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ABSTRACT. – The fuzzy Potts model is obtained by looking at the Potts model with a
of glasses that prevents distinguishing between some of the spin values. We show t
fuzzy Potts model onZd (d � 2) is Gibbsian at high temperatures and non-Gibbsian at
temperatures.
 2003 Published by Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – Le modèle de Potts flou est obtenu en regardant le modèle de Potts à trav
lunettes qui ne permettent pas de distinguer certaines des valeurs de spin. Nous montro
modèle de Potts flou surZd (d � 2) est de Gibbs à haute température mais ne l’est pas à
température.
 2003 Published by Éditions scientifiques et médicales Elsevier SAS

1. Introduction

This paper is concerned with the question of whether or not the so-called fuzzy
model is Gibbsian. Roughly speaking, the fuzzy Potts model arises by hiding
of the information about the spin variables in the usual Potts model. It provides
is possibly the simplest nontrivial example from a wider class of processes kno
hidden Markov random fields [23]. These are useful in statistical image analysi
other areas of applied probability. Furthermore, the fuzzy Potts model has turned
be a useful device in the study of percolation-theoretic properties of the Potts m
see [5] and [18]. The focus of this paper will mainly be on the fuzzy Potts model oZd

in d � 2 dimensions.
Since the seminal paper by van Enter, Fernández and Sokal [8], it has been

recognized that many random fields of physical interest fail to be Gibbsian, and
work has been put into the problem of determining whether Gibbsianness holds
ious models (see, e.g., [6,7,9–11,21,22] and the references therein). For the fuzz
model onZd , this question was touched upon by Maes and Vande Velde [25], b
conclusive answer was given. Here we shall show that the answer depends on t
perature parameter: Ford � 2, Gibbsianness holds at high but not at low temperatu
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see Theorem 3.2. There is an intermediate regime in which we are unable to det
the answer, although in Conjecture 3.3 we make an educated guess at a precise co

Related to Gibbsianness is the stronger notion ofk-Markovianness. We shall see
Theorem 7.2 that (for anyk and anyd � 2) the fuzzy Potts model onZd fails to be
k-Markovian at all temperatures.

The rest of the paper is organized as follows. In Section 2 we introduce the mo
Section 3 we recall the general notion of Gibbsianness and state the main result
rem 3.2). In Section 4 we observe how the question of Gibbsianness can be red
that of quasilocality. A key tool in proving quasilocality (and nonquasilocality) is the
of the Fortuin–Kasteleyn random-cluster representation of the Potts model, which
call in Sections 5 and 6, and exploit in Sections 7–9 to finish the proof of the main r

2. The model

In order to define the fuzzy Potts model, we first need to recall the definition o
Potts model. Although our main interest is in the case where these models live
infinite cubic latticeZd , we begin with the case of finite graphs.

Let q be a positive integer. Theq-statePotts modelon a finite graphG= (V ,E) is a
random assignment of{1, . . . , q}-valued spins to the vertices ofG. The Gibbs measur
πGq,β for the q-state Potts model onG at inverse temperatureβ � 0, is the probability
measureπGq,β on {1, . . . , q}V which to eachξ ∈ {1, . . . , q}V assigns probability

πGq,β(ξ)=
1

ZGq,β
exp

(
2β

∑
〈x,y〉∈E

I{ξ(x)=ξ(y)}
)
. (1)

Here 〈x, y〉 denotes the edge connectingx, y ∈ V, IA is the indicator function of the
eventA, andZGq,β is a normalizing constant. This is a much-studied model in probab
theory and statistical mechanics; see for instance [13,14,17] and the references
The caseq = 1 is trivial. The Ising caseq = 2 is of course extremely interesting fro
various points of view, but not in the context of the fuzzy Potts model. Hence, the
of interest in the present paper areq = 3,4, . . . .

Let q and β be as above, and lets and r1, . . . , rs be positive integers such th∑s
i=1 ri = q. The fuzzy Potts modelon G with these parameters arises by taking

q-state Potts model onG, and then identifyingr1 of the Potts states with a sing
fuzzy spin value 1, r2 of the states with fuzzy spin value 2, and so on. A more pre
definition is as follows. Fixq,β and(r1, . . . , rs) as above. LetX be a{1, . . . , q}V -valued
random object distributed according to the Gibbs measureπGq,β . Then takeY to be the
{1, . . . , s}V -valued random object obtained fromX by setting

Y (x)=




1 if X(x) ∈ {1, . . . , r1},
2 if X(x) ∈ {r1+ 1, . . . , r1+ r2},
...

...

s if X(x) ∈ {∑s−1 r + 1, . . . , q}

(2)
i=1 s
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for eachx ∈ V . We writeµGq,β,(r1,...,rs) for the induced probability measure on{1, . . . , s}V ,
and call it the fuzzy Potts measure with parametersq,β, and(r1, . . . , rs). This definition
is a slight generalization, and a unification, of definitions given by Maes and V
Velde [25] (who considered the caser1 = · · · = rs), and Häggström [18] (who considere
the cases = 2). The case wheres = 2 andr1 = 1 has also been studied by Chayes [5

In the following, we shall assume that 1< s < q, since the cases = 1 is trivial,
whereas the cases = q just reproduces the Potts model (hence the earlier remark th
restrict attention toq � 3). It will also be convenient to assume that

r1 =min
{
r � 2: r = ri for somei ∈ {1, . . . , s}}. (3)

By permutation and relabeling of the sets of spin values, we see that there is no
generality in making such an assumption.

We move on to the infinite caseG = Zd , which is shorthand notation for the gra
whose vertex setV is Zd , and whose edge setEd consists of pairs of vertices at Euclide
distance 1 from each other. ForW ⊂ V , we define the boundary

∂W = {
x ∈ V \W : ∃y ∈W such that〈x, y〉 ∈Ed}.

A probability measureπ on {1, . . . , q}Zd is said to be a Gibbs measure for theq-state
Potts model onZd at inverse temperatureβ, if it admits conditional probabilities suc
that for all finiteW ⊂ Zd , all ξ ∈ {1, . . . , q}W and allη ∈ {1, . . . , q}Zd\W we have

π
(
X(W)= ξ |X(

Zd\W)= η)
= 1

Z
W,η
q,β

exp
(

2β
( ∑
〈x,y〉∈E
x,y∈W

I{ξ(x)=ξ(y)} +
∑

〈x,y〉∈E
x∈W,y∈∂W

I{ξ(x)=η(y)}
))
, (4)

where the normalizing constantZW,ηq,β is allowed to depend onη but not onξ .
The basic examples of Gibbs measures for the Potts model are constructed as

Let�1 ⊂�2 ⊂ · · · be a sequence of finite vertex sets converging toZd in the sense tha
eachx ∈ Zd is in all but finitely many�n’s. LetGn denote the graph whose vertex
is�n ∪ ∂�n, and whose edge set consists of pairs of vertices in�n ∪ ∂�n at Euclidean
distance 1 from each other. It is well known (see, e.g., [17] or [14] for this and
results quoted in this section) that the Gibbs measuresπ

Gn
q,β converge to a probabilit

measure on{1, . . . , q}Zd which is a Gibbs measure for the Potts model onZd with the
given parameters. Convergence takes place in the sense that probabilities of cylin
converge. The limiting measure is denotedπZd ,0

q,β , and is called the Gibbs measure (
the Potts model onZd with the given parameters) withfree boundary condition. Other

Gibbs measures are those with so-calledspin i boundary condition, denotedπZd ,i
q,β , for

i = 1, . . . , q. These are obtained by conditioningπGnq,β on taking spin valuei all over

∂�n – yielding another probability measureπ
Gn,i
q,β on {1, . . . , q}�n∪∂�n – and then taking

limits asn→∞. Each of the measuresπZd ,0
q,β , . . . , π

Zd ,q
q,β is independent of the particula

choice of{�n}∞n=1.
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In dimensiond � 2, these Gibbs measures may or may not coincide dependin
the parameter values. It is a fundamental result due to Aizenman et al. [1], tha
exists a critical valueβc = βc(d, q) ∈ (0,∞), such that forβ < βc, there is only one

Gibbs measure (so that in particularπZd ,0
q,β = · · · = πZd ,q

q,β ), whereas forβ > βc, there are

multiple Gibbs measures (moreover, the measuresπ
Zd ,0
q,β , . . . , π

Zd ,q
q,β are all distinct).

For q,β, and (r1, . . . , rs ) as above, andi = 0, . . . , q, we define the fuzzy Pott

measureµZd ,i
q,β,(r1,...,rs)

to be the distribution of the{1, . . . , s}Zd -valued random objectY

obtained by first pickingX ∈ {1, . . . , q}Zd according to the Gibbs measureπZd ,i
q,β , and

then constructingY fromX as in (2).

