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ABSTRACT. — We study minimizers of Ginzburg-Landau functionals,
which depend on a parameter e. These functionals appear in
superconductivity and two dimensional abelian Higgs models. We study
the asymptotic limit, as ¢ — 0, of minimizers and show that the limiting
configuration has vortices, which have topological degree one.

RESUME. — Nous étudions les applications minimisantes de la
fonctionnelle de Ginzburg-Landau dépendant d’un paramétre e. Cette
fonctionnelle intervient dans les problémes de supraconductivité ainsi
que dans le modele abélien de Higgs en dimension deux. Plus
particuli¢rement, nous étudions le comportement asymptotique de ces
applications minimisantes lorsque ¢ tend vers 0 et nous montrons que
la configuration limite a des tourbillons de degré 1.

INTRODUCTION
Let 2 be a simply connected bounded domain in IR®. Let € > 0 be
a parameter and ug : 99 — S! be a smooth map. In a recent book,
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244 F. BETHUEL AND T. RIVIERE

F. Bethuel, H. Brezis and F. Hélein [2] (see also [1], [3], and [4]) have
studied the functional

F(w) =g [ Ve + g5 [ (0=’ 1)

for u € H} (9, R?). Let u. be a minimizer of F.(u) on H. (2, R?).
They have studied the asymptotic limit ¢ — 0 of u. and proved that u.
converges to a limiting map u.., which has exactly |d| singularities (vortices),
where d = deg(u, 0$2). Moreover, the distribution of the singularities was
characterized, and the map u,. identified. They also proved that u. converges
to u, in C}, away from the singularities.

Functionals of the type of F, arises in many problems in low temperature
physics, for instance superfluidity. Our purpose in this paper is to extend
the methods and results of [2] (see also H. Brezis, F. Merle and T.
Riviere [5] and [6]) to related functionals arising in superconductivity

and two-dimensional abelian Higgs models. More precisely, consider the
functional

1 . 1 2 1
GG(U,A)=§/Q|VU—ZAU|2 + 1z Q(l—|u|2) +5L|dAl2, (2)

where u € H'(,IR?), and A (the vector potential), is a real valued
1-form, that is

A= A1 dil)l + A2 dﬂ?g.

The main characteristic of G.(u,A) is its invariance under gauge
transformations. More precisely let ¢ be a function in H?(2, IR) and

consider "
up = e’ u
{ Ay = A+ dg. ®)
We have
Ge(ug, Ay) = Ge(u, A). (4)

The functional G' was introduced by Ginzburg and Landau in 1950, in
their study of phase transitions, for superconductors. The gauge invariance
of the functional allows to account for electromagnetic effects. In particular

h = *dA (5)

is the induced magnetic field. Moreover physically relevant quantities, are
those which are, as h, gauge invariant, for instance |u|, the density of
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VORTICES FOR A VARIATIONAL PROBLEM RELATED TO SUPERCONDUCTIVITY 245

supraconductor), J = (iu, dau) (the current), where dau = du—iAu, and
the degree of u on the boundary if we assume for instance |u| = 1 on
the boundary (see below).

In order to have a well posed minimization problem, we need to
supplement the functional with a boundary condition. Clearly a Dirichlet
type boundary condition (as for F.) is not consistent with the gauge
invariance. We adopt instead the following approach.

Let d > 0, be an integer, and g : Q2 — IR be a smooth given function.
We assume throughout the paper that  is simply connected. Consider
the space

(u, A) € HY(Q, R?) x H (R, IR?), such that
luf=1 on OQ (6)
J1 = (iu,7.(Vau)) =g
deg(u,00) = d.

V =

Here 7 denotes the unit tangent vector to 92, such that (v, T) is direct,
v denoting the exterior normal to 9, and V 4u = Vu — 1A u. We recall
that OS2 is connected, since 2 is assumed simply connected. The boundary
condition J.7 = (iu,7.V4u) can be written as

du=(g+A7)iu  onOfd )

Since the r.h.s. of (7) is clearly in L? (by the trace theorem, and the
assumption g € C1(9Q)), we see that if (7) is satisfied u € H* (99, S'),
for u € V. In particular

deg(u, Q) = 2i/anu X Uy dT

Y

is well defined (one could also invoke instead a result in [7], which shows
that the degree is well defined in. H3 (9%, S')).

THEOREM 1. — We have

Inf G(u,A) (8)

(u,A)EV
is achieved. n
In view of the gauge invariance, once we have a minimizer we have
actually a whole family (uy, Ag) of minimizers. It is convenient to reduce
this degeneracy by imposing the condition
{ d*A=0 in Q
A.v=0 on ON.

Vol. 12, n° 3-1995.



246 F. BETHUEL AND T. RIVIERE

We have
THEOREM 2. — There is a minimizer (u., A.) of (8) satisfying

d*A, =0 in
{Ae.l/ =0 on 0. )

Carrying out an asymptotic analysis as in [2], we are able to prove the
following, which is our main result

THEOREM 3. — Let (u., A.) be minimizers of (8), satifying (9). There is a
subsequence €, — 0 and exactly d points a1, sz, ...,aq in 2 and (u., Ay)
smooth except at the points a,as, ...,aq such that

d*A, =0 n
{ A,.v=0 on 09, (10)

d
Ue, — U. Strongly in H}. (Q\U {ai}) and W'P(Q) forp < 2. (11)
=1

Set h., = *dA., and h, = *dA,. We have

d
he, — h. stronglyin H} (Q\U {ai}> and WHP(Q) forp < 2, (12)

=1

and h, satified the equation

~Ahy+h, =21 ) 6, in Q

=1 (13)
s _ _ on OS2
ER ’

| ]

Once the points a; are determined, we are able to recover all informations

from the equation (13) which is referred to in the physical litterature as the
London equation. Let &, be the solution of

{ A& = h, on €

(& =0 on OfN. (14)

We have

il

*d€,

A,
Jo = (tuy,d g, us) = —xdh.

(15)

Annales de IInstitut Henri Poincaré - Analyse non linéaire



VORTICES FOR A VARIATIONAL PROBLEM RELATED TO SUPERCONDUCTIVITY 247

Finally u, is determined (up to a rotation) by
(16)

where ¢ is an harmonic function satisfying

Ap=0 in ©Q
{¢ — ¢y on 09 (17)

where ¢ satisfies on OS2
d
3¢0 z—ar O z — ag 1913
— - Sl = 18
( H z—a| 7 kl;Il a ) Tt 18
(¢ is uniquely determined up to a constant, this is also the case for ¢)
Finally the configuration {a;} is governed by a renormalized energy,

which is very similar to the one introduced in [2]. Consider a configuration
,ba) of d distinct points of €2 and the function

b = (b17
W@)—wrZy@M—W|—w§:R@)+w§:&®)
i#]
1 o¢ 0&x
= 0] — — A&,
J’z/aQ (g+81/)+2/ PR (19)
where £, is the solution of the linear problem
d
A%, + AL =2 6, in O
=1
&=0 o 00 (20)
—Aé =—g on 01,
ov
and the function R is given by
d
R(z) = ®(z) ~ ) loglz — bi, (21)
=1
where @ is the solution of
d
AP =21 & in Q
oo Bt 2
E =g + % on 69

Vol. 12, n°® 3-1995.



248 F. BETHUEL AND T. RIVIERE

We prove
THEOREM 4. — Let a; be as in theorem 3. The configuration (a;)
minimizes W. ]

The arguments in the proofs of theorems 3 and 4 follow closely the
strategy of [2]. Let us however emphasize two important differences. First,
we have to use a local version of Pohozaev’s identity (by local we mean
on balls of radius €%, for a < 1), thereas this identity yielded directly an
important estimate in [2]. Second, most of our estimates can be derived
from the equation verified by h, the magnetic field.

This paper is organized as follows. The next section is devoted to the
proof of theorem 1 and 2, and to some general remarks. Section II is
devoted to some basic properties of (ue, Ac), in particular the Ginzburg-
Landau equations, the maximum principle for ||, and an uniform bound
for V 4u. Section III is devoted to local estimates. Section IV contains
a localization of the singularities (in the spirit of [2]). In Section V we
deduce global L? estimates for p < 2. Section VI is devoted to the proof
of the convergence. In section VII we derive the London equation verified
by h. and we characterize u,. Finally Section VIII is devoted to the proof
of theorem 4.

Remarks on Physics. — In the theory of superconductivity, conducting
electrons are described as a fluid existing in two phases, the superconducting
one and the normal one. In the superconducting state the material has
an infinite electric conductivity, and repeals magnetic fields (the London
effect). On a microscopic scale, the superconducting state corresponds
to a pairing of the electrons. The pairs of electrons are described on a
macroscopic scale by a complex-valued function u, often called condensate
wave function. Roughly speaking, one could think of |u(z)| as representing
the density of pairs of superconducting electrons. The Ginzburg-Landau
functional then governs the interaction between u and the magnetic field.
The parameter x = ¢ ! is called the Ginzburg-Landau parameter, and
depends on the material. Material with different values of x have very
different properties.

1
If Kk < —=, the material is called a type I superconductor. If one applies

an exterior magnetic field to the sample, then for a critical value of the
applied field, the sample passes from the superconducting state to the normal

1 N o
state. For k > Wik the situation is quite different and the sample passes

gradually from the superconducting to the normal state. This corresponds
to the coexistence of the normal and superconducting state: the normal

Annales de I’Institut Henri Poincaré - Analyse non linéaire



VORTICES FOR A VARIATIONAL PROBLEM RELATED TO SUPERCONDUCTIVITY 249

- phase is confined in vortices or filaments which are quite similar to the
ones studied in this paper. for a detailed description see [7], [9], [12] and
[16]. We will turn to a mathematical description of the physical situation
in a forthcoming paper. :

For abelian Higgs models we refer to [11]. See also related problems
studied in [8], [13] and [14].

Remarks on notation. — d and x denote respectively the exterior derivative
and the linear operator on the IR-valued forms of IR? such that

*dz1 = dze, *dzy = —dz1, *1 = dz1 Ad22 and *xdxi Ndxy = 1.

