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Abstract

In this paper we obtain new local and global well-posedness results for the KP-I equation.
0 2004 Elsevier SAS. All rights reserved.

Résumé
Dans cet article nous obtenons de nouveaux résultats sur le caractére bien posé local et global de I'équation KP-I.
0 2004 Elsevier SAS. All rights reserved.
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Introduction

In this note we prove a new local well-posedness theorem for the KP-I equation (1.2), and use the well-known
conservation laws to establish a new global well-posesinesult as a consequence. These, our main results, are
Theorems 3.1 and 3.4.

As has been shown in [13-15], the KP-I equation is badly behaved with respect to Picard iterative methods
in the standard Sobolev spaces and the natural energy space, since the flow map fad¥ tat llee origin in
these spaces. Thus, one is left with two choices: oneeithnsiders function spaces that are different from the
standard Sobolev spaces, and then shows that the Picaatibitescheme does apply for them (this is the strategy
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of [4-6], where weighted spaces are used), or onedéscio abandon the Picard iteration scheme and tries a
different approach to well-posedness theory, which is the approach taken in the present paper. The KP-I equatio
arises in water wave theory, as modeling capillary gravity waves, in the presence of strong surface tension effects
Its companion equation, the KP-II equation (where the sign in front of&;h’@yzu term in (1.2) is+ instead

of —) is also of importance in water wave theory, and from the point of view of well-posedness theory it is much
better understood, since the above mentioned difficwith Picard iterative methods does not occur for it. In

fact (see [2]) KP-Il is known to be both locally and globally well-posed.#(R?), “by Picard iteration”, and

even in some Sobolev spaces of negative index [18—20]. In fi8lauthors use the local well-posedness theorem

of [7], obtained by a version of the classical energy method, and they couple it with some of the known (formal)
conserved quantities, and an ingenious use of the dispersive estimates of Strichartz type for KP-1 (see [17]), tc
show global well-posedness for KP-1in the space {¢ € L2(R?): [|¢]l 2+ 1030 .2 + 118yl 2 + 1823yl 2 +
||8;18y¢||L2 + ||8;283¢||Lw < oo}. Our contribution comes from improving on the local well-posedness result
given by the classical energy estimate, by showing local well-posedness in the¥spagg € L2(R?): ol 2 +

173912 + 107 18,¢ll .2 < o0} for s > 3/2, whereJ? £ (£, n) = (1 + |£12)*/2f (£, ). We first observe that, in this
context, it is still enough to contrqlaxunLtlL?ov (Lemma 1.3). We then adapt the version of the argument first
introduced by Koch and Tzvetkov [12] in the context of the Benjamin—Ono equation, given in [10], also for the
Benjamin—Ono equation. This uses the ‘interpolation inequality’ of Lemma 1.7, which is the main new ingredient
of our proof. Another important ingredient of the proof igadduct theory’ Leibniz rule for fractional derivatives,

given in Lemma 1.8(ii), which follows from [16]. Once our local well-posedness result is established, we use the
results in [13], to establish global well-posedness in

Zo={p € LAR?): |lpll 2 + 105 "0yl L2 + 102 12 + 1192050 L2 < oo

The question of the local and global well-posedness of KP-I in the energy $pacép € L2(R?): ||¢]l2 +
10x@ll 2 + ||8;13},¢||L2 < oo} remains a challenging open problem.

1. Preliminary estimates

We introduce the space, forc R,
HY (R?) = {u € S ®Y): Jlullys g) < o0},

where

1/2
lull s 2y = (//(1+ £ L+ 1612+ D)’ - Jace, n)|2d$dn)

andHf‘i(Rz) = ﬂgo Hﬁl(Rz). We recall a local well-posedness result of lorio and Nunes [7]uF@Hi1(R2),
s > 2 we defined102u (&, n) = —n?/Ei(&, ).

