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2N .
ABSTRACT. — Let p=ﬁ, N =3 be the limiting Sobolev exponent and

Qc RN open bounded set.
We show that for f e H™! satisfying a suitable condition and f#0, the
Dirichlet problem:

—Au=|ulP"?u+f on Q
u=0 on 0Q

admits two solutions u, and u, in H(Q).
Also uy=0 and u; =0 for f=0.
Notice that, in general, this is not the case if f=0 (see[P]).

Key words : Semilinear elliptic equations, critical Sobolev exponent.

2N
ResumE. — Soit p=-—— P’exposant de Sobolev critique et Q= RN un

domaine borné.

Classification A.M.S. : 35 A 15, 3571 20, 357 65.
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282 G. TARANTELLO

On montre que si f e H™ !, f#0 satisfait une certaine condition alors le
probléme de Dirichlet : Au=|u|P~?u+f dans Q et u=0 dans 0Q, admet
deux solutions u, et u, dans H} (). De plus uy=0 et u; =0 si f=0.

On remarque que ce n’est pas le cas, en général, si f=0 (voir[P]).

1. INTRODUCTION AND MAIN RESULTS

In a recent paper Brezis-Nirenberg (B.N.1] have considered the following
minimization problem:

inf J(IVulz—fu) 1.1

weH, |jull,=1

where QcRY, is a bounded set, H=H} (Q), feH ! and p=§2i2, N3

is the limiting exponent in the Sobolev embedding.

It is well known that the infinum in (1.1) is never achieved if f=0
(c¢f-[B]). In contrast, in [B.N.1] it is shown that for f#0 this infinum is
always achieved. (See also [C.S.] for previous related results.)

Motivated by this result we consider the functional:

I(u)=%L|Vu]2—£L|ul”—-jfu, ueH;
Q

whose critical points define weak solutions for the Dirichlet problem:
—Au=|ulf"2u+f on Q }
u=0 on 0Q.
We investigate suitable minimization and minimax principles of mountain
pass-type (¢f.[A.R.]), and show how, for suitable f’s, they produce critical

values for I in spite of a possible failure of the Palais-Smale condition.
To start, notice that I is bounded from below in the manifold:

A={ueH:{I'(w), u)=0}

[here { , ) denotes the usual scalar product in H=H} (Q)]. Thus a natural
question to ask is whether or not I achieves a minimum in A.
We show that this is the case if f satisfies the following:

(1.2)

j fusen (| V]l 272 *
Q
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NONHOMOGENEOUS ELLIPTIC EQUATIONS 283

4 N —2\(N+2)4
VueH, ||u]|,=1, where cx= ——( —— . More precisely we have:
N—-2\N+2

THEOREM 1. — Let f#0 satisfies (*)o. Then
infI=c¢, (1.3)

A

is achieved at a point uye A which is a critical point for 1 and uy=0

for fz0.

In addition if f satisfies the more restrictive assumption:
J fu<en (| V)N )
Q

VueH, ||ul|,=1, then u, is a local minimum for 1. [J
Notice that assumption (*) certainly holds if

1/ [la=1 S enS™

where S is the best Sobolev constant (cf.[T]).
Also if f=0 Theorem 1 remains valid and gives the trivial solution

ue=0.
Moreover in the situation where u, is a local minimum for I, necessarily:

Vol == D420 (1.4)
This suggests to look at the following splitting for A:
At={ueA:||Vul—(—D|u|t>0}
Ao={ueA:||Vuli~(p—Dlu|;=0}
A~ ={ueA:||Vul;—(p—D|lu|r<0}.

It turns out that assumption (*) implies A,={0} (see Lemma 2.3 below).
Therefore for f#0 and (1.4) we obtain u,e A* and consequently

co=infI=infI.
A AT

So we are led to investigate a second minimization problem. Namely:

infl=c,. (1.5)
A
In this direction we have:
THEOREM 2. — Let f#0 satisfies (). Then ¢, >c, and the infinum in

(1.5) is achieved at a point u, € A~ which define a critical point for 1.
Furthermore », 20 for /=0. O

Vol. 9, n° 3-1992.



284 G. TARANTELLO

Notice that the assumption f#0 is necessary in Theorem 2. In fact for
f=0 we have:

27IN/2
Inf1=infl|:”lli2|2:| =l[ inf || Vu|2V?
A= wro N [l N jjuiip=1

and the infinum in the right hand side is never achieved.

The proofs of Theorem 1 and Theorem 2 rely on the Ekeland’s varia-
tional principle (¢f-[A.E.]) and careful estimates inspired by these in
[B.N.1].