By d* we mean the operator x~dx, where x~! is the inverse of x.

1 -
The scalar product onC is denoted by ( , ), i.e. (a,b) = é(ab + ab).

More generally, if f = frdz! and g = gydz’ are two forms with
coefficients in €, (f A g) denotes the 2l-form with real coefficients

Z(fIaQJ) dz’ A dz”.

x represents the wedge product between two vectors of IR?, it is considered
as a real number.

We often identify a 1-form and the associated vector by the scalar

product. We also often identify a vector of IR? and the corresponding

. . . . Jdu
complex number. For instance, as a result of our identifications, u X —

5 or
stands for (zu,—zi)
or

1. THE VARIATIONAL PROBLEM

We begin this section by some definitions and remarks.

DErINITION L1. — We say that (u, A) € H'(Q, R?)x H*(Q, IR?) is gauge
equivalent to (v, B) € HY(Q, IR*) x H'(Q, IR®), if there exists a function
¢ € H%(Q) such that

v:ei‘bu
B=A+dé.
(]

As we have mentionned in the introduction, it is often very useful to
reduce the gauge invariance of the problem by imposing a condition on
A. We have the standard result:

Vol. 12, n® 3-1995.



250 F. BETHUEL AND T. RIVIERE

Proposirion L1. - Let (u,A) € HY(Q) x HY(Q). There is some
(@, A) € HY(Q) x H (), gauge equivalent to (u, A) such that

Av=0 on 0N.
|
Remark. — (1.1) is often termed a Coulomb or Lorentz gauge.
Proof. — Consider the linear problem
%d) =—dA in Q
% _ _Av  on o0 (1.2)
ov
We easily verify that
i=e?
A=A+d¢o
satisfies (I.1). ]

In the course of our proof, we will often need local versions of
proposition I.1. We have

PROPOSITION 1.2. — Let G be some smooth subdomain of §, and let (u, A)
be smooth. There is some smooth (i, A) gauge equivalent to (u, A) such that

{ dA=0 in G (1.3)
Av=0 on 0OG.

|

Note that, in proposition 1.2, we impose only a condition for A in G and

on dG. The proof is the same as the proof of proposition 1.1 (performed in

G), except that we have to extend ¢ to € in a smooth way. ]

Proof of theorem 1 and 2. — Let (u,, A,) be a minimizing sequence for
(8). In view of proposition 1.1 we may assume that

{d*A,,zo in Q

A,v=0 on ON. (14)

We deduce from (1.7) that there is some &, € HZ?(Q) such that

(A1 A2) = (=&na,»E€ng, ), Where (71,72) are cartesian coordinates on
IR?. Hence

AE, = *xdA, in
& =0 on Of.

Annales de I’Institut Henri Poincaré - Analyse non linéaire
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It follows, by standard elliptic estimates, that

/ AL + / VAL = / Ve + / V2,
Q Q Q Q

nlen < /Q |dA,J?
< CGe(un, A,) < C.

Hence A, is uniformly bounded in H*(Q2). Since

/ |V, — 4, un)? € 2Ge(un, 4,) < C,
Q

we obtain

251

/|Vun|2 < C+2/A31un|2 < c+2/A3(1—|un|2) +2/Ai
Q Q Q Q

<C</Aﬁ)2 < C.
Q

We deduce that u,, is also a bounded sequence in H!(f2, IR?). Passing to

a subsequence if necessary we have
U, —u  in  HY(Q) weakly

A, — A in H'(Q) weakly.
Passing to the limit in (I1.7) we are led to
{ d*A=0 in Q
Av =20 on Of.

Moreover by lower semicontinuity

Ge(u,A) <liminf Ge(un, Ay)

n—-+4oo

< Inf Ge(v,B).

(v,B)EV

(L5)

(L6)

(L.7)

(L8)

It remains to prove that (u, A) € V, that is that the boundary conditions

are preserved. ‘
We clearly have

An,.m— AT in HY*Q).

Vol. 12, n® 3-1995.
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252 F. BETHUEL AND T. RIVIERE

On the other hand, we deduce from the condition J,,.7 = ¢ that

Jdu

5, = Wn (9+A,.7) on 0N (I.10)

Since by (1.9) u, — wu in H'Y?(0Q) weakly, we see that u, — u
strongly in LP(0Q) for any 1 < p < +o0. Similarly we may infer that
g+ An.T — g+ A.7 strongly in LP(99). It follows that

8 7 . .
BLT —iu(g+A.7) strongly in LP(0R) for any 1 < p < 400. (L.11)

Passing to the limit (in the sense of distributions) in (I.15) we obtain

ou .
5, =W (g+ A7) on 09. (I.12)

This leads to
Jr = (iu, 7.Vau) = g. (I1.13)

(where Vu = Vu — iAw).

Finally it remains to prove that
deg(u,00) = d. ] (I.14)
We have
deg(u,00) = %Agu X g—: = él;r—/ag(g+A.T)
and
d = deg(uy,80) = — / (g+ Ap.1) —> i/ (g+ A7),
21 Jaq 21 Jaq

by (1.14), and (1.19) follows. This completes the proof of theorem 1. Since
A satisfies (I.11), we also have proved theorem 2. [ |
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2. BASIC PROPERTIES OF (u., A.)

2.1. The Ginzburg-Landau equation

ProposITION I1.1. — Any minimizer (u.,Ac) of G. on V satisfies the
Ginzburg-Landau equations on )

1
—Vi ue = = ue(1 = |ue|?) (IL.1)
—dh, = J. (IL2)
where J. = (iuc,da, u.), and da ue = due — 1A u.. [ ]

For a proof see for instance [11], [9]. Remark that equations (IL.1) and
(IL.2) are independent of the gauge (in particular they hold even if we do
not assume (9)). We recall that V? is the operator defined by

2
7] 0
2 _E : P A —7A.
Vi = (%—‘ZAJ) (ax ’LA]>.

j=1 J J

Recall also that, in view on our variational problem, equations (II.1) and
(IL.2) are completed with the boundary conditions

Jer=9g on 0N (I1.3)
luel =1 on Of. (I1.4)
Moreover we have chosen (u., A.) so that (I.1) is satisfied.

PROPOSITION I1.2. — Any minimizer (u, A¢) to (8) in V satisfies

luel <1 wn 2. (IL.5)

Moreover if A, satisfies (I.1), then (u., A.) are smooth. ]
Proof. — See [11], [7] for the proof of regularity of (u., A¢). Inequality
(11.5) is a consequence of the maximum principle, since we have

1 1
S A = = [ucl? (1= Jue) + |V, el (IL6)
]

A very useful consequence of propositions II.1 and IL.2 is the following.

ProrosiTioN I1.3. — We have
Ohe

5 = 9 on 0. (I1.7)

Vol. 12, n® 3-1995.



254 F. BETHUEL AND T. RIVIERE

Proof. — Since h. is smooth up to 952, (IL2) holds on 9 and yields
AL7). n

The next equality plays the same role as Theorem III.3 in [2] and is a
Pohozaev type equality.

ProposiTION 11.4. — Let G be a subdomain of §). We have

/ ;15 (1~ |u?)? —h% = / (z.v) [(’r.VAeue)2 - (I/‘VAE’U,G)z]
G 8G

+ [ e (Fa-lupy-)

- / (@.7) (T.V aue,v.Vau,).  (IL8)
oG

]
Proof. — Use the stress - energy tensor as defined in [11] and integrate
by parts on G. |
2.2. An upper bound for the energy of minimizers
As in [2] (theorem III.1), we may derive the following upper bound.
ProrosiTION IL.5. — We have, for e < 1
1
Ge(ue,Ae) < mdlog— + C, (I1.9)
€
where C depends only on §, g and d. ]

Remark. — The proposition below, as written, could have been a direct
consequence of Theorem III.1 of [2], but here we establish a specific
dependence of C on €2, g and d: for a given degree d we prove that C is

1
independent of the scale of €2, by changing ) into Q) = XQ’ and replacing

g by ga(z) = Ag(Az) for A < 1. This scale invariance, that we will use
during the proof of proposition I1.6, represents one of the major difference
between the gauge invariant functional, G, and the non gauge invariant
one, F. One of its consequence is illustrated for instance by the fact that
we may consider the functional G on all of JR?. Even if we prescribe some
(non-zero) degree at infinity the functional may remain bounded (see [11]).
This is not the case for the functional F' (see [5]).

Annales de ’Institut Henri Poincaré - Analyse non linéaire



VORTICES FOR A VARIATIONAL PROBLEM RELATED TO SUPERCONDUCTIVITY 255

Proof. — Tt suffices to construct an explicit test function (v, Be) € V
such that

1
Ge(ve, B.) < mdlog— + C.
€

To that aim, we proceed as in [2] and fix d distinct points a1, ...,aq in
Q, and R > 0 so small that

B(ai,R) C Q,
and
B(a;,R)NB(a;,R) =0 ifi#j.
Set
3 d
Q=0a\|JB( R),
=1

and let wo be a smooth map from €2 to S? verifying for all j

g _ 245
|z — aj]

wWo =

on 0B(a;, R).

Since wy is a smooth map from (2 to S! we have

2%X%:i<wox%) 9 (wox%)zo,

611,'1 sz 8:1:1 8.’1)2 B 8_.’122 8£L‘1
We set
ow dwyg
B = = )
1 wo X 81[,‘1 (’M.U(), 8331)
8'w0 . 8’1110
B = —_— =
2 wo X 8.’1,‘2 (’L’LU(), 8[62)
We verify easily that
(V-iBYwy=0 in (I1.10)
and
dB°=0 in Q. (I.11)
Let B! be the solution of
AB'=0 in Q v
{ Blr =g, Blv=0 on ON. (IL.12)

Vol. 12, n® 3-1995.



256 F. BETHUEL AND T. RIVIERE

We deduce from elliptic estimates that

/Q |B']>+ |VB? < C. (I1.13)
On Q we set
B.=B°+ B! and v = Wo;
we verify that
lvel =1 in Q
(V—iB)v.=—-iB'v. in Q
and that
dB.=dB' in Q.

