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study the Cauchy problem for a class of non linear
Klein-Gordon equations of the type cp - Ocp + f (cp) = 0 by a contraction
method. We prove the existence and uniqueness of strongly continuous
( (~") for arbitrary space
global solutions in the energy space H 1
dimension n under assumptions on f that cover the case of a sum of powers
with 1- p 1 + 4/(n - 2), n > 2 and ~, > 0 for the highest p. This
Àcp
provides an alternative proof of existence and uniqueness to that presented
in a previous paper [7]. Some of the results can be extended to the critical
case p =1 + 4/( n - 2).
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methode de contraction. On prouve l’existence et l’unicité de solutions
globales fortement continues dans l’espace d’energie H 1 ( (1~") Q+ L2 ( I~’~) pour
une dimension d’espace n quelconque, avec des hypotheses sur f qui
avec
couvrent
le cas d’une somme de puissances
1 _p 1 + 4/(n - 2), n >_ 2 et À.>O pour la valeur de p la plus elevee. On
obtient ainsi une demonstration de l’existence et de l’unicité différente de
celle donnee dans un article precedent [7]. Une partie des resultats s’etend
au cas

critique p =1 + 4/(n - 2).

1. INTRODUCTION

A large amount of work has been devoted to the study of the Cauchy
problem for the non linear Klein-Gordon equation

where cp is a complex valued function defined in space time 0~" + 1, the
upper dot denotes the time derivative, A is the Laplace operator in (~n
and f is a non linear complex valued function, a typical form of which is
the sum of two powers

with
and ~, >__ 0 ([3]-[10], [12], [14]-[18], [20]-[26], [30], [31]).
We refer to a previous paper with the same title [7] for a more detailed
introduction and for a number of technical points which will not be
repeated here. The available proofs of existence of global solutions make
use at some stage of the conservation of the energy, thereby yielding
solutions which are locally bounded functions of time with values in a
space not larger than the energy space Xe [see (2. 31) below]. It is therefore
natural to study the Cauchy problem with initial data in that space. The
solutions thereby obtained will be called finite energy solutions. All the
available uniqueness proofs of solutions are of a perturbative nature. For
finite energy solutions, an elementary power counting argument shows
that they require assumptions on f which amount to
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in the special case ( 1. 2). It is well known that uniqueness in smaller spaces
be obtained under weaker conditions: an example of that possibility
will be given below (see Proposition 2.1 and the subsequent discussion).
The available proofs of existence are of two types. Compactness proofs,
non perturbative in character, yield the existence of (weak) global finite
energy solutions under assumptions weaker than ( 1. 3), but without uniqueness (see [12], [21], [25] and Proposition 2. 1 of [7]). The main result of
our previous paper [7] was the proof of uniqueness of those weak solutions
under assumptions which reduce to ( 1. 3) in the special case ( 1. 2). Proofs
of existence by contraction, which are perturbative, again require ( 1. 3)
for finite energy solutions, possibly weaker assumptions in smaller spaces.
However, there is so far no general proof by contraction of the existence
of finite energy solutions under the assumption (1.3) for general n. The
available proofs either require stronger restrictions on the interaction or
use smaller spaces than the energy space ([3], [4], [6], [9], [10], [14], [15],
can

[16], [22], [24], [30]).
The purpose of the present paper is to provide a general proof by
contraction of the existence and uniqueness of finite energy solutions.
For that purpose, we first state a fairly abstract uniqueness result (see
Proposition 2.1), which is one of the ingredients of the uniqueness proof
given in [7] (see Proposition 3.1 of [7]). We next derive a local existence
result by a contraction argument (see Proposition 2. 2). That argument is
slightly more elaborate than the most usual ones and is inspired by a
recent paper on the non linear Schrodinger equation [11]. We show that
the previous results cover the case of arbitrary initial data of finite energy
for a suitable choice of the relevant spaces (see Proposition 2. 3). We
prove that the solutions thereby obtained have finite energy for all times
(see Proposition 3. 1) and conclude that they can be continued to all times
(see Proposition 3. 2). The local results are collected in Section 2. The
results which use the conservation of energy are collected in Section 3.
Most of the results of Section 2 and some of the results of Section 3 can
be extended to the critical value p = 1 + 4/(n - 2); the required modifications
are described in Section 4. We restrict our attention to n ? 2 since the
special case n = 1 would require slightly modified statements. In addition
that case, as well as the case n = 2, can be treated by simpler (Hilbert
space) methods.
We now comment briefly on the proof of uniqueness of finite energy
solutions. This proof is basically the same as that given in [7] and is based
on a partial contraction method on bounded sets of finite energy solutions.
An essential use is made of the fact that such solutions possess space-time
Vol. 6, n= 1-1989.
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integrability properties, namely belong to
B~) (see definition below)
for suitable values of p, r and q. In [7], those properties are derived in as
much generality as possible for solutions in
This requires to
consider values of r such
and is achieved
by estimating the corresponding norms sublinearly through the integral
equation associated with ( 1. 1) (see Lemma 3. 3 of [7]). For the purpose
of proving uniqueness, it would suffice to derive those properties for
smaller values of r, namely for y (r) _ (n -1 )/(n + 1 ). This possibility has
been considered in [5]. Here we follow the more economical point of view
by solving the local problem in a space slightly smaller than a suitable
which leads again to values of
but not contained in L°° ( . ,
Lq ( . ,
r such that y (r) _ (n -1 )/(n + 1 ).
We conclude this introduction by giving the main notation used in this
we denote
the norm in
paper. For any r,
With each r it is convenient to associate the variables 03B2(r), y (r) and 03B4(r)
defined by