As an immediate consequence of Theorems 1 and 2 we have the follow-
ing for the Dirichlet problem (1. 2).

THEOREM 3. — Problem (1.2) admits at least rwo weak solutions u,
u, e H3 (Q) for f#0 satisfying (*); and at least one weak solution for f
satisfying (*),.

Moreover uy=0, u; =0 for f=0. O

This result for /=0 was also pointed out by Brezis-Nirenberg in [B.N.1].
Their approach however uses in an essential way the fact that f does not
change sign. It relies on a result of Crandall-Rabinowitz [C.R.] and
techniques developed in [B.N.2].

Furthermore for f=0 it is known that (1.2) cannot admit positive
solution when || f||z-1 is too large (see[C.R.], [M.] and [Z]). So our
approach necessarily breaks down when || f ||~ 1 is large. In fact we suspect
that assumptions (%), and (*) on f are not only sufficient but also
necessary to guarantee the statements of Theorems 1 and 2.

By a result of Brezis-Kato [B-K] we know that Theorem 3 gives classical
solutions if f is sufficiently regular and 0Q is smooth; and for />0, via
the strong maximum principle, such solutions are strictly positive in Q.

Obviously an equivalent of Theorem 3 holds for the subcritical case

N . 2N
N_> in (1.2) by qe<2, N—2)' In such
a case more standard compactness arguments apply, and the proof can
be consistently simplified. The details are left to the interested reader.
Finally going back to the functional I, if f satisfies (%) then Theorem 1

suggests a mountain-pass procedure; which will be carried out as follows.
Take:

where one replaces the power p=

E(NA 2)/2
- (2 + l X 12)(N—2)/2

be an extremal function for the Sobolev inequality in RN.
For aeQ let u, ,(x)=u,(x—a), and

£,€C5(QQ) with £,20 and §&,=1 near a. 1.7

u, (x) £>0, xeRN (1.6)
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NONHOMOGENEOUS ELLIPTIC EQUATIONS 285

Set
Fe h :[0,1] — H continuous, 4 (0)=u,
h()=Ry&,u, ,
Ry >0 fixed.
We have:

TueoreM 4. — For a suitable choice of Ry>0, aeQ and £>0 the value
c= inf max I(k, (1)

heZ tel0,1]

defines a critical value for I, and c=c¢;. O

It is not clear whether or not ¢=c¢;. So no additional multiplicity can
be claimed for (1.2). However, in case ¢=c, then it is possible to claim a
critical point of mountain-pass type (¢f.[H]) for I in A~. This follows by
a refined version of the mountain-pass lemma (see [A-R]) obtained by
Ghoussoub-Preiss and the fact that A~ cannot contain local minima for I
(see [G.P., theorem (ter) part a]).

The referee has brought to our attention a paper of O. Rey (See[R.])
where, by a different approach, a result similar to that of Theorem 3 is
established when /50, /=0 and || f ||y~ is sufficiently small.

2. THE PROOF OF THEOREM 1

To obtain the proof of Theorem 1 several preliminary results are in
order.
We start with a lemma which clarifies the purpose of assumption (*).

LemmA 2.1. — Let f#0 satisfy (*). For every ue H, u#0 there exists a
unique t* =1t* (u)>0 such that t* ue A~. In particular:

SREIZ S
(p=Dlulfp -
and I(t* u)= max I(tu)

I 2max

Moreover, if J Ju>0, then there exists a unique t~ =t~ (u)>0 such that

o Lol
r <|—
@=Dlulf

and [ (1~ w) <1 (tu), Vt€[0, t*].

TueA*.
In particular,

Vol. 9, n° 3-1992.



286 G. TARANTELLO

Proof. — Set @ ()=t||Vu||3—¢"~"||u||5. Easy computations show that
@ is concave and achieves its maximum at

tmaxz[ el o
(r=D][u|

1 (p—1)/[(p—2)
O (Inar) = |:p——1:| (r—2

||V 52"

[[ael 572

Also

-

—Ilvu1|§<p—1>]1/<p—z)
L (el ’

that is

() (lmax) =Cn

Therefore if J fu<0 then there exists a unique t*>t,,, such that
Q

o(N)= J fu  and o' (t7)<0. Equivalently  t*ueA” and
Q
1t wW=1(tu) V=1,

In case j fu>0, by assumption (*) we have that necessarily
Q

“ Vu “(2N+2)/2

Ju< et =0 (lna)-
£: [ ull5"

Consequently, in this case, we have unique 0<¢~ <1, <t" such that

max

@(t+)=j fu=o ()

and
Q' (t7)>0>0"(t7).
Equivalently " ue A~ and 1" ueA™*.
Also I1(tT w)=1(ru), V=t~ and 1(:~ u) <1 (tw), Vie[0, 7]
LEMMA 2.2, — For f#0
inf (cNHVuH(N”)/z—f fu>:=uo .1
Hullp=1 Q

is achieved. In particular if f satisfies (%), then p,>0.

