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Abstract

In this article we investigate the ballistic behavior of diffusions in random environment. We introduce conditions in the spirit of
(T) and (T") of the discrete setting, cf. [A.-S. Sznitman, On a class of transient random walks in random environment, Ann. Probab.
29 (2) (2001) 723-764; A.-S. Sznitman, An effective criterion for ballistic behavior of random walks in random environment,
Probab. Theory Related Fields 122 (4) (2002) 509-544], that imply, when d > 2, a law of large numbers with non-vanishing
limiting velocity (which we refer to as ‘ballistic behavior’) and a central limit theorem with non-degenerate covariance matrix.
As an application of our results, we consider the class of diffusions where the diffusion matrix is the identity, and give a concrete
criterion on the drift term under which the diffusion in random environment exhibits ballistic behavior. This criterion provides
examples of diffusions in random environment with ballistic behavior, beyond what was previously known.
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

On étudie dans cet article le comportement balistique de diffusions en milieu aléatoire. On montre que certaines conditions (7°)
et (T"), d’abord introduites dans le cadre discret, cf. [A.-S. Sznitman, On a class of transient random walks in random environment,
Ann. Probab. 29 (2) (2001) 723-764 ; A.-S. Sznitman, An effective criterion for ballistic behavior of random walks in random
environment, Probab. Theory Related Fields 122 (4) (2002) 509-544], entrainent en dimension supérieure une loi des grands
nombres avec une vitesse limite non nulle (ce qu’on appelle « comportement balistique »), et un théoreme limite central avec une
matrice de covariance non dégénérée. Pour illustrer ces résultats, on considere la classe de diffusions ol la matrice de diffusion est
I’identité, et on donne un critére concret sur la dérive qui entraine le comportement balistique de la diffusion en milieu aléatoire.
Ce critere fournit de nouveaux exemples de diffusions en milieu aléatoire avec comportement balistique.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The method of “the environment viewed from the particle” has played a prominent role in the investigation of
random motions in random environment, see for instance [12,18,21,23-26]. In the continuous space—time setting,
it applies successfully when one can construct, most often explicitly, an invariant measure for the process of the
environment viewed from the particle, which is absolutely continuous with respect to the static measure of the random
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medium, see [7,13-17,19,22-25]. However, the existence of such invariant measures is hard to prove in the general
setting. The case of Brownian motion with a random drift which is either incompressible or the gradient of a stationary
function, is tractable, see [23,24]. But many examples fall outside this framework, and only recent developments go
beyond it, for they require new techniques, see [13—15,17].

Progress has recently been made in the discrete setting for random walks in random environment in higher dimen-
sions, in particular with the help of the renewal-type arguments introduced in Sznitman and Zerner [36], see [3-6,
31-35,37]. It is natural, but not straightforward, to try to transpose these results to the continuous space—time setting,
and thus propose a new approach to multidimensional diffusions in random environment, when no invariant measure
is a priori known. The first step in this direction was taken up in Shen [28], where, in the spirit of Sznitman and Zerner
[36], certain regeneration times providing a renewal structure are introduced. Then a sufficient condition for a ’bal-
listic’ strong law of large numbers (‘ballistic’ means that the limiting velocity does not vanish, which we refer to as
ballistic behavior) and a central limit theorem governing corrections to the law of large numbers, with non-degenerate
covariance matrix, is given in terms of these regeneration times.

In this article we show that under condition (7”), see (1.12) for the definition, when d > 2, the diffusion in ran-
dom environment satisfies the aforementioned sufficient condition of Shen [28]. We formulate the rather geometric
condition (7’) and are able to restate it equivalently in terms of the renewal structure of Shen [28], see Theorem 3.1.
With (T") we are then able to derive tail estimates on the first regeneration time which in particular imply the above
mentioned sufficient condition of Shen [28], see Theorem 4.5. In the discrete i.i.d. setting, condition (T”) was intro-
duced in the work of Sznitman, see [32] and [33], and some of our arguments are inspired by [32] and [33]. As an
application of our methods, we give concrete examples. In particular, we recover and extend results of Komorowski
and Krupa [15].

Before describing our results in more details, let us recall the setting.

The random environment is described by a probability space (§2,.A4,P). We assume that there exists a group
{t:: x € R?} of transformations on 2, jointly measurable in x, w, which preserve the probability IP:

LP=P. (1.1)

On (42, .A,_]P’) we consider bounded measurable functions b(-): 2 — R4 and o(-):2 — R4 a5 well as two finite
constants b, & > 0 such that for all w € £2

b@)|<b,  |o)]|<3, (12)
where | - | denotes the Euclidean norm for vectors resp. for square matrices. We write
b(x, w) :b(tx(a))), o(x,w) :a([x(a))).

We further assume that b(-, @) and o (-, ) are Lipschitz continuous, i.e. there is a constant K > 0 such that for all
wef2,x,yeRe,

|b(x. ) = b(y. )| + |0 (x.0) — 0 (v, )| < K|x — yl. (13)
oo!(x, w) is uniformly elliptic, i.e. there is a constant v > 0 such that for all w € £2, x,y € RY,

[ t 2 2

;Iyl < o' (x, 0)y|" < vlyl?, (L.4)

where o’ denotes the transposed matrix of . For a Borel subset F C R?, we define the o-field generated by
b(x,w),o(x,w), for x € F by

Hr L o{b(x,),0(x,): x € F), (1.5)
and assume finite range dependence: there is an R > 0 such that for all Borel subsets F, F’ C R? with d(F, F’) def
inf{lx —x'|: xe F, x’ € F'} > R,

‘HF and Hps are P-independent. (1.6)

We denote by (C(R,, R4 ), F, W) the canonical Wiener space, and with (B;);>0 the d-dimensional Brownian motion
(which is independent from (£2, A, IP)). The diffusion process in the random environment w is described by the family
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of laws (Px,»)ycrd (We call them the guenched laws) on (C(R ., R9), F) of the solution of the stochastic differential
equation

dX; = o (X;, w)dB; + b(X;, w) dt, (1.7)
Xo=x, xeR¢ we. ’
The second order linear differential operator associated to the stochastic differential equation (1.7) is given by:
d £ 1 d d
€
Zal](x )5~ 7 —i—ij(x,a))gj. (1.8)
z ,j=1 j=1

To restore some stationarity to the problem, it is convenient to introduce the annealed laws P,, which are defined as
the semi-direct products:

PP x P, forxeRY (1.9)
Of course the Markov property is typically lost under the annealed laws.
Let us now explain the purpose of this work. The main object is to introduce sufficient conditions for ballistic
behavior of the diffusion in random environment when d > 2. These conditions are expressed in terms of another
condition (7'),, which is defined as follows. Consider, for |/| = 1 a unit vector of R4, b, L > 0, the slabs

Up,L dzef{x eR?: —bL <x-1<L}.

We say that condition (T),, holds relative to / € S~ in shorthand notation (T'), |/, if for all ' € S~! in a neighbor-
hood of /, and for all b > 0,

limsup L~ VlogPo[XT I'<0]<0, (1.10)
L—o0 Ib.L
where T denotes the exit time of X. out of the slab U; p 1, see (2.1) for the definition.
The aforementloned sufficient conditions for ballistic behavior are then condition (7") relative to the direction /, in
shorthand notation (7)|l, which refers to the case where

(1.10) holds for y =1, (1.11)
or the weaker condition (7T) relative to the direction [, in shorthand notation (7")|/, which refers to the case where
(1.10) holds for all y € (0, 1). (1.12)

Clearly (T) implies (7”) which itself implies (T'), for all ¥ € (0, 1). We expect these conditions all to be equivalent,
cf. Sznitman [33,35], however this remains an open question. The conditions (7) and (7T”) are not effective conditions
which can be checked by direct inspection of the environment restricted to a bounded domain of R?. In the discrete
i.i.d. setting, Sznitman [33] proved the equivalence between a certain effective criterion and condition (7). With the
help of the effective criterion he also proved that (7'),, and (T’) are equivalent for % <y < 1. We believe that a similar
effective criterion holds in the continuous setting, and it is in the spirit of this belief that we formulate all our results
in Section 3 and 4 in terms of condition (T”) resp. (T)y . Later, in Section 5, we verify the stronger condition (T') for
a large class of examples.

In Theorem 3.1 we show that the definition of condition (7'), |/, see (1.10), which is of a rather geometric nature,
has an equivalent formulation in terms of transience of the diffusion in direction / and a stretched exponential control
of the size of the trajectory up to the first regeneration time t; (see Subsection 2.3 for the precise definition):

Py-a.s. lim X; -1 = o0, (1.13)
—00
and for some p > 0, Eo[exp{u sup |X,|V}] < 00. (1.14)
o<ty

Following Shen [28], the successive regeneration times ti, k > 1, are defined on an enlarged probability space which
is obtained by adding some suitable auxiliary i.i.d. Bernoulli variables, cf. Subsection 2.3. The quenched measure on
the enlarged space, which couples the trajectories to the Bernoulli variables, is denoted by Py ,,, and Py refers to the
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annealed measure P x i’\x’w, cf. Subsection 2.2. Loosely speaking, the first regeneration time 77 is the first integer time
where the diffusion process in random environment reaches a local maximum in a given direction [ € S?~!, some
auxiliary Bernoulli variable takes value one, and from then on the diffusion process never backtracks.

The strategy of the proof of the above mentioned equivalence statement is similar to that of the analogue statement
in the discrete i.i.d. setting, see Sznitman [33]. Nevertheless, changes appear in several places, due among others to
the fact that the regeneration time t1 is more complicated than in the discrete setting.

Theorem 3.1 is very useful because conditions (1.10) and (1.13), (1.14) have different flavors. Condition (1.13),
(1.14) is especially useful when studying asymptotic properties of the diffusion process, whereas (1.10) is more
adequate to construct examples.

Together with the crucial renewal property (see Theorem 2.2) induced by the regeneration times ti, k > 1, the
formulation (1.14) is instrumental in showing that under (7), and when d > 2,

limsup (logu) “log Polt1 > ul <0, fora<1+ u,
u—00 d+1
see Theorem 4.5. The proof again uses a strategy close to the proof in the discrete case, see Sznitman [32]. We prove
a seed estimate, see Lemma 4.4, which is then propagated to the right scale by performing a renormalisation step, see
Lemma 4.3. Interestingly enough, we do not require condition (7”) to prove the renormalisation lemma.
Under the assumption of (1.13) and the finiteness of the first and the second moment of 71, the Theorems 3.2 and
3.3 in Shen [28] imply that:

(1.15)

X
Po-a.s., Tt — v, v #0, deterministic, with v -/ > 0, (1.16)

and under Py, B¥ = (X,. — s - v)/+/s converges in law on C(R,, RY), as s — 00, to a

Brownian motion B. with non-degenerate deterministic covariance matrix. (1.17)

Hence, when condition (T”) holds, and d > 2, Theorem 4.5, see also (1.15), yields a ballistic law of large numbers
and a central limit theorem governing corrections to the law of large numbers. Incidentally let us mention that as in
the discrete setting, cf. Sznitman [33,35], condition (7”) is a natural contender for the characterisation of ballistic
diffusions in random environment when d > 2. However at present there are no rigorous results in that direction.

As an application of our methods, we provide a rich class of examples exhibiting ballistic behavior. We first
consider the case where, for some [ € S9! and all w € £2, all x € RY, b(x, w) - | remains uniformly positive, and
show in Proposition 5.1 that condition (7')|/ holds. Hence we recover and extend the main result of Komorowski and
Krupa [15] (which only asserts (1.16) when o = Id).

Then we consider the case where o in (1.7) is the identity. We prove in Theorem 5.2 that, when d > 1, there is a
constant ¢, (l;, K,d, R) > 0 such that, for [ € S9-1 the inequality

E[(b0.0)-1),] > cE[(p(0.0)-1)_] (1.18)

implies condition (7)|/ (and hence condition (7")|l). Clearly, when o = Id, the result of Proposition 5.1 is included
in Theorem 5.2. Note that Theorem 5.2 covers additional situations where b(0, ) - I changes sign in every unit
direction /. This provides new examples of ballistic diffusions in random environment. More details are included in
Remark 5.7 at the end of Section 5.