3. The main result

In order to state our main result regarding (non-)Gibbsianness of the fuzzy
model, we need to recall the general notion of a Gibbs measure. For probability me
on SZd in the case where the single site state spaceS = {s1, . . . , sk} is finite, it amounts
to the following; see [13] or [8] for more detail.

Let W be the class of all finite subsets ofZd . An interaction potentialis a family
"= {"W }W∈W of functions"W :SZd →R with the property that"W(ξ)="W(ξ ′) for
all ξ, ξ ′ ∈ SZd such thatξ(x) = ξ ′(x) for all x ∈W . In other words, the function"W is
only allowed to depend on the spins in the finite subsetW . ForW ∈W , define

‖"W‖ = max
ξ,ξ ′∈SZd

∣∣"W(ξ)−"W(ξ ′)∣∣.
The interaction potential" is said to beabsolutely summableif for all x ∈ Zd we have∑

W�x
‖"W‖<∞.

DEFINITION 3.1. –Suppose that" is absolutely summable. A probability meas
µ on SZd is said to be aGibbs measure for the interaction potential" if it admits
conditional probabilities such that for allx ∈ Zd , all s, s′ ∈ S and all η ∈ SZd\{x} we
have

µ(X(x)= s |X(Zd\{x})= η)
µ(X(x)= s′ |X(Zd\{x})= η) = exp

( ∑
W∈W
W�x

(
"W(η ∨ s′)−"W(η ∨ s))

)
,

where(η∨ s) ∈ SZd is the configuration which agrees withη onZd\{x} and which takes
values on x. More generally, we say thatµ is a Gibbs measureif it is a Gibbs measure
for some absolutely summable interaction potential.

Recall from Section 2 thatβc(d, q) denotes the critical inverse temperature for
q-state Potts model onZd .

One more definition is needed to formulate our main result: Letpc(d) denote the
critical value for i.i.d. bond percolation onZd . That is,pc(d) is the supremum of th
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set ofp ∈ [0,1] such that if each edge inZd is removed independently with probabili
1− p, then a.s. all remaining connected components are finite. Ford � 2, we have
pc(d) ∈ (0,1); see [16] for this and much more on percolation.

Recall also the convention (3) concerning the parameterr1 in µZd ,i
q,β,(r1,...,rs)

.

THEOREM 3.2. –Consider the fuzzy Potts measureµZd ,i
q,β,(r1,...,rs)

with d � 2, q � 3,
fixedi ∈ {0, . . . , q}, and(r1, . . . , rs) satisfying1< s < q.

(i) For β < βc(d, r1), the measureµZd ,i
q,β,(r1,...,rs)

is a Gibbs measure.

(ii) In contrast, forβ > 1
2 log((1+ (r1− 1)pc(d))/(1−pc(d))), µZd ,i

q,β,(r1,...,rs)
is not a

Gibbs measure.

After some preliminaries in Sections 4–7, we will prove this result in Sections 8 a
In Section 8 we will also give an incomplete argument in support of the following.

CONJECTURE 3.3. –Theorem3.2(i) is sharp in the sense thatµZd ,i
q,β,(r1,...,rs)

is non-
Gibbsian for allβ > βc(d, r1).

Maes and Vande Velde [25] conjectured (in the symmetric setting wherer1 = · · · = rs)
thatµZd ,i

q,β,(r1,...,rs)
is non-Gibbsian forβ > βc(q, d), i.e., in the nonuniqueness regime

the underlying Potts model. Although Theorem 3.2(ii) does not prove the full M
Vande Velde conjecture, it does go further in certain parts of the parameter spa
see this, we recall the well-known result of Laanait, Messager and Ruiz [24] that f
theq-state Potts model onZ2, the critical value satisfiesβc(q,2)= 1

2 log(
√
q + 1) for q

large enough (q > 25 suffices). By takingd = 2, fixing r1, and takingq to be sufficiently
large, we see that Theorem 3.2(ii) in conjunction with the Laanait–Messager–Ruiz
implies that the fuzzy Potts measure can be non-Gibbsian even in the absence o
transition (multiple Gibbs measures) in the underlying Potts model. This phenom
(non-Gibbsianness in the absence of phase transition) arises as a consequenc
fact that reducing the number of spin statesq in the Potts model decreases the criti
valueβc(d, q), similarly as in the non-Gibbsianness phenomena discussed by van
Fernández and Kotecký [7].

4. Gibbsianness and quasilocality

The purpose of this section is to reduce the issue of Gibbsianness for fuzzy
measures, to that of so-called quasilocality for the same measures. Loosely sp
a measureµ on SZd is quasilocal if a random spin configurationX with distribution
µ has the property that for finiteW ⊂ Zd , the conditional distribution ofX(W) given
X(Zd\W) does not depend strongly on spins very far away.

As in Section 2, we fix a sequence�1 ⊂ �2 ⊂ · · · of finite vertex sets convergin
to Zd . The following definition is independent of the particular choice of{�n}∞n=1.

DEFINITION 4.1. –Let S = {s1, . . . , sk} be a finite set. A probability measureµ on
SZd is said to bequasilocalif it admits conditional probabilities such that for allW ∈W
and all ξ ∈ SW we have
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η,η′∈SZd\W
η(�n\W)=η′(�n\W)

∣∣µ(
X(W)= ξ |X(

Zd\W)= η)

−µ(
X(W)= ξ |X(

Zd\W)= η′)∣∣= 0. (5)

Another relevant concept is that of uniform nonnullness; readers familiar with th
called finite energy [26] condition will find that uniform nonnullness is a strong form
finite energy.

DEFINITION 4.2. –Let S = {s1, . . . , sk} be a finite set. A probability measureµ on
SZd is said to beuniformly nonnull if for someε > 0 it admits conditional probabilities
such that for allx ∈ Zd , all s ∈ S and allη ∈ SZd\{x} we have

µ
(
X(x)= s |X(

Zd\{x})= η) � ε.

The following characterization of Gibbsianness is well known; see, e.g., [8, T
rem 2.12].

THEOREM 4.3. –A probability measureµ on SZd , whereS is a finite set, is a Gibb
measure if and only if it is quasilocal and uniformly nonnull.

Our main result (Theorem 3.2) is therefore established as soon as we have pro
following two results.

THEOREM 4.4. –Consider the fuzzy Potts measureµZd ,i
q,β,(r1,...,rs)

with d � 2 and
parameter values as in Theorem3.2.

(i) For β < βc(d, r1), µ
Zd ,i
q,β,(r1,...,rs)

is quasilocal.

(ii) For β > 1
2 log((1+ (r1− 1)pc(d))/(1− pc(d))), µZd ,i

q,β,(r1,...,rs)
is not quasilocal.

LEMMA 4.5. –The fuzzy Potts measureµZd ,i
q,β,(r1,...,rs)

with arbitrary parameter values
is uniformly nonnull.

Our main task is to prove Theorem 4.4; this is deferred to Sections 8 a
Lemma 4.5, on the other hand, turns out to be easy.

Proof of Lemma4.5. – Take the Potts configurationX ∈ {1, . . . , q}Zd to have distribu-

tionπZd ,i
q,β , and letY ∈ {1, . . . , s}Zd be its corresponding fuzzy Potts configuration.Y then

has distributionµZd ,i
q,β,(r1,...,rs)

. A direct calculation using (4) yields that for anyx ∈ Zd ,

anya ∈ {1, . . . , q} and anyξ ∈ {1, . . . , q}Zd\{x} we have

P
(
X(x)= a |X(

Zd\{x})− ξ) � 1

q − 1+ e4dβ
.

Hence, for anyb ∈ {1, . . . , s} we have

P
(
Y (x)= b |X(

Zd\{x})= ξ) � rb

q − 1+ e4dβ
. (6)
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Note now that for anyη ∈ {1, . . . , s}Zd\{x}, the expressionP(Y (x)= b | Y (Zd\{x})= η)
is a convex combination of terms of the form of the left-hand side of (6). Hence

P
(
Y (x)= b | Y (

Zd\{x})= η) � rb

q − 1+ e4dβ

so thatµZd ,i
q,β,(r1,...,rs)

is uniformly nonnull with

ε = minb∈{1,...,s} rb
q − 1+ e4dβ

. ✷

5. The random-cluster representation in finite volume

The random-cluster model of Fortuin and Kasteleyn [12] has been a major t
the study of Ising and Potts models ever since the publication of the influential p
by Swendsen and Wang [28] and Aizenman et al. [1]. See [17] and [14] for surve
such work. Not surprisingly, the random-cluster model is useful also in the analy
the fuzzy Potts model, as witnessed in [5,25], and [18]. In this section and the ne
recall the random-cluster model and discuss its relation to the fuzzy Potts mode
simpler case of finite graphs is treated in this section, while the infinite-volume c
handled in Section 6.

