic points
ofp for/, but (p^ (x) = (x\, x^), (p/' 00 = (ji? Yz)' I11 (ac^ select a compact neighbourhood
V of /(x) so small that it does not intersect the closed set
{p}U{fn(y)''neZ}U{fn 00, n ^ 0}. Choosing adequately a diffeomorphism v|/ of M
with support contained in V and leaving V^W 5 ^) invariant, the perturbation r=^°f
has the desired property. Taking x^^x\, as x^ 7^0 7^X2, y\+^+y^ and as /and /
coincide in a neighbourhood of p, it is not possible to have for some JTeZo, Kx=y for
both /and /. As J\f) is discrete, this proves that for any /TeZo, H^l^, the set of
feW such that / (f) is ^-invariant is nowhere dense; this implies Lemma 5.3.
A refinement of the above argument implies the conclusion (c) of Proposition 1. In
fact, it is clear that if we have three homoclinic points x, y, z for / belonging to distinct
orbits, by the same construction as above one can perturb / to // in such way that x, y,
z are homoclinic points for /', (py (x) + (py/ (x), (py (y) = (py. (y), (py (z) = (py. (z). Then the
system h (q> (x)) = (p (y), JT((p (^)) = (p (z) cannot have a solution in D^ x D^ both for (p = (py
and for (p=(p^. This shows that for any three homoclinic points x, y, z (depending
continuously on /e ^U by structural stability) which belong to distinct orbits, the set of
fe^ such that there exists HeD^xD^ satisfying JT((py (x)) = (py (y) and /i"(cpy (y)) = (py (z)
is nowhere dense. But the homoclinic points form a countable set; hence for a residual
set of/e^, the relation h (/(j))= / (j), K^ZQ implies h==l^. As we have already seen
(Lemma 4.3) this is sufficient to conclude part (c) of Proposition 1.
To finish the proof of Proposition 1, in view of Lemma 5.3 it is sufficient to prove
that if dimM=2 no HeZo—Zi can have / (f) invariant for any /e^. In fact, in
this case n^=n^=\, let A C^^AiCAA^C^'^diag^,)^) and A=diag(|Lii,|Li2) be a
representative in Di xD^ of /TeZo; JT^Zi is equivalent to
Log||LiJ

Log|u2

Logi^i Logi^r
and this implies that for some fe, ?eZ, A^^ is a linear contraction; but a linear
contraction cannot leave invariant the discrete infinite set /(f). This concludes the
proof of Proposition 1 and hence Theorem 3 is now proved completely. •
5. 5. PROOF OF LEMMA 5. 3 IN THE CASE OF THEOREM 2. SPECIAL PERTURBATIONS. — Let

/e^. In (3.5) we defined the space of orbits S by identifying the two components of
the boundary of a fundamental domain
f

[ y

[2

|

1 ll
F = J] S \'\
<1<Z '
\2u ^ ^ ^ | ^
ru

I

| ^i |

fl

|2

)

[

| 2 « + 2 f| ^i |
J

Notice that we can always choose u in order to separate 5Fy from a finite number of
points.
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Suppose that v|/ is a diffeomorphism of M, near the identity, with support contained
in int Fy; i. e. v|/ (x) = x for x in a neighbourhood of M — Fy. The diffeomorphism
f'=^of is a small perturbation of /, and coincides with / in a neighbourhood of
p. Therefore we can say that the action of the abstract reduced centralizer Zo on the
space of orbits S is the same for / and //. On the other hand, as \|/(x)==x in a
neighbourhood of 3Fy, v|/ induces a diffeomorphism ^f of S which is the identity in a
neighbourhood of the codimension one submanifold 3F, 5F being the image of 5Fy in
S. As such /-orbit cuts at most once int Fy, we have:
- J(/')=\I/(J(/)) in Subcases 1 and 3.
— In Subcase 2, the actions of the abstract reduced centralizer Zo of the source q
associated to/and/' are conjugate by \|/.
Conversely, given any diffeomorphism v|/ of S which is near the identity and coincides
with the identity in a neighbourhood of 5F, we can lift \|/ to a diffeomorphism v|/ of M
which is near id^ and coincides with id^ on a neighbourhood of M—Fy, and define a
perturbation // = v|/ °/ with the above properties.
5.6. PROOF OF LEMMA 5.3. — Given/e^, geZ^(f)—{\^}, we construct in each
subcase a perturbation/7 of/, of the type described in (5. 5) such that g^Z^ (/')•
Subcase 1. — First we may assume that / (f) C\ W^0 [W has been defined in (3.6)]:
indeed, if this is not the case, replace / by a special perturbation f=^°f such that
^(J(/))nW^0. Then, take x e J ( / ) n W and choose F^ such that gx^8F. As
the action of Zo on W is free, gx^x', as /(f) is nowhere dense, we can find arbitrarily
near idg a diffeomorphism ^f of S which is the identity on a neighbourhood of 8¥ U { x }
but such that vJ/" 1 (gx)^/(f). Then, for the perturbation r=^f0 /associated to v|/ as
in (5. 5), we have xe/ (//), gx i / (/') = vj/ (J (/)) and hence g i Z, (/').
Subcase 2. - Now g=(g^gz), with g^eZ^ gz^^i^g^gi)^^. ^i); the hypothesis
(^,^)eZi(/) means that g^x=g^x for all xeS. It is clear that we can find a
diffeomorphism \J/ of S, equal to idg near 8¥ such that for some x,
g^x^^fg2^f~l(x). For the special perturbation // associated to ^ we then have
(^2)^ CO.
Subcase 3. — The proof is similar to Subcase 1: take xeW, F^ such that gx^8f,
\[/eDiff(S) near the identity such that vJ/^id on a neighbourhood of 8f{J{x}, and
T,^- l (T„J(/))=T,(vI/- l °g)(T,J(/))^T^-l^J(/). Then, for the associated
perturbation /^vl/o/ we have that
T,.J(//)=T^(T^-l„J(/))^T„J(/)=T^(T,J(//)),