The proof of Lemma 2.2 is technical and a straightforward adaptation
of that given in [B.N.1] for an analogous minimization problem.

It will be given in the appendix for the reader’s convenience.

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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Next, for u#0 set

(N+2)/2
wu)=cN”—Vi”2———f .
Q

(]

Since for >0, ||u||,=1 we have:

w<tu>=t[cNHVu||sN+2>/2— j fu];

given y>0, from Lemma 2.2 we derive that

inf ()2 vh,. 2.2)

llullzy
In particular if f satisfies (%) then the infinum (2.2) is bounded away

from zero.
This remark is crucial for the following:

LemMma 2.3. — Let f satisfy (*). For every ue A, u#0 we have
[VulZ—@=D]ul+0

(i e Ag={0}).

Proof. — Although the result also holds for f=0, we shall only be
concerned with the case f#0.
Arguing by contradiction assume that for some ue A, u#0 we have

[VulB—@-D]ulz=0 2.3)

Thus
o=||Vun§~||u||z—j fu=cp—z)||uns—j fu 2.4
Q Q

Condition (2.3) implies

S \r-2
fulhz(;5) "=

Vol. 9, n° 3-1992.



288 G. TARANTELLO

and from (2.2) and (2.4) we obtain:

(p—)/(p—2) 2(p—-DH7J1)(p-2)
0<nor¥=| L] (p—z)[Mz—p—] [ A
- (K} Q
1 (p—1)/(p—2) \vJ %(P‘l) 1/(p—2)
—p-2) (L—] [”—”—] - ung)
-1 ”qu
_ ||Vu||§ ](p—l)/(p-Z) )_
== |ulr( | 242 ~1)=0
v >nu||,,([(p_l)”u”5

which yields to a contradiction. [
As a consequence of Lemma 2.3 we have:

LeEMMA 2.4. — Let f+#0 satisfy (*). Given ue A, u#0 there exist €>0

and a differentiable function t=t(w)>0, weH| w||<e satisfying the
Sfollowing:

10)=1, t(w)—w)eA, for |w|<e,

jVu Vw— pj i Zuwj fw

[Vaulz=@=D]ulp
Proof. — Define F : RxH — R as follows:

and

(0, w)=

2.5)

F (1, w)=tHV(u—w)H§—-t”_1”u—w”ﬁ—j f(u—w).

Since F (1, 0)=0 and F,(1,0)=||Vul|j—(p— 1) ||u|[2#0 (by Lemma 2.3),
we can apply the 1mp11C1t function theorem at the point (1,0) and get the
result. O

We are now ready to give:

The Proof of Theorem 1
We start by showing that I is bounded from below in A. Indeed for

ue A we have: i
[ 1= [ =] -
Q Q Q
Thus:

ottt oL (1)

2= UV ”2——||f”H IIIVqu_———[(NH)IIfHH
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In particular

[(N+2)||f||H 1] 2.6)

©= 6N
We first obtain our result for f satisfying (*). The more general situation
where f satisfies (*), will be subsequently derived by a limiting argument.
So from now on we assume that f satisfy (%).
In order to obtain an upper bound for ¢,, let veH be the unique
solutions for —Au=f. So for f#0

J fv=[|VvH§>0.

Set 1=1" (v)>0 as defined by Lemma 2. 1.
Hence t,ve A" and consequently:

.:é 2_§ p_ 2
Lto2)=— [Vl pHva to||Vol3

— t% 2 14 P Z%) 2 __ lg 2
==L volg+ 2l < -2 Volg= -2 13-
This yields,
[2
Co<‘ﬁ0“f”fi—l<0- 2.7
Clearly Ekeland’s variational principle (see[A.E.], Corollary 5.3.2) applies

to the minimization problem (1. 3). It gives a minimizing sequence { u, } A
with the following properties:

1) T(w)<co+ 1
n

(i) I(w)gl(u,,)—lnV(w—u,,)”z, VweA.
n

By taking » large, from (2.7) we have:
1 + 1 I
I(u,,)=§J]Vun N zf fin<coti< =L\ SR @.9)
Q

This implies

2
qu,,gN 2t(2,]]f[],?[—1>0. 2.9
Consequently u,#0, and putting together (2.8) and (2.9) we derive:
212 N+2
N W= [Vl £ == 1 w1 (2.10)

Vol. 9, n® 3-1992.