Lemma 1.1. The Cauchy problem
{ oru + Bfu — 8;18)2,u +uoyu =0,
uly=0 = uo

is locally well-posed inff* | (R?), for s > 2.

(1.2)

Also, recall that, from [14], if, in addition|uo| z < 0o, whereZ = {¢ € L%(R?): |¢|lz < oo}, and

Ipllz = liprz + 18301 2 + 0yl L2 + 102,81l 12 + 19,19yl 2 + 105 202l 2.
thenu in fact extends for all time and remains alsadrfor all time.
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Lemma 1.3. Letu be a solution td1.2), with ug € H>(R?) N Z. Let JS f (£, n) = (L +1£2)°/2f (¢, n). Then, for

s > 0, we have, for any" > O:

T
sup [|77ull 2, + 195 “9yull 2, < C exp(cs / ||axu||Lg-;,)[||J;uo||Lgy + 1185 "ayuoll 2, |-
0

O<t<T

Proof. We applyJ? to (1.2), multiply byJ$u, and integrate irix, y). We obtain

2
Jlu
a,/("—z) —// a;lafj,fuJ;qu//afJ;uJ;u=—// TS u)J (u).
R2 R2

RZ
The last two terms in the left-hand side of the equadity 0. To bound the right-hand side, we use the Kato and

Ponce [9] commutator estimate, in the form
(1.4)

|75(fe) — fI°(g) ||L2(R) < Cs-[llaxflle(R)||JS_18||L2(R) 1 fllremwllglLem) -
We thus see that the right-hand side above equals (fvithu, g = 9,u), integrating first inc, and then iny

Thus,

L[ \ysuaxay < Cylo.ul 13w )2
dr U xXay x Cgf|loxu Lo (R2) XU L2(R2)?
and the desired estimate f§u;ul|; 2z follows. To estimated; *o,u, we applyd; 19, to (1.2), multiply by

3

(8;18yu) and integrate. The right-hand side will be, this time,
2 -1 -1

Oxud, ~0yud_~0dy
R R e | | T | S

and the desired estimate followso
We next recall the Strichartz estimatssociated to the free KP-I evolution.

Remark. For future use, forf € §'(R?) we defineD? £ (£, n) = |£]9 (€. 1), D/g\f(é, m =l £ n).

Lemma 1.5. Let U (1) = exp(— (33 — 8, 02)) be the unitary group defining the free KP-I evolution. Then, the

following estimates hold

<
IOl S ¢lL2,
t

/ Ut —t)F@)dr

0
whereg + 2 =7 +2—-1=73,2<r <+00,1<7<2

Note that the constant in the two inequalities of Lemma 1.5 is independdnt Bifie proof of Lemma 1.5 is
given in [17]. Combining Lemma 1.5 with a Sobolev-embedding, we obtain

<|Fll.s -
SUFlp s -

q
LLLY,




830 C.E. Kenig / Ann. |. H. Poincaré — AN 21 (2004) 827-838

Corollary 1.6. For eachT > 0, ¢ > 0, we have

U] 2o S Cer{liglLz +1DilL2 + 1D3lI L2}

Our main new linear estimate is contained in the next lemma. It is an adaptation to the present setting of
Proposition 2.8 in [10], which in turn ia reformulation of the main estimate in [12]. See also [15] for another use
of the [12] idea in the context of KP-I.

Lemmal7.Lets >0, T e (0, 1]. Assume thai € C([0, T1; H3,(R?)) is a solution to the linear equation
dw+ 3w — 91w =F
Then,

3
2 3
0xwll 2 70 SCsr| sup 172" w||L2+ sup ||J2 "D ywllp2
O<r<T O<t<T

T
1/2+25 1/2+8
+/||Jx/ TR F e+ 107 DiFan}

Proof. We use a Littlewood—Paley decompositionuofn the & variable. More precisely, if € C8°(% < |&] < 2),
x € C3°(l&] < 2), are such that & Z;filn(Z’ké) + x (&), and forr = 2%, k > 1, we definew, = Qx(w), where

