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ON A NON SYMMETRIC OPERATION FOR

TWO-PARAMETER MARTINGALES

F. UTZET

ABSTRACT: In this paper we define a martingale M*N

such that by symmetrization provides the martingale
~ 
MN which takes part in the multi-dimensional Ito

formula for continuous two-parameter martingales.

0. INTRODUCTION

In the compact version of Ito formula (see [3] [8]) for

a continuous two-parameter L4-martingale M a new martinga-

le 1~ is involved. By polarization, we can define MN , and

this martingale takes part in the multi-dimensional Ito formu-

la (see [8]). In this work, we define a martingale M*N ( M

and N continuous LP-martingales, p ~2). Roughly speaking,

M*N is the limit of sums like Then,

We prove a convergence in Hp/2 for M*N which is very use-

ful to compute M*N and M in several cases. We, also compute

the quadratic variation of M*N.

We should point out that the martingale M , written J ,
for a continuous, strong L4-martin g ale ~ was defined by Cairoli-

Walsh [2]. The martingale M*N , written i MN 1 for two



continuous L4-martin g ales appeared in Guyon-Prum [4], where it

was def ined by a double stochastic integral of a corner func-

tion.

1. NOTATIONS AND DEFINITIONS

We consider on the usual partial ordering (s,t) 

if ss’ and we will write (s, t)  (s’,t’ ) if s s’ I and

tt’ . For z, z’ E z  will be the set

: z  §sz’) , and similarly we def ine [z, z’ ] . Put

Rz - ]0,z] .

Let (Q,F,P) be a complete probability space and let

{[z ’ z E]R2 be an increasing, complete, ’right-continuousz +

family of sub-a-fields of F ; we also. assume that ILF = =z 
z 

+

satisf ies the condition ( F4 ) of Cairoli-Walsh [2J:’ If we define

= V Fsv and LF ut I then Fsoo and are" 

v§o 
and F = Fut’ then F and

conditionally independent given F .=St

A stochastic process M = {M , adapted to
Z +

IF z and integrable is said to be a martingale ifz +

f or each z  z’, E[M,|F] = M . We will denote f or Mp
z =Z z =C

(p ~1) the set of all sample continuous LP-martingales
M = Im z E R2+} (that is, E  oo, for all z 

z + z +

and for MP(z ) the set of all sample continuous martingales=c 0

M = Imz z E [O,zoJ} with E[IM z IP]  oo.
0 -

For a process X = Ix- I Z the increment over ]z,z’]z +

(z=(s,t), 1S X ( J z , z ’J) = xz X .

A process z is said to be increasingz +
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if it is right-continuous, A = 0 on the axes, and

A ( ] z , z ’ ] ) ~!0 for all rectangle ] z , z ’ ] . Given a martingale

m of M2 , we will denote by M&#x3E; = {M&#x3E;z, z a con-

/ -c z +

Sinuous version of the quadratic variation of M (see [7]).

This process M&#x3E; is increasing.

Let z= (s, t) be a point of ]R2 . A grid over [O,z]

will be a finite sub-set r = ri x r2 of [o,z[, ri 

r 2 q For

z’ ~]0,z] . r , will be the set iz",Er : z 11  zi If

is a point of the grid r , then,.we will write

/1 and
u 11 3 3+1 u 11 J

A2 _ u = with the convention s +1=s and 

The norm of the grid is the number

Let n Zl) be a sequence of grids over [O~z] .

Ir’ , n~ I} is said to be a standard one if r n+l is a refi-

nement of r n and lim irn, = 0.
noo

If M is a martingale of MP (p~ 2), then there exists

a martingale M of (see [7]) such that for all z and
c 0

for all standard sequence n &#x3E; 11 of grids over [O,z o ],

The next result about one-parameter martingales will

be needed (cf. lemma 2.1 of Nualart [7]).