To prove Theorem 5.2, we verify the geometric formulation (1.11) of condition (7"). However it is a difficult task to
compute the exit distribution of the diffusion out of large slabs under Py, since the Markov property is lost under Py.
In the spirit of Kalikow [10], we restore a Markovian character to the exit problem by virtue of Proposition 5.4. With
the help of Proposition 5.4, we show that condition (7') is implied by a certain condition (K), see (5.23), which has a
similar flavor as Kalikow’s condition in the discrete i.i.d. setting, see Sznitman and Zerner [36]. The proof of Theorem
5.2 is then carried out by checking condition (K ). These steps are similar in spirit to the strategy used in the discrete
setting, cf. lecture 5 of [4]. However, difficulties arise in the continuous space—time framework.

Let us now describe the organisation of this article.

In Section 2, we recall the coupling construction which leads to the measures 13;,@ resp. I/’\x, cf. Proposition 2.1. On
this new probability space one constructs the regeneration times t, k > 1, which provide the crucial renewal structure,
cf. Theorem 2.2. These results have been obtained in Shen [28]; we recall them for the convenience of the reader.



T. Schmitz / Ann. 1. H. Poincaré — PR 42 (2006) 683-714 687

In Section 3, we prove the equivalence of (1.10) and (1.13) (1.14), see Theorem 3.1.

In Section 4, we show that, when d > 2, condition (T”) implies (1.15), see Theorem 4.5. Proposition 4.2 highlights
the importance of large deviation controls of the exit probability of large slabs. The renormalisation step is carried out
in Lemma 4.3, and a seed estimate is provided in Lemma 4.4.

In Section 5, we show that condition (7') (in the geometric formulation (1.10)) holds either under the assumption
of the uniform positivity of b(x, w) - I for some unit vector / and all w € £2, all x € R4, or under the assumption of
o =1Id and (1.18).

In Appendix A, we provide some results on continuous local martingales and Green functions, that we use through-
out this article.

Convention on constants. Unless otherwise stated, constants only depend on the quantities v, b,5,K,R,d, y. In
particular they are independent of the environment w. Generic positive constants are denoted by c. Dependence on
additional parameters appears in the notation. For example, c(p, L) means that the constant ¢ depends on p and L
andon v, b, &, K, R, d,y. When constants or positive numbers are not numerated, their value may change from line
to line.

2. The regeneration times and the renewal structure

In this section, we recall the definition of the coupled measures ﬁx,w (resp. ﬁx) and of the regeneration times t,
k > 1, given in Shen [28]. We then cite the resulting renewal structure, see Theorem 2.2. For the proofs or further
details, we refer the reader to Shen [28].

2.1. Notation

We introduce some additional notation. For x € R4, d > 1, we let B, (x) denote the d-dimensional open Euclidean

ball with radius  centered in x. For U C€ R, we denote with U its closure, with diam(U) défsup{pc —y|: x,ye U}

its diameter, and, for measurable U, with |U| its Lebesgue measure. A domain stands for a connected open subset
of R¥. For two subsets U, V of R?, we define their mutual distance by d(U, V) d:efinf{pc —yl:xeU, yeV}. For

x € R, we define |x | def sup{k € Z: k < x} and [x] Clginf{k € Z: k > x}. For a discrete set A, we denote with #A its
cardinality. For an open set U in R? and u € R we define the (F;) ¢>0-stopping times ((F;);>0 denotes the canonical
right-continuous filtration on (C (R4, R?), F)): the exit time from U,

To Lintlr > 0: X, ¢ U}, 2.1
and the entrance times into the half-spaces {x -/ > u} resp. {x - I < u},

LEhnfr > 0: X, - 1>u), T 'inflr>0: X, -1<u). 2.2)

=

T,

=

We define as well the maximal value of the process (X - [)s>0 till time ¢,

M) S sup (X, -1 0<s <1), (2.3)

and the first return time of the process (X - [);>0 to the level — R relative to the starting point, as well as its rounded
value,
def . def
J =inf{t > 0: (X; — Xo) -1 < —R}, D=[J]. (2.4)

2.2. The coupled measures

We need further notations. We let [ be a fixed unit vector, and

U* % Ber(x +5R), B Br(x +9RI). (2.5)
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We denote by A ; the canonical coordinates on {0, 1}N . Further, let S, défo{kg, ..., Am}, m € N, denote the canonical

filtration on {0, 1} generated by (A;;)men and S d:efa{Um S} be the canonical o -algebra. We also write for ¢ > 0:

théf}—r®8(t], Zdéf]:@S:U{UZm}- (2.6)

meN

We also consider the shift operators {6,,: m € N}, with 6,,: (C(R4, R?) x {0, }Y, 2) - (C(R ., R?) x {0, 1}V, 2),
such that

O (X, 1) = (Xt Am-). 2.7)

Then from Theorem 2.1 in Shen [28], one has the following measures, coupling the diffusion in random environment
with a sequence of Bernoulli variables:

Proposition 2.1. There exists p > 0, such that for every w € 2 and x € R?, there exists a probability measure I/’;,w
on (CR,, RY) x {0, 1}V, Z) depending measurably on w and x, such that

(1) Under If’;’w, (X1)i>0 is Py o-distributed, and the X,,, m 2> 0, are i.i.d. Bernoulli variables with success probabil-
ity p.

(2) For m 2 1, Ay, is independent of F, ® Sp—1 under Py . Conditioned on Z,,, X. o 0y, has the same law as X.
under P;}Z’w, where for y € R re {0, 1}, P;’w denotes the law Py ,[ - |Ao = A].

3) 13;1w almost surely, X; € U* for s € [0, 1] (recall (2.5)).

(4) Under P! X1 is uniformly distributed on B* (recall (2.5)).

X,w’

We then introduce the new annealed measures on (2 x C(R ., RY) x {0, I}N, A® Z):

ECEIF’XI”;M and ’E\XzExEx,w. (2.8)

2.3. The regeneration times ty, and the renewal structure

To define the first regeneration time 71, we introduce a sequence of integer-valued (Z;);>0-stopping times N,
k > 1, such that, at these times, the Bernoulli variable takes the value one, and the process (X; - [);>( in essence
reaches a new maximum. Proposition 2.1 now shows that for every environment w € §2, conditionally on Zy, the
position of the diffusion at time Ny is uniformly distributed on the ball BX¥c under 1’3\0,0,. We define t; as the first
N + 1 such that, after time Ny + 1, the process (X; - I);>( never goes below the level Xy, 11 -/ — R. In essence,
the distance between the positions X, 1 and X, is large enough to obtain, in view of finite range dependence,
independence of the parts of the trajectory (X; — Xo);<¢,—1 and (X7, 4+ — X¢,)r>0 under ﬁo, so that the diffusion
regenerates at time 71 under ﬁo. We define the regeneration times 7, k > 2, in an iterative fashion, and we provide
the renewal structure in Theorem 2.2.

In fact, the precise definition of 7 relies on several sequences of stopping times. First, for a > 0, introduce the
(F1)r>0-stopping times Vi (a), k > 0 (recall M () in (2.3) and T}, in (2.2)):

def def
Vo(@) = Tr(0)+as Vit 1(a) = Tor(rvi @)+ R- 2.9

In view of the Markov property, see point (2) of Proposition 2.1, we want the stopping times Ni(a), k > 1, to be

integer-valued. Therefore we introduce in an intermediate step the (integer-valued) stopping times Ni(a) where the
process X; - [ essentially reaches a maximum:

~ def . R
Ni(a) =inf}[Vi@)]: k>0, sup |I-(Xg—Xvy)| <=t
SelVi,TViT] 2

Nit1(@) = N1BR) 0 0, () + Ne(@), k=1

(2.10)
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(by convention we set ﬁk+1 = o0 if ﬁk = 00). In the spirit of the comment at the beginning of this subsection, we
define the (Z;);>0-stopping time N as

M@ Einf(Ni@: k=1, Az =1}, N ENGR), .11

as well as the (Z;);>0-stopping times

S N 41,

R défS] + D o0g,.

(2.12)

The (Z;);>0-stopping times Nyy1, Sk+1 and Ry are defined in an iterative fashion for k > 1:

Nist € R+ Ni(ar) o0g,  with ax & M(Ry) — Xg, -1+ R >R,

Skt S Newr + 1, 2.13)
def

Ris1 = Se1 + D obs,.,

(the shift 6g, is not applied to ay in the above definition).

It follows from the above definitions that f’o-a.s., X5, < Xn - I+10R, k > 1. Notice that for all k£ > 1, the (Z;);>0-
stopping times Ni, Sy and Ry are integer-valued, possibly equal to infinity, and we have 1 < Ny < S{ < R < My <
SH<R <L o0

The first regeneration time t is defined, as in [36], by

71 inf{S: S < 00, Ry =00} < oo (2.14)

We define the sequence of random variables ti, k > 1, iteratively on the event {r; < oo}, by viewing 1 as a function
of (X.,A.):

T (X 1)) oy (X 10) + (X4 = Xy A1) k> 1, 2.15)

and set by convention t;4+1 = 00 on {rxy = 0o}. Observe that for each k > 1, ty is either infinite or a positive integer.
By convention, we set 7gp = 0. The random variables ¢, k > 0, provide a renewal structure, see also Theorem 2.5 in
Shen [28], which will be crucial in the proof of Theorem 3.1.

Theorem 2.2 ((Renewal Structure)). Assume that ﬁ)—a.s., 71 < 00. Then under the measure 13\0, the random variables
Zk def (X (et n@ai—D — Xoos Xgoy — Xos Ter1 — ), k 2 0, are independent. Furthermore, Zy, k > 1, under Po,
have the distribution of Zy = (X . a(r;—1) — Xo0; Xz, — Xo; T1) under Pyl -|D = 00].

The following proposition is also established in [28] (see Lemma 2.3 and Proposition 2.7 therein):

Proposition 2.3. 1/50-a.s. 71 < 00 if and only if Py-a.s. lim;—. oo X; - [ = 00. Furthermore ﬁ)-a.s. 71 < 00 implies
Py[D = o0] > 0 (recall the definition of D in (2.4)).

3. Equivalent formulations of condition (T),

In this section, we provide an equivalent formulation of the condition (T'), |l, cf. (1.10), in terms of a stretched
exponential estimate on the size of the trajectory X;, 0 <t < 17.

Theorem 3.1. Let [ € S9~1,0 < y < 1. The following two conditions are equivalent
(T)yll, (3.1

Py-a.s.  lim X, -l =00, andforsome u >0, Eo[exp{u sup |X,|V” < 00. (3.2)
t—00 0<r <1y
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3.1. The proof of (3.1) = (3.2)

Let us first show that
Py-a.s. lim X, -1 =oo0. (3.3)
t—00
We choose an orthonormal basis ( f;)1<iga of R with f; = I. By definition of condition (T)y I, there are unit vectors
Lit, i - inRfi + R f;, 2 <i<d, such that:
lix-f1>0, liy-fi>0, Li—-fi<O,
and, forl' =1,1; +,1; -,2<i<d,b>0,

limsup L™ log Py[ X1 I’ <0]<0. (3.4)

L—o00 Y.L

Consider the open set D def {x e R4, lx -l <1, x-l;+ >—1,2<i<d}. Dis abounded set, hence we can find
numbers a; + > 0, 2 <i <d, such that

Dg{xeRd:x~l,~,i<aii, 2<i<d}.