Orw(E, ) = n@*)b(E m), wo= Qo(w), and Qow (¢, n) = x (§)d(&. m). We first estimatedywy |z . let
us assume, for simplicity, thgt = 1. Split[0, 1] = U I;, wherel; =[aj,bjlandb; —a; =1/A, j =1,..., A
Then,

10cwallpg o <D Nxwallpy g <A wally 1.
J J

where we have used thaw (27%¢) has inverse Fourier transform whas& norm inx is bounded byCA. We now
use Cauchy—-Schwartz if), and continue with

< Al/zz ||wl||L§j L3
J
We now apply Duhamel’s formula, in ea¢h, to obtain, forr € I;,
t
wi (1) =U(t —aj)wi(—, a;) +/U(t —HF () dt.
aj

We use Corollary 1.6, and continue with

SN ([ 2wi (= ap| o + [ DYwa(=.ap] 2) AI/ZZ/HJ)?FAHLH||D;?FA||L2
J

< sup HJX3/2+5

3/2 1/2+6 1/2
u wi(— 1) o+ |5 Diwx(—,t)||Lz+/||Jx/ Fillp2 + 17/ ° DS B 2.
te[0,1]

Write nowwi = Zk>1 Ok (w), so thatw = w1 + wo, andwy =), w,. Then,
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195 wall < ; xwal 3 g S ;sgp(n I o) 2 + | 122D} 0r(w) )

T
1
[ 1 e+ 10
0

<y 2 {syp(ll FE2 opw)| o + |17 D) 0cw) | 12)
k>1

T

1
+ / 12242 0k (F) | o + | JH# D2 0k (F) HLZ},
0

and the desired estimate foi follows. The proof of the estimate fawg is simpler, and Lemma 1.7 follows.O

Lemma 1.8 (Leibniz rule for fractional differentiation)
() ForO<a <1,
IDs(fo) L2R) S C{ID flliLrmllglzam + I f L@l DS gl }

with § = % + q—ll = 711 + 5—11 1< p1,q1,r1, 51 < 00. (See, for examplg11].)
(i) For0O<a, B <1, we have

| DS DY (L)l Lo, < LAz 1D DYl x4 gl 72 | DYDY f 1l 2 + 1Dl s I DY 1]
+ DY gl ra | Dxerf I a4},
Where%=%+q—1i,l<pi <o00,1<g; <oo.

The proof of (ii) reduces, using an argument similar to the one given in [9] to a (now two parameter) version of
the multilinear theorem of Coifman and Meyer [3]. The proof of (i) is given in [16] (see also [8]).
2. A priori estimates

In this section we prove:
Lemma 2.1. Letu be a solution td1.2), with ug HS‘i(RZ) N Z, defined, for allT". Let

luolly, = 11/7uollzz, + | 05 dyu0)| Lo -

Then, for any > 3/2, there existd" = T, depending only ofjuo|y,, s, and a constanCr, depending only on
luolly,. s, so that

T T
/||axu||Lg-;,dt+/||u||Lg-;, dt < Cr. (2.2)
0 0
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Proof. Lets = % + 80, and choosé > 0 so that 3 « §¢. Let us define

T
FI) = Noxull 3 oo + lullpg oo / IBxullzes + llullLgs ) dr. (2.3)
0

We will prove the estimate
f(T) < Clluolly, [exp(Cf (1)) + 1], (2.4)

for a fixed, universal constant.