by , ~ . ~ ~,,

For any integer k, we denote by
H’~ ( I~n) the usual Sobolev spaces.
We shall use the homogeneous Besov spaces of arbitrary order and the
associated Sobolev inequalities, for which we refer to [1], [29] and to the
for those spaces. For
Appendix of [7]. We use the notation
interval
for
we
Banach
denote
I,
any
any
by (I, B) [resp. by
space B,
B)] the space of strongly (resp. weakly) continuous functions from
I to B and by ~1 (I, B) the space of strongly continously differentiable
we denote by Lq(I, B) [resp.
functions from I to B. For any q,
B)] the space of measurable functions cp from I to B such that
( . ); B E
(I)]. If I is open, we denote by
~’ (I, B) the space of vector valued distributions from I to B [12].
We shall need the operators c~ _ { - 0) 1 ~2,
and
The operators K ( t) and K {t) are bounded and strongly
continuous with respect to t in Hk for any k.

BP = Bp, 2 ( (f~")

II cp ( . ); B II E Lq (I)

~~

2. THE LOCAL CAUCHY PROBLEM
In this section, we study the Cauchy problem for the equation (1.1)
and we derive the local existence and uniqueness of solutions with initial
data in a space which can be taken as large as the energy space.
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In all the paper,

we assume

the

in

interaction f

( 1. 1)

to

satisfy

the

following assumption

We shall work mainly with the integral
and for that purpose we define formally

where 03C6 is

The

a

suitably regular

integral equation

equation associated

function of space time,

associated with

(1.1)

so

with

( 1. 1 ),

that

is then

where cp~°~ is a given function of space time. For any interval I = R and
suitable values of 1, q, r and
we shall use the notation

and a similar notation for local spaces. The next lemma gives a meaning
to the quantities ( 2 . 2) and ( 2 . 3) and describes some of their properties.

LEMMA 2 . l. - Let n > 2,

let f satisfy (A 1).

Let

l,

r, q, ql

satisfy

bounded interval and let cp
(I). Then
(I)
and
cp) is a continuousfunction
( 1 ) For any toE I, F (to;
(I),
(I) (~
~2
of to with values in that space. For any to E I and any
Let I be

a

VoL 6, n° I-1989.
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the following estimate holds

For any tl, t~ E I, G ( t 1, t2; cp) E ~’ 1 m~ ( Il~) and for any bounded interval
G
J, (tl, t2; cP) is a continuous function of tl, t2 with values in ~’ ’1 (J). For
any
( I) and any bounded interval J ~ I,
t2 E I, any
cp2 E ~’ 1 ( I) n
the following estimate holds

( 2)

and
(3) For any t0~I, F(to; 9) satisfies DF(to;
D’(I Rn)
for any ti,
G (ti, ~ ~P) satisfies
~(~"~~).
The
of
and
Proof proof parts (1)
(2) follows from estimates which
we now derive (see also Proposition 3.1 of [7]). We decompose f as
with

/i(z)

and

and

ately the contributions of f1 and f2
[19L [27])

to F and G. We

estimate separthe estimate ([13],

we

use

which holds for

The contribution

of fl

is estimated with

The contribution

of f2

is estimated

s = r

by

by

with
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which determines

in the range (2.13) under the assumption (2.7).
and
(2. 15) into the definitions of F and G and using
Substituting (2. 14)
the Young inequality for the time integral, which is allowed by (2. 8) and
(2.9), we obtain (2. 10) and (2. 11). The continuity of G follows from
(2. 11) and that of F from (2. 4) and from the continuity of G.
Part (3) follows from a duality argument and an easy computation.
s

~

Q.E.D.