290 G. TARANTELLO

Our goal is to obtain ||I' (x,)|| — 0 as n —» + co.
Hence let us assume || I’ (u,) || >0 for n large (otherwise we are done).

Il
Applying Lemma 2.4 with u=u, and w=8& 0>0 small, we

RER
o I'(u,) :|
find, £, (8):=1| §-—n)_
nd: 1 ©) [nnmn

- PR CV
wa——t,,(ﬁ)[u,, ) I'(un)H]eA

such that

From condition (ii) we have:

LV =) [ ZT ) =T 09= (1= 6, @) T (9. )

I (u)

T G i

Dividing by >0 and passing to the limit as 8 - 0 we derive:

+312,(3) (T (wy), > +0(d).

S 1RO Va2 =0T @ > + 1 @)= [T G|

where we have set £, (0)= <z’ 0), H%:g:)TH )

Thus from (2.10) we conclude:

I\I'(u,,)ué%(wlt;(ml)

for a suitable positive constant C.

We are done once we show that |#,(0)| is bounded uniformly on ».
From (2.5) and the estimate (2.10) we get:

Cl
o= (0= 1) [l 2]

L 0)=
O 5,

C, >0 suitable constant.

Hence we need to show that ||| Vu,||3— (p—1)||u,|[5| is bounded away
from zero.

Arguing by contradiction, assume that for a subsequence, which we still
call u,, we have:

V3= (=D uall=0(D). @.11)
From the estimate (2.10) and (2.11) we derive:

llunll,Zy  (y>0 suitable constant)

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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and

V|2 Je-vre-2 _
[—”p_ 1”2] = [l 172 =2 =0 0.
In addition (2.11), and the fact that u,e A also give:

[ =2 luli o
Q

This, together with (2.2) implies:
0<po Y™ 2 < [|uy [[77~ 2 (1)

_ (p—2) ”:“_Z—f%“—z](p—l)/(p—z)_ [“ “, ”ﬂ(p—l)/(p—z)]:_o(l)_

which is clearly impossible.
In conclusion:

[T @)||=0 as n— +o0. (2.12)
Let u,e H be the weak limit in H{ (Q) of (a subsequence of) u,.

From (2.9) we derive that:
J‘ Juy>0
Q
and from (2.12) that

(T (ug), w) =0, VweH,

i.e. uy is a weak solution for (1.2).
In particular, u,€A.
Therefore:

1
<10~ ]|V 3~ f fioS Tim 1()=co.
Q

n—> +o

Consequently u, —u, strongly in H and I(u,)=c,=infl. Also from
A

Lemma 2.1 and (2.12) follows that necessarily uoe A™*.
To conclude that u, is a local minimum for I, notice that for every

ue H with ffu>0 we have:
0
I(Guw)y=1(t"w

2 JHp-2)
for every 0<s< [—M] (2.13)
(p=D|lu|}

(see Lemma 2.1).

Vol. 9, n° 3-1992.



292 G. TARANTELLO

In particular for u=uyeA™ we have:
m=1< [M—]w—”. @.14)
(p=1)[|ully
Let £>0 sufficiently small to have:
< [V @@=
(P=D|uo—wlls
for ||w|| <e.

From Lemma 2.4, let ¢ (w)>0 satisfy #(w) (uo—w) €A for every | w|| <e.
Since #(w) — 1 as ||w|| — 0, we can always assume that

IV (o —w)|[3 ]”“"2’
< T
for every w:||w|| <e.

— 2 1/(p-2)
Namely, t(w)(u,—w)eA* and for 0<s<|: |V (uo—w) |3 ]
(p=1)|uo—wlf;

we have,

L(s (uo—w) 2Tt (W) (1o~ w)) 21 (o).
From (2.14) we can take s=1 and conclude:
Lug—w)zI(w), VYweH, |w|<s.
Furthermore if />0, take, =17 (Juy|)>0 with 5| us|eA*.
Necessarily t,=1, and
I(toluol)él(luol)él(uo)-
So we can always take uy=0.

To obtain the proof when f satisfies (*), we shall apply an approxima-
tion argument. To this purpose, notice that if f satisfies (%), then
f.= (1—g)f satisfies (*) Vee(0, 1).

