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ABSTRACT. - We study intersections of dynamically defined Cantor sets
and consequences to dynamical systems. The concept of stable intersection
of two dynamically defined Cantor sets is introduced. We prove that if the
stable and unstable Cantor sets associated to a homoclinic bifurcation have

a stable intersection, then there are open sets in the parameter line with

positive density at the initial bifurcating value, for which the corresponding
diffeomorphisms are not hyperbolic. We present conditions more general
than the ones previously known that assure stable intersections. We also
present conditions for hyperbolicity to be of positive density at homoclinic
bifurcations. This allow us to provide persistent one-parameter families
of homoclinic bifurcations that present both hyperbolicity and homoclinic
tangencies with positive density at the initial bifurcating value in the

parameter line.

Nous etudions des intersections d’ensembles de Cantor et

ses consequences sur les systemes dynamiques. Le concept d’intersection
stable de deux ensembles de Cantor dynamiquement definis est ici introduit.
Nous prouvons que si les ensembles de Cantor stable et instable associes
a une bifurcation homoclinique ont une intersection stable, alors il y a des
ensembles ouverts dans la ligne de parametres avec densite positive dans
la valeur initiale de bifurcation pour lesquels les diffeomorphismes ne sont
pas hyperboliques.
Nous presentons des conditions qui assurent des intersections stables, plus

générales que les conditions prealablement connues. Nous presentons aussi

Classifications A.M.S.: 58 F 14, 58 F 15.
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742 C. G. T. de A. MOREIRA

des conditions pour que 1’ hyperbolicite ait densite positive aux bifurcations
homocliniques. Cela nous permet de presenter des exemples persistents de
familles de bifurcations homocliniques a un parametre qui presentent en
meme temps de 1’ hyperbolicite et des tangences homocliniques avec densite
positive dans la valeur initiale de bifurcation dans la ligne de parametre.

INTRODUCTION

The objective of this work is to study intersections of Cantor sets on
the real line which are typical of the Cantor sets that appear in dynamical
systems: the dynamically defined Cantor sets. Indeed, they appear naturally
in the study of hyperbolic sets, like Smale’s horseshoe, which is the product
of two Cantor sets of this kind. They also appear in different mathematical
contexts. For instance, for any m E N bigger than one, the set of numbers
in the interval [0,1] ] whose continued fractions have all its coefficients

less than or equal to m is a Cantor set of this kind. Roughly speaking,
dynamically defined or regular Cantor sets are Cantor sets that are defined
by expanding functions (see the precise definition in Section I).
The original motivation for this work was a conjecture of J. Palis,

according to which generically the arithmetic difference = ~x - ~ ~ ]
x E E K2 ~ of two dynamically defined Cantor sets either has

measure zero or else contains intervals. The study of measure-theoretical
and topological properties of arithmetic differences of subsets of the real-
line is particularly delicate for Cantor sets. For other classes of subsets of
R, the following results about arithmetic differences are known, and their
proofs are quite simple:

. A has measure zero and B is countable =~ A - B has measure zero;

. A is of first category and B is countable =~ A - B is of first category;

. A and B have positive measure =} A - B contains an interval;

. A and B are residual =~ A - B = R.

On the other hand, concerning dynamically defined Cantor sets, several
relevant results have been obtained, such as:

. If H D(Kl) + H D(K2)  1 (where HD ( K ) denotes the Hausdorff
dimension of K) then Kl - K2 has measure zero;

. If T(Kl).T(K2) > 1 then Ki - K2 contains an interval.
Here T(K) denotes the thickness of K (see Section II).

Annales de l ’lnstitut Henri Poincaré - Analyse non linéaire



743STABLE INTERSECTIONS OF CANTOR SETS AND HOMOCLINIC BIFURCATIONS

These results can be easily proved, but involve subtle concepts with
relevant applications in dynamics. The second is proved in Section II in
a somewhat more general form, and the proof of the first one is sketched
in Section 1.1.