LEMMA 1.1 (Nua1art): Let M = mt I t ~]R } be a square

integrable continuous martingale with respect to an increasing
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family of a-fields t E IR +1 satisfying the usual condi-

tions. Suppose M 0 = 0 . Fix t 0 and denote by A = 

finite set of points of [O,t 01 . Consi-

der another finite set A , whose points can always be

written as I=I , ... , n ; k=l,...,ri, in such a way that
L 

for Set

where s n+l =t 0* Theri,

by convention, we ut

2. THE MARTINGALE M*N

THEOREM 4.1: Let M and N be martingales of 201320132013201320132013201320132013 0

p &#x3E; 2. Then there exists a continuous martingale M*N of

such that for every standard sequence of grids

{ rn , over [o,z0 if we define the martingales Sn
- 0

as

then

(ii) For an n , the martingales
__

and are in H~~ ~ R , and
_ 

..-

and lim S = M*N in the convergence of H P/z 1. that is,
20132013 

so 20132013201320132013201320132013201320132013201320132013201320132013 ’ 201320132013201320132013
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and

PROOF

Without loss of generality, we can suppose M and N

are zero on the axes.

The part (i) of the theorem will be pr~ved adapting the

proof of lemma 3.2 of Nualart [ 7 ] . The /part (ii) for p &#x3E; ,2 is

an obvious consequence of maximal Doc/b/’s inequality; for p =2

it is proved using a modification of/ that lemma. We detail the

main steps of this proof.

For simplicity, zo=(1,1) i$ supposed.

a) Let p &#x3E; 2 . We consider a grid Tn over [0,1 ] 2 and we de-

note its points by u=(s.,t.), j=l,...,q n II J n n

0=s1s2...sp 0=t1t2...tqn 1 (we put (s qn +1)=(1,1)).
By r we will indicate a grid over [ 0,1 ] 2 such that has

the same projection on the "t" axes as pn The points of
lrn will be denoted by I ’ =I , ... , p ’ , j=l-, ...,q n’

i j n n

Let I . th6 set ti- 0., E define
1 - 1 1 1+ 1

Then

.1

In fact, this convergence would follow the same argument used

in the proof of (3.6) in [7].

Similarly, we denote by 2rn a grid over [0,1]2

which contains r n and has the same projection on the "s"
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axes. The points of 2rn will be written by
, and let J. be the set

1

. We define

By symmetry we obtain

By the conjunction of (2.3) and (2.4) we obtain (i). By

Cairoli-Doob’s inequality, there exists a continuous version

of M*N . The part (ii) is an immediate consequence of the ma-

ximal Doob’s inequality. I

b) Let p=2. With the same notation as above,

This can be shown as (3.8) of [7].

By symmetry

(2.5) and (2.6) imply (i). The continuity of M*N is

proved like [7]. It remains to show (ii) for p=2. We claim

that

In fact,
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where and N(A2u’) does not dependu

on s. For all i,

J J -Vj
is a martingale in s with respect to s :-5 11 . If i ~ ii,

these martingales are orthogonal. Indeed, let 
"

0=~~~~~~~1. be a partition of [0,1] which is a refi-

 ’° 0=s.s~...s ~n 1. Then,

if i = i’ , for all t . , T . , , t . , T iI , because one of the
J J J J .

two factors is always zero. Then,

By Davis inequality,

be a finite

partition of . By Fatou’s

inequality,
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where
;

is a finite partition of [0,1] which is a refi-

nement of {s1,...,sp+1}. Let {fik, i=1,...,pn,k=1,...,ri}
a family of Rademacher functions over [0,1] . By Khintchine

and Davis inequalities

To bound the first factor of (2.8), let be
J J

a family of Rademacher functions over [0,1] . By Khintchine

inequality,
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By maximal Doob’s inequality, we can bound the second factor

of (2.8):

where

By (2.5) and (2.8) we have

In fact, for n,m, let i be a grid over [ 0,1 ~ which has

the same projection on the "t" axes as rn , and on the "s"

axes as rm . We define

Then,

and taken (2.9) holds.

Finally, the convergence in (2.9) is the convergence in

H1, and since the space H1 is complete, there exists a mar.

tingale such that
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REMARKS

1) The operation * is not commutative, but it is dis-

tributive with respect to the sum either from the rigth or from

the left.

This last remark allows to compute M when M is a

sum of factors. Specifically,

COROLLARY 2.2: Let M1,...,M .L.L be martingales of MP(z ),
- 1’ n =c 0

p &#x3E;_ 2 . Then

3. AN EXAMPLE: THE FILTRATION PRODUCT OF FILTRATIONS

GENERATED BY MULTI-DIMENSIONAL BROWNIAN MOTIONS

On the complete probability space (Q, F, P) we consider

two independent multi-dimensional brownian motions

We will denote by S E:IR+} the
-S + t f- +

completed filtrations generated by W and W respectively.