Hence we COmpute
2 O ¢ € ¢ 26

1
= 5/@|B1I2+|d31|2 < C. (I1.14)

In view of (I1.13).
d

It remains to define (v., B.) on U B(a;, R). Let ¢ be a smooth function
=1

from R to IR" such that
(=1 ift>

1
) 1
Ct)=0 ift<g=.
2
We set, on B(a;, R)

ve(z) = x—aiilc(:c—ai), as soon as € < R,

s = 5. (F=or) ("7

Annales de I’Institut Henri Poincaré - Analyse non linéaire




VORTICES FOR A VARIATIONAL PROBLEM RELATED TO SUPERCONDUCTIVITY 257

A simple computation yields

1

—/ (V ~ iBE)’UE|2 + |dB,3|2
2 JB(as,R)

+ %(1 — |ve?)? < 7rlog(1> +C, (IL.15)
2¢ €

where C is a constant depending only on R. Clearly we have (v, B,) €
H'(Q) x H(Q) and combining (I.14) and (I1.15) we obtain

1
G(ve, B) Smdlog - + C. (IL.16)

On the other hand we verify that

deg(ve, 0) = deg(wp, 0N) = d

[ve] = |wo| =1 on 0N
and
Jor=Blrt=g on 0NQ.
Hence (v, B.) € V, and (IL9) follows from (II.16). ‘ |

2.3. An estimate for |V 4_u.|
The equivalent of lemma A2 of [1] is the following.

ProrosiTioN 11.6. — We have

IVa,ue| < Cle, (I1.17)

and hence
[Vhe| < |Va,ul < Ce, (I1.18)
where C' is some constant depending only on g, §2 and d. |

Proof. — We deduce from proposition II.5 that

. .
/ Ih|> < Clog™. (IL19)
Q €
It will be convenient to make the following change of scale. Set
U |
7= % Cad @=_Q (11.20)

Vol. 12, n® 3-1995.



258 F. BETHUEL AND T. RIVIERE

UT) = ue(€T) = uc(x) Le uc(z)=1u(z/e) (IL.21)
and
A(Z) = e A(e7). (11.22)
Hence
VIUT) = €V u(eT) = e V4, ue(), (I1.23)
and _
h(Z) = *dA(Z) =  h(eT) = ¢ he(z). (I1.24)

It follows that (@, A) is a minimizer of the functional
avm:/Hw—wa+imeJm—Mw
’ a2 2¢2 4
on the space
_ (v, B) € H'(Q) x H'(Q) such that
V= |[v] =1 on OQ
Jr=3g deg(v,00) = d

where §(Z) = eg(ex).
The Ginzburg-Landau equations for (@, A) are therefore

-VZz=g(1-[a? i

1, — o (IL.25)
> d* dA = (in, du).
since d*A = 0, (IL25) implies
1 - o _ .=
-5 A4+ [ul*A = (-iw,du) in Q. (11.26)

Let fo € Q, and consider the ball B(Ty,2). We are going to show that
V| < C in  B(To,1). (I1.27)

To that aim we distinguish two cases.

Case 1. - dist(To,0Q) > 2. It follows that B(Z,2) NI = 0. In view of
proposition 1.2 we may choose (%, A) gauge equivalent to (@, A) such that

d*A=0 in B(%,?2)
Av=0 on 0B(%,2).
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VORTICES FOR A VARIATIONAL PROBLEM RELATED TO SUPERCONDUCTIVITY 259
Hence there is some ¢ € H?(B(Z,2)) such that
A= (=&, (IL.28)
where é satisfies

{45:5 in  B(Z,2)
£=0 on 8B(Tp,2)

By standard elliptic estimates, we obtain
IVEllz2 @02 + IV?El| L2802 < ClIRll L2 < Cellogel'/?,
where we have used (II.19) and (I1.24). It follows that
Al (B(zo,2)) S C € loge. (11.29)

In the gauge A, (11.25) becomes

~Ad=a(1-|a?) — A%a — 2iA.di. (I1.30)
Where A.dii = Aj iy, + A ily,. We write

U = g + Uy on B(To,2),

where wug satisfies

A’fl,() =0 in B(Eo, 2)
Go=a@ on OB(T,2),

and u; satisfies

{ — Aty = (1 - [4f*) - A?4—2A.di  in B(Z,2) (IL31)
=0 on 0B(%,2).
From elliptic estimates, we obtain
[Vie| < C on B(Zo,3/2). - (11.32)
We have for any p < +o0, by (11.29)
1A%alzr < 1A%12e = 1|Al|Z2r < HAlR < C€®loge],  (11.33)

Vol. 12, n° 3-1995.



260 F. BETHUEL AND T. RIVIERE

and for p < 2,

”A.Vﬂ”Lp IA.VA&”LP + ”z‘iz'&,”[m

|
IV zallz2 [|Al s + (14|10, (I1.34)

NN

1 -
where a+§ = L. Hence, since ||V 4| ;. < Clloge| and [|A]|zr <

|||z, we deduce, by (IL29) that
|A.Vill|» < Cellogel*’?, (I1.35)

and from (IL31), (IL.33), and (I1.35) that

[@1]lw2e(B(zo,2)) < Cp € [loge]/? Vp < 2.
Hence, by Sobolev imbedding
V1|l e (B0 ,2)) € Cpelloge’?  V1<p< +oo. (I1.36)
Combining (IL.36) and (I1.32) we are led to
IVl r(Bz0,3/2)) < Cp V1<p<+oo. (11.37)

Working now on the ball B(Ty,3/2) instead of the ball B(Ty,2), we see
that equation (II.31) leads to

[|%1]lw2.»(B@o,3/2)) < Cp V1<p<+4oo.
This yields in particular, by embedding
Vi, | < C on B(%,3/2),
which shows, combining with (I1.32) that
IVi| < € on  B(Z,3/2). (11.38)
Using next equation (I1.26) on B(%o,3/2) we deduce that
4]l (B0 1 < C. | (I1.39)

Combining (I1.38) and (I1.39) we deduce (I1.27) in case 1.
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VORTICES FOR A VARIATIONAL PROBLEM RELATED TO SUPERCONDUCTIVITY 261

Case 2. — T € 0S). We follow / essentially the same arguments. we choose
(@, A) gauge equivalent to (@, A) such that

d*A=0 in QN B(Z,?2)
{A. =0 on 9(2NB(Z02).
As above, we write

U= Ug + Uy,
where g verifies

Ady=0 on QN B(%Z,2)
Go=u on 9(2NB(To,2).

We have A = (—=¢£,,,&,,) where ¢ satifies

éézﬁ on QN B(Z,2)
{ £E=0 on (2N B(Zo, 2)). (IL40)
We have
. 13
AT = W (IL.41)
and ~
ou . [ 9¢ . — _
5, =t (—a—; + g) % on 0QN B(T,2). (I1.42)

From (I1.40) and (I1.42) we deduce, by classical linear estimates, that

9u <c

or H1/2(80NB(%0,3/2))
Hence since g is harmonic we deduce that

l|to|| 52 (B(z0,3/2)n0) < C. (I1.43)
As for (II.29) we have

Al (8037200 < C. (I1.44)

Similarly arguing as in (I1.31)-(I1.38), we derive

”ﬂ”HI(B(EO,g/z)nﬁ) < C. (II.45)
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262 F. BETHUEL AND T. RIVIERE
In particular, we obtain
HVA’&’“HI(B(EO,?,/Z)OE) < C (11.46)
On the other hand, we have by (I1.2)
—xdh = €* (i, d ;).
Hence, we deduce from (I1.44), (I1.45) and (I1.46)
IVE|L2(B(H,3/2)O§) <€ |VA71|L2(B(56,3/2)09) < Cé.

Hence, since |h| r2@) S Celog(1/e), we obtain by Sobolev embedding,
for any p > 2

— 1
'hILP(B(%,3/2)r]Q) S 062 log(;) — 0.

Iterating the argument we deduce that
||ﬂ0||W2,p(B(§o,5/4)n§) <G,
and hence
|Vio| < C.

We complete the proof of (IL.27) as in case 1. ||

3. LOCAL ESTIMATES

As we may see from proposition IL.6, € is the characteristic length of
variations of (u., A.). The aim of this section is to derive estimates on
domains of a larger scale, of order ¢ for o < 1. These estimates will be
an important step for deriving global estimates on €2 (see section V).

Let 0 < a < 1 be fixed. If not otherwise necessary, we drop the indice
e for u., h., A. and simply denote u, h, A.

ProrosITiON II1L1. — Let 0 < a < 1 and let ¢y € . We have
/ |h|? < C€* |loge|, (IIL.1)
B(z0,e*)NQ
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VORTICES FOR A VARIATIONAL PROBLEM RELATED TO SUPERCONDUCTIVITY 263

and 1
— (1-|ul?)? < C, (I11.2)
€ B(zo,e*)N

where C depends only on g, d, a and Q. |

Proof. Step 1. Proof of (IIl.1). — We have, by (I1.2),
VR < |V aul, (I11.3)
and hence by proposition IL5.
/ [VA|?> < C|loge|.
Q
On the other hand, we have also
/ |h|? < C |loge|.
Q

Hence, by Sobolev embedding, we deduce that for p > 2

( /Q |h|”)p < C, |loge|?. (II1.4)

It follows that

(/ |hl2) < ( / lhl”)p[meas (B(zo, )2~
B(x0,e*)NQ Q

< Cloge|? ea(l_%), (IIL.5)

e

which yields (III.1) with p = 4.
Step 2. Proof of (111.2). — Recall that, by Proposition IL.5, we have

Gc(u,A) < Clloge|,

which yields

1 1
2/ Vaul’ + [dAP + =55(1 = [ul®)? < Cllogel.
B(z0,6%/2)NN 2¢

By Fubini’s theorem, we may hence write

a/2

/ I.(u, A)dr < C |loge| (I11.6)

a
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264 F. BETHUEL AND T. RIVIERE

where
1 1
I(u,A) = _/ IV aul® + AP + (1 — [ul?)?.
2 dB(zg,r)NY 2e

We claim that there is some p € (e%,€%/2) and a constant C,, depending
on «, g and d such that

Ip(w,4) < = (1IL.7)

We argue as in [2] and assume by contradiction that (II1.6) does not hold
for any p € (¢%,¢*/?) and any C,. Integrating we obtain

a/2 a2

/ I.(u,A)dr > / —Crﬂ dr

1
> 3 a C, |loge|.