Since (T'),, holds relative to / and /; +, 2 <i < d, writing

d d
AlTip <1{] < AT, <1}]+ o RITY <7l 1+ ST <1 ]
i=2 =2
we find by (3.4) that
limsup L™ log PO[TLD < TI{] <0. (3.5)
L—oo

Since PO[TI =o0] < PylTp < TI{], and the left-hand side increases with L, (3.5) implies that

Pp-a.s.  limsup X, - = oo0.
11— 00

As a next step we observe that

limsup L™ log Po[Tt 061 < Th, 06]<0. (3.6)
L—o0 2 L 3 L
Indeed:
7l 1 [ ) l 1
PO[T% °0py < Ty o0 | < Po[Typ <Tp ]+ PO[T% 00y <Ty o6y, Tpp= T; ], (3.7

and by (3.5) we only need to estimate the second term on the right-hand side of (3.7). We define

0, DL (xedD: x-1=1},

and let (B1(x;))ier, xi € 0+ LD, I a finite set with cardinality growing polynomially in L, be a cover of 9 LD by unit
balls, see above (2.2) for the notation. It follows from the strong Markov property and the stationarity of the measure
P that

Po[fé 00y < TﬁTL 001, Tip=T;] < ZE[EO,w[eri,w[Té < TA{TL], Xy € Bi(x)]]

iel
< ZE[ sup Px,w[ﬂ < TﬁL]] = ZE[ sup Px)w[fl L < T”] (3.8)
icl xe€B(x;) 2 3 iel x€B1(0) 2 3

For large enough L, it follows from the strong Markov property that for all w € £2,

the function x — Px,w[TiL
2

< Té] is L,-harmonic on B3(0), (3.9
3
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see for instance [11] p. 364f. Harnack’s inequality (see [8] p. 250) states that there is a constant cy > 1 such that for
all £,,-harmonic functions u on B3(x), x € R?,

sup u(y)<cg inf u(y), (3.10)
YEB (x) YEBI(x)
which shows that

E[ sup Poo[T!, < Tﬁ]] <ew P[T', <TL]. G.11)
3

x€B1(0) 2

Inserting (3.11) in (3.8), we see that (3.6) follows from (3.1). From an application of Borel-Cantelli’s lemma we
obtain that Py-a.s. for large integer L,

Tl <T) 06, +T}.
3 2 L

So on a set of full Pp-measure we can construct an integer-valued sequence Ly ' oo, with Lyy| = L%ij and

Tikﬂ < TiTk o 9T£k + Tik, k > 0. This shows (3.3).

We now show that for some © > 0

Eo[exp{u sup |X,|V” < 00. (3.12)
0<tr<ny
The proof is divided into several propositions. In a first step, we study the integrability properties of the random
variable (recall (2.4))
M sup{(X, — Xo) - 1: 0<1 < T}, (.13)

i.e. M is the maximal relative displacement of X in the direction / before it goes an amount of R below its starting
point. By virtue of Proposition 2.3 and (3.3), we know that Py[D = oo] = Py[J = oo] > 0 (recall (2.4)). Hence we
cannot expect M to be finite. Nevertheless we have the following proposition:

Proposition 3.2. There is 1 > 0 such that
Po[J = o0]

Eo[exp{uiM?},J < o0] <1 5

Proof. Let L; = (%)k. By our previous result (3.6), we see that there is © > 0 such that for large integers k:

Po[Ly <M < Lis1,J < 00] < PO[?le/2 by < T, 3 001 ] <exp{—uLl}. (3.14)
k k

Let ko be large enough such that Zk>k0 exp{—%L}:} < M. Further, let ;1 > 0 such that 0 < (%)Vm < % Then

(3.14) shows that for kg large enough,

Eo[exp{uiM”},J < oo] <exp{uiLy } PolJ < ool + Y exp{u1L], } Polli <M < Lyy1,J < o]

k>ko
< exp{/L]LZO}(l — Py[J = o0]) + Z exp{—%L}:}
k>ko
<explui L], }(1 - Aol = ool) 4 = oy PLZ OS]

provided g1 > O is chosen small enough in the last inequality. O

As anext step, we shall prove the integrability of exp {t (X<, - 1)V } under the extended annealed measure Po. Recall
the (Z;);>0-stopping times (Vi (a))k>0, (ﬁk(a))k>0 and Nj(a) defined in Subsection 2.3. As we will see in the proof
of Proposition 3.4, exp {u ((Xn, @) — Xo) - )7} will play a key role in studying the integrability of exp{u (X<, - 1)}
under ID\O. Let us therefore start with the following proposition, which only assumes that, Py-a.s., lim;_ o X; - [ = 00,
which we have established in (3.3).
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Proposition 3.3. Assume that lim;_, oo X; - | = 00 Py-a.s. Then, for each pp > 0 there is u3 > 0, such that for P-a.e.
we 2:

sup Evofexp{us(((Xny@ — Xo) - 1) —a?)}] < 1+ pa. (3.15)
x,azR

Proof. Define A; def {lim; _, oo X; - I = 00}. Observe that
for P-a.e. w and for every x € RY, P, o[A]=1. (3.16)

Indeed, by the stationarity of the measure P, P,[A;] =1 for all y € R<. Hence Jdy Py[A{] =0, and by applying
Fubini’s Theorem it follows that there is a P-null set 1" C §2, such that for all w ¢ I" and y outside a Lebesgue null
set V(w) C R9, Py »[Aj]= 0. Observe that for all x € R and w € £2, Py w[Ail = Py »[A] 0 61]. 1t follows from the
Markov property that for all x € R?, and @ ¢ I, Py w[A1001] = fRd Py olAll po(1, x, y)dy =1, where p, (s, x, y) is
the transition density function under P, ,, (that is, for every open subset U of R, P owlXs€eUl= f U Po(s, X, y)dy).
The claim (3.16) now follows. When P, ,[A;] = 1, Proposition 4.8 in Shen [28] shows that (3.15) holds for all w € £2,
when y = 1. By the same proof as given there, Proposition 3.3 follows from (3.16) when y = 1. When 0 < y < 1,
using B —a¥ < B —afor B > 1Va,and (3.15) with y =1, we find u3 € (0, 1) such that

sup, Exolexp{ns((Xn, @) — X0) - 1) —a”)}]

< sup Ex,w[exp{ﬂ3(((XN1(a) —Xo) )" —a")}, Xnj@ — Xo) - 1> 1Va]+e<4.

x,aZ2R
By Jensen’s inequality, if n > 1 is large enough, we find
= n3
sup Ex [exp{ —((Xn@ — Xo) - 1) —a”) ” <4<+ o,
x,a=R n

which shows (3.15). O

Proposition 3.4. There exists 4 > 0 such that

Eo[exp{pa(Xs, -D"}] < co. (3.17)
Proof. Using that, ﬁ)-a.s., Xs, -1 < Xn, -1+ 10R, k > 1 (see the remark following (2.13)) we observe that

I/E\O[exp{/m()(rl D'} = Z Eo[exp{u4(ng D7}, Sk <00, Dobs, =00]
k=1

<exp(ua(10R)) Y Eo[exp{ua(Xn, - 1)}, Ni < 00] £ exp(rea(10R)) Y . (3.18)
k=1 k>1

Observe that, for k > 1, see (2.13),
[ XNy =1 Xpe +1- (XN (@) — Xo0) 0 ORy»

with ax = M(Ry) — 1 - Xg, + R € Zg, (in fact for any m > 1, ax - l{g,=m) iS Fm ® Spm—1-measurable, and A,
is independent of F,, ® S;,—1). We recall that the shift 6z, is not applied to ai. Therefore, by the strong Markov
property, cf. Proposition 2.1, and, by applying Proposition 3.3 (notice that a;y > R, k > 1, see (2.13)), we see that for
all up > 0, there is w4 € (0, u3) such that:

his1 < E[Eo,w[exp{m(l - Xr)" ) R < 00, EXRk’w[eXp{M4(l (XN — X0)" H]]

<E[Eoo[exp{ual - Xr)?}, Re < 00, (1 + pa)et s ]]. (3.19)

Observe that with M from (3.13) and Z; as in Lemma A.1 of Appendix A, the following inequalities hold, when Ry
is finite:
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1-Xg,=1-Xg + (- (Xp—X0)) o0,
— ——
<Zioby

ax < Z100j06s, +Mo0bs, +2R.
Insert them into the last term of (3.19), apply the strong Markov property at time Sy, cf. Proposition 2.1 (we use the
same argument as above, that for m > 1, exp{ua(l- X5,)"} - 1{§5,=m} is Fm ® Sy—1-measurable, and 1,, is independent

of Fu ® Sm—1), then use the strong Markov property for the process (X;);>0 at time J on the event it is finite, and
obtain (observe that M is F;-measurable)

hipr < e4CRTE[E ,[e"4 X" § < 00, (1+ o) Exg, wlexp{ua(22] 06, + MY}, T < o]]]
< et @R E[ [e““(l Xs0” | S < 00, (14 n2)Exg, w[e““ Exj,w[ew“zl ], J < oo]]]

From Lemma A.1 of Appendix A, we know that, for u4 € (0, 8/2), Sup, 4, Ex’w[ez"“z1 ] <1+ wy. Further we use

that, lA’o-a.s., (Xs, — Xn) -1 < 10R, k > 1, and, that, after an application of the strong Markov property to the
stopping time Ny, conditionally on Zy,, X1 is uniformly distributed on BXNc under P)I(N «»» See Proposition 2.1. Let
-

ws =exp{us(2R)Y + (1I0R)V)}(1 + (2)?, then we obtain that the last expression is smaller than
/LsE[E\o, [6“4(1 X" Ny < o0, Exg, w[e““ MY g < oo]]]

= M5E[Eo,w[e“4(l XND” Ny < o0, EXNk’w[Exlvw[e”“My, J <oo]]]]
P B Y N P e |

Since E\o,w[exp {a(Xn, - DV}, Ny <00,y € BXNe]is Hix.1<y-1-4Rr)-measurable (see point (3) in the addendum [29]
to Shen [28]) and Ey ,[exp{us M7}, J < 00] is H{r.;>y.1—Rr)-measurable, as a result of finite range dependence,
see (1.6), the above random variables are P-independent. Hence, using the stationarity of the measure P and Proposi-
tion 3.2, we obtain that

hiy1 < /L5E()[CM4(Z'XN1<)V, N < OO] . E()[eu'“My ,J < OO]

PolJ =
< ;1,5(1 - ¥>Eo[e“4([ XN N < oo] < (1 - oz)Eo[e““(l XN N < 0],

for some « > 0, provided pp > 0 and @4 € (0, w1 A 3 A §/2) are small enough such that
Py[J = Py[J =
M5<1 - OO]> = (ETHIRD A 4 M2)2<1 - OO]> s
It follows by induction that

hir < (1= @) Eo[e )7 Ny < 0]

so that, by (3.18), and by virtue of Proposition 3.3,

~

30[3“4()‘11 'l)y] < et (10RY Eo[e““(]'XNl)y, Ni < oo] Z(l —a)f <0,
k>0

which is our claim (3.17). O

f def Ll/y

The assertion (3.12) now readily follows. Choose r > 0 such that D C B,(0), and let . Hence LD C

B, ;(0), and by definition of the random variable 7| in (2.14),

R swp 1Xl" > L] < PolTyp < 1l < Po[Typ < TH + Ro[Typ = T}, Ty < 1]
0<r<n

< Po[Tpp < TH]+ Pol Xy, -1 > L — 3R], (3.20)
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Applying (3.5) to the first term on the right-hand side of (3.20), and applying Chebychev’s inequality and Proposi-
tion 3.4 to the second term on the right-hand side, we find

limsupollogf’\o[ sup | XY >L] <0. (3.21)

L—o0 0<t<ny

Thus, for some p > 0 small enough,

o0
Eo[exp|u sup |X,|V}]=1+u/exp{uuﬁ)[ sup 11" > L]dL < oo,
0<r<ny 0 0<r<ny

and (3.12) follows from (3.21).
3.2. The proof of (3.2) = (3.1)

By Proposition 2.3, we know that lim;_, o, X; -] = 00 Pp-a.s. implies 11 < 0o ﬁ)—a.s., and hence Theorem 2.2 holds.
To verify condition (T'), |/, we first show that the diffusion has an asymptotic direction 0 under f’o, with v -1 > 0, see
Proposition 3.5. The claim (3.1) is implied by Lemma 3.7, which is immediate for d = 1, and which follows from a
control on the oscillations of the diffusion orthogonal to v under f’o, see Proposition 3.6, when d > 2.