Let us take (2.4) temporarily for granted, and let us conclude the proof of (2.2). We first note that there exists
g0 > 0 such that, ifjuo||y, < €0, then (2.4) implies thaf (1) < M, for a universal constari/. This follows from a
standard continuity argument. (For instance HeK, ) = X — Ce exp(Cx) — Ce. Note thatF (0, 0) = 0, and that

(O 0=1,2 5 £0,0)=—-2C. The implicit function theorem now guarantees that for © < ¢, there exists a
smooth functiomA (e), which is increasing i, so thatF (A(e), &) = 0. If M = A(||luolly,), and|lug|ly, < o, it is
easy to see thaf(1) < M.) Next, note that is a solution of (1.2), with initial datag, if and only if u; (x, y, 1) =
A2u(rx, A%y, 23r) is a solution of (1.2) with initial datag s (x, y) = A2ug(ix, A2y). Sincel|ug,;. || ;2 = AY?||luoll 2,
| DSugll 2 = A%+S||D5uo||L2 and||a; Y dyuo a1l 2 = A28 9, uoll 2, we can first choose = A(||uo|lys) SO
that|luo..|ly, < €o, and apply the above conclusion:tg, to obtain (2.2).

We now turn to the proof of (2.4): we will use Lemma 1.7, and write (1.2) as

o+ 8fu — 3;13}2,u = —UOyU.
We then obtain:

3/2+428 3/2+5

0xuell 1310 < Cs,r[ sup [IJ; ullp2+ sup ||Jx

3
Dyul| 2]
O<t<T O<r<T

T T
1
+Cor / |52 o)) o + Cs.r / 1727 DS o |,
0 0

=1+ 4+ +IV.

To bound |, we use Lemma 1.3 to see that

T
I < Cy eXp<Cs / ”axl'i”Lg?‘;) ”MO”Ys'
0

To bound 11, we use Plancherel’s theorem, and the factdthat “q + 2 2 31 =1, to see that

Z

)
@+ 1603 1P = (14 181) 3. |s|5<:g:> (1+|5|)(%+2‘”(%> 5(1+|s|)(%+2‘””1‘”+%,

where we have chosen= 1/8, p = 1/(1—8). If now § is chosen so small thag + 28)/(1 - 8) < 3 + 8o, we see
that Il < sugy, -7 llully,, and in view of Lemma 1.3,

<G exp(cs / ||axu||mc> luolly,.
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1/2+25 1/2+25

In order to estimate 1, we use th#v; (N2 < ”f“LZ + || Dy (Ol 2, to bound NI by Il + 11 5.
For 1111 we see that it is bounded by spup_; llull 2. fo ll9xul|Leo, and hence it has the desired bound because

Lemma 1.3 gives sy, -7 llull 2 < Clluolly,. expCs fo [0 ullLoe.
For Ill2, we use Lemma 1.8(i), to obtain:

T
1 1
1128 s+25
|||25/||Dx2 dxullp2llullLoe + 10xullLoo | DE " ull 2

< (in view of Lemma 1.3)Cs |luolly, exp(CS / ||8xu||Lc>o>

T
/||u||Loc+cs||uo||y5/||axu||mo exp(cs/naxunmc)
0

< Cslluolly, exp(Cs £ (1))
Finally, for IV, we bound it first bnyT ||Df, (udyu) 2 + [OT ||Dx%+5Df, (udyu)|l 2 =1V1+IV2. To bound I\4, we
use Lemma 1.8(i), in the variable, to see that
T
V1S f DS @) 2 9xuell e + el Lo [ DY dxull 2 = IV 11+ IV 1.2
0
To bound I\ 1, we will use Plancherel’s theorem for the first factor, and the inequalities

|n|5=|$|‘3(%) (+|s|)(:g:> <1+ E)" 0+ :g:

wheres is chosen so thal/ (1 — §) < 3/2+ 8o. This shows that (using Lemma 1.3)

V11 < Clluoly, expcs/naxunm.

