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A GENERAL COMPARISON THEOREM WITH
APPLICATIONS TO VOLUME ESTIMATES FOR
SUBMANIFOLDS

By Ernst HEINTZE anD HerMANN KARCHER (%)

1. Introduction

To get a lower bound for the cut locus distance on a compact Riemannian manifold
following Klingenberg [9], Cheeger [4] proved the existence of a lower bound for the
length of a closed geodesic in terms of an upper bound of the diameter and lower bounds
for the volume and the curvature. We generalize and sharpen this result—with a more
direct proof, e. g. not using Toponogov’s triangle comparison theorem —to the following
inequality between data of M and a compact submanifold N:

vol(M) = L f5(d(M), H(p)) dvoly = vol(N). f5(d(M), A),

where & is a lower curvature bound for M (in fact Ricci curvature bound if N is a point
or a hypersurface), d (M) is the diameter of M, H ( p) is the length of the mean curvature
normal n of N at p, A = max H (p) and f; is given explixitly in paragraph 2. It grows
monotonically with d (M) and H (p).

For 8 > 0 the inequality—if slightly weakened —allows a considerable simplification
(without changing the cases of equality, if dim N = » > 0):

vol (M™) < YOL(53) J (5+H2(p))"2 dvoly
vol(S})Jn
vol(S3) n
< o JOI(NY)  (n>0),

where S; denotes a sphere of curvature 8. Equality implies that both M and N are of
constant curvature, and in fact all space forms can occur for N whereas for M only those

(1) This work was done under the program Sonderforschungsbereich Theoretische Mathematik (SFB 40)
at Bonn University.
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can occur with d(M) = n/2 \/S With a simple limit arguement the Fenchel-Willmore-
Chen inequality ([6], [14], [5]) for compact N in R™:

JN | H(p)|" dvoly 2 vol(S}),

is a consequence of our inequality.

Simplifications also in the case 8 < 0 are possible under further assumptions, e. g. for
minimal submanifolds (H= 0), see 2.3. In particular if y is a closed geodesic, 2.3 gives

length (y) 2 21 O ( V18] )m-l.

voIST "\ sin 1 (/[3].d(M))

The main tool for proving the inequality is an extension of well known Jacobi field
estimates. In fact we prove a very general comparison theorem for the length and volume
distortion of the normal exponential map of a submanifold containing as special cases the
Rauch [11] and Berger [1] estimates (§ 3). The equality discussion rests on the following
Theorem 4.5: Let N, M be compact Riemannian manifolds, N isometrically immersed and
totally umbilic in M. Assume that all planes of M containing a tangent vector to a geodesic
segment which is normal to N and has no focal points have the same sectional curvature & > 0.
Then M has constant curvature 8. We emphasize that for dim N > 2 the assumptions
6 > 0 and M compact are essential. The proof is given in paragraph 5. The usual
Codazzi equation arguments cannot be used. We first extend a result of Warner ([12],
Th. 3.2) (who showed that kernel dexp,—at regular conjugate points of constant multi-
plicity = 2—is tangent to the conjugate set) and conclude that the mean curvature vector
field must be parallel. Then we derive that N has constant curvature and finally obtain
constant curvature for M.

2. The inequality between volume and diameter of a compact Riemannian manifold M
and the volume of a compact submanifold N

Let N, M be compact riemannian manifolds, N isometrically immersed in M and M
connected. For each p € M there exists a distance minimizing geodesic from p to N which
hits N perpendicularly; its length is clearly not longer than the diameter of M and it is also
not larger than the first focal distance of N in the direction of the geodesic. Therefore the
exponential map of the normal bundle v (N) of N in M is surjective, even if we restrict
exp, to that subset U of normal vectors &, which are not longer than d (M) or the focal
distance in direction & In paragraph 3 we describe the canonical riemannian metric on
v(N). . For this the projection © :v— N is a riemannian submersion. Therefore we
can apply Fubini’s Theorem to evaluate the following volume integral by first integrating
over the fibres of v and then over the base N:

2.0.1: vol(M) £ f | det(dexp,)|.d vol, .
U
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We first state the curvature assumptions :

(K) IfNis a hypersurface or a point, assume that the Ricci curvatures of M for the tangent
vectors of distance minimizing normal geodesics are = .