The

previous lemma ensures some form of equivalence
equation ( 1. 1) and the integral equation (2 . 5) and allows
integral equations corresponding to different initial times.

between the
to relate the

COROLLARY 2 . 1. - Let n >_ 2, let f satisfy (A 1) and let l, r, q and ql
satisfy (2.6)-(2.9). Let I be a bounded open interval and let
(I). Then
cp E ~1(I) (1
(1) cp satisfies ( 1. 1 ) in ~’ (I, (F~n) if and only if for some (all) to E I,
cp~°~ = cp F (to; cp) satisfies 0 cp~°~ 0 [in ~’ (I x ~n)].
( 2) If tp satisfies (2 . 5), then for all ti1 E I, cp also satisfies the equation
and cp~ 1 ~ is a continuous
cp~ 1 ~; cp) with cp~ 1 ~ = cp~°~ + G ( to, t 1;
function of tl with values in .~’1 (I).
=

-

_

We have stated Lemma 2. 1 in terms of bounded time intervals. We
as well have used instead unbounded intervals at the expense of

could

using ~’i
We

instead of ~’i at suitable
in a position to state

are now

places.
preliminary uniqueness result.

a

Let n >_ 2, let f satisfy (A 1) and let 1, r, q and ql
I be an open interval, let to E I, let cp~°~
Let
,o~ (I).
satisfy (2. 6)-(2. 9).
Then the equation (2. 5) has at most one solution in
~o~ (I).
iQ~ (I) n
PROPOSITION 2. 1.

Proof -

-

Let c~l and cp2 be two solutions of

(2. 5)

with the

same

cp~°~.

Then

Using
to and

the estimate (2.10) with I replaced by a small interval J
taking that interval sufficiently small, so that

obtain a linear inequality which implies that cpl
Iterating the process yields cp 1= c~2 everywhere in I.

we

=

containing

cp2 in that interval.
Q.E.D.

Vol. 6, n’ 1-1989.
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We now discuss briefly the assumptions of Proposition 2.1. The uniqueresult of that proposition can accomodate arbitrarily large values
of p. In fact, with the most favourable choice of r and qi, namely
oo, (2 . 7) and ( 2 . 8) become
y (r) _ (n -1 )/(n + 1) and

ness

which together with (2. 9) can be satisfied for arbitrarily large p by taking
I and q sufficiently large. However, whereas finite energy solutions belong
to
LT) for that choice of r, they do not in general belong to
and/or q are too large. Actually, the condition of finite
.~’o
will
allow only for n/l + 1/q >__ n/2 -1, and (2 . 9) will then result in
energy
the condition ( 1. 3) to ensure the uniqueness of finite energy solutions.
That point will be discussed in more detail in Proposition 2. 3.
The study of the local existence problem will require estimates for the
operator K acting in homogeneous Besov spaces.
LEMMA 2. 2.

for all

p,

Proof. -

with 1/r +
for any j

spaces

Let

n >__ 2 and 0 y (r) 1. Then K satisfies the

estimate

p’, r’, Jl such that

[which implies

where

-

in

particular

For 2

1/r = l.

r

I y (r’) y (r)].

~, K satisfies the estimate

On the other

( [2], [ 1 S])

hand, from (2 . 12) with

r=s,

we

obtain

is the dyadic decomposition used in the definition of the Besov
( see the Appendix of [7] for the notation), so that
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so

estimate

directly, by using

Finally,

we

that

the definition of

by

The estimate
and (2. 21).

(2. 17)

the fact

that sin y(~

B~ and by interpolation in the r variable,

then follows

by interpolation between (2. 19), (2. 20)
Q.E.D

For any interval I c R and for suitable values of p, r and q, we shall use
We shall denote by Bi (I, R) the closed ball
the
of radius R in ~’i (I), i =1, 2. The main ingredient of the local existence
proof is the following estimate.
LEMMA 2. 3. - Let
and

n >_ 2, let fsatisfy (A 1), let

p,

r

and q

satisfy 0

p

1

Let I be a bounded open interval, let to E I and let cp
(I). Then
the
estimate
F
F
and
( 1) (to; cp) E ~’2 (I)
(to; cp) satisfies

t2; cP) is a
(2) For any bounded interval J ~ I and for any tl, t2 E I, G
continuous function of tl, t2 with values in .~2 (J), and satisfies the following
estimate

VoL 6, n° 1-1989.
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decompose f= fi + f2 as in the proof of Lemma 2 . 1 and
contributuons
estimate the
of fl and f2 separately. We consider only
the contribution of f2; that of fl is obtained from it by replacing p by 1.
We apply (2. 17) with u = f2 (cp) and estimate the right hand side by
Lemma 3. 2 of [7] and the Sobolev inequalities, thereby obtaining
Proof -

