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Introduction

In this article we generalize to kahlerian K-3 surfaces the recent beautiful solution of the
Torelli problem for algebraic K-3 surfaces due to Piatetskii-Shapiro and Shafarevitch [0].
The result has been conjectured in [0].

Our version is:
THEOREM 1. — Let X and X' be two kdhlerian K-3 surfaces. Let
o* : H*(X,Z)>H*(X, Z)
be an isomorphism between the (lattices of ) 2nd cohomology groups which

(i) preserves the Hodge structures,
(i) sends the cone V* (X) to V* (X'), and
(iii) sends (the class of’) an effective divisor of self-intersection —2 to an effective cycle.

Then ¢* is induced by a unique isomorphism ¢: X' = X.

(*) Partially supported by N. S. F.
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236 " D. BURNS AND M. RAPOPORT
Here V* (X) is the connected component of
V(X) = {xeH"'(X)n H' (X, R)[x2 >0}

containing a Kéhler class of X (cf. § 2).

The main difficulty in extending the proof of the Torelli theorem in [0] to kihlerian
K-3 surfaces, is caused by the fact that the moduli- space of K-3 surfaces of kédhlerian
type is not a Hausdorff space.

The proof in [0] of the corresponding result for algebraic K-3 surfaces proceeds roughly
as follows:

(a) One first proves the Special Torelli theorem. To formulate it, call an algebraic
K-3 surface a special Kummer surface if it is the Kummer surface associated to an abelian
surface containing an elliptic curve.

SPECIAL TORELLI THEOREM. — Let X be a special Kummer surface and let X' be an alge-
braic X-3 surface. Let @* be an isomorphism between H? (X, Z) and H? (X', Z) pre-
serving Hodge structures and effective cycles. Then ¢* is induced by a unique isomorphism
between X and X'. .

(b) One considers the period mapping from the moduli space M of polarized algebraic
K-3 surfaces to the corresponding moduli space of polarized Hodge structures Q:

T: M-Q

The Torelli theorem in [0] is equivalent to the assertion that the morphism < is injective,

The local Torelli theorem ensures that 7t is étale, and the Special Torelli theorem implies
that t is one-to-one on the subset of M corresponding to special Kummer surfaces.

Now one shows that this subset of M is dense. This implies that t is an open embedding.

Our proof of theorem 1 proceeds quite analogously and the idea that this could be done
is due to P. Deligne.

Here is the outline of the proof.

First we observe that we can modify the hypothesis in the Special Torelli theorem
(this strengthened version will still be called by the same name):

We need only assume that X’ is kdhlerian and that ¢*, instead of preserving all effective
cycles, only preserves the effective cycles of self-intersection —2, but also sends the
cone V* (X) into the cone V* (X').

Next, let M be the moduli space of kihlerian K-3 surfaces with trivialized cohomology.
Let Q be the moduli space of corresponding Hodge structures. By the local Torelli
theorem (cf. e.g. [10]) the period mapping

T: M-Q
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TORELLI PROBLEM 237

is étale. Now we construct a moduli space Q of Hodge structures of the previous type
equipped with additional data such that we get a.commutative diagram

~

b
Na

where the “forgetful morphism”’ = is étale. The space Q is so constructed that
| @A) ={s}, seM,
if and only if theorem 1 holds for X = X, (and arbitrary X').

A point of Q corresponds to

—a Hodge structure H = H% 2+ H" !+ H2° of type (1, 20, 1) on an even, unimodular
lattice L of rank 22 and signature (3, 19);

—a choice V* of one of the two connected components of the set
V={xeH"' nL®R|x*>0};
—a partition P = At U—A"* of the set

A={8eH" nL|8*= -2}
such that, if
k

8, ..., €At and 3= ) ndeA,
eachn; =2 0, then S e A*.

i=

One shows, in the same way as in [0], that the subset of M corresponding to special
Kummer surfaces is everywhere dense. The following result allows us to conclude from
the fact that 7 is injective on a dense subset of M that T is injective and thus conclude the
proof of theorem 1:

MAIN LEMMA. — Let S be a (contractible) analytic manifold. Letp:X—Sand p: X'— S
be two families of kdhlerian K-3 surfaces. Let
0* : R’py(Z)5R?p,(Z)
be an isomorphism of the relative second cohomology lattices which respects the Hodge

structures and which for every point s € S sends effective cycles of self-intersection —2 on X,
into effective cycles on X.. If ¢* is induced by an isomorphism

o, - ¢ = X,
Jor all points t in a dense subset T < S, there exists a unique isomorphism

¢o: X—X

N
N

S
inducing @* and ¢, (teT).
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238 D. BURNS AND M. RAPOPORT

Actually, this Main Lemma together with the results in paragraph 2 (esp. lemma 2.4)
yields the following generalization to families of K-3 surfaces of theorem 1. (It is for
this version of theorem 1 that the construction of the moduli varieties is essential.)