Let G = (V ,E) be a finite graph. Forp ∈ [0,1] andq > 0, we define therandom-
cluster measureφGp,q on {0,1}E as the probability measure which to each e
configurationξ ∈ {0,1}E assigns probability

φGp,q(ξ)=
qk(ξ)

ẐGp,q

∏
e∈E
pξ(e)(1− p)(1−ξ(e)). (7)

Herek(ξ) is the number of connected components of the graph with vertex setV and
edge set{e ∈ E: ξ(e) = 1}, andẐGp,q is a normalizing constant. We generally think
edgese with ξ(e) = 0 as deleted, and those withξ(e) = 1 as retained. Takingq = 1
yields i.i.d. measure with retention probabilityp, whereasq > 1 (resp.q < 1) biases the
measure in favor of configurations with many (resp. few) connected components.

The well-known correspondence between random-cluster and Potts models m
phrased as follows. Pick a random edge configurationU ∈ {0,1}E according to the
random-cluster measureφGp,q with q ∈ {2,3, . . .}. Then pick a spin configurationX ∈
{1, . . . , q}V by letting each connected component ofU receive the same spin valu
on all its vertices, chosen uniformly from{1, . . . , q}, and doing this independent
for each connected component. It turns out that the resulting spin configurationX is
then distributed according to the Gibbs measureπGq,β for the q-state Potts model wit
β =−1

2 log(1− p).
For positive integersr1, . . . , rs such that

∑s
i=1 ri = q, we can of course go on an

constructY ∈ {1, . . . , s}V from X using (2), andY will then be distributed according t
the fuzzy Potts measureµGq,β,(r1,...,rs). But instead of going via the Potts model, we may
well obtainY directly from the random-cluster model by assigning spins from{1, . . . , s}
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to the connected components ofU , with probability ri/q of getting spin valuei, and
independently for different components. Of crucial importance to us in proving
main result will be to understand the conditional distribution of the edge configur
U given the fuzzy spin configurationY . The following result generalizes results in [1
and in [25].

PROPOSITION 5.1. –For givenp, q, (ri, . . . , rs) and a finite graphG= (V ,E), pick
a random edge configurationU ∈ {0,1}E and a fuzzy spin configurationY ∈ {1, . . . , s}V
as above. For anyη ∈ {1, . . . , s}V , the conditional distribution ofU givenY = η is as
follows.

For i = 1, . . . , s, defineGη,i = (V η,i,Eη,i) as the graph with vertex setV η,i = {v ∈
V : η(v)= i} and edge setEη,i = {e ∈E: both endpoints ofe are inV η,i}. Independently
for each i, U(Eη,i) is distributed according to the random-cluster measureφG

η,i

p,ri
.

Finally, any edgee in E\(⋃s
i=1E

η,i) takes valueU(e)= 0 with probability1.

Proof. –Fix η ∈ {1, . . . , s}V , and suppose thatY = η. That U(e) = 0 for any e ∈
E\(⋃s

i=1E
η,i) is immediate from the construction ofY . Now fix ξ ∈ {0,1}E such that

ξ(e) = 0 for all e ∈ E\(⋃s
i=1E

η,i). Write n(η) for the number of edges inE whose
endpoints take different values inη. Furthermore, fori = 1, . . . , s, let ki(ξ, η) denote the
number of connected components ofξ that receive fuzzy spini in η. We get that

P(U = ξ, Y = η)= φGp,q(ξ)
s∏
i=1

(
ri

q

)ki (ξ,η)

= q
k(ξ)

ẐGp,q

∏
e∈E
pξ(e)(1− p)(1−ξ(e))

s∏
i=1

(
ri

q

)ki (ξ,η)

= (1− p)
n(η)

ẐGp,q

s∏
i=1

(
r
ki (ξ,η)
i

∏
e∈Eη,i

pξ(e)(1− p)(1−ξ(e))
)
,

where the last equality uses that
∑s
i=1 ki(ξ, η)= k(ξ) and is otherwise just a rearrang

ment of factors. Hence,

P(U = ξ | Y = η)= P(U = ξ, Y = η)
P(Y = η)

= (1− p)n(η)
ẐGp,qP(Y = η)

s∏
i=1

(
r
ki (ξ,η)
i

∏
e∈Eη,i

pξ(e)(1− p)(1−ξ(e))
)

= (1− p)
n(η)

∏s
i=1 Ẑ

Gη,i

p,ri

ẐGp,qP(Y = η)
s∏
i=1

φG
η,i

p,ri

(
ξ
(
Eη,i

))

=
s∏
i=1

φG
η,i

p,ri

(
ξ
(
Eη,i

))
because the expression that was cancelled in the last line must equal 1 by nor
tion. ✷

Remark5.2. – When a graphG is not connected, it is easy to see that the rand
cluster measureφGp,q factorizes into

∏n
i=1φ

Gi
p,q , whereG1, . . . ,Gn are the connecte



O. HÄGGSTRÖM / Ann. I. H. Poincaré – PR 39 (2003) 891–917 899

et,

ents
t have
f

irectly

y

ll take

aphs

finite
-edge

hat
luster
on 2:

e
re

oted
luster
t
n. The
components ofG. By combining this observation with Proposition 5.1, we g
for the conditional distribution of the edge configurationU given the fuzzy spin
configurationY , the following. Partition the graph into maximal connected compon
such that each component is monochromatic (i.e., all vertices of the componen
the same fuzzy spin). Then each such connected componentC has, independently o
the others, an edge configuration chosen according toφCp,ri , wherei is the fuzzy spin
assigned toC.

6. The random-cluster representation in infinite volume

The finite-graph definition (7) of random-cluster measures cannot be applied d
to the infiniteZd lattice, for which we instead employ the following definition.

DEFINITION 6.1. –LetG= (V ,E) be an infinite, locally finite graph. A probabilit
measureφ on {0,1}E is said to be arandom-cluster measure forG with parameters
p ∈ [0,1] and q > 0 if it admits conditional probabilities such that, for a{0,1}E-
valued random objectU with distributionφ, we have for anye = 〈x, y〉 ∈ E and any
ξ ∈ {0,1}E\{e} that

φ
(
U(e)= 1 |U(

E\{e})= ξ)=


p if x

ξ↔ y,
p

p+ (1− p)q otherwise.
(8)

Herex
ξ↔ y denotes the existence of a path from x to y consisting of edges that a

value1 in ξ .

Note that the conditional probability in (8) is the same as what we get for finite gr
using the definition (7). The definition of random-cluster measures forZd and other
infinite graphs is more often given in terms of conditional distributions on arbitrary
edge sets, but it is well known (see, e.g., [14, Lemma 6.18]) that the above single
criterion is equivalent to the usual definition.

Random-cluster measures forZd with given parameter values can (provided t
q � 1, which is the only case we need) be constructed as limits of random-c
measures for finite graphs. To this end, we recall some notation from Secti
�1 ⊂�2 ⊂ · · · is an increasing sequence of finite vertex sets, and for eachn the graph
Gn = (Vn,En) is defined to have vertex setVn =�n ∪ ∂�n and edge setEn = {e ∈Ed :
both endpoints ofe are inVn}. In Section 2, the sequence{�n} was arbitrary, but her
we have reason to specify it as�n = {−n, . . . , n}d , the point being that this makes su
that∂�n is connected.

For q � 1, it turns out (see, e.g., [17] or [14] for these and other results qu
without reference in the next few paragraphs) that the finite-volume random-c
measuresφGnp,g converge to a limiting measureφZd ,free

p,q on {0,1}Ed ; “free” denotes tha
no boundary conditions are imposed at the finite-volume stage of the constructio
limiting measureφZd ,free

p,q is a random-cluster measure forZd with parametersp andq,
in the sense of Definition 6.1.
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There is another random-cluster measureφZd ,wired
p,q for Zd , which arises from a sligh

modification of this limiting procedure. Namely, letφGn,wired
p,q denoteφGnp,q conditioned

on the event that all edges in{〈x, y〉 ∈ En: x, y ∈ ∂�n} take value 1. ThenφZd ,wired
p,q is

the limit asn→∞ of φGn,wired
p,q and is a random-cluster measure forZd with the given

parameter values. The measuresφZd ,free
p,q andφZd ,wired

p,q usually coincide; it is believed tha
the only exception is whenq is large andp equals a certain critical valuepc = pc(d, q)
which for integerq satisfiespc = 1− e−2βc , whereβc is the Potts model critical valu
defined in Section 2.