We

we

provided p’ __ p and p (n/r - p) n/r’ - p’,
=

or

This relation determines ~, and allows to
provided one can find r’ such that

given r in the
(2.23) holds. We

equivalently

apply

Lemma 2. 2 with

p’

p

(2. 22), one can find r’ satisfying (2. 29) provided
then substitute (2.28) into the definition of F and G
and estimate the time integral by the Young inequality, which is possible
provided ( 2 . 24) and ( 2 . 25) hold, and yields the second term in the right
hand side of ( 2 . 26) and ( 2 . 27). The term with fl is estimated as indicated
above and yields the first term in the right hand side of (2. 26) and (2. 27).
For

range

Q.E.D

in a position to prove the local existence and
of solutions of the equation (2. 5).
We

are now

uniqueness

PROPOSITION 2 . 2. - Let n ? 2, let f satisfy (A 1), let p, r, q and ql satisfy
0 _ p l, 1 _ q q 1
and (2. 22)-(2. 25). Then for any R > 0, there exists
T (R) > 0 such that for any to E (1~ and for any cp~°~ E B2 (I, R) (~
(I), where
the
has
a
in
solution
equation (2.5)
I = [t° - T (R), to + T (R)],
2
That
solution
(~
(I)
BZ (I, R) ~’1i (I), satisfying cp;
cp~°~; ~’1 (I)

I

is

unique

in

I~ -2 II

II.

~2 (I) ~ ~’~ (I).

Proof - We use the estimates of Lemmas 2.1 and 2.3 with n/l = n/r - p
that (2.7), (2. 8) and (2.9) are implied by (2.22)-(2.25) with r~ 1= r12 = r~.
Furthermore, by the Sobolev inequalities, BP c L1 with

so
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and

~"2 ( . ) ~ ~’o ( . ) with

norms.

We choose

a

T = T (R)

similar inequality between the
such that

corresponding

(2.30), (2.30’) that the operator A(to, ~p~°~) leaves the set
S = B2 (I, 2 R) (~ ~1 (I) invariant and is contracting on S (by a factor 1/2)
in the norm of
(I). Now for any R 1 > 0, Bl (I, Ri) n B2 (I, 2 R) is w*(I) ~ X2 (I), therefore compact in the w*-topology of
compact in
(I),
therefore w*-closed in ~’1 (I) and therefore strongly closed in ~’1 (I), so
that also S is strongly closed in ~’1 (I). The existence and uniqueness of a
solution in S then follows from the contraction mapping theorem. The
more general uniqueness result follows from Proposition 2.1.
It follows from

Q.E.D.

briefly the assumptions of Proposition 2.2. The conditions (2.23)-(2.25) give upper limits on p, which in the most favourable
case p ~ 1, y (r) _ (n -1 )/(n + 1 ), q = q 1= oo, reduce to
We

or

now

discuss

equivalently

to

That conditions is weaker than the condition (1.3) expected for finite
energy solutions. In particular it does not restrict p for n 3. However,
in the same way as for Proposition 2.1, finite energy solutions in general
belong to ~’2 only if p, r and q are not too large, as will be seen below.
We now derive the implications of the previous results for solutions
corresponding to initial data with finite energy. For that purpose, we first
introduce the energy space

With each

(cpo,

E Xe

is associated

Such solutions

properties (see [17], [23], [28],
Vol. 6, n= 1-1989.

a

solution of the free

equation

the following space time
Lemma 3.1 of [7] and Figure).

satisfy

integrability
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Space time integrability properties of the solutions of the KG equation.
The

case

E X ~, cp~°~
for any
the
estimate
~~°~ satisfies

Then

as

shown is n = 6.

defined by (2. 32) belongs

to

~’2 (R) and

_

We can now collect the information obtained thus far for solutions of
(2. ~ with finite energy initial data.
Annales de l’Institut Henri Poincoré -
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PROPOSITION 2.3.