For 1V1 2 we proceed similarly, using that

14 |77|> 1 1+5(M)‘S 1 a+s)/a-s  Inl
Il €] = || <|§| (1+1€1) 2| < (1+1£1) +|€|,

and choosing so that(1+ §)/(1 — §) < 3/2+ §o. This gives the bound V2 < Cslluolly, exp(Cs f (T)). We next
turn to 1V2, and use Lemma 1.8(ii) to bound it by

T

1 1

546 5 5+6 s
/||3;cu||L°°||Dx2 Dyu||L2+/”8xsz Diullp2llullre

T
348 1/2+8
+/||D,3 wl g IDSd.ull 2+ [ 1DSulles | D2 0cull pon.
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Wherep— +1= 2 are to be determined. We call each one of these four terms [N bound 1\, 1, we again use
Plancherel and

1 1, 8 1 _
1§12 n)° < (1+180)2F (%) < (141g) TR ‘”+:§i:,

and if (3 +26)/(1 - 8) < 3 + 8o, Lemma 1.3 shows that

T
V21 < Cylluolly, eXP(Cs/ ||3xu||L°°>.
0

For 1V2 2 we proceed similarly, using that

€] I«*;I%m(%)(s <1+ IEI)(%’+25>/(1—6> L %

and the fact tha([% +28)/(1-98) < § + 80. We obtain, using Lemma 1.3, that

V2,2 < Cslluolly, exp(Cs f (T)).
In order to bound I 3, we will use the following inequalitys < %)

IIDX%MMIIL?; Slullzg + 0xullzg. (2.5)
To establish (2.5), let us use a Littlewood—PaIey aeposition, as in the proof of Lemma 1.7, and write=

1,

uo + u1, as in that proof. In order to estimae? ™ %o, note that, if/ (£) = |g|1/2+‘3x($) thenf € LY(R). Hence,
1

||D)(2+8M0||Loc < lullzgg - Moreover, in order to estlmatB2 Sul_Z@lD Qru, note that

1 ey
D" Qrue, n) = 12T 6)ia(E. n)

gty kg |27RE 21D
2~ -2
S et oaE ) = e

1
and that ifg §) = (1512 /£)n(&), theng € LY(R). Thus,| DZ** Qyullzee < 27%E ||3,ul| ., and (2.5) follows.
Because of (2.5), I¥3 is bounded by ) )

n2*e)eaE, n),

T
sup ||Dsaxu||Lz{/||u||Loo+||axu||Loc}.
0

O<t<T

Using Plancherel, and

IREES (:2:) (1+ |§|)1+5 < % +(1+ |g|)1+5/(1—5)’

choosings so that(1+8)/(1—§) < § + 80, and using Lemma 1.3, we see that

IV2,3 < Cslluolly, exp(Cs f (T)).
To bound 1\, 4, we need to prove first a couple of auxiliary estimates:

1/2+6 3/2+§
1D 00l sy S 100l o 1 ul (2.6)

1 1—
1%y S (el 10) (1D 20l e, + ez )", (2.7)
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wheregy > 2, 51 < 00, pll 31— L L_1_1aresuitably chosen, amdy are also suitably chosen. In order to
establish (2.6), we use a thtlewood1 Paley d;ecomposmon s in the proof of Lemma 1.7. We then héye =

>0 Ok (Bxi0), andD2 9.1 = Zk>002+‘3 Ok (0u10). Now, fork > 1, D2+ 0, = 26349 5, wheredy £ (£) =

7(27%&) £ (&), and7 has similar properties tg, andDéJ”S Qo0 = Qo, whereé/;)\f(s) =7E) f&),andifg =}
g € LY(R). We then have:

1/2+8 k(34+8) 1 A
1D 2 0cull 1y < Y 2K O (@ra0) | o1 on.
T =xy T =Xy
k>0

We first bound the ternh = 0 in the right-hand side. Let =0, = &9 ‘where 0< 6 < 1. Then,

||Q03xM||L~‘T1Lq1 < IIQoaxullLlLoo IIQoaxulleLz ,

and this term has the correct control.
Fork > 1, we again use the same choicesofy1, and use