The concept of thickness was used by Newhouse [Nl] ] to exibit open
sets of diffeomorphisms with persistent homoclinic tangencies, therefore
without hyperbolicity. It is possible [N2] to prove that in such an open set
there is a residual set of diffeomorphisms which present infinitely many
coexisting sinks. In [N3], it is proved that under generic hypotheses every
family of surface diffeomorphisms that unfold a homoclinic tangency goes
throught such an open set. A new and perhaps clearer proof is in [PT2].

In this work, we introduce yet another concept about Cantor sets related
to dynamical systems: we say that two dynamically defined Cantor sets
Ki and K2 have stable intersection if for any pair of dynamically defined
Cantor sets ( Kl , K2 ), near ( Kl , K2 ) (in a certain topology), we have
that T~i n J~2 7~ 0. The study of stable intersections of Cantor sets has
close relations with the study of arithmetic differences of Cantor sets. For
instance, if ( Kl , K2 ) has stable intersection then Ki - K2 contains an
interval. Theorem 1-1 presents a kind of converse to this fact. On the other

hand, it is easy to show that having stable intersection for two regular
Cantor sets is more general than having the product of their thicknesses
bigger than one.

This work is essentially dedicated to the study of stable intersections of
dynamically defined Cantor sets and its consequences about the study of
homoclinic bifurcations.

In Section I, we initially present some basic concepts and explain the
relationship between homoclinic bifurcations and intersections of Cantor
sets. In simple terms, we consider a one-parameter family E R, of

diffeomorphisms which unfold a homoclinic tangency at fL = 0, associated
to a saddle point p belonging to a non trivial basic set A, i.e., to a

hyperbolic maximal invariant set in which the periodic points are dense.
We can associate to the continuation of Ao = A, two dynamically
defined Cantor sets and ( K2 ) ~, the "factors" of such that, if

# 0, then the stable and unstable foliations of have a point
of tangency. In turn, such a tangency can be approximated by homoclinic
tangencies associated to the point p~ (the continuation of the saddle point
po = p). In particular, if (T~i)~ n (~2)~ 7~ 0, the diffeomorphism is

not hyperbolic.
We prove (Theorem 1.2), that if has a stable intersection with

( K2 ) o + t for some value of t E R, then the set ~,u > 0 intersects

Vol. 13, n° 6-1996. -



744 C. G. T. de A. MOREIRA

(K2)  stably} has positive density at  = 0. We also introduce the concept
of extremal stable intersection in Section I, and prove that if ( ( Kl ) o , ( K2 ) o )
has extremal stable intersection, then n ( K2 ) ~ ~ ~ for every ~c > 0
small.

In Section II, we introduce the concepts of thickness and lateral

thicknesses, that allows us, among other things, to give examples of pairs
of Cantor sets ( Kl , K2 ) which have stable or extremal stable intersections
and yet the product of their thicknesses may be smaller than one. Indeed,
these conditions we use in these examples concern instead the Hausdorff
dimensions HD(Ki) and H D(K2) of Ki and K2 : We can give such
examples for Cantor sets Kl and K2, with their Hausdorff dimensions
having any value between zero and one and their sum being bigger than
one.

In Section III, we discuss some examples about arithmetic differences
and stable intersections.

In Section IV, we discuss more general criteria for stable and extremal
stable intersections and provide examples of their applications.

In Section V, we exhibit conditions on the Cantor sets (Ki )o and (K2)0
which imply that the set ~~c > 0 is persistently hyperbolic} has positive
density at  = 0. Besides, we give examples of open sets of one-parameter
families of diffeomorphisms which unfold homoclinic tangencies, such that
the phenomena of hyperbolicity and persistent tangencies between the stable
and unstable foliations have both uniformly positive densities at  = 0.

We also introduce the concept of extremal stable intersection, which is

stronger than the concept of stable intersection, and have relevant application
in dynamics: we say that (Kl, K2) have extremal stable intersection if the
right extreme of K coincides with the left one of K2, and for any pair of
two dynamically defined Cantor sets ( Kl , K2 ) near ( Kl , K2 ) which support
intervals intersects we have ki n ~2 7~ 0. It is easy to prove that, in the
case of homoclinic bifurcations as above, if ( ( K2 ) o , ( K2 ) o ) has an extremal
stable intersection, then (K1)  n (K2)  ~ Ø for every  > 0 small. We

shall study here conditions that imply extremal stable intersections.