Proposition 3.5. Assume (3.2). It holds that

X Eo[Xy |D =
Poas., % EllXalD=0c0l = o0 (3.22)
| X¢| =00 |Eo[ X< |D = <]

Proof. By definition of 71, X, -/ >0 ﬁ)-a.s., so v is well defined and 0 -1 > 0. By assumption, E\O[th |D = o0] < o0.
The strong law of large numbers applied to the i.i.d. random variables X, — X, k > 1 (cf. Theorem 2.2) yields

1 ~ ~
—Xq — Eo[Xy|D=o00] Po-as. (3.23)
k k—o00
For ¢t > 0, define k(¢) via
Th(r) ST < Th(t)+1> (3.24)

i.e. k(¢) is the number of regenerations up to time ¢. Clearly ﬁ)—a.s. k(1) t—> 00. Write, for k(¢) > 1
—00

X Xno L x ) (3.25)
k() k@) k() ' X )- '

The modulus of the second term on the right-hand side can be bounded by

sup — | (Tk(r) T ATh(ty+1 ka(,)|' (326)
) k( )

Since Ay, 1 =1, k > 1, it follows from Proposition 2.1 that, I%—a.s., X, € UXw~ forallu € [tx — 1, 7], and we thus
find that I/’\o-a.s.,

1 1 12R
_|X(Tk+5)/\'fk+l - ka| < _|X(fk+S)A(Tk+1—1) - ka| + T (3.27)
For k > 0, let Yk sups>0 | X (5 4+5)A (% 1=~ Xy, |. From Theorem 2.2, we know that the random variables Y,

k > 1, are i.i.d. random variables under Po and are distributed under Po as Yy under Po[ |D = oco]. Hence, applying
Chebychev’s inequality and Theorem 2.2, we find by virtue of (3.2) that there is £ > 0 and @ < oo such that for k > 1,
€>0,

1Y,

ﬁo[Tkl > 6} <exp{—u(ke)”} Eo[exp{ulYel”}]

= exp{—u(ke)” }Eg[exp{u sup | Xsacr —nl” } ’D = oo] <a exp{—u(ke)y}.
s=0
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Applying Borel-Cantelli’s lemma, we see that, ﬁ)—a.s., %|Yk| — 0, and hence, ﬁ)—a.s., %|Yk(,)| — 0. The claim
k—00 t—00
(3.22) now follows from (3.23), (3.25) and from (3.27). O

Denote by I7( -) the orthogonal projection on the orthogonal complement of v:
Tw) S w— w-0)0, (3.28)

and let Ll sup{t 0: X; -1 < u} be the time of last visit of the half space {x -/ < u} by X.. The next proposition
gives a control on the oscillations of the process orthogonal to 0, when d > 2.

Proposition 3.6 ((d > 2)). Assume (3.2). For p € (%, 1] and o« > 0,

limsupu~P=DArP1og PO[ sup |[IT(X))|> au"] <0. (3.29)
U— 00 OStQLL

Proof. Without loss of generality, we can replace |/1(X;)| by X; - w, where w € R? is such that w - 0 = 0. Recall the
definition of k(7) in (3.24). Notice that }/’\o—a.s., fork > 1, (X —Xq,_ )l 2 21R/2. Indeed, by Theorem 2.2, it suffices
to prove the statement for k = 1. Recall that 79 = 0, and observe that (X v, 3g) — Xo) -/ > 3R, all k > 0, and hence we
find (Xﬁl(SR) — Xo) -1 = 5R/2. Consequently, since X}Vk(SR) > Xﬁl GR) -1, we obtain (Xn,3r) — Xo) -l 2 5R/2,
and since Ay, 3Ry = 1, we find from Proposition 2.1, as well as from the definition of 7; and the stopping times Sk,
k>1,that (X¢, —Xo)- [ > (X5, —X0)- I = (XN,GR) — Xo) l+8R > 21R/2. Since, for 0 < r < L! l<u+R,

it follows that k(7)) < 2"1';1;2 < , u large enough. Let X* sup,<rl | X; — Xol|. For ¢ > 0 it holds Po-a.s. that

X;-w Zkam -w~+ (X, — Tk(,)) cw < ka(,) w4+ X" o@rk([).

u’ fA(t)

It follows that

ﬁ)[ sup X;- w>ocup]< Z P er w+ X* 06,k>ocu'o]

AN 0<k<u/R
< Z ﬁ)X*061>gu” + Z ﬁon~w>gup
k 3 1 3
0<k<u/R 1<k<u/R
~ o
+ > Po|:(er — X)) w> gup]. (3.30)
1<k<u/R

We apply Theorem 2.2 to the first term of the last line of (3.30) (we use the same decomposition of the path as in
(3.27)), then with Chebychev’s inequality and (3.2) applied to both the first and the second term, we find that there is
A > 0, such that for large u (3.30) is smaller than

Y
exp{—k(%u”) } + Y Po[(X,k X)) w> %uﬂ} (3.31)
1<k<u/R

If y € (0, 1), the claim (3.29) follows from Theorem 2.2 and from Theorem A.1. in the Appendix of Sznitman [33].
If y =1, then, as above, we first apply Chebychev’s inequality and then Theorem 2.2 to (3.31) and obtain that it is
smaller than

exp{—k%u”} (1 + Z Eo[exp{erl -w}|D = oo]k_l> < exp{—k%u”} <1 + — exp{ H(A)})
1<k
provided, we define, for |A| small,
HG) Y log Eo[exp{kal w}|D = oo].

H (") is a convex function, and, since EO[XT1 -w|D =o00] =0, we see that H(0) =0, H'(0) =0, H(:) >0for A >0,
and HO) =0(\2), as A — 0. If p =1, choose A > 0 small enough such that H (1) < X%R, and (3.29) holds. In the

case p € (%, 1), we instead choose for a sufficiently small v > 0, A = vuP~!, and conclude in a similar fashion. O
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Let R () be a rotation of R? such that R (e1) = 0. For € > 0, consider the cylinder in R4:

e d;fﬁ((—eu, g) x Bju/;(0)>, (3.32)

where, for r > -0, Bd 1(0) stands for the (d — 1)-dimensional Euclidean ball with radius r and center 0. (C* i
understood as R( €u, —) whend =1.)
The next step is

Lemma 3.7. Assume (3.2). For € > 0,
limsupu™” log Po[Tcew < T, /e] <0. (3.33)

u— 00
Proof. Let us first handle the case d = 1. From Chebychev’s inequality and (3.2), for large u, we find @ > 0 such that

PO[?EM < Tuﬁ/e] < Po[ffue < oo] < I/’\o[ sup |X:| = eu] < exp{—auy},

0<t<n
[ ﬁui|

+ o[f e uﬁ/é,%l~ﬁu<sup{]17(xt)|: t<T%,.} <

and (3.33) follows. When d > 2, write

Po[Teen < TF, \PO[ T’ sup{|[IT(Xn)|: 1 < T2, ) <

N M

- u/e’ —ue

d

+ Po[Teen < T2, ATY ] (3.34)

N M

Let us first estimate the probability of the leftmost event on the right-hand side of (3.34). Observe that on this event,
001 T (X, )1 < —Sub L.

Hence, with the help of (3.2), for large u, we find & > 0 such that the probability of this event is smaller than

Po[fi <o0] < ﬁ)[rl > Ti%l-ﬁu] < I/D\o|: sup | X;| > ﬁu:| < exp{—au’}.

E
Sldu Py
2 0<r< 2

To bound the rightmost term of (3.34), notice that

T 7o vl (X)) > cu
{ Ceu < —ue/\ LI/E}— Sllp | ( t)i/ 2 )
0<I<L(e/2+l/e)u

and then apply Proposition 3.6 with p = 1. The bound for the middle term of (3.34) equally follows from a direct
application of Proposition 3.6 with p=1. O

Now (3.1) easily follows. Indeed, choose € > 0 such that € < 2b A 2[ The last estimate also holds for unit vectors

I’ in a neighborhood of /, and, with the notation 3, C&% = {x € d CL: x - © = L /¢} for the “top part” of the boundary
of the cylinder and similarly 3_C% = {x € d C&L: x - D = —eL} for the “bottom part” of the boundary, it follows
that 9, C* L is contained in the complement of Uy 1, whereas d_C* L lies inside Ur p.1- As aresult, we find that
for unit vectors I’ as above,

limsup L™ log PO[XTU/ " < 0] <limsup L~ log PO[TCe L < TL/G] <0, (3.35)

L—o0 b.L L—o0

which is our claim (3.1).

Remark 3.8. In the same way as in (3.35), we see that,

if (T')y |lp holds for some Iy € §9=1  then (T)y |l holds iff I - 0 > 0. (3.36)
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4. Tail estimates on the first renewal time 71

The ballistic law of large numbers and the central limit theorem established in Shen [28] (see (1. 16) and (1.17))
respectively follow from Pp-a.s. limy_, o X; -1 = 00, Eo[rl] < 00 and from Py-a.s. lim;_ o0 X; - | = 00, E()[‘Cl] < 0.
In this section, we are going to derive tail estimates on 7; under the assumption of condition (7). These will ensure
the finiteness of every moment of 71 when d > 2, see (4.35). The arguments in this section closely follow Section 3
in Sznitman [32].

For a bounded domain U, and f a bounded measurable function on U, introduce the semigroup corresponding to
the diffusion killed when exiting U, see (2.1) for notations,

def

Vo f ()= Exol f(X), Ty > 1], 4.1)
and a threshold time related to the decay of the semigroup,
1 1
tw(U) mf{t >0: ||R wlloo,00 < —} = inf{t > 0: sup Py [Ty > t] < —}. 4.2)
2 xelU 2

Consider further the successive returns of X. to By (x) and departures from B (x),

R Yinfls >0: X, e Bi(v)}, D Cinfls > R X, ¢ Ba(x)}, (4.3)
and inductively, for n > 0,

R E DI+ R ofp;. D E R, + Dol (4.4)
Lemma 4.1. There is a constant ¢ such that for all bounded domains U and w € §2, one can find xq in ﬁZd within
distance 1 of U such that

diam(U )4
inf P [RY > Ty] < LMW 4.5)

2€0B)(x0) 1o(U)

Proof. Cover U by unit balls centered in TZd and let (y,) > N < cdiam(U )¢, be an enumeration of the centers

of these balls. Choose 8 to(U) /2 then, by definition of #,(U), we can find an x; in U such that Py, [Ty >
t,(U) — 6] > 5. Hence 1 7lo(U) < < < 5(tw(U) = 8) < Eyy,0[Tu]. Applying the strong Markov property to the stopping
times Rin and using the fact that sup,,c o SUP; e B (y) Ey olTB,(y] < 00, see for instance [11] p. 365, yields

T
1 N g
$0U) < Ex olTu] < Z Ex.o| | 18,00 (Xs)ds

- 0
N oo Dy
< ZZEXI,(D[RJY." < Ty, EX y 0 [/ 15, (s (Xs )ds]:|
i=1 j=1 J 0
N oo
<cy Y Py o[R < Tu]. (4.6)

For j > 2, successive applications of the strong Markov property show that
le,w[R'})" < TU] = Exl,w[R;ifl < Ty, PXDYi ,a)[Rf’. < TU]]
’ Jj-1

< sup Prof[R) < TulPyo[R), < Tu]
€dBa(yi)
<( sup P o[ Ry < TU]>J_ Pe o[ R < Ty].
z€9B2(yi)



698 T. Schmitz / Ann. I. H. Poincaré — PR 42 (2006) 683714

Using the last estimate, we see that the last expression in (4.6) is smaller than

al Py olR) < Tyl ¢ diam(U)¢

C N i X . . i N
—infoeapy () PrwlR) > Tyl infigicn infeon () ProlRy > Tyl

The claim (4.5) now follows. O

For g € (0, 1] and L > 0, we denote by Ug 1 the set

Upr € {xeR?: x-1e(~L7, L)},

The next proposition shows that the control of the tail of the variable 71 can be obtained from the derivation of
large-deviation-type estimates on the exit distribution of the diffusion out of Ug, .