Set

Is(u)=lj ]Vu‘z—lj |u|"+(1—s)jfu, ueH.
2Ja Pla Q

Let u,e A = {ueH: {I;(w), u) =0, ||Vul|2— (p— 1| u||5>0} satisfy:

I, (u)=infl :=¢,
Ag

and
{I'.(u), w) =0, VweH. (2.15)

Clearly ||Vu,||,<C,, for 0<e<1 and C,>0 a suitable constant.

Annales de I'Institut Henri Poincaré - Analyse non linaire




NONHOMOGENEOUS ELLIPTIC EQUATIONS 293

Let ue A*, necessarily J fu>0 and consequently
Q

(1~s)ffu>0, O<e<l.
Q

From Lemma 2.1 applied with f=f, we find:

ocic <[ ITE_ T
© Le=Duls
with 17 ueA}.
[Vl

— 1= __ from (2.13) it follows that
(>=Dllu|l;

Since 1<

L w=1, ()
and consequently:
SL W SL =T +e|fllg-1||Vul,<T(w)+eC,

(with Cy>0 a suitable constant).
Estimate (2.6) with f=f, and the above inequality imply:

1 1
- ﬁ[(N+2)|,f'|H—l]2§ - H[(N+2)||f£“H—1]2§cE§co+£C3.

Let g,— 0, n > + % and u,€H satisfy:

(@) ¢, > c<co,n— +©

(b) u., = ug, n— + oo weakly in H.

From (2.15) it follows {I'(u,), w ) =0, VweH (i.e. u, is a critical point
for I) and I (ug) = cy.

In particular u,e A and necessarily I(u)=cq, (i.e. u, — u, strongly
in H).

This completes the proof. U

3. THE PROOF OF THEOREMS 2 AND 4

. N .
The functional I involves the limiting Sobolev exponent p= N_2 This

compromises its compactness properties, and a possible failure of the P.S.

condition is to be expected.
Our first task is to locate the levels free from this noncompactness

effect.
We refer to [B] and [S] for a survey on related problems where such an

approach has been successfully used.

Vol. 9, n® 3-1992.



294 G. TARANTELLO

In this direction we have:
ProposITION 3.1. — Every sequence {u,} =H satisfying:
(a) I(u,) = ¢ with c<cy+ i—ISN/Z
[co as defined in (1.3)].
®) T @) ]| -0

as a convergent subsequence.

1
Namely the (P.S) condition holds for all level c<cy+ N SNz,

Proof. — It is not difficult to see that (a) and (b) imply that ||Vu,]|, is
uniformly bounded.

Hence for a subsequence of u, (which we still call u,), we can find a
wo € H such that

u, > wy weakly in H.
Consequently from (b) we obtain:
(T (wg), w) =0, VweH. 3.1

That is w, is a solution in H}(Q) for (1.2). In particular wy#0, woeA
and I(wg)=c¢,.

Write u,=w,+ v, with v, > 0 weakly in H.
By a Lemma of Brezis-Lieb [B.L.] we have:

l[unll5= 1wo+oalls= [Iwo I+ 2l + 0 (D).
Hence, for »n large, we conclude:

1
cot —SV25T (ot 0,) = I(wg)+ ~[| Ve = ~ || Z+0 (1)
N 2 p
1 1
zcot (Vo= —flelb o).
2 P
which gives:
1 1 1

Also from (b) follows:

o ()= T (), u, ) = |[Vwol[*— !IWOHZ—J Swo | Vou[3=lenllp+o

= (T (wo), wo > + |V |l3 =l wallp+o (b
and taking into account (3.1) we obtain:

|V ou[l3 =l zallp=0 (D). (3.3)

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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We claim that conditions (3.2) and (3.3) can hold simultaneously only if
{v,} admits a subsequence, {v,} say, which converges strongly to zero,
ie. ||v, || =0, k> + 0.

Arguing by contradiction assume that || v, || is bounded away from zero.
That is for some constant ¢, >0 we have ||v,|| Zc,, YneN.

From (3.3) then it follows:

loall5=22S+0 (D),

and consequently
l[eallpzS™2+0 (D).

This yields a contradiction since from (3.2) and (3.3) we have:

1 1 1 1 1
s gllenli+om= 5Ile,,|I%—l—)llv,.H$+0(1)< N

for n large.
In conclusion, u,, — w, strongly. [J
At this point it would not be difficult to derive Theorem 2, if we had

the inequality:
1
infl=c, <c,+ ﬁSle' (3.4

A

However it appears difficult to derive (3.4) directly.