In Section V we shall prove a theorem that, under certain hypothesis
about the Cantor sets and (K2)o assures that the set ~~c > 0 ~ is

persistently hyperbolic} has positive density at  = 0. Besides, we give an
example of an open set of 1-parameter families of diffeomorphisms which
unfold homoclinic tangencies such that the phenomena of hyperbolicity and
persistent tangencies between the stable and unstable foliations have both
uniformly positive densities at ~c = 0.

Annales de l’Institut Henri Poincaré - Analyse non linéaire



745STABLE INTERSECTIONS OF CANTOR SETS AND HOMOCLINIC BIFURCATIONS

This work is divided as follows:

Section I: Cantor sets and homoclinic bifurcations

Section II: Thickness and lateral thickness

Section III: Examples about arithmetic differences and stable

intersections

Section IV: Criteria for stable and extremal stable intersections and

generalized thickness test

Section V: Intersections of Cantor sets and hyperbolicity.

I. CANTOR SETS AND HOMO CLINIC BIFURCATIONS

1.0. Basic definitions

Given a diffeomorphism of a surface and p a fixed point
we define:

It is possible to prove that if cp E C~, then WS(p) and WU (p) are Ck
manifolds.

We say that x is a homoclinic point associated to p if x E WS (p) n Wu (~),
and that cp exibits a homoclinic tangency at x associated to p if 
is tangent to W"(p) at x.

Let A c M. We say that A is an hyperbolic set for cp: M - M if

cp(A) = A and there is a decomposition TAM EU such that DcplEs
is uniformly contractive and Dcp ~Eu is uniformly expansive. Given x E A,
we define:

which are C~ manifolds. The union of these manifolds forms foliations
.~’s and .~’~‘ which can be extended to a neighbourhood of A and which
are leaf-wise p-invariants.
The non-wandering set of p, is defined by:

VoL13,n° 6-1996.



746 C. G. T. de A. MOREIRA

We say that cp is hyperbolic if Q(p) is hyperbolic. A 1-parameter family
of diffeomorphisms of M2 has an homoclinic H- explosion at  = 0 if

i) for   0, is persistently hyperbolic;

ii) = A U 0 , where A is hyperbolic and C~ is an homoclinic

tangency orbit associated to a fixed saddle point p, such that and

WU (p) have quadratic tangencies at the points of O.
A Cantor set of the real line is a compact, with empty interior and

whithout isolated points subset of R.

Given K G R a Cantor set and U a finite covering of K by open
intervals U = (Ui)iEI we define diam(U) = i E I~, where 
is the lenght of Ui. Given a E R+, we define Ha (Ll ) zEI I

The Hausdorff a-measure of K is = lim ( inf Ha (Ll ) .UcoversK 7

It is easy to see that there is an unique real number, the Hausdorff
dimension of K, which we name H D ( K ) such that, a  H D ( K ) ~
ma (K) _ +oc, and a > m~ (K) = 0.

1.1. Dynamically defined Cantor sets

Let us consider a homoclinic tangency associated to a saddle point p of
a diffeomorphism p of a surface. Suppose that p belongs to a basic set A
of saddle-type (a horseshoe). The intersection of the local stable manifold
of p and A is a Cantor set which we will name Ks, and the intersection
of the local unstable manifold of p and A is another Cantor set which

we will name 

Annales de l’Institut Henri Poincaré - Analyse non linéaire



747STABLE INTERSECTIONS OF CANTOR SETS AND HOMOCLINIC BIFURCATIONS

If q is a point of tangency, unfolding the tangency by a generic family
(po = p) of diffeomorphisms, we will have a "line of tangencies" .~~

where the leaves of the foliations .~~ and .~’~ are tangent. The projections
of K~ and K~ (the continuations of Ks and K") along leaves of the
foliations over .~~ give Cantor sets diffeomorphic to K~ and K~ which
we call and ( K2 ) ~, respectively. If n 0, there will
be a new tangency between and and will not be

persistently hyperbolic.
With some generic hypothesis we can conclude (perhaps reparametrizing

the family ( cp~ ) ) that the pair ( ( Kl ) ~, ( K2 ) ~ ) is close to the pair
(Kl, K2 + J1), and then is natural to ask about the size of the set

~~ ~ I Ki n (K2 + ~) ~ ~~ ==: Kl - K2 = e K2~.
We say that Ki - K2 is the arithmetic difference between Ki and K2.