Proposition 4.2. Let d > 2, and assume that (T') holds with respect to | € ST=1. If B € (0, 1) is such that for any
o >0,

lieri)soqu L~! log]P’[Po,w[XTUN 1>0]< exp{—aLﬁ}] <0, 4.7
then
lim sup(log u)~¢ log }/’\o[rl >ul<0 4.8)
u— 00

forany ¢ < % (when (T) holds, one can choose ¢ = %).
Proof. Let R be a rotation of R such that R(e;) = /. For L > 0 write

L L\! i
CL=R 33 and Vy=x+R((—1,3) x (=1, D).
From the Support Theorem, see [2] p. 25, we know that there is a constant x > 0 such that for all x € R¢ and all
weSs2

inf Pz,w[Xl € Bip(x +2D), Ty, > 1] >k >0. 4.9)
Z€By2(x) ’
For u > 1, denote A(u) & | it ) and Lu) ©f A@)/B. Let € (0, 1) and ¢ < L. Write
Polt1 > ul < Pyl > u, Te,,,, <11l + PolTc,,, > ul
< 1?0[ sup |X:| > L(u)/Z] + PolTe,, > ul. (4.10)
<1<

Using Chebychev’s inequality and condition (7'),|l, y close to 1 such that % > ¢, we find that
limsup(log )~ log 130[ sup |X,| > L(u)/z] <0. 4.11)
Uu— 00 <<y
Hence, by means of (4.10), it suffices to show that
lim sup(logu) ™"/ log Po[Tc,,, > u] <O. (4.12)

u— 00

Recall the definition of 7, (U) in (4.2), and denote by 7 the event

def

T = {0)691 tw(CL(u))> 4.13)

u
(ogu) /P |
It follows from the Markov property and from Lemma 4.1 that for large u
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PO[TCL(u) > u]
< E[ch PO,w[TCL(M) > M]] + ]P[T]

1 Logw) /7] 1 cL(u)d (logu)\/#
<\ =z Pl3x, e C N—2% inf P, [R?>T {——|.
(2) + |: 2 Lt \/E 7€ By (x7) z,w[ e CL(“)] u :|
(Notice that, if x would not belong to Cp (), then we would find from the Support Theorem, see [2] p. 25, that for
every z € dBa(x2), PZ,w[R)f2 > Tc, 1 2 ¢ > 0, which contradicts the rightmost event in the last line for large u.)
Choose x = x3 + 2A(u)l. By the strong Markov property, we see that

(4.14)

ze&anzf(xz) Pz’w[R)fz g TCL(")] > ze&anzf(xz) PZ’w[RiQ g Rﬂ zez’)lg:f(x) szw[R)lcz g TCL(“)]. (1)
Let y € 9 B>(x2). One way to hit B; (x) before returning to Bj(x2) when starting at y is the following: we hit By /2 (x2 +
21) before hitting Bj(x2) which happens with probability at least i, where i is a positive constant, see the Support
Theorem p. 25 in [2]. Then we hit By, (x» + 4/) without exiting V,,12 which occurs with probability at least «,
see (4.9). Then continue hitting By, (x2 + 2(k + 1)) without exiting Vy,42x, 1 < k < A(u) — 1, until landing in
Bi(x). Hence

_nf )Pz,w[R;‘Z > RY] = kO > kum e, (4.16)
Z 2X2

Together with (4.15), this shows that for large u, on the event 7, see (4.14),

[

inf P, [R?>T, <=u'® inf P, [R?*>T, <u 12, 4.17
2€9B) (x) ol R) CL(“)]\,; 2€By(x2) <ol Ry Crn] < (4.17)

In particular, by a similar argument as given below (4.14), we see that, for large u, B3(x) C Cr(,). By the same
argument as in (3.9), it follows that, for large u, P.,w[Rf2 > Tep] is L,,-harmonic on B3(x), and (3.10) shows that

X2 : X2
Peo[Ry* > Tey ] <cn Zeé}%lf(x) Peo[Ry* > Tey ]- (4.18)

It follows from (4.17) and (4.18) that for large u,

Py ol XT, A>x-1< Px,w[R)f2 > TCL(u)] <cpu 1?2« exp(—cL(u)’s).

+Uﬂ,L(u)

Using translation invariance and (4.14), we find

1\ Log)/?]
) +c L) P[PoulXry,, , -1 >0l <exp(—cL@))],

PO[TCL(M) > M] g (E

and (4.12) follows from (4.7). This proves (4.8). O

We shall now derive upper bounds like (4.7) under the assumption of condition (7). By means of Proposition 4.2, we
then obtain tail estimates on the first renewal time 7. We first need some notation. For 8 > 0 and L > 0, consider the
lattice

Lgr=LZx (2d+1)LP +2R)27,
and, for w € R, we introduce the blocks
Bip.(w) = R(w+10,L] x [0, LF]*™"),
By p.r(w) = R(w+ (=dLP, L] x (—=dLP, @+ 1)LF)"™"), (4.19)

where R is a rotation of R? such that R (e1) = v, and v is the asymptotic direction of the annealed diffusion (that exists
under (T"), see Proposition 3.5). We shall also consider the following subset of the boundary of Bj, g,L(w), which is
a subset of the ‘top part’ of the box,

31 Bopr(w)=08Bap(w)NdBygr(w), weR?,
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as well as the random variables

Xg,L(w)= _logxeglifm) Px,w[xTBmL w €04+B2 g L(w)]. (4.20)
To obtain an upper bound like (4.7) under (7"), it is instrumental to produce a control on the tail of the random variable
Xg,1.(w) for some B € (0, 1) under (7”). Indeed, we devise an escape route for the diffusion through the “right” side
of Ug,r by piling up in the direction v a finite number of boxes of type B g 1. An atypical behavior of the exit
distribution out of the slab Ug . under Py, as in (4.7) implies an atypical size for at least one of the Xg ;. (w) in one
of the piled up boxes. Hence, to produce an upper bound like (4.7), it suffices to show that, for large L, the probability
that X g 1 (w) is bigger than const LP? decays exponentially with L for some f € (0, 1).

We prove in fact a stronger statement. Namely, we show that the above probability decays exponentially with L¢,
where ¢ < f(B) =d (28 — 1), with B restricted to the interval (1/2, 1), so that for suitable values of g close to one,
¢ can be chosen larger than one, since d > 2. By means of a renormalization-type argument, see Lemma 4.3, we
reduce this task to showing a substantially weaker estimate. Indeed, it now suffices to prove for some Sy slightly
larger than 1/2 that the probability that Xg, ; (w) is bigger than const L? decays exponentially with L/0®#) where
fo(B) =B+ Bo— 1, and B € (Bp, 1). This “seed-estimate” is then provided in Lemma 4.4 under the assumption of
condition (7).

We begin with the renormalisation step. Surprisingly enough, we do not need to assume condition (7), in which
case the rotation R in (4.19) is an arbitrary rotation of RY.

Lemma 4.3 ((Renormalisation step, d > 2)). Assume that Bo € (0, 1) and fo is a positive function defined on [By, 1),
such that

Jo(B) = fo(Bo) +B—Bo, BelBo. 1)
and, for B € [Bo, 1), ¢ < fo(B),

lim limsup L~ sup logP[Xg, 1 (w) = LP] <0. 4.21)
.B/Tﬂ L—o0 weRd
Denote by f(-) the linear interpolation on [Bo, 1] of the value fo(Bo) at Bo and the value d at 1. Then, for 8 € [Bo, 1)
and & < f(B),

lim limsup L~ sup logP[Xp 1 (w) > L#] <0. (4.22)
BB L—oo weRd

Proof. We only give a sketch of the proof, since it is similar to the proof of Lemma 3.2 in [32]. For x € (0, 1) defined
via B &f xBo + 1 — x, we consider the set

1 3
Col & {z €Lpyrr, z-e1=0,2-¢; € [ZU’, ZU’}, 2<i< d}. (4.23)
For w € R?, attach at every w + z, z € Col, a “column of boxes” B1 gy, L1 (-), made by piling up |L'~X | such boxes
on top of each other. Each such column will provide a line of escape of the diffusion out of a box By g (w) through
04 B g1 (w). Every x € By g 1 (w) is at most at distance /d L from a box B1,gy,Lx (+) in one of the aforementioned

columns. From a similar argument as in (4.16), and from the strong Markov property, we see that for large L and
1 =+/d log i, with k from (4.9), J = [L17*],

J
{XpL(w)=3c1LPY < { min Y Xg x(w+z+ jL%er) >2c1LP 1.
zeCOljzo

Ly ()

Using the independence of the variables Y (z), z € Col, and Chebychev’s inequality, we find that for A > 0,

P[Xp,.(w) >3c1LF] < ]_[ {exp{—kclLﬁ}E[exp{%Y(z)”}. (4.24)

zeCol
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Observe that, for z € Col and large L, the variables Xg, ;x (w + z 4 jLXey) are independent when j is restricted to
the set of even or the set of odd integers. It thus follows from Cauchy—Schwarz’s inequality that the right-hand side of
(4.24) is smaller than

J
l—[ Iexp{—kclLﬁ} l—[ ]E[exp{kXﬁO,Lx (w+z+ jLXe1)}]l/2}.

zeCol Jj=0

Since the random variables X g, ;1 x are non-negative, the quantity in the last line becomes larger when we omit the
square roots, and an application of Fubini’s Theorem yields that the last line can be bounded by

00 J41
A
l_[ {exp{—kclLﬂ}(exp{Equ‘%} + / reM sup P[Xg 10 (w') > ul du) } (4.25)

w’eRd
zeCol (c1/2)L1Po

For A = L*, o = xfo(Bo) — xPo — € and 0 < & < x fo(Bo), one can show that the integral in the rightmost term of
(4.25) tends to 0 as L — oo. Since ALL*Po tends to oo with L, we find that, for large L,

A
sup P[Xp 1 (w) > 3c1L’3] exp{—gclLﬂ#Col}

weRd
Since #Col~ ¢ L@—DB=xBo) a5 I. — 00, we obtain that, for small & > 0,

limsup L™ (fo(Bo)+d(1=x)—e) sup log]P’[X,g L(w) > 301L’3] <0, (4.26)

L—o0 weRd

which implies the claim. O

The next lemma shows that, when d > 2, under condition (T”), the function fo(8) =8+ Bo — 1, B € [Bo, 1),
fulfills the assumption of Lemma 4.3 when By € (%, 1).