THEOREM 1'.— Let S be a connected analytic space. Let p: X — S and p’: X' — S be two
families of kdhlerian K-3 surfaces. Let

¢* : R?py(Z)->R?p\(Z)
be an isomorphism of the relative second cohomology lattices which
(1) respects Hodge structures,

(ii) sends V* (X,) to V* (X)) for one (and hence, every) s €S, and

(iii) for every s€ S, sends effective cycles of self-intersection —2 into effective cycles.
Then ¢* is induced by a unique isomorphism

¢ : X—X

\\ //

S

As mentioned above, the moduli space M is non-separated (i. e. non-Hausdorff).
The Main lemma essentially asserts that the morphism

T: M-oQ
is separated.

The basic reason for the non-separatedness of M is the existence of different simul-
taneous resolutions of double points in a family (cf. [1], [3], [6]). The basic example
(due to Atiyah [3]) is the following: Let p: X — D be a family of smooth quartic surfaces
over the punctured unit disc which acquires an ordinary double point over the origin.
After making the base change

D'-D

by extracting the square root of the local parameter on D we get a threefold X’ with a
unique singular point P’ in the special fibre X;:
PeX,SX'-»X
A
0 eD'->D

Atiyah shows that there exist modifications X of X’ which replace the point P’ by a
curve C. The 3-fold X fibres in a smooth way over D':
Cc )}0 c )2
I \X ’
!

0 ——D’
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TORELLI PROBLEM 239

But this process can be done in two different ways, hence we obtain two different families
of smooth surfaces, )~(1 and )~(2, which coincide outside 0eD’. This means that )21
and )22 define two different morphisms from D’ into the moduli space M (fix some trivia-
lization of the relative cohomology of X, and X,) which coincide over D’ — { 0}: this is
only possible if M is non-separated.

We refer to paragraph 7 where we prove a theorem which shows that this example is
indeed the main reason for the phenomenon of non-separatedness in the moduli of
unpolarized non-ruled algebraic surfaces over C.

It need hardly be pointed out that the present article is an afterthought about [0].

We wish to thank M. Artin, P. Deligne, R. P. Langlands, and T. Zink for their help.

1. Uniqueness Assertion of the Main Theorem

ProPOSITION 1.1. — Let @ be an automorphism of a K-3 surface X. If the induced
automorphism ¢* on H% (X, Z) is trivial, ¢ is the identity.

Proof. — The Kuranishi family of X exists; denote by p : £ — % a representative.
Then ¢ induces an automorphism ¢ of p : & — %. '

Let Q be the space of Hodge-structures of type (1,20, 1) on an even 22-dimensional
unimodular lattice L of signature (3, 19) (cf. § 2 below). By the local Torelli theorem,
the period map, determined by the choice of an isomorphism of lattices between
H? (X,, Z) and L,

T U->Q

is étale. The assumption that ¢* = id implies that
To@=T.
We may thus choose a representative p : & — % such that the induced morphism
T U->Q

is an open embedding; ¢ acts on % such that To @ = 1.

Now we make use of the fact that the proposition is true if X, is an algebraic K-3
surface (cf. [0]). The Hodge structures corresponding to algebraic surfaces form a set
of points in Q which is everywhere dense (Kodaira [9] and Tjurina [15], ch. IX, cf. also § 4
below). So ¢ induces the identity morphism on X, for a dense set of points t € %. Since X
is separated, this implies that ¢ is the identity morphism. ‘

Q. E. D.

2. Construction of the Relevant Moduli Spaces

All unimodular even lattices of rank 22 and sxgnature (3 19) are isomorphic; we ﬁx
one of them and call it L.

Let
Q =S0(2)x0(1, 19\0(3, 19) = SO(2)x SO(1, 19)\SO (3, 19)
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240 D. BURNS AND M. RAPOPORT

Q is a 20-dimensional smooth complex-analytic manifold which parametrizes the Hodge-
structures H of type (1, 20, 1) on L such that the Hodge-filtration

F: H*cH*+H'"'<cL®C

verifies (H% %)t = H% 24+ H" ! and such that ®.® > 0 for @ € H*°. Such H. S. ’s will
be called admissible.