-

Let

n

>__ 2, let f satisfy {A 1) and ( 1.3). Then

( 1 ) There exist p, r and q satisfying 0 _ p 1, { 2. 22)-{ 2. 25) and ( 2. 33),
( 2. 34) .
Let ~’1 and ~’2 correspond to values of p, r, q provided by part ( 1 ) and
to

q 1 >__ q. Then

(2)

~

For

any

~o);

Xe1

by (2.32) has

a

there exists T > 0 depending only on
such that for any to E ~, the equation (2.5) with cp~°~ defined
unique solution in ~"1 (I) (1 ~’2 (I), where I [to T, to + T].
=

for any interval I, for
( 3) For any (cpo,
equation (2.5) with cp~°~ defined by (2.32) has at most
‘~ ~m~ ( I) n ‘’ ~z m~ ( I) -

-

any
one

toEI, the
solution in

°

Proof -

Part

( 1 ):

Under the condition

The condition

( 2. 23)

can

be rewritten

as

(2.34), the conditions (2.24) and (2.25) reduce

to

We now show that for any p satisfying (1.3),
choose r and cr satisfying the remaining conditions, namely
0 _ p 1, (2.22), (2.33), (2.36) and (2.37). In fact one can take p = 0 if
p -1 _ 4/( n -1 ) and y (r) _ (n -1 )/(n +
4/( n -1 ). In the former
case, 7 is negative, and the relevant conditions are immediately seen to
hold. In the latter case, (2.36) can be regarded as a lower bound on cr which
is an increasing function of p, namely a > n/2 -1- 2 n/[(n + 1 ) (p -1 )]. For
the upper limit in the inequality ( 1. 3) on p, that lower bound becomes
and to
one

(1.3) respectively.

can

which is compatible both with the upper
coming from (2.33) and with the upper bound coming from (2.37), which
is a decreasing function of p and reduces to a (n - 2)/(n + 2) in the
limiting case of ( 1.3). The condition 0 p 1 is trivially satisfied. This
completes the proof of part (1).
Part (2): follows from part (1),
Proposition 2.2 after noticing that

and for all ql.
Vol. 6, n" 1-1989.

from

Lemma 2.4

and

from

for all r satisfying (2.22)
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Part

(3): follows from part (1), from

Proposition 2.1
Proposition 2.2.

with the

same

choice

Lemma 2.4 and from
as in the proof of
Q.E.D.

3. THE CONSERVATION OF ENERGY AND THE GLOBAL
CAUCHY PROBLEM

In this section, we prove that under suitable assumptions on f, the
solutions obtained in Proposition 2.3 satisfy the conservation of energy
and can be continued for all times. In almost all this section, we assume
the interaction f in ( 1.1) to satisfy the following assumption

(A2)

There

exists a function
for all zeC and f (z)

= av/aZ.

~) such
For all R >

that

V(0)=0,

0, V satisfies the

estimate

for some a ? 0.
For ((p,
and such that
is
defined
the energy
by

[this

is the

case

if

(1.3) holds],

The

assumption (A2) formally implies the conservation of energy for the
equation (1.1). In order to give an actual proof, we need to approximate
the solutions constructed in Proposition 2.3 by smooth solutions of a
regularized equation. For that purpose we choose an even non negative
function

with compact support and such
we define
(jx),

any

positive interger j,

and

correspondingly,

if

For

(A2) holds,

Annales de l’Institut Henri Poincaré -
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We consider the

regularized equation

where F~ is defined by (2.2), (2.
result can be stated as follows.

3) with f replaced by fj.

The

approximation

LEMMA 3.1.
Let n ? 2, let f satisfy (A1) and (1.3). Let p, r, q and ql
the
conditions
of Proposition 2. 3, part (1). Then
satisfy
-

( 1) Proposition 2. 3, part (2) holds for the equation (3.4) with the same T,
independently ofj.
(2) The solution
of (3.4) obtained in part ( 1 ) converges to the solution
cp of (2.5) in ~’1 (I) when j -~ oo.

Proof - Part ( 1) follows from the fact that the convolution with hj is
so that all the estimates of Section 2
contraction in the spaces LT and
hold with f replaced by f~.
Part (2) is proved in the same way as the corresponding result in the
proof of Proposition 3.2 of [7] (see especially (3.60) of [7]), the only
difference being that the estimates from Proposition 3.1 of [7] are replaced
by the similar estimates of Lemma 2.1 above.
a

Q.E.D.

We now state without proof the relevant properties of the solutions of
the regularized equation (see [7], especially Propositions 2.1 and 3.2).

LEMMA 3.2.
7he solutions cp~
the following properties.
-

of (3.4) obtained

(1) For any non negative integer k,
satisfies the equation

(2)

Let in addition

energy

and the estimates

Vol. 6, n: 1-1989.

f satisfy (A2).

in Lemma 3.1

satisfy

Hk)

and cp~

cp~) E ~ 1 ( I,

Then cpl

satisfies

(~+

the conservation

of
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where

and

In

particular (cpj,

is

locally bounded

in

H~ Q L2 uniformly in j.