The Cantor sets that we will consider (and in particular the ones above)
are of a special kind: the dynamically defined Cantor sets. We say that a
Cantor set K is dynamically defined if:

i) there are disjoint compact intervals Kl, K2, ... Kr such that K c
Kl U ... U Kr and the boundary of each Ki is contained in K;

ii) there is a expanding map 03C8 defined in a neighbourhood of
Ki U K2 U ... U Kr such is the convex hull of a finite union

of some intervals Kj satisfying:
ii.l For z  r and n sufficiently big, n Ki ) = K;
ii.2 K = U K2 U ... U Kr ).
We say ... Kr ~ is a Markov partition for K, and that

D = ~ri=1 Ki is the Markov domain of K.

If Kl = [a, b] is the left interval of has of the Markov partition it is usual
to suppose that 03C8|K1 : K1 - K0 is surjective, where K0 is the convex hull
of K, and increasing. In this case, there is a diffeomorphism a: Ko - Ko
(where Ko is an interval) with a’(0) = 1 such that a o o a-I is an

affine map, because ~~i (a) ~ I > 1. In this case the set k = a(K) defined
by the functions r(fi = a o o a-1 is auto-similar (has affine), and is
called the linearized of K.

For a more careful discussion of the relationship between dynamically
defined Cantor sets, see [PT2].

The proof of the fact that if HD(K) + HD(K2)  1 then Kl - K2
has measure zero, and the study of dynamical consequences of this result
(prevalence of hyperbolicity near J1 = 0) may be found in [PT1] and in
[PT2]. Let we sketch the proof:

Vol. 13, n° 6-1996.



748 C. G. T. de A. MOREIRA

Consider the map f : R2 --~ R, f (x, y) = x - y. Then Kl - K2 =
f(Kl x K2), and it is possible to prove (see [PT2]) that if Kl
and K2 are dynamically defined Cantor sets, then HD (Kl x K2 ) _
HD(Kl) + HD(K2), which we suppose to be less than 1. Therefore,
Kl - K2 = f(Ki x K2 ) is a Lipschitz image of a set with Hausdorff
dimension less than one, and so has Hausdorff dimension less than one,
and therefore Lebesgue measure zero.

1.2. Intersections of Cantor sets and arithmetic differences

As we have seen in I.1, the study of homoclinic bifurcations leads

naturally to the study of intersections of Cantor sets, and to the study of
arithmetic differences of Cantor sets. About this, there is Palis’ conjecture
mentioned before, according to which the arithmetic difference of two

dynamically defined Cantor sets generically either have measure zero,

or Contains an interval. There is an example by A. Sannami [S] of a

dynamically defined Cantor set K such that K - K is a Cantor set with
positive measure. Bamon, Plaza and Vera also discuss this kinds of examples
in [BPV]. These examples are very rigid, and the Palis’ conjecture remains.
For affine Cantor sets (which we will define later) there is no counter

example.

In this work we shall study a concept as closely related to homoclinic
bifurcations as that of arithmetic difference: the concept of stable

intersections. We say that two dynamically defined Cantor sets Ki and K2
have stable intersection if there is a neighbourhood of the pair (Kl, K2)
(in some apropriate topology; here we shall generally work with the C1+~
topology, that we shall define later) such that for every pair (Kl , K2 ) in
this neighbourhood we have Kl n ~2 7~ 0.

Here we will generally work with the topology in which a

Cantor set K defined by an expansive function ~ with Markov partition
-~ Kl , K2 , ... KT ~ is close to a Cantor set K with Markov partition
Kl , K2 , ... KS ~ if and only if r = s, the extremes of Ki are near the

corresponding extremes of Ki, i = 1, 2, ... , r and, supposing ~ E C1+~
with Holder constant C, we must have ~ E with Holder constant C
such that (C, c) is near (C, c) and  is close to 03C8 in the C 1 topology.