Lemma 4.4 ((Seed estimate, d > 2, under (T"))). Assume that By € (%, 1). Then, for p > 0 and B € [Bo, 1),

limsup L™ (B+Bo—1) sup log}P’[XﬂO L(w) > pLﬂ] < 0. “4.27)

L—o0 weRd

Proof. Choose 7 € (0, 1) small and then introduce x = o + 1 — B € (Bo, 1], and, for large L and w € R? the boxes
Bi(w) C Ba(w), defined analogously as before, with [0, L] x [0, LP1?~! and (—dL#, L] x (—dL*?, (d + 1)LF)?~!
replaced by [0, Lo] x [0, LP019=1 and (—dLPo, Lo+ 3] x (—nLﬂO, 1+ 17)L’30)d_1 respectively, with the notation

L —nLbho

Lo= %]

Define also Top Ba(w) = 3 Ba(w) N {x: x-D=w-0+ Lo+ 3)}. Let (B1(zi))ier, 2i € Bi(w), I a finite set growing
polynomially with L, be a finite cover of El (w) by unit balls. For L large, it holds that B3(z;) C Ez(w), i €l,andby
the same argument as in (3.9), we see that P. ,[X Tiy € Top Ez(w)] is L,,-harmonic on B3(z;), so that (3.10) implies
that foralli € I,

PZi’w[X eTosz(w)] cy inf wa[X

xeB(z;

€ Top By (w)]. (4.28)

B (w) B (w)

We say that w is good when

1
inf Py ,|X eTo Bz w) —
xeB(w) * w[ TBy) P Baf ] 2cy

and bad otherwise. Hence, by (4.28), and using Chebychev’s inequality and translation invariance, we obtain
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. . ~ 1
Plw is bad] < ZPLE%}{@) Px,w[xrj§2 o € Top By(w)] < E}
iel

~ 1
< ZIE”[PZI.,&)[XTEZM € Top Ba(w)] < 5]

iel

<mu<a{ sup |ncnﬂ>nL%]+Hﬂfgﬁo<aﬂ) (4.29)

0SIST o1
Notice that Lo ~ L, so that, for large L, T 3 < T3, 5 < L3, 5. Then, under condition (7)), |I, where y fulfills
yBo = 2P0 — x, we find with the help of Proposition 3.6 applied (with p = Bo/x € (1/2,1) and u = 2L* + 3) to the

first term on the right-hand side of (4.29) that

1imsupL*(2ﬁ°*X>1ogP0[ sup |H(Xt)|>nLﬂ°]<O, (4.30)
L—o0 O<t<T£0+3

and, since (T'), |0 holds, see (3.36), we find with the help of Chebychev’s inequality that there is & > 0 such that

PO,y <00l < Po| sup X1 > d L] < exp(—pL?™). 4.31)
0<t<y

According to our choice of y, we obtain with (4.29), (4.30) and (4.31) that
limsup L=~ sup logP[w is bad] < 0. (4.32)

L—o0 weRd
When starting in By g, 1 (w) N El(w + joLoelL 0<jo < LLl_XJ, for large L, one way to exitNBz,,gO’L(w) through
04 B2 g, (w) is to successively exit the boxes Bz (w + jLoe1), jo < j < LLl’XJ, through Top Ba(w + jLgeq), and
move to the box 121 (w+ (j + 1)Loer), which is at distance at most \/EnLﬁo from every point in Top B (w + jLoer),
until landing in Bj(w + LLPXJLOel) N BL,ﬁo,L(w)’ and then exit By g, 1 (w) through 04 B3 g, 1 (w), which is at
distance at most nLﬁO from every point in By (w + LLl’XJLoel) N B1,g,,.(w). When w € R and all w + jLoer,
0<j< LL"XJ, are good, then, for large L, it follows from the strong Markov property and from (4.9) that for all
X € By gy, L(w),

1 1 L=
L VdnLPo1+1 11h07+1

P"’“’[XTBz,ﬂO,L(W € 8+Bg,,30,1‘(w)] > (EK[Z nLF01 ) 20D exp{—pLﬁ}, (4.33)
provided n > 0 is chosen small enough such that %(1 ++/d ) log% < %, where p > 0 is as in (4.27). Therefore, for
large L,

sup P[X g, 1 (w) > pLP] < L'™% sup Plw is bad],
weRd weRd

and the claim (4.27) follows from (4.32) together with the identity 280 — x = o+ B8 —1. O
We can now state the main result. With the help of the Renormalisation Lemma 4.3, we propagate the seed esti-
mate contained in Lemma 4.4 to the right scale, and by piling up a finite number of boxes of the type B g 1 in the

direction v, we obtain an upper bound like (4.7). Proposition 4.2 then enables us to obtain tail estimates on t;.

Theorem 4.5 ((d > 2)). Assume that (T") holds relative to . Then, for B € (%, 1),

limsup L™¢ 1ogIP>[P0,w[xTUﬁ L 1>0]< exp{—LF}] <0 fort <d(2B -1, (4.34)
L—o0 ’
and
. _ ~ d—1
limsup (logu) % log Po[t; >u] <0 fora <1+ —— (4.35)

=00 d+1
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Proof. Let 8 and ¢ be as in (4.34), and choose By € (%, B) close to %, as well as B’ € (Bo, B) such that, in the notation
of Lemma 4.3, f(B) > ¢. By piling up N boxes By g 1, B2 g 1, 0< j <N, where N is chosen as the smallest
integer such that

Nl -v>1,

we obtain from the strong Markov property that for large L,

N
PO,w[XTuﬂL 1>0]> exp{— ZXﬁ/,L(jLel)} so that (4.36)
j=0
LB
P[Po‘w[x% L 1>0]< exp{—LP}] < (N +1) supIP’|:X,g/,L(w) > W}' (4.37)
’ w

(4.34) now follows from (4.22) applied with fo(-) = Bo + - — 1, in view of Lemma 4.4. For the proof of (4.35), let
a € (1,2d/(d+ 1)), and define B = a~'. Then, for any p > 0,

limsup L~! logIP’[Po,w[XTUﬂL 1>0]< exp{—ﬂLﬂ}] <0,

L—o0

as follows from (4.34) applied to B’ € (%, B), such that d(28’ — 1) > 1. The claim now follows from Proposi-
tion4.2. O

5. Examples of condition (7')
We start with an easy example.

Proposition 5.1 ((d > 1)).
If for some § > 0and all w € £2, all x € R4,
b(x,w)- 1>, (5.1)

then condition (T)|l holds.

Proof. Define for u € R, s(u) o exp{—%u}. It follows from (1.4), (5.1) that s(X; - [) is a supermartingale, and an
application of Chebychev’s inequality and of the stopping theorem yield that for all € §2

8b
PoolX1y,, , -1 <01< Eou[s(Xmy,,, -D] < exp{ —=L } (5.2)

s(—bL)
The set of unit vectors that satisfy (5.1) is open, and hence condition (7)|/ holds. O

Consequently, when d > 2, we recover and extend the main result of Komorowski and Krupa [15], which provides
a law of large numbers when o = Id. Proposition 5.1 holds for a general diffusion matrix o that satisfies (1.2)—(1.6),
and we have in addition a central limit theorem, see (1.16) and (1.17).

We will now turn to a more involved situation. In the remainder of this section we now assume that, cf. (1.2), (1.7),
(1.8),

o()y=1d. (5.3)
The next theorem provides a rich class of examples of diffusions in random environment which fulfill condition (7'),
and hence, when d > 2, a ballistic law of large numbers, and a central limit theorem with non-degenerate covariance
matrix governing corrections to the law of large numbers, see (1.16) and (1.17).
Theorem 5.2 ((d > 1)). Assume (1.1)—(1.6) and (5.3). There is a constant c, > 0, such that for [ € gd=1

E[(b(O, ) cl)+] > Ce E[(b(O, ) cl)i] (5.4)
implies (T)|l, cf. (1.11).
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Theorem 5.2 is the main result of this section. Its analogue in the discrete i.i.d. setting can be found in [4] p. 40.
In contrast to Proposition 5.1, it comprises situations where b(0, w) - I changes sign for every unit vector /, see also
Remark 5.7 at the end of this section.

The proof of Theorem 5.2 is inspired by the strategy used in the discrete i.i.d. setting, see [4] p. 40. Following
Kalikow’s idea, for each bounded domain U, we introduce an auxiliary diffusion with characteristics independent of
the environment, see (5.6) and (5.8). When starting at 0, this diffusion and the annealed diffusion have the same exit
distribution from U, see Proposition 5.4. This restores some Markovian character to the question of controlling exit
distributions of X. under the annealed measure, and enables us to show that condition (7) is implied by a certain
condition (K), see (5.23), which has a similar flavor as Kalikow’s condition in the discrete i.i.d. setting, see [36]. The
proof of Theorem 5.2 is then carried out by checking condition (K).

Let us now define the auxiliary diffusion process mentioned above. Let U be a bounded domain containing 0, and,
for x,y € U, s > 0, denote with p,, v (s, x, y) the subtransition density for the quenched diffusion started in x and
killed when exiting U (p,, v (s, x, y) can for instance be defined by means of Duhamel’s formula, see Eq. (A.9) in
Appendix A or [30] page 331). We define the corresponding Green function through

o
def
gU(-xvva);/pw,U(ssxvy)dS' (55)
0

We now define the auxiliary drift term

(5.6)

Elgy 0,x,0)b(x,w)] :
L) def { Fec Ol ¥fx e U . {0},
, ifx=0o0rx eU°.

The next lemma will be useful in the sequel.
Lemma 5.3. It holds that |b (x)| < b (see (1.2) for the notation), and gy (0, -, w) and b) y (+) are continuous in U ~ {0}.

Proof. From (1.2) we see that |b’U (x)] < b. Theorem 9, p- 671 in [1] and the subsequent remark state that the sub-
transition density p, v (s, 0, -) is continuous in U. From (A.4) in Proposition A.2 and from similar computations as
carried out between (A.11) and (A.13), and applying dominated convergence, we see that g¢7 (0, -, ) is continuous in
U ~ {0}. Consequently, by continuity of b(-, w), see (1.3), and an application of (A.8) and dominated convergence,
we see that b;] is continuous inx € U ~ {0}. O

For f € C2(RY), define

def

L'fx)= —Af(X) + by ()V f(x), (5.7
and denote with, cf. [2] p. 146,
P)g v the unique solution to the martingale problem for £’ started at x € R4, (5.8)

We write E/_, for the corresponding expectation, and we denote with py, (s, x, y), x,y € U, s > 0, the corresponding
subtrans1t10n den51ty (which can be defined by means of Girsanov’s theorem, see Eq. (4.1) in [20]). Theorem 4.1 in
[20] states that estimate (A.4) in Proposition A.2 holds for pU. With the same arguments as given in the proof of
statement (A.8) in Lemma A.3, we see that the Green function

oo
def
IERI = /pb(s,x,y)ds (5.9)
0
is well defined for x, y e U, x # y, when d > 2, and for x, y € U, when d = 1. The first step is

Proposition 5.4. Let U be a bounded C*-domain containing 0. Then X1, has same law under P ,, and Py (see
(1.9) for the notation).
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Proof. We drop the subscript U in P(;,U and E(’)’U. By definition of the martingale problem, it holds for f € C?(R%)
that

ATy
EY[f(Xenry)] —f(O)=E6|: / L’f(XS)ds:|.
0

In particular, for f € C2(U), it follows from E(’)[TU] < 0o and from dominated convergence that

Ty
Ey[f(X7)] = f(0)+ E [/ L' f(Xs) dS}
0

=f(0)+/E6[£’f(XS),s < TU]ds=f(0)+/gb(0,x)/£’f(x)dx. (5.10)
0 U
In the same way it follows that for w € £2,
Eou[f(Xn,)] = £(0) + / 400, %, @)L f () dx. 5.11)
U

Integrating (5.11) with respect to I, the definition of £’ (recall (5.7)) shows that

Eo[f(X1,)] = F(0) + / E[gu (0, x, )] L' f(x)dx. (5.12)

U
Combining (5.10) and (5.12), we obtain that for f € C*(U)

Eo[f(X1,)] = Eo[f (X7,)] =/(1E[gu(0,x,w)] —gy(0,0))L f(x)dx. (5.13)

U
Given ¢ € C*®(U), we will now find functions u,, € C2(U) such that

lim £'u,(x)=0 forae.x e U, and u, = ¢ on the boundary aU. (5.14)
n—oo

Choose functions b/U‘n eC °°(l7 ), n > 1, which converge boundedly a.e. in U to b’U. For ¢ € C °°(l7 ), consider the
Dirichlet problem