Remark 3.1.
From the fact that
Lr) for all j and from
it follows that
Lemma 3.1, part (2), where one can take
LT) and that converges to cp in (I,
when j -~ oo .
We are now in a position to prove the conservation of energy for
solutions of (2.5) with finite energy initial data.
-

PROPOSITION 3.1. - Let n > 2, let f satisfy (A 1), (1.3) and (A2). Let
~e~ let I be an open interval and let to E I. Let p, rand q satisfy
0
1, (2. 22)-(2.24) and (2.33), (2.34), and let q i ~. Let 03C6(0) be
p
defined by (2.32) and let cp be a solution of (2.5) in X1 (I) ~ X2 (I). Then
(cp, ~p)
(I, H1 Q L2) and cp satisfies the conservation of energy
=

and the estimates

for
I’

all tel.

Proof - It is sufficient
I containing to. Let

to prove

the result in any bounded subinterval

c c

R is finite

by (2.27). Let T=T(R) be defined as in the proof of
Proposition 2.2 [see especially (2.30), (2.30’)]. It follows from
Proposition 2.2 and Corollary 2.1 that for any t E I’, the solution cp can
be recovered in the interval I’ n [t T, t + T] by solving the equation (2.5)
with initial time t by contraction. We can cover I’ by a finite number of
intervals Ik of length 2 T and centers at
for some E > 0.
The result in I’ will follow from the corresponding one in Ik for successive
-

values of k = 0,

+ 1,

+ 2,

...

It is therefore sufficient
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3.1 in the special case where I is a small interval containing
the
where
equation (2.5) can be solved by the contraction method of
to
and from now on we restrict our attention to that case.
2.2,
Proposition
The proof is now very similar to the proof of energy conservation given
in the proof of Proposition 3.2 of [7]. We approximate (p in I by the
regularized solutions cpl of the equation (3.4) as described in Lemma 3.1.

Proposition

From (3.6), (3.7), Remark 3.1 and standard compactness arguments, it
Furthermore,
follows that cpl converges to cp in the w*-sense in L ~° ( I,
converges to cp in the w*-sense in L°° (I, L2),
by a duality argument,
where (p is the derivative of cp in
L2). In addition (cp, (p) satisfy
Lr) (~ L°° (I, H1) and
(3.11), (3.12) for almost all t in I. Now
for all s, 2 _ s
2 n/(n - 2).
L~ n ~w ( I,
L~) so that
Moreover, by Corollary 2.1, part (1), cp satisfies the differential equation
(1.1) in D’ (I x Rn) so that cp E L°° (I, H -1), 03C6 ~L (I, H-1) and therefore
L~). The continuity properties of ((p, (p) then imply that (3.11),
hold
for all t E I.
(3.12)
We next obtain some additional convergence properties of cp~ to cpo
From uniform boundedness in H~ and convergence
LT), it follows

L for all s,
by interpolation that cpy converges to cP
2
s
a
direct
one
can show that
estimation,
Furthermore,
2 n/(n - 2).
by
of
to
(p
L2) (see especially (3.63) [7]). On the other
cp~ converges
hand
to
converges
cp (t) weakly in L2 for each t~I (see especially
of
and
(3.64) [7])
c~~ (t) converges to cp (t) weakly in H 1 for each t E I.
We now take the limit j
oo in (3.5). The right hand side obviously
while the term containing v in the left hand side
converges to E((po.
-+

by the

converges to

convergence of 03C6j to cp

2 _ s _ p + 1. Weak convergence of

to

in (I, Ls) for
( cp (t), cp (t)) in

H~1 Q+ L2 then implies the inequality

for all t E I. Time reversal invariance of (1.1) together with Proposition 2.2
and Corollary 2.1 then imply the equality (3.10) for all
That equality,
L, 2 __ s _ p + 1 implies the continuity
together with the fact that cP
of the norm of ( cp, ~p) in H~ E9 L2 as a function of time, which together
with weak continuity implies strong continuity of ( cp, cp) in H~ Q) L2 as a
function of time.
We remark, although this is not needed here, that a similar argument
L2 for
shows that
(t), (t)) converges to (cp (t), c~ (t)) strongly in

cp~
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each t E I.
Q.E.D.

We are now in a position to prove the
result for finite energy solutions.

global

existence and

uniqueness

PROPOSITION 3.2. - Let n > 2, let f satisfy (Al),
(03C60, 03C80)
~ Xe and to E R. Then the equation (2.5) with

has a unique solution cp such that (cp,
satisfies the conservation of energy (3.10) and the
Let in addition p, r, q and ql satisfy O::s p
(2. 34) and ql >-- q. Then the solution is unique in

(1.3) and (A2). Let
03C6(0) given by (2.32)
Xe), and that solution
estimates (3.11), (3.12).
1, (2.22)-(2.24), (2.33),
(~ ~’2 ~o~

Proof - Let p, r, q and qi be as in the proposition. Then, by
Proposition 2.3 part (2), the equation (2.5) with initial data in Xe can be
solved locally in time in ~‘1 (I) (~1 ~’2 (I), where the length of the interval I
depends only on the norm of (cpo, Wo) in Xe. By Proposition 3.1 the local
solutions thereby obtained belong
and satisfy the a priori
estimates (3.11) and (3.12). By standard arguments those two facts imply
the existence of global solutions in
(~
Xe).
follows from Proposition 2. 3 part (3).
n
Uniqueness in
follows from the fact that
Uniqueness
Xe), actually in
(1
any solution in
Xe) belongs to
by Lemma 3. 3
of [7].
Q.E.D.