This is a natural topology because, on one hand it assures the control

of the distortion (see [PT2]). In particular, if K have small distortion,
then so does K (for instance, this holds when K is affine). On the other
hand, the sets KS and KU associated to a diffeomorphism cp E C2 depend
continuously of p in the topology.

Annales de l’lnstitut Henri Poincaré - Analyse non linéaire



749STABLE INTERSECTIONS OF CANTOR SETS AND HOMOCLINIC BIFURCATIONS

There are relations between the concepts of aritmetic difference and stable
intersection. For instance, if Kl intersects K2 stably then t E int(Ki - K2 ) .
In the direction of the reciprocal we have the following result:

THEOREM 1.1. - Suppose that there is an open set U of pairs of Cantor
sets such that if (Kl , K2 ) E U and t E R then Kl does not have stable
intersection with (K2 + t). Then there is a residual set R C U such that
(Kl , K2 ) E R ~ 0; that is the interior of Kl - K2 is empty.

Proof. - Let ~ r 1, r2 , ... , rn , ... ~ be an enumeration of the rational

numbers, and let Un = ~ ( Kl , K2 ) E I Ki n ( K2 + Tn) _ ~ ~ . By
this hypothesis, Un is dense, and clearly Un is open. Thus, R: = Un
is residual, and ( Kl , K2 ) E R ~ (Ki - K2 ) n Q = ~ ~ int(Ki - K2 ) _
0..

Remark. - The results above are valid in any Ck topology, k ~ 1.
We recall that a dynamically defined Cantor set is affine if the functions

that define K are affine and surjective. This implies that K is
similar to K n Ki, 1  i  r. If we do not suppose the functions ~2 to be
surjective, we say that K is a generalized affine Cantor set.

Let us fix a notation for a certain type of affine Cantor set that will be
often used in examples.

Frequently, when we mention an affine Cantor set of the type

we mean the Cantor set with this Markov domain defined by increasing
and surjective affine maps.
The study of stable intersections of Cantor sets has more immediate

applications to dynamics than the study of arithmetic differences. As

an example, there is a theorem by Marstrand that implies that if

HD(Ki) + H D(K2) > 1, then for almost every A E R, Kl - ÀK2
has positive Lebesgue measure (see [PT2]); and there is a theorem by
Palis and Yoccoz, according to which if HD(KS) + > 1, then

generically M = 0 is not a point of total density of hyperbolicity of 
(see [PY]). This theorem is, however, very difficult, and by no means a
trivial consequence of Marstrand’s theorem.

We will now see an application of stable intersections to dynamics.

THEOREM 1.2. - In the case of the homoclinic bifurcation, if there is

t E R such that ( Kl ) o intersects ( ( K2 ) o + t) stably, where (Kl)o
Vol. 13, n° 6-1996.
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and ( K2 ) o are linearized of (Kl)o and ( K2 ) o, respectively, then the set
> 0 ~ I (Kl ) ~ n (K2 ) ~ ~ 0) contains an open set with positive density

Proof. - Let (Kl)/1 and ( K2 ) ~ be the linearized of ( Kl ) ~ and ( K2 ) ~ ,
respectively. Then (Kl)/1 and ( K2 ) ~ are diffeomorphic to K~ and K~ ,
and we have C ( Kl ),~ and ( ~ 2 ) ~ 1 ( K2 ) ~ C ( K2 ) ~ , where
( ~ 1 ) ~ and ( ~2 ) ~ are the eigenvalues of the diffeomorphism cp~ . By the
differenciability of the family ( cp~ ) relative to tc there is a constant C > 0
such that ( a i ) ~ - ~i ~  = 1, 2, for small. Besides, there
are diffeomorphisms ( h 1 ) ~ and ( h2 ) ~ which depend continuously
in the topology on  such that (K1)  = (h1) ((1) ) and

(K2)~ - (h2)~((K2)~), with = (h2)o = 1. We suppose, after

reparametrization of .~~ , that ( Kl ) ~ C (-00,0], ( K2 ) ~ C ~0, oo ) , 0 E

(K1)~,, n (K2)~, hl(o) = tc and h2(o) = 0.
By the hypothesis, there is an ~ > 0 such that if (K, K’) is

near ( ( Kl ) o , ( K2 ) o -+- t ) , with  ~ then K intersects K’

stably. Suppose ~ ~ 1 ~  1, ~ ~2 ~ > 1 and let m, n E N be such that

~~i ~2 - l) is sufficiently small. Then, if tc E (~2 n(t - ~), +

), where n is large enough, we will have (Kl)/1 n (K2 ),~ # 0.