If N has arbitrary codimension, assume that the planes of M containing a tangent vector
of a geodesic segment which minimizes the distance to N have sectional curvatures = 8.

Let H be the length of the mean curvature normal M and let A be an upper bound for H.

We use the abbreviation

8~ 125in§2r if §>0
2.0.2: ss(r)=1<r if 6=0
|8|‘”2sinh|8|”2r if §<0

s (r) = s5(7).

Then Corollaries 3.3.1 and 3.3.2 state that for each &€ U (put r = | & |) we have
|det(dexp,)e|.7" "1 < (e;(r)— <n, §> ss (M) .85 ()™ "L,
where m = dim M and » = dim N. Now 2.0.1 gives
vol(M) £ Ju(ca r)— <n, §>s5(r))".ss(r P D dvol, e

Since we do not want to make very specific assumptions about the second fundamental
form but assume only bounds on | n l, we cannot use the description of U in terms of focal
distances. However 3.3.1 shows that the first zero z (n, &) of the integrand is an upper
bound for the focal distance in direction & (“conjugate” if » = 0). Therefore we enlarge
U correspondingly, now apply Fubini and abbreviate the obtained fibre integral as

2.0.3:
min (d (M), z (1, &))

fs(d(M), H(p)) =J

sm-n-

O(Cs (M= (@)- &> ()83 ()" " dr dE,

where d¢& is the standard volume for the sphere S™ ™"~ 1.

REMARKS. — 1. By definition f; seems to depend on m, but the spherical integration
eliminates the direction dependence and leaves a function of |0 | = H. Of course f; also
depends on the dimensions #n, m.

2. If one is interested in the volume of tubes of radius R around N, then one only has to
change the upper bound of the radial integration to min (R, z (n, &)).

The above explanations prove the first inequality of the following Theorem, but we
emphasize that the Jacobi field estimates of paragraph 3 are the essential part of the proof.
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2.1. THEOREM. — Let, as above, N be isometrically immersed in M and make the curvature
assumptions (K). Then

vol(M) < f £5(d (M), H)d voly
N
= vol(N). f5(d(M), A).

For the proof of the last inequality we use.

2.1.1. PROPOSITION. — f; (d (M), H) is monoton increasing in H.
Proof. — We write n = H.e, | ¢| = 1 and note, that the functions

min (d (M), z (0, §))
J (e—H.Ce, D851 dr
o

and

min (d (M), z (n, —§)) _
(e +H.Ce, Eysp).sp " 1 dr

0

depend differentiably on H except for those values of H where d(M) =z (n, &) or
dM) =z (n, —&). If the upper bound of the integral is d (M), then only the mono-
tonicity of the integrand matters; if the upper bound is z (0, &), then the integrand vanishes
there and the derivative of z is not needed. If (e, &) > 0, then the integrand is not
monoton increasing in H, however in this case z(n, &) < z(n, —&). Therefore, since

G—Hyy+@+Hyy =2 Y [ )x-2y2ege
2k=n 2k

the monotonicity of the sum of the two integrands for the directions & and —& follows and
thus the monotonicity of f;.

We give two special cases of 2.1.

2.2. THEOREM. — If under the assumptions 2.1 one has & > 0, then

vol(M) < YOI55) f G+H(P) 2 dvoly  for n>0,
vol(S]) Jx
and
vol(M) < vol(SF) for n=0.

In particular, if |n| < A and n > 0 then

vol(M) < vol(N)
vol(S™) ~ vol (St a2)

(S; denotes a sphere of curvature J).

Note that this gives a lower bound for the volume of submanifolds of bounded mean
curvature which is sharp for small spheres N = S3, ,, in spheres M = S{". For a very
special case see Heim [8].

The case n = 0 had been proved by Bishop [2].
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2.3. THEOREM. — If under the assumptions 2.1 N is also minimal (n = 0), then

min (d (M), n/2V/5)
vol (M™) < vol (N").vol (ST~ 1). j s ("85 (™" L dr,

0

where the number /2 \/ 8 has to be deleted if 8 < 0 and has to be replaced by n/\/ 5 ifn=20
and 3 > 0.