We know from Section 5 that, for integerq, we obtain the Gibbs measureπGnq,β
for the q-state Potts model withβ = −1

2 log(1− p) from φGnp,q by assigning random
spins (uniformly distributed on{1, . . . , q}) to the connected components of the ed
configuration. When the same thing is done for a random{0,1}Ed -valued edge

configuration chosen according toφZd ,free
p,q , what we get is the Gibbs measureπZd ,0

q,β .
Moreover, the joint distribution of the edge and spin variables under this procedu
finite n, converges asn→∞ to the joint distribution of the edge and spin variables
the infinite setting.

A similar statement is true for wired random-cluster measures: Fixi ∈ {1, . . . , q}.
Suppose that we pick an edge configuration according toφGn,wired

p,q and then assig
spin values to the connected components in the usual way, except that we in
assigning spini to the connected component containing∂�n. Then the spin variables a
distributed according to the Potts model Gibbs measureπGn,ip,q with β =−1

2 log(1− p).
The joint distribution of the edge and spin configurations converges asn→∞, with

marginals tending toφZd ,wired
p,q andπZd ,i

q,β . To go directly from the edge configuration
the spin configuration in the infinite-volume limit, we assign spins to the conne
components in the usual way, except that any infinite connected component is fo
take spin valuei.

These results about convergence of the joint distribution of edge and spin con
tions are also true for the joint distribution of edge and fuzzy spin configurations
is an immediate consequence using just the fact that the fuzzy spins are functions
spins. The following result is our infinite-volume analogue of Proposition 5.1.

THEOREM 6.2. –Fix parametersq ∈ {3,4, . . .}, s ∈ {2, . . . , q − 1}, (r1, r2, . . . , rs),
i ∈ {0, . . . , q} and β > 0 for the fuzzy Potts model onZd , and let p = 1 − e−2β .
Suppose that we pick an edge configurationU ∈ {0,1}Ed according toφZd ,free

p,q (if

i = 0) or φZd ,wired
p,q (if i > 0), and then a spin configurationX ∈ {1, . . . , q}Zd by

assigning spins to the connected components as described above, and finally a fu
configurationY ∈ {1, . . . , s}Zd as in (2). Write P for the joint distribution of(U,X,Y ).
For j = 1, . . . , s, defineGY,j = (V Y,j ,EY,j ) as the (random) graph with vertex se
V Y,j = {v ∈ Zd : Y (v) = j} and edge setEY,j = {e ∈ Ed : both endpoints of e are i
V Y,j }.

Then P admits conditional probabilities such that for eachj , the conditional
distribution ofU(EY,j ) given the full fuzzy spin configurationY , is a random-cluste
measure forGY,j with parametersp andrj .
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It is known from [15] thatφZd ,free
p,q and φZd ,wired

p,q both assign probability 1 to th
existence of at most one infinite cluster. In our proof of Theorem 6.2, we shall e
that result similarly to how Grimmett did in [15, proof of Theorem 3.1(b)].

In the proof, we will also need to consider probability measuresP1,P2, . . . , which
are defined, similarly asP, as the joint distribution of the edge-and-spin configura
(U,X,Y ), except thatPn is thenth finite stage of the infinite-volume construction. T
means that the graph for whichPn is defined isGn, and the marginal distribution ofX is
φGnp,q (if i = 0) orφGn,wired

p,q (if i > 0).

Proof of Theorem6.2. – By the definition of random-cluster measures, we are do
we can show thatP admits conditional probabilities such that for eachη ∈ {1, . . . , s}Zd ,
eachj ∈ {1, . . . , s}, eache = 〈x, y〉 ∈ E such thatη(x) = η(y) = j , and eachξ ∈
{0,1}E\{e}, we have

P
(
U(e)= 1 | Y = η, U(

E\{e})= ξ)=


p if x

ξ↔ y,
p

p+ (1− p)rj otherwise.

For this, it is enough to show that

lim
n→∞P

(
U(e)= 1 | Y (Vn)= η(Vn), U(

E\{e})= ξ(En\{e}))

=


p if x

ξ↔ y,
p

p+ (1− p)rj otherwise
(9)

for a set of configurations(η, ξ) that hasP-probability 1.
Call an edge configurationξ ′ ∈ {0,1}Ed goodif it contains at most one infinite cluste

of open edges and this property is preserved under flip of any one edge-variable.
Lemma 3.4], we know that the set of good edge configurations has full measure
either ofφZd ,free

p,q or φZd ,wired
p,q . Furthermore, ifξ ′ is good, then, for anye= 〈x, y〉 ∈E, we

have either that
(i) x andy are in the same cluster ofξ ′(Ed\{e}), or that
(ii) x andy are in different clusters ofξ ′(Ed\{e}), at least one of which is finite.

Now, if (i) holds, then this can be read off fromξ ′(Em) for somem; just takem to be

large enough so thatx
ξ ′(En\{e})←→ y. Let η′ ∈ {1, . . . , s}Zd be any fuzzy spin configuratio

that is consistent withξ ′. For alln�m and allk > n, we then obtain

Pk
(
U(e)= 1 | Y (Vn)= η′(Vn), U(

En\{e})= ξ ′(En\{e}))= p
by an application of Proposition 5.1. By sendingk→∞, we obtain

P
(
U(e)= 1 | Y (Vn)= η′(Vn), U(

En\{e})= ξ ′(En\{e}))= p. (10)

Similarly, if (ii) holds, then there is anm such that (ii) can be concluded fromξ ′(Em).
To see this, just takem large enough so that at least one of theξ ′-clusters containingx
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or y is contained inGm−1. Provided thatη′(x) = η′(y) = j , we then get for alln � m
and allk > n that

Pk
(
U(e)= 1 | Y (Vn)= η′(Vn), U(

En\{e})= ξ ′(En\{e}))= p

p+ (1− p)rj
by another application of Proposition 5.1. Sendingk→∞ yields

P
(
U(e)= 1 | Y (Vn)= η′(Vn), U(

En\{e})= ξ ′(En\{e}))= p

p+ (1− p)rj . (11)

So (10) holds for alln large enough on the event in (i), and (11) holds for alln large
enough on the event in (ii). Since the union of these two events hasP-probability 1, we
have established (9) forP-almost all(ξ, η), and the proof is complete.✷

Remark6.3. – What we have shown is in fact a statement that is slightly stronge
the one in Theorem 6.2, namely that the required single-edge conditional proba
for U(EY,j ) hold even if we condition further on the edge configurationsU(EY,j

′
) for

all j ′ �= j . This observation will in fact be important in Section 9.

7. k-Markovianness

The proof of part (ii) of our main quasilocality result (Theorem 4.4) is sufficie
involved that it is a sensible idea to split it in two halves. In this section, we carry
the first half of the proof, which takes us to a result of independent interest conce
so-calledk-Markovianness (Theorem 7.2 below).

For a finite vertex setW ⊂ Zd , define

∂nW = {
x ∈ V \W : ∃y ∈W such that dist(x, y)� n

}
,

where dist(· , ·) denotes graph-theoretic distance. In particular,∂1W = ∂W .

DEFINITION 7.1. –LetS be a finite set, and letk be a positive integer. A probabilit
measureµ on SZd is said to bek-Markovian if it admits conditional probabilities suc
that for allW ∈W all ξ ∈ SW and all η, η′ ∈ SZd\W satisfyingη(∂kW)= η′(∂kW), we
have

µ
(
X(W)= ξ |X(

Zd\W)= η)= µ(
X(W)= ξ |X(

Zd\W)= η′).
Clearly, for anyk, k-Markovianness is stronger than quasilocality, since it implies

the modulus in (5) is 0 for all sufficiently largen. There are plenty of examples that sh
that it is in factstrictly stronger; once we have proved Theorem 4.4(i) and Theorem
below, we see that the fuzzy Potts model with smallβ is such an example.

THEOREM 7.2. –For anyk and anyd � 2, the fuzzy Potts measureµZd ,i
q,β,(r1,...,rs)

with
β > 0 and the other parameter values as in Theorem3.2, fails to bek-Markovian.

For the proof of this result, we will make use of the following lemma, which is sim
to [19, Lemma 5.6].
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LEMMA 7.3. –Fix parameter valuesq ∈ {3,4, . . .}, s ∈ {2, . . . , q−1}, (r1, r2, . . . , rs),
i ∈ {0, . . . , q} and β > 0 for the fuzzy Potts model onZd , and letp = 1− e−2β . Let
(U,X,Y ) be as in Theorem6.2, and writeP for their joint distribution. Fixx ∈ Zd , let
y1, . . . , y2d be its nearest neighbors, and forl = 1, . . . ,2d write el for the edge〈x, yl〉.