This contradicts (I11.6) for C, choosen sufficiently large. We distinguish
next two cases.

Case 1. — 0B(zg,p) N Q2 = 0. We apply proposition I1.4 on the ball
B(zg, p). This yields by (IIL7)

[ G0l P < el ) < C
B

2
(z0,p) €

Combined with (IIL.1), this yields (III.2) in the case considered.
Case 2. — OB(zg,p) N # 0. We write
0[B(zo,p) N Q] = (0B(z0,p) NQ)UT,

where
I', = 09N B(xzo, p).

Let z; be a point in €2, take x; as the origin and apply proposition 11.4 on
QN B(xg, p). This yield the estimate

1
/ (1= [ul’)* = bl* < C(p+ |21 = z0]) L(u, 4)
B

2
(w0,p)NQ2 €

+ f (¢~ 1) [(1.V.4u)? — (n.V 4u)7]

T,

1 2
- ifrp(x—xl).uh

+/r (z — 21).7(7.V 2u,v.V gu). (IIL.8)

P
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VORTICES FOR A VARIATIONAL PROBLEM RELATED TO SUPERCONDUCTIVITY 265

(We have used the fact that |u| =1 on I', C 9€2.) We have
1
/1“ (z—21).7(7.V a4, 0.V gu) < 5/1‘ |(z1—20).7| [|7-V aul® — .V 4ul?]

Assume that € is sufficiently small, let 7z be the nearest point projection of
zo on O and choose z; such that dist(z1,7z¢) = 4p and zo € [7To, T1]-
Then we have

(z—21)v 20 Ve el,

and 1
§(m—x1).’r< (z—z1)v Vzel,.

Then (II1.8) yields

/ L Py P <Cp|L(w,A) + / 7.V auf?
B(zo,p)NQ € T,
<Cp [Ip(u,A) + / ¢’ < C,
FP
and this implies (II1.2). |

4. LOCATING THE SINGULARITIES

The purpose of this section is to extend lemma IV.1 of [2] to our situation.
More precisely we are going to give a first description of the vortices and
their location. We will prove

THEOREM IV.1. — There exist constants N € IN, Ao > 0 depending only
on g, d, Q (and not on ¢), and points x5, ..., x, ..., Ty in § such that

N. <N Iv.1)
and
1 Ne
lue(2)l > 5 for =€\ (szl B(z5, Ao q). (IV.2)
[

In this section also, if not otherwise necessary, we drop the indice e
for u., h., Ac and zt and simply denote u, h, A and x;. We assume
throughout that ¢ < 1.
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266 F. BETHUEL AND T. RIVIERE

Our analysis here, follows closely the ideas of [2]. The main difference
in our situation is that we only have the local estimate (IIL.2) (compare
with Theorem II.3 of [2]).

The next result, as in [2], plays a crucial role:

ProroSITION IV.1. — There exists positive constants Ao, po depending only
on d, g and Q such that if (u., Ae) is a minimizer of G. on V satisfying

1
/ L) < o (1v.3)
B(z,2)n0 €
with 2o € 2 and
ég X o, <1, (IV .4)
then 1
lue(z)| = 3 on QN B(xg,l). (IV.5)
|

Proof. — The argument is exactly the same as the proof of the theorem I11.4
of [2]. Indeed, observe that

[V]ul| < [Vaul. (Iv.6)
(If |u| # 0, we may write locally u = |u|e*?, and we compute
Vau = (Viu| + ifu| (Vo — A)) e
and (IV.6) follows. Otherwise if |u| = 0
Vau = Vu,
and (IV.6) follows similarly]. By proposition 1.6 we have therefore
[V]ul| < C/e

and use the argument of [2]. |
Next we will (using proposition TIL1) first give a local version of
theorem IV.1.

ProPOSITION IV.2. — Let 0 < a < 1, and zo € 2 be given. There
exists a constant N, depending only on a, g, and d, points x5, ...,xj in
B(zo,€*) N Q such that

I. < N, av.7)
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VORTICES FOR A VARIATIONAL PROBLEM RELATED TO SUPERCONDUCTIVITY 267

and

lue(x)| >

N

le
for z € B(zg,e*)N <Q\ (U B(z$, Ao e))) (IV.8)

=1

Proof. — We follow the proof of lemma IV.4 of [2]. Consider a family of

discs (B(x;, Ao €));c;» Where ) is the constant in proposition IV.1 such that

z; € 2N B(xo,€%)

4 (Iv.9)
QN B(zg,€%) C U B(zi, Mo €).
el
We say that B(z;, Age€) is a bad disc if
1
/ L) > o (IV..10)
B(.’Ei,2A0 E)nQ €

Hence if z does not belong to a bad disc, we deduce, from proposition IV.1
that

lu(z)| = 1/2.
There is an absolute constant C' such that
Z/ (1-|uf?)?< C (1-Juf?)?.  @AV.11)
el B(Ei,2)\0 E)r]Q B(xo,e")ﬁQ

Therefore the number of bad discs is bounded by
C

= (1= Jue)?
€2 B(zg,e*)NQ

and the conclusion follows from proposition III.1. |

The last ingredient in the proof of theorem IV.1 is to show that the
contribution of a bad disc to the total energy is of the order of |loge|. Hence
in view of proposition IL.5 there cannot be many bad discs.

ProPOSITION IV.3. — Let 0 < oo < 1 and xy € Q be given. Assume that

juclzo)] < 5 (IV.12)
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268 F. BETHUEL AND T. RIVIERE

There exists a constant C,, depending only on «, g, and d such that
/ IVa.ul® > C, |logel. (IV.13)
B(ZO,E“)QQ

|
Proof. — In order to prove proposition IV.3 we need the following lemma.

LEMMA IV.1. - Let D > 0, 0 < B < 1, v > 1 be given constants, such
that vB < 1. Let p < €°. Assume that p* > \ge¢, that

I,(uc, Ae) < %, (IV.14)
fue| > % on 9B(z0,p) N, (IV.15)
and
deg( IZZI ,0[B(z, p) N Q]) =0. (IV.16)
Then we have
lue| = % on  B(zo,p")NQ, (Iv.17)

provided € < ¢y, for some constant €y depending on D, f3, v, g, d and 2. R

We postpone the proof of lemma IV.1 and complete the proof of
proposition IV.3.

Proof of proposition IV.3 completed. — Set

1
a2 —

2N, + 1)

e

for k = 1,...,2(N, + 1), consider the intervals
I, = (601/2—kéa’ealﬂ—(k-}—l)&a)’
and set
Cr = [B(zo, €™ *~*%) \ B(gg,e* "~ D) n .

We apply proposition IV.2 to the domain B(zo,e*)NQ. Let 4, ..., T, ..., 1,
be as in proposition IV.2. We claim that, if € < €y (depending on «, g, d
(1) then there is some kg in {1,...,2(N, + 1)} such that

>

Ce, N (U B(:, %0 e)) —0. (IV.18)
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VORTICES FOR A VARIATIONAL PROBLEM RELATED TO SUPERCONDUCTIVITY 269

The proof of (IV.18) relies on a simple counting argument. Indeed, since
l. < N,, the union of intervals

U (i — 2ol = Mo, i — zol + Ao €)

1=1...1

cannot intersect all the Ij. It follows in particular from (IV.18) that

lu(z)| = % Vz € Cy,- (IV.19)
Therefore, for any p € I,
di, = deg(ie—l,a[B(:co,p) N Q])

is well defined and does not depend on p. We complete the proof in two
steps.

Step 1. — We have
di, # 0. (IV.20)

Indeed assume by contradiction that di, = 0. Adapting the argument of
the proof of proposition III.1, we would find some pg in I}, such that

c
Iy (u,A) < —,
Po

where C depends only on «, g, d, and Q. Applying lemma IV.1 to

B(zo,po) N Q2 we are led to |u(zo)| = 7@ contradiction.

Step 2. — Proof of (IV.13). Choose (i, A), gauge equivalent to (u, A)
satifying ~
d*A=0 in B(zg,e*)NQ
f:l.l/ =0 on 9B(zg,e*)NN (Iv.21)
AT=0 on B(zg,€e*) NoN.

We may find A by introducing the solution §~ of
45 =h in B(z,€e*)NQ
£=0 on 9B(zg,e*)NQ

o
-a—f; =0 on B(zp,e*) N O,

(IV.22)
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270 F. BETHUEL AND T. RIVIERE

so that A = (=£,,,&,,). Note that the domain B(z,®) N © may have
corners. However by a result of Grisvard [10], we may nevertheless assert
that

[IVEll L2 + V€]l L2(B(zoer)n) < ClIRlIL2(B(wo,en )00,

and hence, we deduce that

[ apewAr< [ pr<o qvay
B(zg,e*)NQ B(xq,62)NQ
We have
1 1 ot
Vp e I, |dky| = — / ——(’fl, X ——) 2 1 Iv.24
° o 27 8[B(z0,p)N Y |u|? or )|~ ( )
On B(z,€*) N 99, we have A.r = 0. Hence
i
EZ_ =igu  on B(z9,€*) N 09,
and
/ (ax ?ﬁ> - / g lg ce. (IV.25)
B(w0,0)N09 or B(z0,0)N09

Combining (IV.24) and (IV.25) we are led to

1 o1
/ —g(ﬁx—g>‘227r(l—06")27r.
3B(zq,0)NQ |ul or

By Cauchy-Schwarz inequality, we deduce that

C
Vp € I, / Va2 > —, (IV.26)
8B (z0,p)NQ p
and hence integrating on I, we are led to
/ |Vi|?2 = C |loge|.
Chg

Combining this with (IV.23) we deduce that

[ IVail = [Vl > Caltogel,

Ckq Cro
and this yields the conclusion. |
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We now turn to the proof of lemma IV.1.