2.3.1. CoROLLARY. — Inequality 2.3 can be interpreted as a lower bound for d (M), e. g.:
if 8 =0 then
m-=n
vol (M) < vol (). vol (s~"-1), 28D,
m—n

if n =0 and § > 0 and vol(M) g:—ivo] (S7) then d(M) = % % [10].

In the last case either d (M) > (1/2) n/\/ S then M is homeomorphic to S™ by Grove-
Shiohama [7], or d(M) = (1/2) n/\/ 3, hence vol (M) = (1/2) vol (™), then M is isometric
to the projective space P R™, see [10] or our equality discussion.

2.3.2. CoroLLARY (Improvement of Cheeger’s inequality). — If N is a closed geodesic,
then

hN) 2 2m, YOI (i (d M), =~ )>_,.,+1
length(N) =2~ Vol GD) Ss{ min| d( )2 \/5
(if §>0:)2= 2m yol(M”) (sharp for M = S).

/5 vol(S{")

2.3.3. Remark. — If n.(max K)~*/2 is not a lower bound for the cut locus distance (e. g. in
case max K < 0) then there exists a closed geodesic whose length is twice the minimal cut
locus distance. Therefore 2.3.2 gives a lower bound for the cut locus distance of a
compact riemannian manifold. For example for compact oriented surfaces of genus g
with curvature between —1 and 0 one has from 2.3.2

(cut locus distance) = M .
sinh d (M)
Proofs. — 2.3 is immediate from 2.1 and the definition of f; and can of course be
generalized to submanifolds with |n | = Const. For 2.3.2 recall

(m—1).vol(ST) = 2m.vol (ST~ 2).

To obtain 2.2 first replace in the fibre integral min (d (M), z (1, &)) by z (1, &) since the
integrand of f; remains positive up to there. Then observe that each fibre integral can be
recognized as the fibre integral which one gets if one computes the volume of SF with the
normal bundle of a small sphere Sy, ;). in S7.  Therefore the fibre integral at p e N equals

vol(Sg)/vol (S5 uz2 (), Which proves 2.2.
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We can also deduce

2.4. CoroLLARY (Fenchel-Willmore-Chen). — Let N" be a compact submanifold of R™
with mean curvature normal of length H, then

vol(S}) gj H "d voly.
N

" Proof. — Consider R™ as the tangent space of a very large sphere S7, map N by the
exponential map into S7, apply 2.2 with M = S? and take the limit 8 — 0. This proof,
however, will not give the equality discussion. The inequality can also be derived by
comparing the volume of a ball of radius R in R™ with the volume of a tube of radius R
around N in R™.

3. Estimates for the length and volume distortions of the normal exponential map

3.1. As before, let N be isometrically immersed in M and let & : v (N) — N be the normal
bundle of this immersion. The aim of this paragraph is to estimate in terms of lower
curvature bounds

dexp,u /\.../\dexpvuml
det(dexp, =| — ’
| det (d exp,); [ugA ... Auy)

where { uy, ..., u, } is a basis of the tangent space T; v (N). To do this we actually prove
(with the same amount of work) a comparison Theorem where curvature inequalities for
two manifolds are assumed and obtain our estimate by specializing one of the manifolds
to be of constant curvature. Furthermore the same proof gives in certain cases a compa-
rison Theorem for the distortion of r-dimensional volumes (r < m) by exp,, i. e. for
quotients | dexp,u; A ... Adexp,u, |/|uy A ... Au,|. In fact our Theorem 3.2 contains
as special cases the Rauch and Berger comparison theorems (» = 1) as well as the top-
dimensional volume estimates (r = m) which we used in paragraph 2.