P admits conditional probabilities such that for all fuzzy spin configurationsη ∈
{1, . . . , s}Zd\{x} such thatη(y1) = η(y2) = 1 and η(y3) = · · · = η(y2d) = 2, and all
edge configurationsξ ∈ {0,1}Ed\{e1,...,e2d } such that no two of the verticesy3, . . . , y2d

are connected to each other by a path inξ , we have the following. Ify1
ξ↔ y2, then

P(Y (x)= 1 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d})= ξ)
P(Y (x)= 2 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d})= ξ)

=
(
p2r1+ 2p(1− p)r1+ (1− p)2r2

1

(1− p)2r2
1

)(
r1

r2

)(
(1− p)r2

p+ (1− p)r2
)2d−2

, (12)

while if y1
ξ

� y2, then

P(Y (x)= 1 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d})= ξ)
P(Y (x)= 2 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d})= ξ)
=

(
p2+ 2p(1− p)r1+ (1− p)2r2

1

(1− p)2r2
1

)(
r1

r2

)(
(1− p)r2

p+ (1− p)r2
)2d−2

. (13)

A crucial aspect of this result that we will use is that the expression in (12) is st
greater than the expression in (13); recall thatr1> 1 by the convention (3).

Proof. –By the construction of the fuzzy Potts model from the random-cluster m
we have

P(Y (x)= 1, U(e1)=U(e2)= 0 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d})= ξ)
P(Y (x)= 2,U(e3)= · · · =U(e2d)= 0 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d)= ξ)
= P(Y (x)= 1 |U(e1)= · · · =U(e2d)= 0, Y (Zd\{x})= η, U(Ed{e1, . . . , e2d})= ξ)

P(Y (x)= 2 |U(e1)= · · · =U(e2d)= 0, Y (Zd\{x})= η, U(Ed{e1, . . . , e2d})= ξ)
= r1
r2
. (14)

By Theorem 6.2 and the defining property (8) of random-cluster measures, we ob

P(Y (x)= 2, U(e3)= · · · =U(e2d)= 0 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d)= ξ)
P(Y (x)= 2 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d)= ξ)

=
(

(1− p)r2
p+ (1− p)r2

)2d−2

. (15)

Similarly, we get, on the eventy1
ξ

� y2, that

P(Y (x)= 1, U(e1)=U(e2)= 0 | Y (Zd\{x})= η,U(Ed\{e1, . . . , e2d})= ξ)
P(Y (x)= 1 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d)= ξ)

=
(

(1− p)r1
p+ (1− p)r

)2

= (1− p)2r2
1

p2+ 2p(1− p)r + (1− p)2r2 , (16)

1 1 1
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while on the eventy1
ξ

� y2 we get

P(Y (x)= 1, U(e1)=U(e2)= 0 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d})= ξ)
P(Y (x)= 1 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d)= ξ)

= (1− p)2r2
1

p2r1+ 2p(1− p)r1+ (1− p)2r2
1
. (17)

Combining (14), (15) and (17), we get, still on the eventy1
ξ↔ y2,

P(Y (x)= 1 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d)= ξ)
P(Y (x)= 2 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d)= ξ)
= P(Y (x)= 1 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d})= ξ)

P(Y (x)= 1, U(e1)=U(e2)= 0 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d})= ξ)
× P(Y (x)= 1, U(e1)=U(e2)= 0 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d})= ξ)

P(Y (x)= 2, U(e3)= · · · =U(e2d)= 0 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d})= ξ)
× P(Y (x)= 2, U(e3)= · · · =U(e2d)= 0 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d})= ξ)

P(Y (x)= 2 | Y (Zd\{x})= η, U(Ed\{e1, . . . , e2d)= ξ)
=

(
p2r1+ 2p(1− p)r1+ (1− p)2r2

1

(1− p)2r2
1

)(
r1

r2

)(
(1− p)r2

p+ (1− p)r2
)2d−2

and (12) is established. A similar calculation fory1
ξ

� y2 yields (13) from (14), (15) an
(16), completing the proof. ✷

For the proofs of Theorems 4.4(ii) and 7.2, it is useful to find a fuzzy
configurationη∗ that can serve as a “point of discontinuity” in (5). To this end, de
η∗ ∈ {1, . . . , s}Zd\{0}, where0 is the origin, as follows. For eachx = (x1, . . . , xd) ∈
Zd\{0}, set

η∗(x)=



2 if x1 = 0 and|x2| + |x3| + · · · + |xd | = 1,

or if x1 =−1 and|x2| + |x3| + · · · + |xd | = 1,

1 otherwise.

(18)

(This is essentially the same configuration as the one defined in [19] for the
purposes in the so-called divide-and-color model. That configuration was in turn in
by one used in [9], again for the purpose of proving nonquasilocality; see also
and [22] for other applications of the same circle of ideas.) See Fig. 1 for an illustrat
η∗ in d = 2 dimensions. Each of the 2d nearest neighbors of0 are in different connecte
fuzzy spin components ofη∗: two of them are infinite components of 1’s, each filling
essentially a half-space, while the remaining 2d − 2 of them are singleton componen
of 2’s.

Proof of Theorem7.2. – Let (U,X,Y ) be defined as before, and writeP for their joint
distribution. As in Section 6, let�n = {−n, . . . , n}d . For eachk, define the fuzzy spin
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Fig. 1. The fuzzy spin configurationη∗ restricted to the box�7 = {−7, . . . ,7}2 in two
dimensions. Thex in the middle is the origin, whose value is not determined byη∗.

configurationsη1,k, η2,k ∈ {1, . . . , s}�k+1\{0} by setting

η1,k(x)=
{

1 for x ∈�k+1\�k ,
η∗(x) for x ∈�k\{0}

and

η2,k(x)=
{

2 for x ∈�k+1\�k ,
η∗(x) for x ∈�k\{0}.

Note thatη1,k = η2,k on�k\{0}. Hence, in order to show thatY is notk-Markovian, it is
enough to show that

P
(
Y (0)= j | Y (

�k+1\{0})= η1,k) �= P
(
Y (0)= j | Y (

�k+1\{0})= η2,k) (19)

for somej ∈ {1, . . . , s}. We may assume that

P
(
Y (0)= 2 | Y (

�k+1\{0})= η1,k)= P
(
Y (0)= 2 | Y (

�k+1\{0})= η2,k) (20)

because if this fails, then we are done.2 Write b for the conditional probability in
(20), write c1 and c2 for the expressions in (12) and (13) respectively, and recall
c1 > c2. We furthermore haveb > 0 due to Lemma 4.5. Writey1 and y2 for the
two nearest neighbors of0 that take fuzzy spin value 1 inη∗, and letA denote the
event thatU contains a path fromy1 to y2 that does not pass through0. Observe tha
Y (�k+1\{0})= η2,k implies¬A, so that by Lemma 7.3 we get

P
(
Y (0)= 1 | Y (

�k+1\{0})= η2,k)= c2b.

On the other hand, we clearly have

P
(
A | Y (

�k+1\{0})= η1,k)> 0 (21)

2 In fact it does fail. Our argument nevertheless seems like the most streamlined way to prove the
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so that, by another application of Lemma 7.3, we have

P
(
Y (0)= 1 | Y (

�k+1\{0})= η1,k)
= c1bP

(
A | Y (

�k+1\{0})= η1,k)+ c2bP
(¬A | y(�k+1\{0})= η1,k)

= c2b+ (c1− c2)bP
(
A | Y (

�k+1\{0})= η1,k)
> c2b

= P
(
Y (0)= 1 | Y (

�k+1\{0})= η2,k).
Hence, (19) is established forj = 1, and the proof is complete.✷

8. Proof of the main result for large β

In this section, we will prove non-quasilocality of the fuzzy Potts model for largβ.
More precisely, we will prove Theorem 4.4(ii), thereby establishing also Theorem 3
concerning non-Gibbsianness at largeβ.

To this end, we will sharpen the proof of Theorem 7.2. The thing we need
compared to that proof, is to demonstrate that the discrepancy between the le
side and the right-hand side of (19) not only is nonzero for allk, but that it is in fact
bounded away from 0 uniformly ink. The way to do this is to show that the condition
probability in (21) is bounded away from 0 uniformly ink. This can be done for th
range ofβ-values given in Theorem 4.4(ii), but the argument simplifies somewhat
instead consider the following modifications of the fuzzy spin configurationsη1,k and
η2,k considered in the proof of Theorem 7.2. Define, for positive integersk andn such
thatk < n, the configurationsη1,k,n, η2,k,n ∈ {1, . . . , s}�n\{0} as

η1,k,n(x)=
{

1 for x ∈�n\�k,
η∗(x) for x ∈�k\{0}

and

η2,k,n(x)=
{

2 for x ∈�n\�k,
η∗(x) for x ∈�k\{0},

whereη∗ ∈ {1, . . . , s}Zd\{0} is defined as in (18). Specifically, we will prove the followi
result, which will easily imply Theorem 4.4(ii).