This the first moduli space we require. The next one is given by the following theorem.
In its statement, we call a proper and smooth morphism p: X — S a K-3 surface (resp.
a K-3 surface of kdhlerian type) over S if all its fibres are K-3 surfaces (resp. K-3 surfaces
of kahlerian type).

THEOREM 2.1. — The functor which to an analytic space S associates the set of isomorphism
classes of K-3 surfaces of kadhlerian type p : X — S over'S together with a trivialization
as quadratic lattice of the (relative) second cohomology group o : R? p, (Z) = L, is repre-
sentable by a smooth 20-dimensional analytic space M.

Proof. — Let X, be a K-3 surface, and let p : X — U be the Kuranishi family of X,.
By taking U sufficiently small, we may assume that X, is kdhlerian for every s e U [12].
Fix a trivialization o : R? p, Z = L of the relative second cohomology lattice, and let
7 : U— Q be the period mapping so determined. By the local Torelli theorem, T is a
local isomorphism. For every point ¢ € Q sufficiently close to 1 (0), the space Q is iso-
morphic to the Kuranishi space of the K-3 surface, corresponding to the Hodge structure H,
on L. So, if U is small enough, for every s € U, U is the Kuranishi space of X,. By the
uniqueness result of paragraph 1, for s and s’ in U, X, and X_,. are not isomorphic (as
varieties with trivialized cohomology). We now obtain M by glueing all the U’s obtained
as above identifying points corresponding to K-3 surfaces isomorphic as varieties with
trivialized cohomology.

Q. E. D.

VARIANT 2.2. — The functor which to an analytic space S associates the set of isomor-
phism classes of K-3 surfaces over S together with a trivialization (as a lattice) of the (relative)
second cohomology group

a: R’p,(Z)>L

is representable by a smooth 20-dimensional analytic space M.
Indeed, this is shown by the previous discussion.
Q. E. D.
(It is still unknown whether there are any non-kdhlerian K-3 surfaces.)

From now on we retain the notation t : M — Q for the period mapping. 7t associates
to a pair (X, «: H? (X, Z) = L) the (admissable) Hodge structure on L induced by the
Hodge structure on H? (X, Z) via a.

Before defining the third moduli space Q, we have to insert a few preliminary remarks.
We refer to [S] (esp. exercises to Chapt. V, § 4, and [16]).
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Let H be an admissible Hodge structure on L. We denote by Hy'! the elements in H*+!
fixed under complex conjugation in L ® C, and set Hy* = H"* n L. Set

V= {xeHg'|x*>0}.

Since the form on Hj'! has signature (1, 19), V is the disjoint union of two cones, V*
and —V*. Let

A={xeHy'|x*= -2}.
For § € A, let s; be the reflection of the vector space Hi'!:
S5 x—x+(x.8)8.

These reflections generate a group W operating properly discontinuously on V*.
A fundamental domain for the action of W on V* is given by a convex polyhedron V;
bounded by the (possibly infinitely many) hyperplanes

H; = {xeHy!|(5.x) =0}  (3eA).

Such a convex polyhedron V; defines a system of generators of W — namely those s;,
for 8 € A such that V; lies on the positive side of H; — and a partition

P: A=AYu-A*
where ' '
At = {86A[(8.x)> 0,VxeVy }.

This partition has the property that

(%) Ifd;,...,8,eA™, and 8 = Y r;8,€A (r; > 0, integers), then e A*.

i=1
Conversely, any such partition P of A verifying (%) defines a fundamental domain V;>
where

Vi = {xeV*|(x.8)>0,VseA* };

indeed, V5 is contained in a fundamental domain, is bounded by hyperplanes, and is
non-empty. (Of course, if A = (F, then V= V?*)
Let H, (s e S) be a holomorphic family of admissible Hodge structures parametrized

by an analytic space S, together with a continuously varying choice of a connected
component V] of V,.

PROPOSITION 2.3. — Let x5 € V;. Then there exists an open neighborhood K of x,
in L ® R and an neighborhood U of s, in S such that for all s e U, the only hyperplanes
H; @ €A, going through K are those for which 3§ e A,,.