First we describe the canonical metric for v (N) and the differential of the normal expo-
nential map in terms of N-Jacobi fields. This information has to be used again in para-
graph 5. :

3.1.1. Induced from the metric of M we have the normal connection D* for v(N). We
use it to split the tangent bundle as a sum of the ¢“vertical’’ and the “horizontal’’ bundle,
T v (N) = 7+ the vertical tangent vectors are tangent to the fibres (and killed by w,),
the horizontal tangent vectors are tangent to curves in v (N) which —considered as vector-
fields along their base curves—are D*-parallel. Since each vertical tangent space ¥
can canonically and hence isometrically be identified with the fibre v, ¢, (N) by parallel
translation in the fibre and since each horizontal tangent space #; can canonically and
hence isometrically be identified with T, ) N via w, we have the canonical metric for
v (N) defined by

[ull® = llmau |+l el [’ ueTev@D.
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Then, clearly, the above splitting is orthogonal, © : v (N) — N is a riemannian submersion
and, if we represent u as u = (d/dt ) & () |o, then, || uy, || = || (D*/d¢) &||. This splitting
fits also nicely with the description of d exp, using N-Jacobi fields:

3.1.2. We call a Jacobi field Y along a normal geodesic s — exp, 5s.§, § e v, (N), an
N-Jacobi field, if it comes from a variation of geodesics normal to N, i. e.:

Y(s) = ditexpvs.a(t) .

Directly from this definition it is clear that N-Jacobi fields describe the differential of exp,:
If ue T, v (N) is represented as (d/dt) & () | ¢=0, then

dexp,.u =Y(1).
Two facts are important:

(i) N-Jacobi fields can also be characterized by their initial conditions:
Y is an N-Jacobi field if and only if

Y(0)eT,N, :l_)Y(O) ~S,.Y(0)LT,N,
s
where S; is the Weingarten map of N (for the’normal &).¥ Proof:
... D D, . D' .
Y(0) = (&) (0), ~Y(0) =—E&(0) = —E(0)+ S;.(m<E) (0).
ds dt dt

(i) The tangent vector ueT,v(N) determines the “linear’” vectorfield U along
s—5.&(0) given by

U(s)=%s.§(t)|,=o=A(s)+s.B(s), U () =u,

where A is horizontal and B is vertical. And d exp, maps this linear vectorfield onto the
N-Jacobi field Y (s) = dexp,.U (s). We call Y the N-Jacobi field associated with u. Note

T,A()=Y(0), [B(|=

D . 2 _ 2 2
~Y© and  |ul>=|A@©*+|BO)|*

Now, for r linearly independent of these “linear’’ vectorfields, say Uy, ..., U,, it is easy
to compute | U, (s)A... AU,(s)|. On the other hand, the Jacobi equation controls the
corresponding Y; (s) and in this way we obtain our information about length and volume
distortions of dexp,. We will only consider Jacobi fields which are orthogonal to a
normal geodesic because exp, is a radial isometry (Gauss-Lemma). :

As a last preliminary, we give two useful specializations.

3.1.3. The Jacobi equation along a geodesic depends only on the sectional curvatures
of planes containing ¢’. In particular, if these sectional curvatures have the constant

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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value § then the Jacobi equation reduces already to (D?/ds?) Y +8.Y = 0 and the solutions
are in terms of parallel translation P, along c:

Y(s) =P,. (cs(s).Y(O)+s5(s). d%Y(O))’

see 2.0.2 for definition of c; and s;.

From this explicit solution of the Jacobi equation it is clear that the riemannian metric
of M is uniquely determined by the canonical metric on v (N), the constant 8 and the
second fundamental tensor of N in M. A detailed but somewhat lengthy formulation is
given in Lemma 5.6.

3.1.4. If in addition N is totally umbilic with mean curvature normal 1
(e.{n, &>X, Y)=(5X,Y))
then N-Jacobi fields along ¢ are given as
Y (s) = Ps((e5(5) =< M, §>-85(5)). Y (0) +5; (5). E),

where & = ¢’/ | ¢’ | and E L N, is the normal component of (D/ds) Y (0).

This equation contains precise information about the focal points of N; for example
if £ e v (N) is a focal point, then E = 0 hence ker (d exp, Ig) = Hr.