LEMMA 8.1. –Suppose that we pickY according to the fuzzy Potts measu

µ
Zd ,i
q,β,(r1,...,rs)

with d � 2, β > 1
2 log((1+ (r1 − 1)pc(d))/(1− pc(d))), and the other

parameter values as in Theorem3.2.Then there exists a constantα > 0 (depending on
d, r1 andβ, but not onk) such that for allk and all sufficiently largen (depending on
k), we have

P
(
Y (0)= 1 | Y (0) ∈ {1,2}, Y (

�n\{0})= η1,k,n)
−P

(
Y (0)= 1 | Y (0) ∈ {1,2}, Y (

�n\{0})= η2,k,n) � α. (22)

The proof of this lemma is based on comparing the random-cluster configuratU
to supercritical i.i.d. percolation. The key result for such percolation processes th
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need, is captured in the next lemma. Recall thatpc(d) is the critical value for i.i.d. bond
percolation onZd . Let y1, y2 ∈ Zd be as in the proof of Theorem 7.2; to be more spec
we takey1 to be the nearest neighbor of0 whose first coordinate is−1, andy2 to be the
nearest neighbor of0 whose first coordinate is+1. Also as in that proof, define

A= {∃ a path of open edges fromy1 to y2 that does not pass through0}.
LEMMA 8.2. –For any k, let Ed,k denote the set of edges inEd that are incident

either to 0 or to somex ∈ �k\{0} with η∗(x) = 2. For p̃ ∈ [0,1], consider the
inhomogeneous bond percolation processŨ ∈ {0,1}Ed obtained by setting̃U(e) = 0
for all e ∈Ed,k, and for eache ∈ Ed\Ed,k independently setting

Ũ(e)=
{

1 with probability p̃,

0 with probability1− p̃.

WritePp̃,k for the corresponding probability measure on{0,1}Ed . If p̃ > pc(d), then

lim
k→∞Pp̃,k(A) > 0, (23)

and the limit is decreasing.

Proof. –Note first thatPp̃,k(A) is decreasing ink, since the measuresPp̃,k are
stochastically decreasing ink andA is an increasing event. Hence the limit in (23) exis
and it only remains to show thatPp̃,k(A) is bounded away from 0 uniformly ink. Define
the eventsA1,A2,A3 ∈ {0,1}Ed as follows.

A1 = {∃ an infinite open path starting aty1 and contained in the left half-space},
A2 = {∃ an infinite open path starting aty2 and contained in the right half-space},
A3 = {∃ a unique infinite open cluster}.

By the left (resp. right) half-space, we here mean the set of vertices whose first coo
is strictly negative (resp. strictly positive), together with edges connecting such ve
Note that

A1 ∩A2 ∩A3 ⊆A.
Barsky, Grimmett and Newman [3] showed that for i.i.d. bond percolation in a half-s
with p > pc(d), there a.s. exists an infinite open cluster, and hence that any given
has strictly positive probability of being in an infinite cluster. This immediately imp
thatPp̃,k(A1) andPp̃,k(A2) both are bounded away from 0 whenp̃ > pc(d). Note also
thatA1 andA2 are independent underPp̃,k, so thatPp̃,k(A1 ∩A2)= Pp̃,k(A1)Pp̃,k(A2)

is also bounded away from 0.
Next, recall the famous a.s. uniqueness of the infinite cluster result for i.i.d.

percolation onZd , established by Aizenman, Kesten and Newman [2]. ButPp̃,k arises
by conditioning such a percolation process on an event of positive probability, na
the event that all edges inEd,k are closed. Hence any a.s. result for i.i.d. percola
carries over toPp̃,k, so that in particularPp̃,k(A3)= 1. We get
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lim
k→∞Pp̃,k(A)� lim

k→∞Pp̃,k(A1 ∩A2 ∩A3)= lim
k→∞Pp̃,k(A1 ∩A2)

= lim
k→∞Pp̃,k(A1)Pp̃,k(A2) > 0

as desired. ✷
For the proof of Lemma 8.1, we need also to recall the concept of stoch

domination. LetE be a finite or countable set (in our applications,E will be an edge
set; hence the notation). Forξ, ξ ′ ∈ {0,1}E, write ξ � ξ ′ if ξ(e) � ξ ′(e) for all e ∈ E.
A functionf : {0,1}E→R is said to be increasing iff (ξ)� f (ξ ′) wheneverξ � ξ ′. For
two probability measuresφ andφ′ on {0,1}E , we say thatφ is stochastically dominate

by φ′, writing φ
D
�φ′, if ∫

{0,1}E
f dφ �

∫
{0,1}E

f dφ′

holds for all bounded increasingf : {0,1}E→R. It is well known (Strassen’s Theorem

that φ
D
�φ′ is equivalent to the existence of a coupling of two{0,1}E-valued random

objectsU and U ′, with respective distributionsφ and φ′, such thatU � U ′ with
probability 1.

Proof of Lemma8.1. – DefineAn ∈ {0,1}Ed to be the event that there exists a path
open edges fromy1 to y2 that does not pass through{0} and that is contained in�n. Note
thatA1,A2, . . . is an increasing sequence of events converging toA, so that

lim
n→∞Pp̃,k(An)= Pp̃,k(A) (24)

for any p̃ andk.
Write γ = γ (p̃) for the limit in (23). Due to (24), we can find, for eachk, an

n= n(k, p̃) such that

Pp̃,k(An)�
γ

2
. (25)

Setp = 1− e−2β andp̃ = p/(p + (1− p)r1), and note that due to our assumption
β we havep̃ > pc(d). Recall Theorem 6.2, and consider the conditional distributio
U(EY,1) givenY . If we reveal the status of the edges inEY,1 one at a time, then at eac
stage we have conditional probability (givenY and all the edges seen so far) at le
p̃ of seeing an open edge; this is due to the defining property (6.1) of random-c
measures. It follows that the conditional distribution ofU(EY,1) givenY stochastically
dominates the projection ofPp̃,k on {0,1}EY,1. If we now pickn large enough so that (25
holds, then (due to the fact thatAn is an increasing event) we get

P
(
A | Y (0) ∈ {1,2}, Y (

�n\{0})= η1,k,n)
� P

(
An | Y (0) ∈ {1,2}, Y (

�n\{0})= η1,k,n) � Pp̃,k(An)�
γ

2
. (26)

Write (as in the proof of Theorem 7.2)c1 andc2 for the right-hand sides of (12) and (13
and recall again thatc1> c2. Lemma 7.3 implies
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P
(
Y

({0})= 1 | Y (0) ∈ {1,2}, Y (
�n\{0})= η1,k,n)

= (
P

(
Y

({0})= 1 | Y (0) ∈ {1,2}, Y (
�n\{0})= η1,k,n,A

)
×P

(
A | Y (0) ∈ {1,2}, Y (

�n\{0})= η1,k,n))
+ (

P
(
Y

({0})= 1 | Y (0) ∈ {1,2}, Y (
�n\{0})= η1,k,n,¬A)

×P
(¬A | Y (0) ∈ {1,2}, Y (

�n\{0})= η1,k,n))
= c1

c1+ 1
P

(
A | Y (0) ∈ {1,2}, Y (

�n\{0})= η1,k,n)
+ c2

c2+ 1
P

(¬A | Y (0) ∈ {1,2}, Y (
�n\{0})= η1,k,n)

= c2

c2+ 1
+

(
c1

c1+ 1
− c2

c2+ 1

)
P

(
A | Y (0) ∈ {1,2}, Y (

�n\{0})= η1,k,n)
� c2

c2+ 1
+ γ

2

(
c1

c1+ 1
− c2

c2+ 1

)
.