IQkoxullps1 a1 < IIQkaxullLle IIQkaxullLooLz

—k(% - 2 (3480 1-6
SIQkdullyy o -2 KEH0A-0) 0, D2 T

_ (5+50)
S0sullys o -2 K00 p 20 ulle
whereQ, is associated t§(2*£), where; has similar properties t. From this, we obtain (2.6), as long a5+
8) < (3+80)(1—0), or, choosing small enough, as long gs< (3 +80)(1—0),0r0< 6 < 1—[3/(3 + 80)1 = no,
and:- 1 =0, 1 =(1-6)/2.We nextturn to (2.7). This time we perfo a similar Littlewood—Paley decomposition,

buti |n they varlable We needl— 2, H =1-— 6. We proceed in a similar manner, and are led to controlling
> 21 Quull (2.8)
k>0 ’

whereQ; acts on they variable. But, for 0< 5 < 1, 711 =7, p—ll = L0 e have

1Qxall iz < 10kl N Okt

and we see that, for (2.7) to hold, we nebé 3(1— n). Sincen = (1 — 6), we needs < 36, and 0< 6 <

—[3/(3 + 80)1 = no, which we can clearly achieve.
Now, in order to bound 1Y 4, we choose1 as in (2.7)41 as in (2.6). Observe also that, since

1/2
Inll/2<<% )(1+|s|)”2 :g: (1+151) < :g: (1),

we have||D;/2u||L%oL§v + ||u||LoToL§v < SURy<; <7 llully,. We then have (recalling that= 1 — 0):

1
5+ 5 0
V24 <| D} el prapar I Dyull prap S 10xul| ||M||

Xy O<t<T

S Cslluolly, 13xuly 3 L ||u||L1 L5 &XP(Cs ||axu||L;L§) 5 Cslluolly, exp(Cs £ (T)),

where in the next to last inequality we have used Lemma 1.3.
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All'in all, we have shown that
”axM”L%L?V < Cslluolly, eXF(CSf(T))
We now turn to the bound fqr“”LlTLoo- We use Duhamel’s formula, and write
xy

13
u(t) = Uuo + / UG~ yududr
0
We apply Corollary 1.6, and Minkowski’s integral inequality, to see that
T

Il 1o < Cr (Iluollys i+ /[nuaxuan + || DS @dw) || 2 + || DG i w) | Lz])»
0

We proceed to estimate the threentsrin the integral, which we call + B + C.
A< ”u”L%Lg‘; OSUD ||8xu||L§v < Cs|luolly, eXdCs”axM”Lg‘;) : ”u”L%Lfo
<t<T o )

< Cslluolly, exp(Cs £ (T)),

where in the next to last inequality we used Lemma 1.3.Fawe use first Lemma 1.8(i) and obtain:

T
B</||u||L;<;,||D;axu||Lgy+||D;u||Lgy||axu||Lg-;,
0

< sup lully, - (Jlu Oxu
N0<t<pT|| ”YS (” ”L%Lgov"'“ X ”L%L;g)

< Cslluolly, exdcs||8xu||L%L§3)(”u”L%L;§ + ||8xu||L%L§3)
< Csluolly, exp(Cs £(T)),

where we have used Lemma 1.3 to bound,Sup; ||y, .
For C, we use Lemma 1.8(i) in thg-variable, and obtain:

T
CS/IIHIIL@IID@XMIIL;),+|ID§MIIL§),|I3XMIIL;§,,
0

and since

erer o (M (g e <M>€1 tre o 1L g @re/a-e)
InI¥1&1 <|$|> (16177) < 7 ) ATIED <lgl+(+|s|) :

(2.9)

and we can chooseso that(1+¢)/(1—¢) < % + 8o, a similar argument giveS < Cs|luolly, exp(Cs f(T)), and

SO
lull 1 oo S Crlluolly, + Cs lluolly, -exp(Cs f(T)),

which, together with (2.9) gies (2.4), and hence Lemma 2.1.