3.2. THE COMPARAISON THEOREM.

NoraTioNs. — Let N be isometrically immersed in M, £ e v, N a unit vector
Y;(s) =dexp,U;(s)((=1,...,r) be linearly independent N-Jacobi fields along
¢ (s) = exps.& (see 3.1.2); let k (s) be the minimum of the sectional curvatures of planes
containing ¢’ (s) and K (s) be the maximum; let A, ..., A, be the eigenvalues of the Wein-

garten map S;. Consider a second such situation N < M etc.

AssuMPTIONS. — Let s, be not larger than the first focal distance of N in directiont
and make one of the following assumptlons (a), B), (c)or(d)for 0 < s < sp:

@ k() = K(s), 2=5r+1= dim M <dmM, dmN = dim N = 0;
®) k() = K(s), 2<r+1 £dimM £ dim M;
codim N = codim N = 1, max A; < min ii.

() k(s) = K (s), r+1 = dim M = dim l\—/I, dim N = dim ﬁ, A = 7?,- for some ordering
of these eigenvalues;

(d) Ric(c, c') = (m—-1).35, M of constant curvature 8, r+1 = dim M = M and either
dimN =dimN =0or =m—1and N totally umbilic and tr S; < tr Sg

Then we have the following comparison between r-dimensional volume distortions under
dexp, for 0 < 5 < 52

3.2.1. Main inequality:

|Y1(s)/\.../\Y,(s)]S|§1(s)/\ LAY, @]
|[GLOA ... AUE] ™ |U )A...AUE)|
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3.2.2. The proof will give necessary and sufficient conditions for equality to hold. We
are interested only in the following special cases:

If k(s) = K (s) = & for s < 5, then equality in (c) is equivalent to & (s) = K (s) = &
and A; =X,(i =1,...,n.

Equality in (d) is equivalent to k (s) = K (s) = for s < 50, tr Sy = tr §§ and N umbilic
for the normal &.

3.2.3. Note that :
s |YL(O)A...AY,(0)] in case (a),
[UL A ... AU )| =( | Y O)A...AY,(0)] in case (b),
seedimN=1 Const. in cases (¢), (d).

Therefore (a) resp. (b) are generalizations of the Rauch resp. Berger estimate. Note also

that (¢) and (d) give comparisons between the focal distances of N and N; under our
dimension assumptions they are stronger than that in Warner ([13]), Th. 3). Finally, the
restriction in (c) to the top-dimensional volume (r = m—1) is essential, since an example
of Warner ([13], p. 353) shows that a length comparison is not true up to the first focal
point of N in general.

3.3. The Corollaries which were needed in paragraph 2 are obtained if M has constant
sectional curvature §:

3.3.1. CoROLLARY [to 3.2 (¢)]. — With the notation in 3.2 assume k (s) = 3 for s not
larger than the first focal distance of N in direction & (| €| = 1), then

|det(dexpy);.¢[.s"7" 7" = H1 (c5(5)+As.85(5)) .57 "1 (s)

S (c5(s)—<M, €).55 (S))".ss(s)’”"" 1,

where m is the mean curvature normal of N.

Equality in the last inequality is equivalent to
k(s)=K(s)=3d and M=—-(n, &> (i=1,...,n).

Also, the first zero z (n, €) of the last estimate is an upper bound for the first focal distance
of N in direction &.

Proof. — Apply 3.2 (c) to N and a local submanifold Nina space of constant curvature &
which has at one point the same second fundamental tensor as N at © (§). The second
inequality then uses the geometric-arithmetic-mean inequality.

3.3.2. CoroLLARY [explicit reformulation of 3.2 (d)]. — For s not larger than the first
Jfocal distance of N in direction £ (| & | = 1) holds

|det(dexp,)ee|.5™ "1 < (e5(s)— <M, & s (s)) i85 ()" " L.
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Again, the first zero z (n, &) of the right hand function is an upper bound for the first focal
distance (n = m—1) resp. conjugate distance (n =0) of N in direction & (with
8 =< Ric (¢, ¢))m—1). Egquality as in 3.2.2.