On the other hand,

P
(
Y

({0})= 1 | Y (0) ∈ {1,2}, Y (
�n\{0})= η2,k,n)= c2

c2+ 1
,

again by Lemma 7.3. Lemma 8.1 therefore follows withα = (γ /2)(c1/(c1 + 1) −
c2/(c2+ 1)). ✷

Proof of Theorem4.4(ii). – For eachk, choose ann = n(k) such that (22) holds
Assume for contradiction thatµZd ,i

q,β,(r1,...,rs)
is quasilocal. Then the limits

lim
k→∞P

(
Y (0) ∈ {1,2} | Y (

�n\{0})= η1,k,n)
and

lim
k→∞P

(
Y (0) ∈ {1,2} | Y (

�n\{0})= η2,k,n)
must exist and be equal. By Lemma 4.5, this common limit must be nonzero;
denote it byδ. Lemma 8.1 then yields

lim inf
k→∞

(
P

(
Y (0)= 1 | Y (

�n\{0})= η1,k,n)−P
(
Y (0)= 1 | Y (

�n\{0})= η2,k,n)) � αδ,

violating the quasilocality condition (5).✷
Let us end this section by saying a few words about Conjecture 3.3. The comp

we made in the proof of Lemma 4.5 between random-cluster measures and
percolation appears to be rather crude, and is likely to be improvable in such
that the range ofβ-values for which the conclusion holds is enlarged. It even se
likely that if n= n(k) grows sufficiently fast, then

the conditional probabilities ofA in (26) should be bounded away from 0 as

soon asφZd ,free
p,r creates an infinite cluster; that is, as soon asβ > βc(d, r1). (27)
1
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If this could be established, then we would have a stronger version of Lemma 8.
would allow us to extend the conclusions of Lemma 8.1 and Theorems 4.4(ii) and
to all β > βc(d, r1), thereby establishing Conjecture 3.3.

It would be possible to prove (27) by modifying our arguments in the proo
Lemma 8.2, provided that we had a random-cluster analogue of the result in
existence of infinite clusters in half-spaces for supercritical percolation. To prove
a result for the random-cluster model is still an open problem; a positive answer
follow from (and is in fact equivalent to) a conjecture by Pisztora [27, bottom of p. 4

9. Proof of the main result for small β

In this final section, we will prove Theorem 4.4(i), which implies Theorem 3.2(i).
begin with an easy result about the random-cluster model.

LEMMA 9.1. –Let G = (V ,E) be a finite graph, and let(V1, V2) be an arbitrary
bipartition ofV . Define

E1 = {e ∈E: both endpoints ofe are inV1},
E2 = {e ∈E: both endpoints ofe are inV2},
E3 = {e ∈E: one endpoint ofe is in V1 and the other inV2}.

Define alsoG1 = (V1,E1) andG2 = (V2,E2). Fix p ∈ [0,1] and q > 0, and suppose
that we pick the random edge configurationU ∈ {0,1}E according to the random-cluste
measureφGp,q conditional on the eventAE3 ⊂ {0,1}E defined as

AE3 =
{
ξ ∈ {0,1}E: ξ(e)= 0 for all e ∈E3

}
.

ThenU(E1) andU(E2) are independent of each other, with respective distributionsφG1
p,q

andφG2
p,q .

Proof. –Write P for the distribution ofU . For ξ ∈ AE3, write k(ξ) for the number
of connected components ofξ , and writek1(ξ) andk2(ξ) for the number of connecte
components ofξ contained inG1 and inG2, respectively; note thatξ = ξ1 + ξ2. The
definition (7) of random-cluster measures yields

P(ξ)= φGp,q(ξ)

φGp,q(AE3)
= qk(ξ)

ẐGp,qφ
G
p,q(AE3)

∏
e∈E
pξ(e)(1− p)(1−ξ(e))

=
(
qk1(ξ)

Ẑ
G1
p,q

∏
e∈E1

pξ(e)(1− p)(1−ξ(e))
)(
qk2(ξ)

Ẑ
G2
p,q

∏
e∈E2

pξ(e)(1− p)(1−ξ(e))
)

= φG1
p,q

(
ξ(E1)

)
φG2
p,q

(
ξ(E2)

)
becausêZG1

p,qẐ
G2
p,q must equal̂ZGp,qφ

G
p,q(AE3) by normalization. ✷

Recall our earlier notation thatP is the joint distribution of(U,X,Y ). Now we need
to work with such distributions for more than one graph simultaneously, so we wriPG

to emphasize on which graphs(U,X,Y ) lives.
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Let G, G1, G2, E3 and AE3 be as in Lemma 9.1. Imagine picking(U,X,Y )
according toPG, and writePG|AE3 f or the conditional distribution of(U,X,Y ) given
the eventAE3. It follows from Lemma 9.1 and the construction ofX andY from U that
an edge-spin triple(U,X,Y ) with distributionPG|AE3 may alternatively be obtained b

(i) settingU(E3)≡ 0,
(ii) picking (U(E1),X(V1), Y (V1)) according toPG1, and

(iii) picking (U(E2),X(V2), Y (V2)) according toPG2,
where (ii) and (iii) are done independently. An analogous result onZd is the following.

LEMMA 9.2. –LetV ⊂ Zd be a finite subset ofZd , and define

E1 = {
e ∈Ed : both endpoints ofe are inV

}
,

E2 = {
e ∈Ed : both endpoints ofe are inZd\V }

,

E3 = {
e ∈Ed : exactly one endpoint ofe is in V

}
andG = (V ,E1). Pick (U,X,Y ) ∈ {0,1}Ed × {1, . . . , q}Zd × {1, . . . , s}Zd as in Theo-
rem6.2, and writePZd for their joint distribution. Then thePZd -conditional distribution
givenAE3 and any event defined in terms of(U(E1),X(Zd\V ),Y (Zd\V )), is PG.

Proof. –Pick n large enough so thatV ⊂ �n. By the reasoning prior to the lemm
we have the desired conclusion ifφZd ,free

p,q (resp.φZd ,wired
p,q ) is replaced byφGnp,q (resp.

φGn,wired
p,q ) in the construction of(U,X,Y ). The lemma now follows by taking limit

asn→∞. ✷
Let us now give a rough outline of the proof of Theorem 4.4(i). Fix an arbitrary fi

vertex setW ⊂ Zd , together with a fuzzy spin configurationξ ∈ {1, . . . , s}W . To show

that the fuzzy Potts measureµZd ,i
q,β,(r1,...,rs)

is quasilocal, we need to show for anyε > 0
that there exists ann <∞ such that∣∣µZd ,i

q,β,(r1,...,rs)

(
Y (W)= ξ | Y (

Zd\W)= η)
−µZd ,i

q,β,(r1,...,rs)

(
Y (W)= ξ | Y (

Zd\W)= η′)∣∣ � ε (28)

wheneverη, η′ ∈ SZd\W are such thatη(�n\W) = η′(�n\W). This we will prove by
providing a coupling of two fuzzy spin configurationsY and Y ′ whose respectiv
distributions are given by the conditional distributions in (28), and such thatY (W) =
Y ′(W) with probability at least 1−ε. To this end, we will show that with high probabili
(at least 1− ε) there is a (random) edge setE in�n\W which separatesW from Zd\�n
(in the sense that all paths fromW to Zd\�n must pass throughE) and which has the
property thatU(E) = U ′(E) ≡ 0, whereU andU ′ are random-cluster configuratio
corresponding toY and Y ′. We call such anE a cutset, and it is in showing th
existence (with high probability) of a cutset in our coupling that the condition oβ
in Theorem 4.4(i) comes into play. Once we have such a cutset, we will be a
invoke Lemma 9.2 to guarantee thatY andY ′ are equal inside the cutset, and we will
done. The last step, however, requires special care sinceE is a random edge set whi
Lemma 9.2 is formulated for a fixed edge setE3.

With this outline-of-a-proof in mind, we now proceed towards a complete argum
To ensure that a cutset of the desired kind exists with sufficiently high probabilit
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will need some lemmas on stochastic domination. There is an abundance of sto
domination results for the random-cluster model (see [15] or [20]); the following o
tailored particularly for our purposes.

LEMMA 9.3. –Let G = (V ,E) andG′ = (V ′,E′) be finite or infinite graphs suc
thatG is a subgraph ofG′, withV ⊆ V ′ and

E = {e ∈E′: both endpoints of e are inV }.
Fix p ∈ [0,1] and q > q ′ � 1, let φGp,q be a random-cluster measure forG with

parametersp and q, and letφG
′

p,q ′ be a random-cluster measure forG′ with parameters
p and q ′. Let F be an arbitrary finite subset ofE, and let ξ ∈ {0,1}E\F and ξ ′ ∈
{0,1}E′\F be edge configurations satisfyingξ � ξ ′(E\F). SupposeU ∈ {0,1}E and
U ′ ∈ {0,1}E′ are picked according toφGp,q andφG

′
p,q ′ , respectively. WriteφGp,q |ξ for the

conditional distribution ofU(F) givenU(E\F) = ξ , and similarly letφG
′

p,q ′ |ξ ′ denote
the conditional distribution ofU ′(F ) givenU ′(E′\F)= ξ ′. Then

φGp,q |ξ
D
�φG′p,q ′ |ξ ′.