We shall obtain it by comparison with a mountain-pass value.

To this end, recall that u,7#0. Following [B.N.1] we set 2<=Q to be a
set of positive measure such that #,>0 on X (replace u, with —u, and f
with —f if necessary).

Set U, ,(x)=E&,(x)u, ,(x), xeRY;
[u, , and &, defined in (1.6) and (1.7)].
Lemma 3.1. — For every R>0 and a.e. acX, there exists

go=¢y (R, @)>0 such that:

1
I(uy+RU, )<cot ﬁSN/Z

for every 0<e<g,.
Proof. — We have:

2 2
I(uy + RU, a)=f Mﬂ{f Vu,VU, ,+ lif VU, .|
o 2 ' 2 Ja '

Q

—lf 'uO+RUe,a’p_J\fu0_R\fos, «~ (3.9
Pla Q Q

Vol. 9, n® 3-1992.
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A careful estimate obtained by Brezis-Nirenberg (see formulae (17) and
(22) in [B.N.1]) shows that:

o+ RU,, 1 [E= [[uo|E+R[|U, L[5+ PR j 4o P24y U,
Q

+pRp—1f UPtug+o[e™272] fora.e. ael.
Q

Also from [B.N.2] we have:
|IVU,.|3=B+0@E""? and ||U.,|p=A+0(")

where
B=I |Vu, (x)|*dx A=J _dx
RN ' ’ rN(1+ |x|2)N
and ’
B
=A2/". (3.6)

Substituting in (3.5) and using the fact that u, satisfies (1.2) we obtain:

1 R2 1 R?
I(u0+RU£,a)=—j |Vu0|2+Rj Vu,.VU, .+ —B——J |u0l”——A
2)a 2 Pla 14

Q

_Rj‘ |uo|u€_2Ue,a—RP'1j Ug;luo_jfuo_RJst’a_*_o[g(N—Z)/Z]
Q Q o o
2 P
=I(u0)+ R_B— R_A_Rp—l j Ué’:,l u0+0[g(N‘2)/2]
2 p o
for a.e. aeX.
Set u,=0 outside Q, it follows:

8(N+2)/2

Uf_a ! Uy = J Ug (x) &a ('x) dx
\L &N (82+ |x_a |2)(N+2)/2

=8‘N_2’/2j uo(X)ia(X)lN‘lh(f)dx,
&N € €

1

—_ N
where \Ill (X)'— WGLI (R )
. dx .

j uo(x)aa(x)%wl(f)dHuo(a>D
RN € €
for a.e. aeX (see [F]).
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In other words,
J UPS (%) o (x) dx =MDy (@) D+ 0 (N 212),
Q

Consequently:

R>_ R?
Lo+ RU, )=co+ B~ —A—R" "y (@) D22 +0[cN 272
p

Define:
52 sP
4= "B= TA- " i (@D, >0

and assume that ¢ (s) achieves its maximum at s,>0.

Set
B\ (r—2
w=(3)
Since s, satisfies:

s;B—s?"1A=(p—1Dug(@De®N" 21252 3.7

necessarily 0<s,<S, and s, > S, as € = 0.
Write s, =S, (1 —8,). We study the rate at which 3, — 0 as ¢ — 0.
From (3.7) we obtain:

BP—1\(r=2) 1 B s N—2)2
<A> (1=8,— (18" )=(p—1)X(1—5s)” e 22y, (a) D;

and expanding for o, we derive:

B!
A

He=2) B (N—-2)/2 (N—2)/2
(r-2) 8.= (p= 1) Lo (@D 40 (N 212)

This implies:

2 P
(4o +RU, )< co+ %B— % B— 521 uy (@) DeN"DI2 4o (N 212
p

S3. S

p
=cot+ 7B OA—SZB3,+S5A8,— S5 up(@)DeMN P2+ (eN2)

2

=cq,+ lSN/Z_Sp—l u (a)Ds(N—Z)/2 +0(8(N_2’/2).
[¢] N [{] 0
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298 G. TARANTELLO
Therefore for g,=¢g, (R, a)>0 sufficiently small we conclude
1
I(uy+RU, ) <co+ ESN/Z (3.9)

V0<e<g, O
Our aim is to state a mountain pass principle that produces a value

1
which is below the threshold ¢, +§SN/ 2 but also compares with the value

¢; =infL.

A
To this end observe that under assumption (%), the manifold A~ discon-
nects H in exactly two connected components U, and U,.