Proof.—The orthogonal complement x5 N H;:} is negative-definite (of dimension 19)

We extend —( , ) from x5 n Hj;! into a euclidean norm || ||, on L ® R.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



242 D. BURNS AND M. RAPOPORT

For r-an arbitrary positive real number we can find a neighborhood U of s, such that
all 6 € A, (se U) which do not lie in A, verify

”8||0> r.
Indeed, the set
o A(r)={8eL|8*==2;||8]lo = r}

is finite. On the other hand, for a given 8 e A (r), 8 ¢ A, the subset of S:

{seS|3eH}"}

is a closed subset not containing s,.
For seS and xe L ® R, we define L, (x,s) =« L ® R by

L,(x,s)={yeHg'|y.x=0}

and set L, (x,s) = L, (x, s)* = orthogonal complement of L, (x,s) in L ® R.

Let K =« L ® R be an open neighborhood of x, and let U < S be an open neighborhood
of s, such that

(i) for all xe K and for all se U, we have a decomposition
L ®R = Ll(x, s) @ Lz(x, S)

of L ® R into a 3-dimensional positive-definite vectorspace L, (x, s) and a 19-dimensional
negative-definite vectorspace L, (x,s);

(i) the restriction of the bilinear form on L ® R to L, (x,s) is arbitrarily close
to —|| |o [i- e, (1/e) (v.v) £ — || v||2 < ¢ (v.v), for all ve L, (x,s) with c arbitrarily
close to 1].

To see that such K and U exist, notice first that, since H,}O’R1 has signature (1, 19)

and x2 > 0, we see that L, (x,, s,) is negative-definite of dimension 19 ; since L ® R
has signature (3, 19), L, (x,, so) is positive-definite of dimension 3; finally the condition
(ii) for L, (x,, s,) is obviously verified by construction of H ”0- But L, (x, s) (together with
the induced bilinear form) varies continuously with x and s (in a Grassmanian).
Thus the existence of K and U is clear.

Now let x e K and assume that x lies on a hyperplane Hy with 3 € A;, se U. Then
d=258,eL, (x,s) and

1 2
18[6= |32 < — = (85, 82) =~
: (4 Cc
If now 3 ¢ A,,, then by the initial remarks we can make U so small that || § ||o > r, r e R+

By making r very large, we see that such & cannot ex1st
: : L Q. E. D.
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TORELLI PROBLEM 243

COROLLARY 2.4. — Let 5o €S and let x,, xq € Vs‘;. Then there exists an open neigh-
borhood U of s, such that for all hyperplanes Hg, & € A, s € U which separate x, and x;
(i. e. xo and xy lie on different sides of H;) one has

deA,,.

Proof.—Join x, to x, by a line segment contained in V.. For every point x on this
segment, we choose K, and U, according to the previous proposition. A finite number
n
of the K, K, , ..., K, will cover the line segment, and U = () U,, is the required U.
i=1
We can now construct the third moduli space. Let Q be the functor which to an ana-
lytic space S associates :
(1) A holomorphically varying Hodge structure H parametrized by S.

(2) A continuously varying choice of one (of the two) connected components.
VS e V,eHLL
(3) For every point s€ S, a partition
P,: A=A Uu—A} verifying (%).
Data (3) are required to verify the following continuity condition :

For every point s, € S and every ¢, € V;,”s , there exists an open neighborhood K of ¢,
in L ® R and an open neighborhood U of s, in S such that for every s € U we have

Af ={8eA, | (8.¢)>0 for all ceK}.
THEOREM 2.5.—The “forgetful morphism’> of functors
1: 00
is relatively representable by an étale morphism of analytic spaces (the fibres of n are not

necessarily finite).

In particular, Q is representable by a smooth 20-dimensional complex-analytic space.

Before proving this theorem, we indicate how to obtain the commutative diagram
(mentioned in the introduction)

/'/'

M——

n

0 — O

Namely, T associates to (p : X — S, a: R?p, (Z) > L), a family of kihlerian surfaces
with trivialized cohomology :

(1) The family of Hodge structures. on L obtained by pulling back via « the Hodge
structures on H? (X,, Z) (s e S).
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244 D. BURNS AND M. RAPOPORT

(2) The connected component V] of V, < H!*! which contains a Kihler class.

(3) For every point s € S, the partition P, where Al = effective cycles of self-intersection
-2.