4. THE CAUCHY PROBLEM IN THE CRITICAL CASE

In this section we describe briefly that part of the results of the previous
sections that still hold in the critical case /?== 1 + 4/(n - 2) and the modifications required to derive them. This case has been already considered in
[17] in space dimension 3 n _ 5 with similar conclusions.
The main result of Section 2, namely Proposition 2.3, still holds with
the only difference that the condition (2.34) forces r~ 2 = 0 in (2.25). The
time integrals in the equation (2.5) can still be estimated by using the
Hardy-Littlewood-Sobolev inequality instead of the Young inequality. This

requires

to avoid the forbidden

limiting

case

associated with the former
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inequality,

which is achieved

by assuming

The results of Section 3 become more delicate in the critical case.
Lemmas 3.1 and 3.2 hold with no other changes than (4.1) while
Remark 3.1 clearly does not apply. Proposition 3.1 still holds under the
additional assumption (4.1) and the fact that V can be decomposed as
where V 1 satisfies the estimate

for

some p’,

1

is

cp -~

1 + 4/(n

_ p’

- 2)

and for all R E R+ and where the map

weakly lower semicontinuous from H1

to lF~ on the

The proof requires three modifications:
bounded sets of
The first one regards the possibility of reconstructing the given solution
cp in a bounded interval I’ c c I by a finite number of successive steps of
local resolution. In fact, with r~ 2 = o, the local Cauchy problem for the
equation (2.5) with initial data (cp (s), cp (s)) at time 8 can be solved in the
interval [s, 8 + T] provided

suitable s > 0. In order to cover I’ with (a finite number of) intervals
where (4.3) holds, it suffices to prove that hT (s) tends to zero
uniformly for s E I’ when T tends to zero. Now hT (s) is easily seen to be a
continuous function of s by the estimates of Section 2, is obviously decreasing in T, and tends to zero for fixed s when T tends to zero. The result
then follows from Dini’s theorem.
The second modification regards the limit j -~ oo in (3.5). In fact the
for

a

contribution of

Vi

in the left hand side of

by the convergence of
lower semicontinuity

thereby yielding (3.14).
Vol.

6, n~

1-1989.

to cp

in (I, L5)

(3.5)

for 2

converges to

s

f dx

Vi ((p)

2 n/(n - 2) while, by
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The third modification concerns the proof of strong continuity in time
( ~, cp) in H 1 0 L2 from weak continuity and energy conservation, using

again

the lower

semi-continuity of

In fact all three terms of

the energy [see (3.2)] are lower semi-continuous in t and therefore continuous by energy conservation, so that also the norm of ( cp, cp) in H 1 fl3 L 2 is
continuous.
Actually the lower semi-continuity of V2 can be dispensed with in the
proof of energy conservation [but not in the proof of strong continuity of
(p, cp) . in H~ E9 L2 with respect to time] at the expense of using Fatou’s
lemma.
Finally we are not able to extend Proposition 3.2 to the limiting case.

REFERENCES

[1]
[2]

[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]

[11]
[12]
[13]
[14]
[15]