(2.10)
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3. Local and global well-posedness
Ouir first result, a local well-posedness one in the space > 3/2, follows readily from Lemmas 1.3 and 2.1.

Theorem 3.1. The(IVP) (2.1)is locally well-posed irvs, s > 3/2. More precisely, givemg € Y5, s > 3/2, there
existsT = T (|luolly,), and a unique solution to (1.2), such that: € C([0, T]: Y;), u, dyu € L%Lj?j,. Moreover,
the mappingeo — u € C([0, T]; Y;) is continuous.

Proof. Letug e Yy, findug,. € Yy N HE‘i(RZ) N Z, such thatjug — uog.c|ly, = 0, and|luoclly, < 2||uolly,. Let now
u, be the solutions associateditg., guaranteed by Lemma 1.1. Note that Lemma 2.1 gives &sT (||uolly,) SO
that

||8xue||L%L;<; + ||us||L%L%: < Cr. (3.2)
Lemma 1.3 now guarantees that

sup fluelly, < Cr. (3.3)
O<t<T

Next, a use of Gronwall’'s inequality, combined with (3.2), shows that, as— 0 sup_; 7 lus — uell;2 — O.
hence, we can find € C([0, T1; Yy) N L*([0, T1; Ys), (s’ < s) such thatt, — u in C([0, T], Yy). The fact thau

is a solution to (1.2) is now clear. The uniqueness fifllows from the same use of Gronwall’s inequality as above.
Finally, the continuity ofu(z) in Yy, and the continuity of the flow map iy are consequences of the well-known
Bona and Smith [1] argument.O

We now introduce the spach, related to the conservation laws associated with KP-I.
Zo={¢ € LAR?): |Ipllz, < +oo}, where
Ipllzo = llpllLz + 13201 L2 + 19:ll 2 + 105 T0ypll 2 + 10y 2026 |l 2.

Note that, sinc@y¢ = 9,9, 1d,¢, we have thald, ¢l 2 < ¢l zo-

Theorem 3.4. Let ug € Zp. then there exists a unique global solutierof (1.2) with initial data ug, such that
u € L®Ry; Zo).

Proof. Find ug . as in the proof of Theorem 3.1, which convergeutpin Zo. Recall from [14] the conserved
quantities

M) = / 612,
1 1 1
E@) =3 f (9:4)* + > / (07%0,0) — 5 / us,
3 5 5
F@¢) =15 f (92¢)° +5 / (0y9)* + & / (0,%079)" - & f $%0720%

S 1y 2 2 [ 2 S [ a4
—(—qus(ax 3,6 +Z/¢ axx¢+2—4/¢.

Let u, be the global solutions to (1.2) given byrena 1.1. Recall from Proposition 4 of [14] thaf(u. (1)) =
M(uoe), E(us(t)) = E(uo.), F(ug(t)) = F(uo). As in [14], Proposition 5, we conclude that

loxue®)] 2+ |05 toyue (0] ;2 S Eo.e) + lluo.ellS,.
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andE(uo.e) S C(lluollzo), and thatlue (1)l g g2y < C(lluoell L2, E(uo,e)), g € [2, 6]. Moreover, we also see that

102u: )| 25 + |05 202ue (1) | 32 + | yue )] 22 < € (Iluollz,)-

This shows that
lue@®] 5, < C(lluoliz,) forallr.

Note also that, for%’ < s < 2, we have||glly, < ll¢llz,- As in the proof of Theorem 3.1, we can now construct a
unique global solutiom € C(RT; Yy), % <s<2,withu e L°(R*; Zg). O

Remark 3.5. One can give an improvement of Theorem 3.1 in the spirit of [10], by also establishing a ‘local
smoothing’ estimate of Kato-type for KP-I. The resulting result would be the analog of Theorem 3.%; f9i4,

but, since it would be quite intricate technically, and still falls short of the desired local well-posedn&gs\iar

have decided not to include this improvement.
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