We check the continuity condition imposed on data (3): Given s, = S and a Kihler
class ¢, on K, there exists a neighborhood K =« L ® R of ¢, and a neighborhood U

of 5o such that if ce K n ij’l (seU), then ¢ is a Kihler class of X, (Kodaira-
Spencer). Furthermore, the effective cycles A} are given by

A ={8eA, | (5.0)>0}.

If now x, € Vg, i’ then, since ¢, € Vy, . by corollary 2.4 there exists an open neighbor-
hood U of s, such that for all se U:

{(8eA,|(3.x0) >0} = {8eA,](5.co) >0} = A

Proof of theorem 2.5. — We first show that the functor Q" which to an analytic space S
associates data (1) and (2) is representable. Indeed, we have

LEMMA 2.5. — Q' ~ SO (2)xSO(1, 19)°\SO (3, 19). In particular, Q' is a trivial
2-sheeted covering of Q (i.e., Q' has 2 connected components).
Proof. — Q' is clearly representable by a 2-sheeted etale covering of Q.

The group SO (1, 19) has 2 connected components; an easy calculation shows that
the elements not contained in the connected component of the identity interchange the
connected components of V, c Hslﬁl’ seQ. SO(3,19) has 2 connected components

such that
SO (3, 19° S0, 19) = SO (1, 19)°.

Hence SO (3, 19) acts transitively on Q' and the assertion follows.
Q. E. D.

For any point s € Q' and any element ¢ € V] we choose an open neighborhood K of ¢
inside L ® R and an open neighborhood U of s in Q' with the properties given by propo-
sition 2.3. We glue U (arising in connection with s,, ¢, Ko) and U’ (arising in connection
with s, ¢;, K,) along the sublocus consisting of points s where ¢, and ¢, are not separated
by a hyperplane H; for 3 € A,. It follows from corollary 2.3 that this sublocus is open

both in U and U’. In particular the resulting space Q is an analytic space which is etale

over Q. It is clear that this analytic space indeed represents the functor Q. Let §¢ Q.
Then to 5§ we can associate se€Q, U, ¢, K as above.

This defines:

(€)) H;g_-f H, = an admissible Hodge structure on L.

¥)) Vsi c V, is the connected component of V containing c.
() A ={8[G.0)>0}
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The continuity condition imposed on data (3) is clear by construction. Also, the set
of points 5 above s corresponds to the different choices of V¥ < C, and of partitions

P> of A, into A} and —A} verifying ().
Q. E. D.

We conclude this paragraph with the following lemma which shows the relevance of
the moduli space Q to our Torelli theorem:

LeMMA 2.7. — Let se Q. If 171 (5) consists of exactly one point te M the Torelli
theorem is true for the K-3 surface X = X,.

Proof. — Let X’ = X,. be a kihlerian K-3 surface and let ¢* : H? (X, Z) > H? (X!, Z)
be an isomorphism which verifies the hypotheses of theorem 1 of the introduction.
Since X and X’ have trivialized cohomology groups, ¢* induces an isomorphism, still
denoted ¢*, between admissible H.S’.s Hy and Hy. on L.

We know that ¢* maps V5 into V4. and induces a bijection between Ay and A..
In other words we have that T () = 7 ('), implying by assumption that ¢ = ¢/, i.e. the
Torelli theorem for X.

Q. E. D.

3. The Special Torelli Theorem

The purpose of this paragraph is to show that, in the case of algebraic K-3 surfaces,
our theorem 1 was already proved in [0] and to elucidate the hypotheses of that theorem.

LeMMA 3.1. — Let X be an algebraic K-3 surface. Then any element c € Vi (X) n Hy ' (X)
is the class of an ample divisor.

Proof. — By the Riemann-Roch formula, ¢ or —c is the class of an effective divisor;
since ¢ € Vy (X), ¢ must be effective. By the Nakai-Moisezon criterion for ampleness,
it suffices to show that for a = the class of an irreducible effective divisor on X, we
have a.c > 0.

If a> <0, we have a®> = —2, and a.c > 0, by the definition of V; (X).

If a> = 0, then a.c = 0. By the Hodge Index Theorem, we may take a rational
basis(d,,...,d)of Hy'' (X) @ Qwithd;, = ¢,d? <0 =2,...,p),andd;.d; =0 (i # j).
Write

a=o;d;+...+a,d, (v;€Q).
If a.c =0, then o, = 0, and a*> < 0. This contradiction proves the lemma.
COROLLARY 3.2. — Let X and X' be algebraic K-3 surfaces. Let
¢o*: H*X,Z)-H*(X, Z)
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