3.4. Proof. — The arguments generalize Bishop’s volume estimate and the Jacobi field
estimates of Rauch and Berger.

3.4.1. Put:
_ |Y1(s)/\.../\Y,(s)|

76 UL ()A ... AU, )|

Fo)= |§1(s)/\.../\s?,(s)| _

|UL()A... AU, )|
Since lim f(s) = lim f (s) = 1 it suffices to prove (logf)’ < (log f_ ).  Because of the

s—=0 s=0

mentjoned curvature-independent behaviour of | U;A... AU, | in (3.2.3) it suffices to
prove

(%) (og| Ys (A ... AY,()|) < (og| Y1 (DA... AY, )],

for s smaller than the first focal distances of N and N; now fs) = f—' (s) as long as () holds
and, consequently, the first focal point of N does not come earlier than that of N.

3.4.2. We fix s, (smaller than those focal distances along the geodesics c, ¢ under
consideration) and, after taking linear combinations with constant coefficients we assume

that S_(l (£ N S_(, (s,) are orthonormal. Similarly Y, (sy), ..., Y, (s;) can be replaced
by r linearly independent combinations without changing the logarithmic derivative, a
freedom needed at the end.

3.4.3. We denote by I, the indexform of ¢/[0, s,] with respect to N. Its fundamental
property is that, before the first focal point (!) one has:

If Y is an N-Jacobi field and X is any C!-Vector field along ¢ with X (s;) = Y (s,) and
X (0) e N, oy then I, (Y, Y) = [, (X, X); equality if and only if X =Y.

3.4.4. For N-Jacobi fields and likewise for N-Jacobi fields one has
Y, Y'5(0)=<Y, S, (0)-Y>(0),
therefore
log(|YsA ... AY, ) (s9)

I M-

(Y, Yi>(sy) [{Yi(s9)} orthonormal]

II[\/_]-.

(Y, S Yi>(0)+'[S1(<Y;’ Yi>—<(R(Y;, )¢, Yidds
1 0

M-

L, (Y, Y)).

-
]

1

So, we have to compare the indexforms on M and M to prove ().

4° SERIE — TOME 11 — 1978 — N° 4



VOLUME ESTIMATES FOR SUBMANIFOLDS 461

3.4.5. Choose a linear isometric injection

L IVI; -M, (p=c(0), p=c(0)) which satisfies,
1, @ (0) = ¢ 0),

i, (ﬁ;) N, [no condition in (a), (b), (@],

L

1, ({’s‘) =V, [no condition in (c), (4],

where V, (resp. Vs,) is that r-dimensional linear subspace of M,, (resp. 1\_/1;,) which is obtained
by parallel translation along ¢ to ¢ (0) [along ¢ to ¢ (0)] of the span of the Y, (s;) [of the

Y, ()]
Clearly, in case (c) one can in addition assume that 1,, maps, independently of s,, eigen-

spaces of S— onto elgenspaces of S.. in such a way that 7», =M (j=1,...,n), hence for
all XeN— < SX X >=<{Sy X 1, X) If we want to prove the 1nequalities in 3.3
using only |1 | = | 0|, then we note that there exist (locally) submanifolds N in spaces

of constant curvature, which have on one of their tangent spaces T; N any prescribed
second fundamental tensor, in particular the same as N at p. To eliminate the unknown
eigenvalues, use det (A) < (1/n trace A)" (if A = 0).

3.4.6. After the choices in 3.4.2 and 3.4.5 have been made, define vectorfields W,
along ¢ as follows

Wi(s):=Pyo1,oP_,.Y;(s) (0Ss<sy),

where P, and E_s denote parallel translation along ¢ (from 0 to s) and along ¢ (from s to 0).
Obviously we have

IW,@|=Y:@]  [Wi@|=]Yi O]
We now assume (see 3.4.2), by taking a suitable linear combination, that
Y;(sy) = Wi(syp) i=1,...,n),
since span { W, (s,) } = span { Y, (s,) }, as follows from t,, ({’sl) =V,,. Finally we get
W,0)el,,(N;)eN,  from Y,;(0)eN;.

Therefore we have from 3.4.4 and 3.4.3:

(lole1/\ cee AYr|)’(s1) =iZ:IIs1(Yi, Yi)éi_lesl(Wi’ W)

It remains to show
r

LT Wi, Wi Y T,(Y,, )
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