hence g^Z^(f).
5.7. END OF THE PROOF OF PROPOSITION 2. — It remains to show in each subcase the
conclusion of Proposition 2 for hin ZQ—Z^ [(Zo xZo)—(Zi xZ\) in Subcase 2].

Subcase 1. — Say that feW belongs to ^i if and only if there exists xe/ 0 W such
that for any Ee^+,, E^0, E^l, the point p{,(x)eW^ as defined in (3.6) does not
belong to /{f). As p^, /(f) depend continuously on /, the set ^i is open. For any
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/e^, we can choose a small special perturbation f'=^of, associated to vJ/eDiffS, such
that for some XE/(/), we have vJ/(x)eW, ^~l(p^{^(x)))^/ (f) for any proper subset
Ee^+,. Then/'e^i, proving that ^i is dense.
If/e^i and heZo-Z^ satisfies MJ(/))=J(A apply Lemma 1 of (3.7) to the
point x and/given in the definition of ^i. We obtain that pfi(x) is a limit point of the
sequence P(^c) which is in the closed set / {f)\ hence pji(x)E/ {f\ a contradiction with
the choice of x. This concludes the proof of Proposition 2 in Subcase 1.
Subcase 2. — For/e^, we call W the open and dense subset of S defined relatively
to the source q as W has been defined for the sink p. Define a subset ^i of ^U as
formed by the/s such that for some x c= V/n^V"? and any proper subset Ee^+,, the
point pi(x) belongs to W. As W, W and p^ depends continuously on /, we conclude
that ^i is open. For any/in ^, we can construct special perturbations ff=^of which
are in ^i. Indeed, take xeWplW", Fy such that none of the points pi(x) belongs to
3F, and \|/eDiffS with \|/=id on a neighbourhood of 3 F U { ^ } and pi(x)€^f(^/).
Then / = \|/ o/e ^i because W' (//) = ^f (W' (/)). Therefore, ^i is dense.
If/e^i, and (h^h^)e (ZQ xZo)—(Z^ xZi) is such that h^ h^ have the same action
on S, then we must have /i^eZo—Zi, A^eZo—Zp In fact, if we had for instance
h^eZ^ h^eZQ—Z\, for an increasing sequence of integers we would have hf-^ids, and
A^-^ids is impossible in view of Lemma 1 of (3.7). Now, with h^eZo—Z^
h^eZQ—Z[, x as in the definition of ^i, by Lemma 1 of (3.7), p^(x) is a limit point
of (h'[ (x))^o and the limit set of (h^ (x))^o is contained in S—W. This is a contradiction with the defining property of x, and concludes the proof of Proposition 2 in Subcase 2.
Subcase 3. — We proceed as in Subcase 1. We define ^i as the set of/e^ such that
for some point xeW, and any proper subset Ee^y+y ^ x / ( f ) ls transverse to Wg',
and Tp^^(/) is transverse to WE. The set ^ is clearly open, and is seen to be dense
by constructing an appropriate special perturbation. If /e^i and heZo—Z^ leaves
^(/) invariant, then applying Lemma 2 of (3.7) at the point x given by the definition
of ^<i, we obtain a contradiction which concludes the proof of the Proposition 2 in
Subcase 3.
The proof of Theorem 2 is therefore complete. •
5.8. Remark. — We observe that the proof of part (a) of Theorem 2 given in
(5.4) applies in a case slightly more general than dimM=2, /e2I(M). The hypothesis
dimM=2 is only used to insure that if heD^xD^ has a projection /TeZo—Z^ in
DixD2/(/), then for some (fe.QeZ 2 , / k ^ induces a contraction of R"1 x R^ which
leads to a contradiction. To obtain this implication, it is sufficient to have r i + 5 i = l ,
r^ + s^ = 1, instead of n^ = n^ = 1 as in the text. Thus, we obtain that in a neighbourhood
of/oe9I(M) the diffeomorphisms/'s with trivial centralizer contain an open and dense
subset, in the following additional cases:
(a) dim M = 3. Some periodic point p of some attractor of /o has one real and two
complex conjugate eigenvalues.
(b) dim M=4. Some periodic point/? of some attractor of/o has two pairs of complex
conjugate eigenvalues.
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