1
EAun + by, Vu, =0 inU, u,=¢ ondU. (5.15)

Following Theorem 6.14 p. 107 in [8], there is a unique solution u,, in C>(U). Fix p > d. The generalized problem
Lu=0 inU,  u—¢eWy’ W) (5.16)

has a unique solution u in the Sobolev space W>?(U), see [8] p. 241. Continuing our proof of (5.14), we will now
show that

sup sup|Vun(x)| < 0. 5.17)

n xeU
Define w,, dgun —u, n > 1, and obtain by means of the Sobolev inequality, see [8] p. 158, that

sup |V, (x)] < suB|Vw,,(x)| + suB|Vu(x)| <c(p, U)(Ilwallwzr @y + lllwer@))- (5.18)
xe xXe

xeU

wp, n 2 1, lies in the Sobolev space Wol""(U) and solves (see (5.15) and (5.16))

1
5 Awn + bl Vwy = (by = by ,)Vu inU. (5.19)
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Lemma 9.17 p. 242 in [8] and dominated convergence show that
lwallw2rwy < e(p. Oy = by )Vl gy =2 0- (5.20)
Combining (5.18), (5.20) and (5.16) yields (5.17). (5.15) yields
L'u, = by — bb,n)Vu,, inU, u,=¢ onalU, (5.21)
which, together with (5.17), shows (5.14). Choosing f = u, in (5.13) and applying dominated convergence gives
Eo[¢(X1,)] = Eg[¢(X1,)] forallp e C®(U). (5.22)
Since every function in C*°(aU) is the restriction of a function in C>®(U), see Lemma 6.37 p. 137 in [8], the claim
of the proposition follows. O
We now introduce condition (K), and show that it implies condition (7).
Definition 5.5. Let [ € S9=1. We say that condition (K )|/ holds, if there is an € > 0, such that for all bounded domains
U containing 0

inf by (x) -1 > e, (5.23)
xeU~{0}, d(x,0U)>5R

with the convention inf @ = +o0.
Proposition 5.6. (K)|l = (T)|l (recall (1.11)).

Proof. The set of / € S4~! for which (5.23) holds is open and hence our claim will follow if for such an / we show
that

limsup L~ log PolXt,,,, -1 <01 <0. (5.24)

L—o0
Denote with IT; (w) défw —(w-Dl,we R, the projection on the orthogonal complement of /, and define

Vib,L dzef{x eRY: —bL<x-1<L,

mx)| < L?). (5.25)
In view of Proposition 5.4, we choose bounded C°°-domains \71,;,, £ such that

Vipr ClxeR% —bL <x -1 <L, |[I(x)| <L>+5R} C Vipr CUprL. (5.26)

(When d =1, ITj(w) = 0, and we simply have that U; 1 =V, p,1 = \f\/‘l,h’L.) Recall (5.8). To prove (5.24), it will
suffice to prove that
limsupL_llogP(;V” X7y, I<L]<O. (5.27)
L—oo »ThLD e
Indeed, once this is proved, it follows from (5.26) that
limsup L~ log P, 7, X1, 1<L]<0. (5.28)

L—o0
Hence, with Proposition 5.4, statement (5.28) holds with P(; Vot replaced by Py, and, using (5.26) once more (5.24)

follows.
We now prove (5.27). By (5.26) and (5.23), we see that forx € V; p, 1.,

€, if —-bL+5R <x-l<L—5Randx #0,

—b, else. (5.29)

/
CMCREY
We thus consider the process X; - [. We introduce the function u(-) on R, which is defined on [—bL, L] through

o] e“zé(bL_SR)(oeg — e‘”;(’_(_hLJFSR))) ifre[—bL,—bL + 5R]
def ; ’ ’ ’

u(r)y={ e 0, ifr e (=bL+5R,L —5R), (5.30)

oy e @2 (LR (g5 — eHPU—(L=SRNY i r e [L — 5R, L],
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and which is extended boundedly and in a C? fashion outside [—bL, L], and such that u is twice differentiable in the
points —bL and L. The numbers ¢;, 1 <i <5, are chosen positive and independent of L, via

_ _ 45 _
a5=1+620bR, ot4=e_20bR, azzmin(l,?e_ZObR), alz%, az=14+—. (5.31)

Then, on [—bL, L], u is positive, continuous and decreasing. In addition, one has with the definition j (r) = DYu(r)—
D~ u(r), where DT u, D~ u denote the right- resp. left-hand derivatives of u,

j(=bL+5R)=0, and j(L—5R)<0. (5.32)

On R4 we define the function i (x) = u(x - 1), and for A real, we define on R, x R the function v, (¢, r) def eMu(r),

andon R, x R4 the function ¥y (¢, x) e v;.(t, x - 1) = eMii(x). We will now find A( positive such that

VA Ty, Xt/\TVl,b‘L -1) is a positive supermartingale under P(;,V/,b,L' (5.33)

Corollary 4.8 p. 317 in [11], combined with Remark 4.3 p. 173 therein, shows the existence of a d-dimensional
Brownian motion W; defined on (C(R,, Rd), F, P(; o ), such that
s VI,b,L

t

def
as., Y, =X, - 1=W, -l+/b/v~l.b,L(XS)-lds.

0

P - -
0,Vip,L

Writing u as a linear combination of convex functions, we find from the generalised It6 rule, see [11] p. 218, that

t oo
Pév,“'“-’ M(Yf)=1+/D_“(Ys)dYs+ f A (a)p(da), (5.34)
0 —00

where D~ u is the left-hand derivative of u, A(a) is the local time of Y in a, and p is the second derivative measure, i.e.
u(la, b)) = D u(b)— D™ u(a), a < breal. Notice that the first derivative of u exists and is continuous outside L —5R,
and the second derivative of u exists (in particular) outside the Lebesgue zero set A = {—bL +5R,0, L —5R}. Hence
we find by definition of the second derivative measure, and with the help of Eq. (7.3) p. 218 in [11] that P(;,Vl L, aS

oo oo

/ A(a)p(da) = / Ay(@)1gc(a)u” (@) da + A;(L —5R) j(L — 5R)
- ,1 |
= E/u”(Ys)lAc(Ys)ds—i—At(L—SR)j(L —5R). (5.35)
0

Another application of Eq. (7.3) p. 218 in [11] shows that

t o0
P(;V”L—a.s., /1A(Ys)ds:2/ 14(a)As(a)da =0. (5.36)
0 —00

As aresult, we find that P/ ~  -a.s.,
0,Vip,L

t

/ D u(¥)14(¥s) Y, =O0. (537)
0

Combining (5.35) and (5.37), and by definition of the operator £', see (5.7), we can now rewrite (5.34) as the

, ..
~  -a.s. equalities
0,VipL q
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t t
u(¥) =1+ f W (Y3 ge (Y)Y, + % / W (¥s)Lae (Yy) ds + Ai(L — SR)j (L — 5R)

0 0
1

=1 +/£/ﬂ(Xs)1Ac(Xs 1)ds + A,(L —5R) j(L —5R) + M,,
0

where M; is a continuous martingale. In particular, i (X,)(= u(Y;)) is a continuous semimartingale, and applying It6’s
rule to the product e - i1(X,) = U, (¢, X,), and using (5.36) once again, we obtain that, P(; 7, S

t t

m(t,xt)z1+/Ae“ﬁ(xs)ds+/e“dﬁ(xs)
0 0

t
3 .
=1 +/<a_ + ﬂ)ﬁ,\(s, Xo)Lae(Xs - ) ds + j(L — 5R)/e“ dAs(L —5R) + N,, (5.38)
S
0

where N; is a continuous martingale. We find through direct computation that for x € V; 1., and a suitable v (x) > 0,
using the notation /1 = (—bL,—bL +5R), I =(—bL +5R,L —5R), Iz =(L —5R, L),

2(e2PRoy — 1) — 4b(2b + by, @)-). ifx-lel,

0 1\ = As 1 .

— 4+ L) |, x) <Y (x)e™ - { A+ azel| —ane — b~  (x) 1], ifx-lel,

as 2 Vib.L

Mas—1) —4b(2b+ b (x)-1), ifx-1lels.
Vib,L

Hence, by (5.29) and (5.31), we can find Ao > 0 small such that for x € V; 5, 1, x - [ ¢ A, the right-hand side of the
last expression is negative. Since j (L —5R) < 0, see (5.32), we obtain from (5.38) applied to the finite stopping time
t ATy, , that(5.33) holds.

We now derive the claim of the proposition from (5.33). When d > 2, the probability to exit V;  ; neither from the
“right” nor from the “left” can be bounded as follows:

/
PO,Vl,b,L [-bL < XTVl.b,L I<L]

(5.39)

2000€
Ao '

’ 20[26 / 2.
< PO,V[J,_L —bL < XTV“,'L -l < L, TVl,b,L > TOL + POa‘Z,h,L Sup|Xf| > L~ < —L

By Chebychev’s inequality and Fatou’s lemma, we find that the first term on the right-hand side is smaller than

1
E -
s ((Qo2€/Ao) L, L) OVioL

—apel s s r .
<cle)e htrg(l)ngo’w’b’L [Va(t A Ty, s Xinty,,, D]

[v?»o (Tv, 1> XTVl.b,L ’ l)]

<c(e)e Ly, (0,0) = c(e) e 2¢E, (5.40)

where, in the last inequality, we used (5.33). Applying (A.2) in Lemma A.1 to the second term in the right-hand side
of (5.39), we obtain, together with (5.40), that

limsup L™ log Py, [=bL <Xry,  -1<L]<0. (5.41)

L—oo

When d > 1, we bound the probability to exit V; 5 1 from the left by a similar argument as in (5.40), and find that

d=—bL]< 000 —cor (5.42)
V;,0(0, =bL)

(5.42), together with (5.41), when d > 2, show (5.27), which implies condition (7)|l. O

/
PO,VH,,L [XTVl,b.L
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Let us now turn to the

Proof of Theorem 5.2. It suffices to verify condition (K)|/, which implies condition (7")|/, see Proposition 5.6. Let
U be a bounded domain containing 0, and assume that there is

x € U {0} such that d(x,dU) > 5R (5.43)

(otherwise (K)|l automatically holds). With x as above, § > 0, for f a non-negative bounded measurable function
on U, we write

def def

SOE Ol (), and by () S (b, o) 1) 1,00 ().