Proof of lemma IV.1. — It is convenient to introduce the following
notation. For any subset K of 2, set

1 1
Glu, A, K) = _/ IV aul? + AP + (1 [uf?)2.
2 Jx 2¢
We claim that

G(u, A,QN B(zo,p)) < C(p[L,(u,A)] + o(1)), (Iv.27)

where C is a constant depending only on g, d, 2, and 3 and o(1) — 0
uniformly as € — 0.

Proof of (IV.27). — The idea is to construct a comparison function, and
we adopt the construction of [1]. To that aim we are going to change the
gauge, and consider (%, A) gauge equivalent to (u, A) such that

Ar = = h on T. (Iv.28)
Il Ju

Here we have used the notation

{d*zﬁizo1 on U

U = B(zo,*)NQ
and
' = 90U = 8[B(z0,€”) N Q.

This gauge A can be found by introducing the solution §~ to

A§~=h on U
2 1
55‘?1“_1/(]" on T (IV.29)
i

U

so that A = (—ézz,fxl) in U, A is extended to Q as in the proof of
proposition 1.2.
We easily verify that

/ Vé? < © / IhP,
U U
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272 F. BETHUEL AND T. RIVIERE

and hence by proposition IIL.1

/ |A|?> < C € |loge] — 0. (Iv.30)
U

Since / Ar = / h — 0 as € — 0, we deduce, from assumption (IV.14)
r U

that
J

We have by (IV.28)

. 1 21
A.ng——(/ h) S——/ h|? mes|U
Jder <o [n) < [ e mesiw

<Cé / b2 < C ¢ |loge.
Q

aa|’ "
= <2/|vAu|2 + / |A.7 2. (IV.31)
or r r

Hence )
C

ot
< — + o(1),
(1)

=

where C is a constant depending on D. Since the degree of 4 restricted
to I' is zero, we may write on I

o = |u|ei";
where ¢ is a smooth map from T to IR.
We are now able to introduce a comparison function (v, B). We first set
B=A in Q
and )
v=ne? in U
v="1 in Q\U.
Here % represents the solution of
Ay =0 in U
P = ¢ on ['=0U,
and 7 the solution of

-e&An+n=1 in U
n = |ul on I'=0U.
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Arguing as in [1], (Theorem 2) we may assert by (IV.31) that

/U Vo2 < C oI, (u, 4)] + o(1),

/ Va2 < OV [pL,(u, A)] + o1),
U

6lQ/(l_n)? < Ce?[pl,(u, A)] + o(1),
U

and hence

1

—/ |Vo)? + = /(1—|v|2)2 < ClpI,(u,A)]+0(1) < C. (IV.32)
2 Ju 4e2 [y

Combining this with (IV.30) and proposition III.1 we deduce, from the
definition of (v, B) that

G(u,A,U) < Gv,B,U) <

This complete the proof of (IV.27).
We deduce from (IV.27) that

p
/ I.(u,A)dr < C
pY

and hence, arguing as in the proof of proposition II.2, we deduce that there
is some 19 € [p7,p] such that

c

Ly(u,A) < ———,
o [logro|2

where C' does not depend on €. Arguing as in the proof of (IV.27) we
might now assert that

G(u, A, B(zo,70) N Q) < C ([ro I, (u, A)] + o(1))

c C
S 7 +0o(1) < —— +o(1).
llogo|? llog e[
In particular
1 2\2
=1 (I-]ul*)* < ++o(l) — 0, ase—0, (IV.33)
€ QNB(zg,p7) I Og€l§
and the conclusion of Lemma IV.1 follows from proposition IV.1. ]
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Proof of theorem IV.1. — Let (2;);; be a finite family of points in ©, as
in the proof of proposition IV.1, satisfying

z; €Q

/\()6 )\06 . .
B(“” T) ﬂB<x"’ T) =0 vi#j (IV.34)
Qc | JB(i, Me).

i€l

We say that B(z;,\o€) is a bad disc (in this proof) if there is some
Yi € B(z;,Ao€) such that

()| < % (IV.35)

We denote by J the set of indices for bad discs. In order to prove
theorem IV.1, it suffices to show that

#J < C, (IV..36)

where C' is some constant depending only on g, d, and Q. To that aim, let
0 < a < 1 be fixed, and consider the balls B(y;, €*), for i € J (where y;
is one of the points verifying (IV.35) in the bad ball B(z;, Ag€)). Clearly,
by (IV.35) and proposition IV.3, we have

/ [Vaul> > C, |loge|. (Iv.37)
B(y;,e*)NQ

Set
W= U B(z;,2¢*) N Q.
ied
We claim that

/W IVaul2 > C ZL IV 42

icJ (x:,2€>)NQ
> C(#J) Jlog ] (IV.38)

where C' is a constant depending only on «, g, d and Q.

Proof of (IV.38). — Tt suffices to bound (independently of ¢) the number
of balls B(z;,2¢%) to which any point y in W may belong. Let y € W
and consider the subset K, of indices of J such that

K,={i€eJ, ye B(y,2*}.
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It follows that, for ¢ in K, we have (provided ¢ is sufficiently small)
z; € B(y,2¢€%).

On the other hand, we deduce, from proposition IV.2, that the number of
such z; is bounded by a constant depending just on «, g, d and {2, hence

#K, <C,

and this yields (IV.38). Combining (IV.38) with proposition II.5 we deduce
(IV.36) and complete the proof of the theorem. ]

5. GLOBAL ESTIMATES

At this point we had only a local estimate for the magnetic field. Thanks
to theorem IV.1, we will be able to derive an equation for h. which leads
directly to global estimates. We are going to prove in this section.

THEOREM V.1. — Given 1 < p < 2 and q 2 1 there are constants C,, (resp.
C,) depending only on d, g, 2 and p (resp. q) such that

/ VhP <C,  Vp<2 (V.1)
Q
/|h6|q < G Vg < +oo, (V.2)
Q
/ Vaulf <C,  Vp<2 (V.3)
Q
-

5.1. The equation for A

Recall that we have found (Theorem IV.1) N, points z3, ..., %, in
such that

N. <N

and
on Q) U B(z$, Ao €).

1=1...N,

N | =

|u(z)| >

Of course the limits as ¢ — 0 of the points z{ are the good candidates
for being the vortices of u,. In theorem IV.1 we have not excluded the
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276 F. BETHUEL AND T. RIVIERE

possibility that some of the discs B(x§, g €) may intersect. To avoid this
unpleasant situation we will argue as in [2] (lemma X.3) and replace the
discs B(zf, Ao €) by slightly larger discs B(xz$, Ae) for i € J¢ a subset
of {1,...,l.} and where A\ > )y is another constant depending on g,
and such that

B(x:’)‘e)nB($:7A6)=® Vi# g, (V4)

1
(@)l > 5 if ] B(sf, he). (V.5)
2 )
1€J€
In this section also we drop the indice ¢ when no confusion is possible.
We set
w; = B(.’Ei,)\f) for 1 eJ
and
I'; = 0B(z;, \e) for i¢J.
We consider the subset J; of J defined by

Ji={i€J B(x;\e)NoN = P}

and
J2 = J\J1
Set 5
Q =\ (JB(zi;, Xe),
ieJ
Q =0\ | B(i,2x¢),
ieJ
M = Q\ | B(=i, Ae),
1€J2
and
FO - 891
PROPOSITION V.1. — We have on
. Ue
*d | t—s, daue | = — he. (V.6)
|we |2
| ]

(Recall that d4 v = du — iAwu, where A is considered as a form.)
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Proof. — Since |u| > 1/2 on Q and since (V.6) is a local property it
suffices to verify it locally. We may write

u = |ule® locally on (2,
and hence

(iu, dau) = |ul?(d¢p — A).

d<iﬁ, dAu> = —dA = — %h.

PROPOSITION V.2. — Set p. = |u¢|. The magnetic field h. satisfies

—div(% Vhe) tho=0 in Q. (V.7)
P

Proof. — Recall the Ginzburg-Landau equation
—xdh = (iu, dau).

Hence in ) we may write

v« Lan) = - wdis deu) = h
p? |ul?

|
Equation (V.7) is supplemented with the boundary condition
% =—g on 0N (V.8)

This leads us to consider elliptic equations of divergence form with
Neumann boundary condition. As in [2] we will use the method of
Stampacchia [15] to derive LP bounds for |Vh| with p < 2. This is
the purpose of the next section.

5.2. Auxiliary linear problems

In this section we consider a domain Q C IR?, and a positive function
a:Q — IR, and a constant 1 > v > 0 such that

¥y <a<~yh (V.9
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Let f = (f1, f2) be a vector field in L9((2), for some q > 2. We consider
the solution { € H'() of the linear problem

/ﬁvaw+5¢:/fm¢,v¢eHwn (V.10)
Q Q

Clearly ¢ is unique and can be found by minimization.
Testing with ¢ = 1, we obtain

Lg:m (V.11)

and testing with ¢ = £, we derive

/ VER + £ < © / 1P, (V.12)
Q Q

where C' depends on ¢. Our main estimate is the following.

ProposITION V.3. — For any q > 2 we have

Wellz= @ < G lllzecoy (V.13)

where C, is a constant depending only on o, , and q. |

Proof. — The proof is due to G. Stampacchia [15] (in the case of Dirichlet
boundary conditions). We closely follow his arguments (as in [2]).

To avoid problems with regularity we assume first that f and a are
smooth and derive (V.13) in that case. The general case will then follow
by density. Since f and a are smooth, ¢ will be also.

For 6 > 0 consider the set
F(6) = {z € Q, dist(z,00) < 6}

and
A(6) = OF(6)\ 09.

Letw : F(6) — Of be the nearest point projection onto 9. There is some
6o such that for 6 < 8y, 7 is a smooth fibration. Consider the reflexion map

T: F(6) — R*\Q
z — T(x),

where T'(x) is such that dist(T(z), ) = dist(z,09) and z — T(z) is
parallel to £ — w(x). Clearly T is smooth and

[|VT || (rs)) < C, V6 < bo.
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Next we consider the level sets of £. For k& > 0 set
Qk) ={zeQ, &>k}

u(k) = |Q(K)],

and
V(k) = 99Q(k).