To see this, notice that for every ue H, ||u|| = || Vu||,=1 by Lemma 2.1
we can find a unique 7™ (1) >0 such that

t* (WueA” and  I(t* (W) u)= max I (1).

IZ1tmax

The uniqueness of ¢* (u) and its extremal property give that ¥ (u) is a
continuous function of u.

Set
Ulz{“:O oru: ||ul| <t+( ||ZH>}
U,= {u:llull>’+< ”Zn>}

Clearly H—-A"=U,; U U, and AT = U,.
In particular u,e U, .

and

The Proof of Theorem 4

Easy computations show that, for suitable constant C5>0 we have:

0<t* (w)<Cs, Vu:|ul| =1

1/2
Set ROZ(%|C§—“u0||2|> +1 and fix aeX such that Lemma 3.2

applies, and the estimate (3.8) holds for all 0 <e<g,.
We claim that

Wi =uo+ Ry Euu, ,eU, 3.9)

for £>0 small.
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Indeed
” v We ”2 = ” V(uO + RO &a Ue, a) ”%
w

2
= |lup||3+R3B+o0(1)>C2> [z*( I 8” >] ,
wE

for £>0 small enough.
For such a choice of R, and a€Z, fix £>0 such that both (3.8) and

(3.9) hold.
Set

Fe h:[0, 1] - H continuous, 4 (0)=u,
h(l)zRoaaue,a

Clearly 4:[0, 1] - H given by h(f)=uy,+1tR,E,u, , belongs to &#. So by
Lemma 2.3 we conclude:

1
c=inf max I(h(D))<cy,+ —SV? (3.10)
heFtelo, 1] N

Also, since the range of any 7€ # intersect A~, we have
czc;=infl. 3.1

A

At this point the conclusion of Theorem 4 follows by Lemma 3.1 and a
straightforward application of the mountain-pass lemma (¢f. [A.R.]). O

The Proof of Theorem 2

Analogously to the proof of Theorem 1, one can show that the Ekeland’s
variational principle gives a sequence {u,} =A™~ satisfying:

I’ (un) - Cl
[T @) || -0
But from (3.10) and (3.11), we have:

1
Cy <C0+ ESN/Z.

Thus, by Lemma 3.1, we obtain a subsequence {u, } of {u,} and u,eH
such that:
u,, —> u; strongly in H.
Consequently u, is a critical point for I, u; € A~ (since A~ is closed)
and I (u,)=c,.
Finally to see that /=0 yields u, =0, let t* >0 satisfy
1" u |eA”.
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From Lemma 2.1 we conclude:

T(u)= max T(tu) 21" u) 210" |uy ).

t 2 tmax

So we can always take u; =0. O

4. APPENDIX

The Proof of Lemma 2.2

Let {un} be a minimizing sequence for (2.1) such that for u,eH we
have u, — u, weakly in H and u, - u, pointwise a.e. in Q.

In general ||u,||,<1. We are done once we show ||u, ||,=1.
To obtain this, we shall argue by contradiction and assume

Il |, <1-

Hence write u,=uy+w, where w, — 0 weakly in H.
We have

hoto(D)=c, ||V, wNW—j Fitg= o (|| V tg |2+ ¥ w, [N 2%

Q
—qu0+o(1) “4.1)
Q
On the other hand,

1= {uo+w, [l5=[luo 5+ [[wa [+ o (D)
(see [B.L.]), which gives:

wallp= (L ={[uo[[5)*7+ 0 (1).
So from (4.1) we conclude:

Hoto(M=cx(|[Vuo |3+ \lVWnH%)(N”)M—j fuq
Q

> e[| Vo J2+S (1 —nu0||z>2/v+o<1>1“+2>/4—j fuo
Q
That is,

enll[Vuo |3+ S (1 —{ug ||5)>/P 20 — j fuo = o “.2)
o

Following [B.N.1] for every ueH, |ju|,<1 and aeQ let c,=c.(a)>0
satisfy the following:

lutec U, ,l,=1
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[recall U, ,(x)=E&,(x)u, ,(x) with £, and u, , given in (1.6) and (1.7)].
We have:

IV @+e, U, ) 2=[VulZ+E|IVU, . |E+0(1)
=||Vu||§+c£2B+o(l) “4.3)

and
I=|luteUgalp=llullp+ct U allp+o () =[lulls+ct A+o(1)
[A, B as given in (3.6)].

Thus
1
= (Ul +o (. (4.4)
Substituting in (4.3) we obtain:

B
A?2/p

(I=[|uD)*7+0(1)
= Vu|3+SA—|lulp)>?+o(1).