Lemma 5.3 shows that

by (x) 1= 11r% |]; | / by (y) - 1dy. (5.44)
Bj(x)
If we choose § < |x|/2 A R, it follows from (A.6) and from (A.8) in Corollary A.3 that
0< 1nf E[gU(O v, a))] sup E[gU(O,y,w)] < 00, (5.45)
yeBs( yEBs(x)

and we obtain by the definition of b7,, see (5.6), that

E[f gu (0, y, w)by (y,@)dyl  E[fgu (0, y, w)by (y,®)dy]

— | B,y -1dy , .
|35|B</ ) v Z 1Bolsup, gy Blgu 0.y )] 1Byl infyep, o Elgo (0, v, )]
s (x

(5.46)

Denote with Ry and Dy, k > 1, the successive returns of X. to Byg(x) and departures from Bsg(x) defined similarly
as in (4.3) and (4.4), with Bj(x) and B>(x) replaced by Bor(x) and Bsgr(x) respectively. For y in U, define the
associated operators:

D,
RFMVEE, [f(Xr), Ri <Ty], OF MY E, [f(Xb))], Tf(y)dény,w[/ f(Xs)ds].
0

If § < R, successive applications of the strong Markov property show that

Ty
/gU(O’ y, o) fs(y)dy = Eo |:/ fs(Xs)dSi| =RId—QR)"'Tf5(0). (5.47)
U 0

In view of (5.46), it will be crucial to bound the above quantity from below and from above. In a first step, we derive
bounds on the operators R and QR. For y € U, we have

inf  f(2)PywlRI <Tul<Rf(y)< sup  [f(2)PywlRi <Tyl, (5.48)
2€dByR(x) 2€dBag(x)
and hence,
sup QORf(y)< sup PR <Tyl sup f(2),
yEIBrR(X) Z€0ByR(x) z€0BR(x) (5 49)
inf ORF()> il Poy[Ri<Tyl _inf f().
y€IBR(x) 7€IB4R (x) z€dBrR(x)

We first derive a lower bound for (5.47), see (5.52) below. Repeated applications of (5.48) and (5.49) yield

RUd—QR)'Tf3(0) > POw[R1<TU]Z( it PolRi<Tul) inf T

> z€9d B4R (x) z€3Byg(x)
Po.olRi < Tyl :
Gol71 = U inf f3(z) inf  Tlp, (@) (5.50)
SupzeaB4R(x) P, »[R1 > Ty] ZEBa(X) 2€9 Bag (x)
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If § < R, we find by means of (A.6) in Corollary A.3 that

inf T1 > inf ,w)d B 5.51
Zeagkm Bs(x)(2) / e aB ()gB4R(x)(Z y,w)dy = c|Bs|. (5.51)

Bs(x)
Combining (5.50) and (5.51), and using (5.47), we see that
Py o[R1 < Ty]

gu(0,y, ) fs(y)dy = c|Bs| inf f5(2). (5.52)
U/ SUP,ed By (x) P, w[R1 > Ty] zeB5(0)

We will now derive an upper bound on (5.47), see (5.54). We find by another use of Corollary A.3 that

sup 8By (x) (2, ¥, w) < c. (5.53)
2€dByr(x), yEBs(x)

Proceeding in a similar fashion as in (5.50)—(5.52), we obtain the upper bound
Pyo[R1 < Tyl

0, y,w) f5(y)dy < c|Bs| sup f5(2). (5.54)
i]/gu @) fs()dy < inf,caByr(x0) PrwlR1 > Tyl zeBal?x)f

We will now give a lower bound for the first term in the last line of (5.46). Applying (5.47) with f5 = b;‘ and

using (5.52), we see that
Poo[R1 < T
E[/gU(O,y,w)bg*(y,w)dy} >c|Ba|1E[ bl < Tyl inf bi(z, w)] (5.55)
SUP,eyBup(x) ProlR1 > Tu] zeBa(x)

Observe that Py »[R; < Tyl =1if 0 € Bar(x). Hence

Po.wlR < Ty] .
is Hpe (r) — measurable.
lanEBB4R(x) Pz wlR1 > Tyl 2k

Since inf, ¢, (x) ba (z, w) is 'H s(x)-measurable, and since § < R, it follows from finite range dependence, see (1.6),
that these two random variables are P-independent, and hence the right-hand side of (5.55) equals

Po.wlR1 < Tyl i|E|:
SUP,ecaByr(x) ProlR1 > TU]

’£he application of Harnack’s inequality (see [8] p. 199) to the £,,-harmonic function P. ,[R; > Ty] on Bsg(x) \
Bog(x) shows that

sup P ulR1 >Tyl<c inf P;,[R; > Tyl
7€0 B4R (x) 7€ B4R (x)

inf b (z, w)

] (5.56)
ZE€Bs(x)

C|B§|E|:

Together with an application of (5.54) and (5.47) with f5 = 1p,(x), we obtain that (5.56) is bigger than

cE[ / 2u (0, y, ) dyi| [ inf b} (z. a))] > c|Bg|]E[ inf gy, y, a))] [ inf bj(z. w)] (5.57)
z€Bs(x) yeBs(x) z€Bs(x)
Bs(x)
Finally, using (5.55)—(5.57), we find that the first term in the right-hand side of (5.46) is bigger than
1 Elinfyep;x) §U(0, y, w)] IE[
E[SupyeBa(x) gu0,y, )]
By similar computations as carried out between (5.55) and (5.58), we find as an upper bound for the second term in
the right-hand side of (5.46)
E[supyeBg(x) gu (0, y,w)]E[
IE[lnfyel_’?(g(x) gu0,y, w)]

inf bJr (z, w)

5.58
z€Bs(x) ] ( )

sup by (z. w)]. (5.59)
ZEBs(x)

The continuity of gy (0, -, ) and of b;‘ (-, w) in Bs(x), see Lemma 5.3 and (1.3), together with dominated convergence,
and the translation invariance of the measure P, show that
) Elinfyep;x) gu (0, ¥, w)] [
lim ¢
80 " E[supyepr) gu (0, y, w)]

nf b (z, w)]_c]E[(b(o ) -1),]. (5.60)

zeBs (x)
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and a similar identity for the term in (5.59). Inserting (5.58)—(5.60) in (5.46), and using (5.44), we finally obtain
c
b/U(x) > clE[(b(O, ) - l)Jr — a(b(O, ) - l)_}. (5.61)

Hence, if (5.4) holds with ¢, def ca/c1, we see that there is an € > 0 such that for all x as in (5.43)

by (x) -1 > e. (5.62)
We conclude that condition (K)|/ holds, see (5.23). By means of Proposition 5.6, condition (7")|/ holds, and Theo-
rem 5.2 is proved. O
Remark 5.7. With the help of Theorem 5.2, it is easy to obtain concrete examples of diffusions fulfilling condition (7).
For instance, when (b(0, w) -I)_ =0, we find:

Condition (7') holds when d > 1 and there is [ € S9=1and § > 0,

such that b(0, w) -1 > 0 for all w € £2, and ps = IP’[b(O, w)-1> 5] > 0. (5.63)

If there is § > O such that ps = 1, this is in the spirit of the non-nestling case, which is in fact already covered by
Proposition 5.1, and else, of the marginal nestling case in the discrete setting, see Sznitman [31].

Of course, Theorem 5.2 also comprises more involved examples of condition (7)) where b(0, w) - I takes both
positive and negative values for every [ € $9-1 Hence, when d > 2, Theorem 5.2 provides examples of ballistic
diffusions in random environment beyond previous knowledge. They correspond to the plain nestling case in [31].
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Appendix A
A.l. Bernstein’s inequality
The following lemma follows in essence from Bernstein’s inequality (see [27] pp. 153—154).

Lemma A.1. On RY we consider measurable functions a, b, with values in the space of symmetric matrices and in
R4 respectively, that satisfy for suitable v > 1, and a > 0, b > 0,

1 _ _
SVP <Y ey <yl e <a, o] <b, x,y eRY. (A1)
iJj
We denote with L the operator attached to a and b, similarly as in (1.8), and we assume that P, solves the martingale

problem for L started at x in RY. We denote with E, the corresponding expectation. Write (X 1)1>0 for the canonical
process on C([0, 00), RY)Y, and let Z, = SUpP </ |Xs — Xo|. Then, for every a > 0, there are two constants ¢, ¢ > 0,

depending only on o, v, a, b, d, such that for large L,
sup Py[Zar > L2] <éeV, (A2)
X
Further, for y € (0, 1] and for all @ > 0, there exists a constant §(«) > 0 such that

sup E [eazf] <l+oa. (A.3)
X

Proof. We obtain from the martingale problem that M; = X; — Xo — fot b(X;)ds is a martingale. We compute the
bracket (M'); of the i-th component Mti of M;, 1 <i<d,and find (M'), = fé a;i; (Xs)ds. (A.1) yields (M'), < vt,
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and with the help of Bernstein’s inequality (see [27] pp. 153—154) and a further application of (A.l), it follows
immediately that for large L,

P[Za > 1] < Px[ sup | M| > (L* — aBL)] < 2d e L /évad),
s<aL

which proves (A.2). Since Z; < supy<; | M| + b, we obtain for 0 < § < 1 that

o]

) ) ) ) )
E,[ed2] < et Ex[exp{S(sup|Ms|) }] =e8by<1+8/dv63” Px[(sup|Ms|) >v]> < (1450),
s<1 s<1

0

<2d exp{—v?/Y /(2dVv)}
which proves (A.3). O

A.2. Bounds on the Green function

The bounds on the transition density contained in the next proposition will be crucial to derive bounds on the Green
function.

Proposition A.2.4Let L, be as in (1.8), and let assumptions (1.2)—(1.4) be in force. Then the linear parabolic equation
of second order ‘;—'f = L,u has a unique fundamental solution p,(t,x,y), and there are positive constants «, 8, a
and & such that for t < 1

Blx —yI?
|Pott.x. 9| < 77 exp{ —r (A4)
and such that for |x — y|*> < at and t € (0, 1]
a
pw(tvx»)’) > W (AS)

For the proof we refer the reader to [9]. The statements (4.16) and (4.75) therein correspond to (A.4) and (A.5). We
obtain the following corollary:

Corollary A.3. Assume (1.2)—(1.4), and let U be a bounded domain. There is a positive constant m(r, U) such that
forall w e 82, and forall y,z € U withd(y,doU) >r, d(z,dU) >r,

gu(y,z,w) = m. (A.6)
For y # z, define

ly—z*4, d>3,
hy(Z)Z{lOgd%m(zllj)’ d=2. (A7)

There are positive constants «, c(U) such that for y,z € U, and all w € 2,

ahy()+c, ifd>2andy+#z,
gu(y,z,w) < {C’ ifd—1. (A.8)

Proof. Let x € U with d(x, dU) > r. Choose 1y € (0, 1] such that \/azy < 5 < 5 and for all 7 < 1,
a 2 { Br? }
— > exp|-—

4t

holds, and such that in addition the function ¢ — (a/1%/?) exp{— Br?/(41)} is monotone increasing on {t: t < tg}. Let
p= min(%, Jatg/8) and zp € B,(x). Hence | X7, — 20| > %, and on the event {Ty < t < 1y}, the inequality

o ,Br2
Po(t =Ty, X1,,2) < WeXp v
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follows from (A.4) and from the monotonicity mentioned above. Choose further yg € B, (x), then |yp — zo| < +/ato/2,
and hence, for t € (#9/2, 1), |Yo — 20| < ~/at holds. By Duhamel’s formula, see [30] p. 331, and by (A.5), the sub-
transition density p,, v (¢, y, z) satisfies for yo, zo € B,(x) and t € (t9/2, to)

pu),U(ta Yo, ZO) = pa)(tv Yo, ZO) - Eyo,a)[TU <t, pa)(t - TU’ XT[/? ZO)]

> i " A9
/theXp —E > V. ( )
0

We will now prove (A.6). Since U is a bounded domain, it follows from a standard chaining argument using (A.9) that
there is a finite integer K (U) > 0 such that for all y, z € U as above (A.6), for all r € (K1y/2, Ktp) and for all w € £2,

p(u,U(t’ y’Z)>C(r’ K)>O (AlO)

Since
Kty
gu(y,z,w) = / Po,u(t,y,z)dt,
Kt/2

the claim (A.6) follows. To prove the upper bound (A.8), we write

00 1 o K+D/2
gu(y,z,w)=/pw,u(t,y,z)dt</pw(t,y,z)dt+z f Po,ult,y, z)dt. (A.11)
0 0 k=2t

With the help of (A.4), we find positive constants «, ¢ such that

1

i >
/Pw(t,y,z)dt< {‘C)‘hy(Z)“’ gj;?’ y#2, (A.12)

We obtain by a repeated use of the Chapman—Kolmogorov equation and by (A.4), that for k > 2,

(k+1)/2 k/2
1
/ Pou(t,y,z)dt < /dv I%),U(E, v, v) sup / DPow,u(t,v,2)dt
k)2 U veU(k—l)/Z
1
induction 1T\ k! 1\F-!
< (sup Pv,w|:TU > —i|> sup / Po,u(t,v,2)dt < c<sup vaw[TU > —]) .
velU 2 vEU1/2 veU 2

Hence, with the help of the Support Theorem of Stroock—Varadhan, see [2] p. 25, or from a chaining argument using
(A.5), the sum on the right-hand side of (A.11) will be smaller than

c
infvEU Pv,w[TU < 1/2]
Combining (A.11), (A.12) and (A.13) shows (A.8). O

<cU) < o0. (A.13)
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