We now divide the proof in several steps.
Step 1. — There is some constant D; depending only on £, ~y, and
ko € (D1 |flL2, 2D1 |f|L2 ) such that V(kg) is smooth and
1
HH(V (ko)) < 1 8o- (V.14)

Where H! denotes the 1-dimensional Hausdorff measure on IR>.

Proof. — By the coarea formula, for any D; > 0

2Dy |flL2
L rwmas < [ v

Dy [flL2
< o(/ |V§|2) < Clfls.
Q

We deduce that there is some ko € (D1 |f|r2, 2 D1 |f|L2 ) such that V (ko)
is smooth (by Sard’s theorem, since £ is smooth) and

HY (V (ko)) < C/D;.

Step 2. — There is a constant § depending only on Q such that for
k > ko, the following inequality holds

YoII€ = k)Tl < V(€ = k) ¥z (V.15)

Proof. — We consider the connected components of V(ko). And the
maximal curves V!(ko),...,VP(ko). We divide these components in two
sets

Ki={ie {1,..,p} Vi(ke) N = 0}

K, = {17~“)p} \ K;.

Let W, be the domains bounded by the curves V*. Clearly, for k > ko,
we have

Q(k) C Qko) C UP_, W;.
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For 1 € K; we easily verify that

(6 —k)T =0 on OW, fori e Ky k> k.
Hence by Sobolev embedding we deduce that

fori € K; and k > ko,
abo (€ = k) H|le2awyy < NIV = )Yl ow),
where 6y is an absolute constant.

Next we consider K,. We deduce from step 1 that there is some §; in
(60/2,60) such that

(V.16)

V(ko) N A(6;) = 0. (V.17)
It follows that, for 1 € K,
W; C -F(6;) C F(bo). (V.18)
Therefore for ¢« € K5, we may consider the set
W, = W; U T(W,),
and the function ¢ defined on W, by
£(z) = &(z) if zeW;

fz) = T Yz)) if zeW,.
We verify that £ is lipschitz and that (§ — k)t = 0 on 8W;. Therefore

fori € Ky k> ko,

~ ~ V.19
a8 ll€ = Kl < IVE = K llos ooy (V.19)
On the other hand, we have

NCE = B)Hllpaqvny = 11(E = k)T llzeowy (V.20
and ~ ‘
IV = B)Fllpigwny < CHVE = B)Fllowy- (V.21)

Combining (V.19), (V.20), (V.21) we obtain
fori € Ko k > kg, (V.22)

Caboll(€ — k)*llzzwsy < IVE = k)L owsy.-
Finally combining (V.16) and (V.22) we obtain (V.15).
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Step 3. — We complete the proof of proposition V.3 as in Stampacchia
[15]. Applying (V.10) with the test function ¢ = (£ — k)T we obtain

v [V =) + 606 - Bt < [ 11906 - B
Q
which yields, by Holder inequality, (note that £.(£ — k)t > 0)

YIV(E = k) *llz) < NIfllzee < w(k)277 || fllLe)-

Hence 1
|w@—kﬁmmn<;mm“Wﬂm@

By the result of step 2, we obtain for £ > ko
1 v
(& = k)l < Eﬂ(k) 1fllzs(e) (V.23)

. We have

where v =

N W
Q|

+o00
IM—WMW=—A(FMW@EMM

and we are led to the differential inequality

ffw)=—ww)<-(§gﬁ)%

where
3 1

=5l
integrating, we obtain

v

H(ko)'™% + ko.

H(k) =0 for k>ﬁéy -

On the other hand, by (V.23), we have

H(ko) = |I(§ = ko)Tllzr(e) < BlQI"

Hence
14

H(k) =0 for k>3 1 =1 + ko,

v—1
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Which shows that

1 v 1.1 1_1
e € — |z «+2D <C|QF7a q
Il < o 525 100 Al + 2D11flls < CIR1H 1L
This proves proposition V.3, since a similar estimate holds for £~ |

5.3. Proof of theorem V.I

We divide the proof in several steps.

Step 1. — Proof of (V.1). Let 7 be a smooth function defined on 2 such that

n=1 on =0\ UB(:ci,2/\e), (V.24)
i€J
n=0 on |JB(,A)NQ, (V.25)
1€J
vl < &, (V.26)

where C is a constant depending on 2. Let a be the function defined on 2 by
1 .
a=— on Q=0 B(z;, Xe
p? \ ,ELJJ ( ) (V.27)
a=1 on B(z;,Ae)NK.

1 1
Thus we have 1 < a < 4. Let ¢ be such that — + a = 1 and f be
p
any function in L(Q2) such that

f=o0 on QN B(z;2Ae). (V.28)

Consider the solution £ to (V.10). In (V.10) we use the test function
¢ = nh. This yields

/aV{V(nh)+§nh= /fV(nh) = /th, (V.29)
Q Q Q
where we have used (V.24) and (V.28). We have

/anV(nh) = /anVﬁVh+ /ahVﬁVn, (V.30)
Q Q Q

and
/aanVh =/l2nV§Vh
Q QP

(V.31)

1 1

= = - | = h.
/sz V(&) Vh /szgvnv
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Recall that
|Vh| < % (V.32)
Hence
|/15Vnwz’<02(/ i)nfll
o p? = icg \JB(zi,2Xe) €2 L@
< CliEllz=@- (V.33)
By proposition V.2, we may write
1 1 0h
—V Vh + &nh = / ——
/Q P (én) &n X (ém)
1
== —g&n.
/an p? 9(&m)
Hence .
[ 5@ v+ | < Cligim- (V30
Finally, it remains to estimate
/ahvgvn = Z/ ah VE V.
Q ZEJ B(.’El,2A 6)
Set h; = h(z;). We have by (V.32) (proposition IL6),
|h — hi| < C  on B(z,2Xe).
Hence, using (V.12)
[ at-novews|<o I/
B(zi,2 X¢€) B(xzi,2 X¢)
<C ( / |V§|2)
B(x;,2 X€)
< Cllfllzz(o)- (V.35)

On the other hand
/ ahiVEVnz/aV£V(m—1)hi,
B(z;,2X¢€) Q
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where 7; is the map

%=1 on B(xz;,2A¢)
n =1 on Q\ B(zi,2Xe).
By the equation (V.10), satisfied by £ we have

/@vumm—lmoz—/m-lwx
9] Q

:—/ (m — 1)hi&
B(:E,’,Z)\E)

Therefore

[ avevicn - 1>hz->| < léllz= (/ Ih + c)
Q B(x;i,2Xe)
< Cllelle=. (V.36)

where we have used the proposition III.1 (the local estimates). Finally,
combining (V.29), (V.30), (V.31), (V.33), (V.34), (V.35), and (V.36), we
obtain

[ / f-Vhl < COlellm + 111z,

and hence by proposition V.3

/ f.th < Clifllgeay

Therefore, since f was arbitrary, satisfying (V.28), we deduce by duality
that

VAl o) < G Vp < 2. (V.37)
(Recall that Q2 = Q\ U B(z;,2)€)). On the other hand, since |Vh| < C/e
we have e
> f |Vh> < C. (V.38)
ey JB(i2xe)

Combining (V.37), and (V.38) we prove (V.1).
Step 2. — Proof of (V.2). We have

/h / AT 27rd—/ g
Q 0 0

Hence (V.2) follows from (V.1), (V.39) and Sobolev imbedding.

= = < C. (V.39)
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Step 3. — Proof of (V.3).
We have

—xdh = (iu, dau)
and

1 1
(U,dAU) = §dl'll/|2 = 5(1[)2

Therefore, we have, for p # 0,
Vsl < (VA" + [90F).
It follows that
|Vau| < C(IVA| + |Vp|) in Q (V.40)

and, in order to prove (V.3), it suffices to establish that

/|Vp|” < G Vp < 2, (V.41)
Q
where C, depends only on p and (2.

Proof of (V.41)

Set

1
p=M 1-—
P (p’ |logelz)’

and consider the set

1
K = Q 21— — .
{me P 1—1/log2e}

Clearly V5 = Vp on K and Vp = 0 on 2\ K. Moreover since

1

5 [a=p? < Cllogel,

€ Jk
we deduce

meas(Q\ K) < Cé|loge|°.
Recall equation (II.6)
2 .
~-Ap? = > P2 (1 = p?)—2|Vaul? inQ, (V.42)
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and multiply it by (1 — p), this yields
[ 201908 < [20-pIVaul <201l [ [Vaul
Q
< 2|1 =pllee |logel

Since 0 < 1 — 5 < 1/)loge|?, we obtain

C
Vo2 € -z — 0.
J 190 < g

On the other hand, by Hoélder’s inequality we have

p/2
/ |Vp|"<( / WpF) meas(@\ K)17/2
O\K O\K

< C (|loge|)?? (€ |logel’)1 — p/2.

Combining the two previous inequalities we get (V.41). |

6. CONVERGENCE OF (u,, ,A.,)
We may extract a subsequence €, — 0 (n — 400 ) such that
#J., = const = Ny, (VL1)

o - L, € Vield (V1.2)

We cannot exclude, at this point, the possibility that some of the points
z%*; converge to the same limit. We denote by a1, ...,an, the collection
of distinct limits [; with Ny < Nj.