“V(u-'_ceUe,a)”2=Hvu”%+

This yields:
u0§cN ” V(u+ cs Ue, a) ||(2N+2)/2 _f f(u+ ce Uz, a)
Q

=cn(||Vul3+S—]|| u”ﬁ)””)‘””’/“—J Suto(l),
and passing to the limit as € — 0, we derive: ’
%é%mvw%sa—wmww“”“—fﬁ, VueH, |ull,<.
Therefore from (4.2) we conclude: )
el Vuo =S A1 [ fumpo @5

and that for every we H necessarily:

ditl: N[V (g +w) ||3+S(1— ||uo+tw||;)2/”]‘N+2)/4—Jf(u0+tw):l =0.
o =0
That is:

N+2 (
wUV%M+SUﬂMM9”]

xU VuO.Vw—S(l—||u0”§)‘2_”’/”j |u0|u5“2w]
Q Q

—ffw=0, VYweH.
Q

N-2)/4
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. N+2
So setting o,=

N [n Vg 2480~ g Hz)z“’]m_m -0

and
S

I N GEE

we obtain that u, weakly satisfies:

0

1
—Aug=ho|up P > up+ —f. 4.5)
Go
Since f#0, in particular, we have that u,#0.
Hence for a set of positive measure X <Q we have:
ugy (a)>0, YaeX,

(replace u, with —u, and f with — f if necessarily).
Let aeX and c,=c,(a) satisfy:

lfuo+c. U, ,|l,=1.
We will reach a contradiction by showing that
T(uote, U, ) <po
for a suitable choice of ae X and £>0 small enough.
To this end, let = %“—ﬁ. From (4.4) it follows that ¢, /¢, as
e—0.Set ¢,=c¢q(1—3,), 3, > 0 as € » 0. In [B.N.1], Brezis-Nirenberg have

obtained a precise rate at which §, — 0, by showing that, for a.e. aeZ,
one has:

8, Ach=eN"2 [COJ |40 (x) |2 (x) &, (x)
Q

dx
x—alN"?

|

+cb 7 ug (a) D:l-i— o(eN~22) (4.7

with

dx .
= JRN = |x|2)(N+2)/2. (See formula (2.9) in [B.N.1].)

Now fix ae X for which (4.7) holds and

-2 -2
J‘ [0 |""% uo &, —>j [0 o & as £—~0. (4.9
o o

(82+ Ix_aiZ)(N—Z)/Z |x_a|N—2
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Using (4.5), (4.7) and the definition of ¢, we obtain:

I(u0+c0U£,a)=chi“Vu0”§+2csf VuO.VUe,a+c£2”VUe,a||§]

—J‘fuo_cajer,a
Q Q

(N+2)/4
=ch:”Vu0“§+ZCof Vu,. VU, ,+c5(1 —2SQB+0[8‘N‘2’/2]:]
o

[ o[ sV =tV ol B [
Q Q o

Vi3 + GBI 260 [ ViV,

(N+2)/4

n N+2

Q
—20365B] —cofoe,a
Q
+o[8‘N_2’/2]=po+co[coJ Vu,. VU, ,
o
—f fU, aJ —0yct B8, +0o[e™N~27],
Q
Thus from equation (4.6) we derive:
I(uo+c£U€,a)=po+cokocof [uo[F~2uo U, ,— 8 5 B3, + 0[N ~2/2].
o

On the other hand from (4.8) we have:

p—2
J 6|72 uq Us,a=g(N—2)/zf 'uOIicllalNilg(x)ﬁa(x) dx +o[g™N~272),
Q Q

Therefore:
I(uy+c. U, ,)

p—2
=ho+ g [s‘”‘z’” Ao f |”°|(x) | ,Nf"i(x) éa—céBse]w[em-z’/z]
Q xX—a

— S22 | uo P~2u, 2 (N-2)/2
=Kot 0[(1_”%“5)“,_2)/250 le_a,N_zE_»a"Bcoss to(e )

=u,+0 eN-2)/2,
Ho™ %o AlP=2ip cp=2 0
p—2
o |”~% uo
IN-Z

x g,,—Bchae]m[e‘N—ﬂﬂ]

olx—a

U [P 2u
[Sm«z)/z Cof I_OI__Oga_ch 5£]+ o[e™-2r2],
Q

=P~o+60 |x.._a,N—2

pP—2
Ach
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Finally, from (4.7) we conclude:

B
I(uo+chs‘a)=u0—00Xco uy (@)D eN"212 4o (N2 <

for € >0 sufficiently small.
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