Set (We might suppose

We define the product filtration by

. It is known that this filtration is right-conti-

nuous and satisfies (F4).

We define the bi-brownian process by
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Let be the set of equivalence classes of measu-

rable processes adapted to F1 and

such that E IS g2(x)dx  00, for all s . Similarly, we define0

We will denote by the set of equivalen-2 + +

ce classes of measurable processes adapted

to z and such that
z +

for all z.

The results of Brossard-Chevalier ([11) are extended

without difficulty to the multi-dimensional case and we obtain

PROPOSITION 3 .1: Let M = Z E]R2 I be a squa-
z =Z + _._.

re integrable martingale. Then there exists unique functions

such that

and

N

by means of the Ito formula we can compute [3]) and

by means of the multi-dimensional version, we can compute M1M2

Exactly,
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REMARK: The computation of M1*M2 cannot be reached by

means of Ito formula, because this martingale does not appear

in th’is formula. The expression of can be deduced cal-

culating the limit of (2.1). In order to obtain the explicit

formula for we heed the convergence in Ml given by (2.2).

The result is

We introduce some notation. We restrict our study to the

martingales vanishing on the axes: If M is a L 2-martingale,

zero on the axes, with representation

we def ine

A Fubini theorem for bi-brownian stochastic integrals allows

us to write

The expression of M1 and WM2 and the corollary 2.2 give:

PROPOSITION 3.2: Let M be a L2-martingale, zero on the

axes. With the preceding notations,
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4. THE QUADRATIC VARIATION OF M*N

Some definitions are required: A stochastic process

adapted to I Z E ]R 2 and integrable is
z + =z +

said to be a 1-martingale if for any fixed t, the-process

Im st , F is a martingale. Similarly, we define

2-martingales. Because of (F4), we have that M is a martin-

gale if and only if it is a 1 and 2-martingale. For a L2 1-mar

tingale, we denote by the proces M L &#x3E; S ~ that is,

the quadratic variation of the one parameter martingale

{Mst, sER+}.
Let M be a 1-martingale. M is said to have 1-orthogo-

nal increments if for any couple of disjoints rectangles

]zI,zi] and we have

where

Similarly we define 2-martingales with 2-orthogonals in-

crements. A martingale is said to have orthogonal increments

if it has 1 and 2-orthogonal increments.

If M is a i-martingale with i-orthogonal increments,

then the process is increasing, i=1,2 (see [6]).

LEMMA 4.11 : Let M and N be two martingales of M 4(z
C O

zero on the axes, and let r a grid over [0,zo]. We consi-
der the martingale

Then
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PROOF

We consider two points of and

then

and

By considering differents cases it can be proved that

z.

We denote by AZ the process

has the following properties:

a) A is increasing: Just-as--be-fore,

b) A is continuous and adapted. So, it is predic-

table.

c) S2 - A is a weak martingale. That means, we

have to show that

In f act,

The second term is zero: If u, u’ u= ( u , u ) ,
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, then,

We similarly calcule the other posibilities for u and u’ .

For the first term, we suppose. (the other

cases are equally computed). Using the conditional independen-

ce we obtain

By‘the unicity of the quadratic variation of S , we

obtain  S &#x3E; = A M

LEMMA 4.2: Let IMn , n 2 11 be a sequence of martinga-

les of M2(z) such that
20132013201320132013 c 0 2013201320132013201320132013

Then

PROOF

By the Kunita-Watanabe inequality we have

Then, by the Burkholder inequalities for the continuous two-
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parameter martingales (see [9])and by Cairoli-Doob inequality,

THEOREM 4.3: Let M and N be two martingales of

zero on the axes. For any standard sequence of grids

n Z I ) over [0,z ] we have

and if M has 1-Orthogonal increments and N has 2-orthogo-

nal increments, then

where ~Y : ]R2 - IR is-~the deterministe corner function

and
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PROOF

The first part is a consequence of the preceding lemmas.

,,The second part holds because the functions 
’

converge pointwise to ~ . And then, by the dominated conver-

gence theorem, they converge to T in the norm 

REMARK: The martingale M*N can always be written as

where this integral must be understood as a double stochastic

integral of a corner function (see [41, [10]). On the contra-

ry, M*N&#x3E; cannot, generaly, be expressed as an integral

with respect to M&#x3E;l and N&#x3E;2 , because these processes
z z

are not increasing in general.
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