For sake of simplicity we will use sometimes the notation h,, = h.,,
A, = A, , u, = u.,. Recall that the gauge (u,, A,) is choosen so that

A, =0 in Q
{An.y =0 on OQ,.r (VL3)
and that A, = (—ﬁnm ,ﬁnxl) where £, is a solution of
A, = h, in Q
{ﬁn =0 on OQ. (VL.4)
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We deduce from theorem V.1 and the L? bound on Vh , extracting a further
subsequence if necessary, that there is some h, € W1P(Q, IR) such that

h, — h, weaklyin W'?(Q,IR) Vp < 2. (VL5)

It follows that there is some A, in W22(€, IR?) and &, in W3P(Q, R)
such that

A, — A, weakly in W2P(Q,R*) Vp < 2, (V1.6)
& — & weakly in W3P(Q,R) Vp < 2. (VLT)

Finally, we have by (V.3)
/Q|VAnun|” <G Vp < 2, (VL8)

which yields, in view of the following estimate, (which follows from (V.2)),

/ |An]* + / VA7 < C Yq < 4oo, (VL9)
Q Q

that
/ VuaP < C,  V¥p <2 (VL10)
Q

Hence passing to a further subsequence if necessary, we may assume that
there is some map u, € W1?(Q, IR?) such that

Un — u, weakly in W'P(Q,R*) Vp < 2. (VI.11)

Clearly since
/(1 — |un|?)? < Cé |loge,| — 0, (VIL12)
Q

we obtain

lus| = 1 almost everywhere. (VI13)

No
PROPOSITION VL1. — Let K be a compact subset of 0\ U{ai} we have
=1

/ Vho|? + [Van]? < Cx
K
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where C is some constant, and moreover

hn — hy strongly in H'(K), (VI.14)
Uy — Uy strongly in H'(K), (VL15)
1

and —2/ (1 — |un?)*> — 0. (VL.16)

€ JK
n
Proof. — The proof is similar to the proof of theorem X.2 of [2]. Let n

No

be a smooth function compactly supported in  \ U{ai} such thatp = 1
N 1=1
on K. Recall that on Q. _, h, verifies (see proposition V.2)

-alz'v(—l27 th> +h, =0 in Q. (VL.17)
Pn

For n large enough, the support of 7 is contained in Qen. Hence we may
multiply (VI.17) by 7 h,. Integrating we obtain
2 2 Oh,
[Vhal* + by < C || (V| |Vhn|hn| + [ =1 ]
K K aq | OV
<C [9hllial + [ It
Q aQ

Since h,, is bounded in W1?(Q2) (Vp < 2) we have

/|th||hn| < C.

Q

Likewise, by the trace theorem,
/ |he|? < C Vg < +o0o0.
o0

Hence
/ Vhal? + hal < C.
K

Moreover, since h, — h, we deduce that
/ [Vh.* + k2 < C. (V1.18)
K
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Next we multiply (VL.17) by 7 (h, — h.). We obtain
Q FPn

/ 2th Vh.. (VL.19)
Q Pn

Since h,, — h, weakly in H'(K) we deduce by Sobolev imbedding that

||hn - h*”L'I(K) — 0 Vg < 4.

1
/Q 5 [Vhaf? — / 7|V |2,

Since p < 1, this implies, by lower semi-continuity that

Hence

Vh, — Vh, strongly in L?(K)

and establishes (V.14).

We turn now to (VI.15) and (VI.16). We consider the equation for p,,
(see (11.6)),

1
—Ap, + p;2 | Vh,|? = 6—2pn(1 - p2) in Q.. (VI.20)

n

Multiplying (VI.20) by n(1 — p,,) and integrating we obtain
1
/Qn (IVonl* + 5 pa(1 = pn)* (1 + pn))
1- Pn
< / U £—3—)|th|2
0 p

en n

+ [ [9nVpu 1 =) (VI21)
Q

Since p, — 1 and is bounded in WP we deduce from (V.14) and
dominated convergence that the right hand side on (VI.21) goes to zero.
Hence

1
[ nP+ Za-m2 —o (VI22)
K n

this proves (V1.16). Moreover we have
1 .
|VAnunl2 = p—2 (lunaVAnun)2 + |Vp'nl2

1
= p—Z}thP + Va2
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Hence we deduce that
Va,un — Va, u, strongly in L?(K), (VI1.23)

and (VL15) follows from the strong convergence of A, to A, in L™ and
(VI.23).

ProposITION VI.2. — We have
1
— /(1 - |lu.?)? < C (V1.24)
€n Q
where C' depends only on g, d and (). |

Proof. — By proposition VIL1 below (which of course does not rely on
(V1.24)), for all %, a; is not in 9. Let p > 0,be small, such that

B(ai, ;) N B(aj,p) =0  i#j and B(a;,pu)NoN=0.

In view of proposition VI.1 we may find, by Fubini’s theorem, some
kn € (p,2p) such that, for n large enough

1
/ = (U= lunl®)® + [V, unl® + |haf?> < C(u)  (V1.25)
aB(aiyl“n) 6'?1

where C(u) depends only on y, g, d, and 2. Applying proposition 1.4 to
(un, A,) on the set B(a;, n) N Q we deduce

/ L a-pr<c+ / ha < C. (V126)
B B(a;,pn )N

2
(ai,12)NQ €n

Hence (V1.24) follows from (VI.16) and (V1.26). u

7. PROPERTIES OF (u., A,)

ProrosiTioN VIL.1. — We have

No =d (VIL1)

0 ¢ 00 Vi=1,.,d (VIL2)

d; =deg(u.,a;) =1 Vi=1,..4d. (VIL.3)
]
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Proof. — The argument is readily the same as in [2]. We briefly sketch
it. As in [2], consider a domain Q' such that  CC €. We are going to
extend first u,, to €’. Note that

ou,

n a_ An
Up X o7 g+ T

and hence, by (VL6)

2
ou,

o < C.

o

It follows that there is some map which extends w, to €’ (which will still
be denoted by wu,), such that u, € H' (' \ Q,5') and

/ |Vu,|* < C. (VIL.4)
Q\Q

Similarly, we extend u, to €. We first establish (VIL3).

Let & > 0, and consider the balls B(a;,6) and the domain Q; =
No

'\ U B(a;, 6). by theorem 1.8 of [2] we have

=1

Ny
Vu,l? > 21 dizlogl6—C
/m| | >l eg(1/5)

where C depends only on the points a;, and g. Hence, from the strong
convergence (VI.15), we deduce

No
/ Vun|* > 27 Y |di|*log(1/8) — C, (VIL5)
Qs =1

for n sufficiently large depending on 6. On the other hand, it follows from
a result of [5], that

/ |Vu,|? > 27 |d:|log(6/en) — C. (VIL.6)
B(a;,6)
Combining (VIL4), (VIL5) and (VIL.6), we are led to

/ Va2 > QWZ \di|? log(1/8) + |di|log(6/en)) — C (VILT)
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for any 6 > 0, and n sufficiently large (depending on p). We also have,
by (VL7)

/ Va2 = / Vi, — iApuin]? + R, (VILS)
Q Q

where R,, < C. Combining (VIL.7), (VIL.8) and proposition II.5 we obtain

(VIL3). Property (VIL.2) can be derived similarly adapting the arguments
of [2], theorem VI.2.

ProposITiON VIL2. — The magnetic field h. verifies the equation

d
—Ah,+ he = 27 b, m
; (VIL.9)
Oh.,
5 — —g on 0.

d
Proof. — Let K be some compact subset of €\ U{a,—}. We easily
i=1
verify that
—Ahy + by =0 on K.

Indeed we may pass to the limit in equation V.6, thanks to the L? bound
for Vh,,. Let 6 > 0, we have

/ 1 0h,
8B(a;,8) pn? OV
1

= — /BB( » "p*a ('L.’U,n,T.VAnun)

1
- / — (1Un, 7.Vu,) —I—/ An.
3B(a;,5) Pn 8B(a4,8)

= —27 di + / h =-2x dl — 0(5) (VII].O)
B((Li,5)

where v is the exterior normal of 3B(a;, 6). By standard arguments, passing
to the limit in (V.6) on the whole of €2, this implies (VIL.9). ]

d
ProposITION VIL3. — The map u. is a harmonic map on €\ U {ak}-

. . k=1
i.e. verifies

—Auy = uy |[Vua)? on 0\ U {ar}. (VIL11)

k=1...d
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Moreover we have

zZ — ag id
Uy = ' VIL.12
kg.d |z — ax| ( :
where ¢, verifies (17) and (18) (in the introduction). |

Proof. — Applying the operator d* to the equation (I1.2), we obtain
d*[u, x dg,u,] =0 in D(Q). (VIL.13)
Passing to the limit in (VIL.13), we are led to
d*[ue X da,us] =0 in D'(Q). (VIL.14)
Since d*A, = 0, and |u.| = 1, we deduce that
d* [ue X duy] =0 in D'(Q). (VIL.15)

Hence, we obtain (VIL.11). Moreover, (VIL.12) follows from (VIIL.11), the
L? bounds of u, and the analysis of [2], section 1.3. Finally combining the
propositons of sections VI and VII we have proved theorem 3. |

8. RENORMALIZED ENERGIES

The aim of this section is to prove Theorem 4, i.e. to determine the
configuration (a;). For that purpose, we introduce an auxiliary problem and
follow the strategy of [2], section VIIL

Consider d points by, ...,bq in 2, and 6 > 0. Clearly for 6 sufficiently
small (say 6§ < &g, depending on the configuration (b;))

B(bi,6) c @ Vie{l,..,d}

B(b;, )N B(b;,6) =0 for i#3].

d
Set 25 = Q\ U B(a;,6) and consider now the space W defined by
i=1

(u,A) € H' (s, S") x HY(, IR?), such that
Ws = (iu,7.(Vau)) =g on 00 (VIIL1)
deg(u,0B(b;,6)) =1
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and the functional Fs defined on Wj by

1 1
E(;(u,A) = 5/9 |VAUI2 + 5/ ldA|2
5 Q

Set

o = Inf Es(u,A). (VIIL2)
('U,,A)EVV(S

ProposiTION VIIL1. — We have: ps is achieved and for 6 <

1
s < Wdlogg + C (VIIL3)
where C' depends only on the configuration (b;) and 6. |

Proof. — The proof is similar to the proof of proposition IL.5, therefore
we omit it. |

ProposiTiON VIIL.2. — We have, for 6 < bo, and for a minimizer (vs, Bs)
of (VIIL2)

/ |dBs|* < C, (VIIL4)
Q
and i 1
/ IV, vs|* = wdlog= — C, (VIIL5)
(973 5
where C depends only on (b;) on §,. |

Proof. — Let (vs, Bs) be a minimizer of (VIIL2) such that

{d*B =0 in Q
Br =0 on Of).

(In this proof we omit the subscript § for sake of simplicity). Hence we have
B = xd¢
where £ solves

A = h = «dB in Q
E=0 on Of.