J. BERGH and J. LÖFSTRÖM, Interpolation Spaces, Berlin-Heidelberg-New York, Springer, 1976.
P. BRENNER, On Lp-Lp, Estimates for the Wave Equation, Math. Z., Vol. 145, 1975,
pp. 251-254.
P. BRENNER, On the Existence of Global Smooth Solutions of Certain Semi-Linear
Hyperbolic Equations, Math. Z., Vol. 167, 1979, pp. 99-135.
P. BRENNER and W. VON WAHL, Global Classical Solutions of Non-Linear Wave
Equations, Math. Z., Vol. 176, 1981, pp. 87-121.
P. BRENNER, Space-Times Means and Nonlinear Klein-Gordon Equations, Preprint.
F. E. BROWDER, On Nonlinear Wave Equations, Math. Z., Vol. 80, 1962, pp. 249-264.
J. GINIBRE and G. VELO, The Global Cauchy Problem for the Nonlinear Klein-Gordon
Equation, Math. Z., Vol. 189, 1985, pp. 487-505.
R. GLASSEY and M. TSUTSUMI, On Uniqueness of Weak Solutions to Semi-Linear Wave
Equations, Commun. Partial Differ. Equations, Vol. 7, 1982, pp. 153-195.
E. HEINZ and W. VON WAHL, Zu einem Satz von F. E. Browder über nichtlineare
Wellengleichungen, Math. Z., Vol. 141, 1975, pp. 33-45.
K. JÖRGENS, Das Anfangswertproblem im Grossen für eine Klasse nichtlinearer Wellengleichungen, Math. Z., Vol. 77, 1961, pp. 295-308.
T. KATO, On Nonlinear Schrödinger Equations, Ann. I.H.P. (Phys. Theor.), Vol. 46,
1987, pp. 113-129.
J. L. LIONS, Quelques méthodes de résolution des problèmes aux limites non linéaires,
Paris, Dunod - Gauthiers-Villars, 1969.
B. MARSHALL, W. STRAUSS and S. WAINGER, Lp-Lq Estimates for the Klein-Gordon
Equation, J. Math. Pur. Appl., Vol. 59, 1980, pp. 417-440.
C. PARENTI, F. STROCCHI and G. VELO, A Local Approach to Some Nonlinear Evolution Equations of Hyperbolic Type, Ann. Sc. Norm. Super. Pisa, Cl. Sci., IV, Ser. 3,
1976, pp. 443-500.
H. PECHER, Lp-Abschätzungen und klassische Lösungen für nichtlineare Wellengleichungen I, Math. Z., Vol. 150, 1976, pp. 159-183.
Annales de l’Institut Henri Poincaré -

Analyse non linéaire

35

[16]

Interpolationssatz und seine Anwendung auf nichtlineare
Math. Z., Vol. 161, 1978, pp. 9-40.
H. PECHER, Nonlinear Small Data Scaterring for the Wave and Klein-Gordon Equation,
Math. Z., Vol. 185, 1984, pp. 261-270.
H. PECHER, Low Energy Scattering for Nonlinear Klein-Gordon Equations, J. Funct.
Anal., Vol. 63, 1985, pp. 101-122.
J. C. PERAL, Lp-Estimates for the Wave Equation, J. Funct. Anal., Vol. 36, 1980,
pp. 114-145.
M. REED, Abstract Nonlinear Wave Equations, Berhng-Heidelberg-New York, Springer,
1976.
I. E. SEGAL, The Global Cauchy Problem for a Relativistic Scalar Field with Power
Interaction, Bull. Soc. Math. Fr., Vol. 91, 1963, pp. 129-135.
1. E. SEGAL, Nonlinear Semigroups, Ann. Math., Vol. 78, 1963, pp. 339-364.
I. E. SEGAL, Space-Time Decay for Solutions of Wave Equations, Adv. Math., Vol. 22,
1976, p. 305-311.
W. STRAUSS, Decay and Asymptotics for ~u=f(u), J. Funct. Anal., Vol. 2, 1968,
pp. 409-457.
W. STRAUSS, On Weak Solutions of Semilinear Hyperbolic Equations, An. Acad. Bras.
Cienc., Vol. 42, 1970, pp. 645-651.
W. STRAUSS, Nonlinear Scattering Theory at Low Energy, J. Funct. Anal., Vol. 41,
1981, pp. 110-133. Ibid., Vol. 43, 1981, pp. 281-293.
R. STRICHARTZ, Convolutions with Kernels Having Singularities on a Sphere, Trans.
Amer. Math. Soc., Vol. 148, 1970, pp. 461-470.
R. STRICHARTZ, Restrictions of Fourier Transforms to Quadratic Surfaces and Decay
of Solutions of Wave Equations, Duke Math. J., Vol. 44, 1977, pp. 705-714.
H. TRIEBEL, Theory of Function Spaces, Basel, Birkhäuser, 1983.
W. VON WAHL, Klassische Lösungen nichtlinearer Wellengleichungen im Grossen, Math.
Z., Vol. 112, 1969, pp. 241-279.
W. VON WAHL, Uber nichtlineare Wellengleichungen mit zeitabhängigem elliptischem
Hauptteil, Math. Z., Vol. 142, 1975, pp. 105-120.
H. PECHER, Ein nichtlinearer

Wellengleichungen,

[17]
[18]
[19]

[20]
[21]

[22]
[23]
[24]
[25]
[26]

[27]
[28]

[29]
[30]
[31]

( Manuscrit

Vol. 6, n’ 1-1989.

reçu le 2 octobre

1987.)