(Kl)/1 and ( ~ 2 ) ~ n ( K2 ) ~, C ( K2 ) ~ . It is enough to prove
that (hl)~((~l)~ (Kl)~,) n (h2)~c((~2)~n(K2)~C) ~ ~, or, equivalently, that
(~l)~"z ’ (hl)l~((~l)~ (K~)l~) n (~1)~c’’’2 ~ (h2)I~((~2))~ "z(K2)~) ~ ~~ but
this follows from the fact that the first set is close to (Kl)o + and the

second is close to (K2)o, because (hl)~,,(x) ~ and (h2),~(x) N ~ for x
near 0, and also a i / ( ~ 1 ) ~z and ~~ / ( ~2 ) ~ are close to 1. This last affirmation
follows from ( ~ i ) ~, - ~ i ~ ]  where K, K’ and
K" are constants. Then, for instance, ( ( a 1 ) ~ / ~ 1 ) "2  1,
because m ~ ~ 1 -1 ~ 0 when m -~ oo .

To conclude the proof it is enough to show that:

(*) there is N E N such that for each K E N there is m E N with
with 1 ] suficiently small.

And (*) is a consequence of:

(**) there are N’, N" E N such that ~iT ~ ~2 ~~ is very close to 1.

Note that (**) is equivalent to obtaining N’, N" E N such that

N’ log Ai + N" log ~2 is close to 0, which it is possible if log Ai/ log a2 is
irrational by Dirichlet’s theorem and if log log ~2 = -p/q, p, q E N

we can take N’ = q, N" = p. To deduce (*) from (**) observe that
~ i ~ ~2 ~~ _ ~ i with T ~ very small. We have 2 cases:

. m = = e N)
Annales de l ’lnstitut Henri Poincaré - Analyse non linéaire
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Remark 1. - If 1° ~ 1 ~ Q, it is enough to suppose there exists ~ > 0
and t E R such that intersects + t) stably.

Remark 2. - The hypothesis of the Theorem 1.2 are open, and

as a consequence of the demonstration we can obtain an uniform

positive estimate in a neighbourhood of the family to lim inf

) ~(K2) ~Ø})
8 

.

We say that the pair of Cantor sets ( Kl , K2 ) have extremal stable

intersection if the right extreme of Ki coincides with the left one of K2,
and if ( Kl , K2 ) is close to ( Kl , K2 ), and the support intervals of Kl and
K2 intersects their 0. This implies in particular that (Ki -+- ~, K2 )
has stable intersection, for any ~ > 0 small.

The importance of this concept to the study of homoclinic bifurcations
is that if the pair ( ( Kl ) o , ( K2 ) o ) have extremal stable intersection then
~,u > n ( K2 ) ~ ~ ~ ~ contains an interval ~0, b] for some 8 > 0.
We shall study in this work conditions that imply stable intersections and

extremal stable intersections of dynamically defined Cantor sets.
We end this section with a problem that we consider to be very important

in our context: are the families {03C6 } satisfying the condition in Theorem 1.2
dense in the > 1 ~ ? This is, in a certain
sense, a stronger version of Palis’ conjecture, and, if it is true, we will have
a stronger version of the results of Palis-Yoccoz paper [PY].

II. THICKNESS AND LATERAL THICKNESS

11.1. Definitions, examples and consequences of stable intersections

DEFINITION. - A gap of a Cantor set is a connected component of its

complement.
Given an U gap of a Cantor set K, we associate to it the intervals Lu

and Ru, which are the intervals to its left and its right that separate it
from the closest larger gaps.

Vol. 13, n° 6-1996.