We have

Vorl = [ Vo + VER + 20e,0 (VIILG)

Qs
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where we have used the notation [£, v] = d§ A (iv,dv). We notice that

/ dé A (iv, dv)
Qs
d

= — | &d(iv,dv) + Z /83(b 6)5(1’1},%)

Qs

- ) VIIL7
Z /E)B(b 6)6(’“] Y ( )

where 7 is the unit tangential vector to dB(b;, §) such that (v, 7) is direct,
v is the exterior normal to dB(b;, ). Here we have used the fact that
d(iv,dv) = (idv A dv) = 0. Since deg(v,0B(b;,6)) = 1, we may write

v=e on U;\ B(b;,6),

where U, is some fixed neighborhood of b;, and where 1 is some (singled)
valued function on U; \ B(b;, 6). We verify that, for z € U; \ B(b;, )

1

Integrating by parts, we obtain

/ (iv,v,) = 20, + / &(—7) (VL)
8B(b;,5) 8B(b;,5)
1 —_ 1

—_— Eand Y, = 5
|0B(bi,6)| Jop .5 |0B(bi,6)| Jop,,s)
Sobolev imbedding and elliptic estimates, we have for any a < 1,

where £, = . By
|€lcoe < Co|AE]L2- (VIIL.10)

On the other hand

o€
/ e :/ Lejv =/ (€ —&(bi))ejv
B(b:,6) 9% 8B(b;,6) 8B(b;,8)

and by (VIIL.10)
L[
B(b;,6) dz;

E— < =1 2. .
05 < 2 Ca6° VAL, (VIIL11)
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By the trace Theorem, we obtain

/BB(bi,S)

o9 1 o€ |
oz;  |B(bs,0)| B(b;,5) Ox;

<os [ (v
Q
< 0§ / |AE]2. (VIIL12)
Q
Combining (VIII.11) and (VIIL.12), we are led to
/ [VE2 < C (64 6% / |AEJ%. (VIIL13)
3B(b;,5) Q
We have also (by the trace Theorem and Sobolev imbedding)
[ w-we<cs [ vep
8B(bi,8) U
< 05( / [Vol® + 27 log(1/5)). (VIIL14)
Qs
combining (VIIL9), (VIIL.13) and (VIII.14), we conclude

/ &r (1/) - ;‘7_[;L) l
3B(b;,5)
< €8 |AE] 2o (|VU|L2(96) + (log(1 /5))1/2) (VIIL15)

Turning to the first term on the r.h.s. of (VIIL.6), we have by a result of
[2], theorem L.8.

[Vu|? > 27dlogl/s — C. (VIIL.16)
Qs

Combining (VIIL6), (VIIL7), (VIIL9), (VIIL.16), and proposition VIIL1,
we obtain

(VIIL17)

/ AER + [VER + dn ek + RO)

=1

where

R() =2 [(5 = &(bs /a - & (v - %)]. (VIIL18)

=1
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Combining (VIIL.15) and (VIIL.10) we verify that
|R(8)| < C||AE]|2@) (8% [Vliz () + 6°/%) (VIIL.19)

Since Vv = Vv + tv B we obtain

Vol? < 2[ [ 190l + |B|2]
Qs

Qs

< 2[ IVsul? + wa?] < Clog(1/6)  (VIIL20)

Qs

(by proposition VIIL.1). Going back to (VIIL.19) we deduce that
R(6) — 0 as 6 —0. (VIIL.21)

Since, by standard estimates

d
Zf(bz‘)

(VIIL21), (VIIL.22) and (VIL117) yield

< C|AE 20 (VIIL.22)

|AE|L20) < C.

(VIIL4) and (VIIL5) follow. |
ProposiTioN VIIL3. — Let £, be the solution of (20). We have &5 — & in
W22(Q) as § — 0. [ ]

Proof. — We have on 25, by minimality of (vs, Bs)

—E)A2§5 + Afs =0 in Q
TN =—¢ on 99, (VIIIL.23)
ov
On the other hand
o} .
/ oA = —/ (ivs, 7.V vs) = — 21 + o(1). (VIIL.24)
8B(a;,6) v 8B(a;,5)

From proposition VIIL2 we know that

|AEs| @) + |VEslay < [Aé|r2@) < C

Vol. 12, n® 3-1995.



298 F. BETHUEL AND T. RIVIERE

and hence (passing to a subsequence if necessary) we may assert that
& — & in W2XQ) weakly.

Passing to the liinit in (VIIL.23) and using (VIIL.24), we see that £ verifies
(20) and hence ¢ = &, (and the full sequence converges by uniqueness of
the limit). By minimality of (vs, Bs) we have

Es(vs, Bs) < Es(vs, A) (VIIL.25)

/ Va0 + / 4B < / Vsl + / A2,
Qs Q Qs ) Q

Arguing as for (VIIL.6) we obtain

that is

/ (dBs[? + [VEs]? + 2[¢s, vs]
197

< [ AP + [D6P + 2060
Q

Since & — &, weakly in W22(Q)), we obtain

/ dBsf? < / AL + o1),
Q Q

that is

[1ae < [l + o).
Q 0
That implies the strong convergence of A&s to A€, in L? and Proposition
VIIL.3 follows. |
ProposiTioN VIII.4. - Let

% Va2, ue H'(Qs,SY), degu,dB(bi,8)) =1

s = Min £2s ou ( 9
=7

3
g+ o )¢ o o0

or
We have

[Vus|* — T

ll 0 as §— 0. (VIIL26)
2 Jo,
n
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Proof. — Since

0 ) 7]
% = z(g—l— —;—;)05 on 01},

we see easily (by proposition VIIL.3 and standard elliptic estimates) that

% / |Vws|> > s + o(1). (VIIL.27)
Qs
Recall
R(6) — 0 as 6 — 0.
We deduce

Bon, B) = 5 [ 190l + 5 [ (8P +19E)

+ 2 Y &ubi) + o(1). (VIIL.28)

Hence, in view of (VIIL28), we have uncoupled v and B, and roughly
speaking, in order to minimize Fs(v, B), it suffices to minimize fig, and
this yields

1

3 | 19Ul < s + o),

2 Jo,

Proposition VIII.4 follows. n

ProposiTiON VIILS. — Let 1 < p < 2 the map vs remains bounded in

d
WP and vs converges to v, strongly in WP, and in CF (Q \ U {ak}>,

k=1
where v, is defined on Q by

v, = H Z‘_ak RS
|z — agl

k=1..d

and where ¢, is harmonic and verifies

9 _ . z—a; 0 (z-—ay 9&.
or (Z H |z~—ak|’a<|z—ak|)) T T

k=1...d
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Proof. — Since vs takes its values into S! we have
d*(ivs, xdvs) =0 in Qs.

Let ® be the solution of

d

AD =20 36,

; (VIII.29)

oo _ g

o 7 o’
We have

d*((ivs, *dvs) + d®) = 0,

and

[
/ ((ivé,*dvts)ﬁ-d(l)).y = -—/ (iv& %) +/ ?_. =
8B(b;,8) 8B(b;,6) or 8B(b;,6) v

Hence, there is some Hs € H'({s, IR), such that
(’L.U(s,‘kdvg) = —dd + d*H,S

It follows (see [2])

[Vus|> = [ |V@> + [ |VHs]* + o(1).
Qg Qs Qs
From [2], section I, we have

VO — 1

Qs

— 0 as 0 —0, (VIIL.30)

and from proposition VIII.4 we deduce that
IVHéiQ — 0.
Qs

Hence,
“ (’L"U5,‘kd'U5) -+ d(PHLz(Qé) — 0 as 6 — 0,

and proposition VIIL5 follows from the analysis of [2], section L
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PropOSITION VIILG6. — We have for any configuration (b;)
ps(b;) = W(b;) + wdlog(1/6) + o(1) as 6—0  (VIIL31)

where W is defined by (19), (20), (21) and (22). |

Proof. — We deduce from propositions VIIL3, VIIL4, and VIILS that,
by (VIIL.28)

wo) = 3 [ 19w+ [ 1868+ 96T

d
+ 21 Y &a(bs) + o(1). (VIIL32)

i=1
Moreover equation (20), established in proposition VIIL3, easily implies

1 4 1 .
5/QlA£*I2+ V&N = — ;é*(bi) + 5/39 A& 5= (VIIL33)

(VIIL.26) and the analysis of [2], section I (see Theorem 1.7), imply

L[ Gl = ndlog(1/8) + w(b,d,g) + O(6),  (VIIL34)

2 Ja,
where 4
w(b,d,g) = —ﬂZloglbi —b;| — FZR(bi)
i) i=1
1 0P

2 Joo OV

® is a function verifying (VIIL.29) and R denotes

d
R(z) = ®(z) — Zlogla?— b;|.

Combining (VIIL.32), (VIIL33) and (VII1.34) we obtain the desired result.
Proof of theorem 4. — Set

1 1
5[ veP g, ve Hl(B(é),]R2)}
B(5) 4e :

I(e,6) = Ming 2 .
v =-¢€?Y on OB(S)
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Let (b;) be a configuration of d points. As in [2] we may construct a
comparison function v, s in H'(Q) such that

Ves = Vs on s

and
3] IVl b - ) < 1e8) + C),
2 JB@,.5) e
where
IC) — 0 as 6§—0.
It follows that

)

Gﬁ(vev Ae) E(U6,57 Ae)
5(vs, Ax) + d (e, 6) + C(6)
b;) + dI(e, ) + C(9)

bi) + wdlog(1/6) + d1(e,6) + C(6), (VIIL35)

—~

=

8

NCININ N
&

E

where we have used proposition VIIL6, and where C(6) - 0as 6 — 0.
On the other hand, arguing as in the proof of lemma VIIL2 of [2], we have

Ge(ue, Ae) > dI(e,6) + W(a;:) + wdlog(1/6) + C'(8), (VIIL36)

where C'(6) — 0 as § — 0. Combining (VIIL35) and (VIIL36) we obtain,
letting 6§ — 0,

Wi(a;) < W(b;) v (b:),

and this proves theorem 4. |
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