Proof. –This is a direct application of Holley’s Theorem on stochastic domina
(see [14, Theorem 4.8]), using just the single-edge conditional distributions (8
random-cluster measures.✷

The point of Lemma 9.3 in this context is of course that it can be applie
the conditional distribution of the edge configurationU(EY,j ) on a monochromati
componentEY,j of the fuzzy spin configurationY on G′. We need, however, to b
able to handle all such componentsEY,1, . . . ,EY,s simultaneously, which requires
strengthening of Lemma 9.3. The next lemma provides such a strengthening, al
specialized to the caseG′ = Zd . We will also make the following additional assumpti
on the parameter values. The main result will then be proved under this assumptio
only in the end will we indicate how to adapt the proof to the case where the assum
fails.

Condition 9.4. – Suppose that the parameter values(r1, . . . , rs) for the fuzzy Potts
model satisfyrj � 2 for eachj .

LEMMA 9.5. –Consider the fuzzy Potts model onZd with parameter values as i
Theorem6.2, and let(U,X,Y ) andP be as in that theorem. Assume Condition9.4. Let
F be an arbitrary finite subset ofEd . ThenP admits conditional probabilities such th
for anyη ∈ {1, . . . , s}Zd and anyξ, ξ ′ ∈ {0,1}Ed\F such thatξ � ξ ′, we have that

the conditional distribution ofU(F) given thatY = η andU
(
Ed\F )= ξ

is stochastically dominated by

the conditional distribution ofU ′(F ) givenU ′(Ed\F) = ξ ′, whereU ′ is distributed
according to a random-cluster measure forZd with parametersp andr1.
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Proof. –If we considered justU(F ∩EY,j ) for a monochromatic componentEY,j of
the fuzzy spin configuration, then this would, due to Theorem 6.2, be a direct appli
of Lemma 9.3; the conditions onq of that result are fulfilled due to the convention
and Condition 9.4.

For the full result, we invoke Holley’s Theorem [14, Theorem 4.8] using the sin
edge conditional probabilities obtained in Theorem 6.2 and Remark 6.3.✷

An application of Lemma 9.5 is the following.

LEMMA 9.6. –Consider the fuzzy Potts model onZd with parameter values as i
Theorem6.2, and let (U,X,Y ) and P be as in that theorem. Assume Condition9.4.
ThenP admits conditional probabilities such that for anyη ∈ {1, . . . , s}Zd ,

the conditional distribution ofU givenY = η
is stochastically dominated by

the wired random-cluster measureµZd ,wired
p,r1

.

Proof. –Let �n, En, Gn andφGn,wired
p,q ′ be as in Section 6. The boundary conditi

used inφGn,wired
p,q ′ is tantamount to settingY (e)= 1 for all e ∈ Ed\En, and we therefore

have from Lemma 9.5 that the projection ofφGp,q onEn ∩E is stochastically dominate

by the projection ofφGn,wired
p,q ′ onEn ∩E. Lemma 9.6 follows upon sendingn→∞. ✷

We are now equipped with the stochastic domination tools needed to go on wi
proof of the main result.

Proof of Theorem4.4(i) in the case where Condition9.4holds. –Fix an arbitrary finite
vertex setW ⊂ Zd and anε > 0; we need to show that (28) holds ifn is large enough.

Let p = 1− e−2β . By the assumption of the theorem thatβ < βc(d, r1), we have
that the corresponding random-cluster model is subcritical, i.e., thatφZd ,wired

p,r1
assigns

probability zero to the event that an infinite connected component of open edges
Hence,

lim
n→∞φ

Zd ,wired
p,r1

(∃ an open path starting inW and ending inZd\�n)= 0,

so let us pickn large enough so that this probability is at mostε.
Now let η, η′ ∈ {1, . . . , s}Zd\W be two arbitrary fuzzy spin configurations satisfyi

η(�n\W)= η′(�n\W). We shall construct a coupling of
(i) a triple (U,X,Y ) with distributionP conditioned onY (Zd\W)= η,
(ii) a triple (U ′,X′, Y ′) with distributionP conditioned onY ′(Zd\W)= η′, and
(iii) an edge configurationU ′′ ∈ {0,1}Ed with distributionφZd ,wired

p,r1
.

We writeQ for the probability measure underlying the coupling. If we can estab
thatQ(Y (W)= Y ′(W))� 1− ε, then (28) follows and the proof will be complete. T
central objects in our coupling are therefore those in (i) and (ii); the edge configu
in (iii) is only there as a tool for keeping track of (i) and (ii). The coupling construc
proceeds in several stages: first we determine the edge configurationsU, U ′ andU ′′
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outside of the box�n, then we sequentially determine the statuses of the edges
the box (one at a time in a certain random order to be described below), and fina
decide on the fuzzy spin variables inW . (We will not need to bother about specifyin
the true spin configurationsX andX′.)

For the first stage of the coupling construction, note that Lemma 9.6 implies th
can pickU(Ed\En), U ′(Ed\En), andU ′′(Ed\En) in such a way that

Q
(
U

(
Ed\En) �U ′′(Ed\En) and U ′(Ed\En) �U ′′(Ed\En))= 1, (29)

so let us do that.
The second stage is a kind of sequential technique which is related to the disagr

percolation technique of van den Berg and Maes [4], and (more closely) to the
of [17, proof of Lemma 3.4]. Fix an arbitrary enumeration(e1, . . . , em) of all the edges
in En. At each stepk of the sequential construction, select the edgeel with the smalles
index l satisfying

(a) el has not been selected in any previous step, and
(b) el is incident to some vertex in∂�n or to some previously selected ed

with U ′′(e)= 1.
(If no such edge can be found – which is what we want! – then we go on to the
stage of the construction.) When an edgeel is selected, we also pick a random num
Rl, uniformly distributed on[0,1]. Defineαl to be the conditional probability (unde
the measureP conditioned onY (Zd\W)= η), given everything about(U,X,Y ) that we
have seen so far, thatU(el)= 1, and set

U(el)=
{

1 if Rl < αl,

0 otherwise.
(30)

Defineα′l analogously, and set

U ′(el)=
{

1 if Rl < α′l,
0 otherwise.

(31)

Finally, setα′′l to be the conditionalφZd ,wired
p,ri

-probability thatU ′′(el)= 1 given what we
have seen so far ofU ′′, and set

U ′′(el)=
{

1 if Rl < α′′l ,
0 otherwise.

(32)

At stagek = 1, Lemma 9.5 and (29) together imply thatαl < α′′l and thata′l < a′′l .
Hence, using (30), (31) and (32), we get thatU(el) < U

′′(el) andU ′(el) < U ′′(el). By
Lemma 9.5 and induction, we obtain the same thing at every stagek of the sequentia
construction.

Suppose now that we have arrived at the situation where no edgee ∈ (e1, . . . , em)

satisfying (a) and (b) can be found. WriteE1 for the (random) set of edges whose valu
in U, U ′ andU ′′ have not been determined, setV1 to be the set of vertices that a
endpoints of edges inE1, and defineG1 = (V1,E1). Also writeE3 for the set of edge
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whose values have been determined but which are incident to at least one edgeE1.
We must then have thatU ′′(e)= 0 for all e ∈E3 (because otherwise we would be able
continue the sequential construction). But thenU(E3)=U ′(E3)≡ 0 as well. Lemma 9.2
now guarantees that the conditional distribution of(U(E1),X(V1), Y (V1)) given what
we have already seen of(U,X,Y ) is PG1 conditioned on the event thatY (V1\W) =
η(V1\W). The same applies to the conditional distribution of(U ′(E1),X

′(V1), Y
′(V1))

given what we have seen of(U ′,X′, Y ′). Hence we can take(U(E1),X(V1), Y (V1))=
(U ′(E1),X

′(V1), Y
′(V1) in our coupling. In particular, we getY (W) = Y ′(W) if W ⊂

V1. Note now that ifW �⊆ V1, thenU ′′ contains an open path starting inW and ending
in Zd\�n. Hence

Q
(
Y (W)= Y ′(W)) � Q(W ⊂ V1)� 1− ε (33)

by our choice ofn, so the proof is complete.✷
It now only remains to remove Condition 9.4 from our assumptions.

Proof of Theorem4.4(i) in the general case. –Note that if Condition 9.4 fails, i.e
if rj = 1 for somej ∈ {2, . . . , s}, then Lemmas 9.5 and 9.6 fail. Hence, we can
guarantee thatU(E3) = U ′(E3) ≡ 0 in the cutsetE3 obtained in the above proof o
Theorem 4.4(i).

But if we modify (U,X,Y ) into a triple(Ũ,X,Y ) by setting(U,X,Y )= (Ũ,X,Y )
except thatŨ (e)= 0 for all edgese = 〈x, y〉 such that

Y (x)= Y (y) ∈ {
j ∈ {1, . . . , s}: rj = 1

}
,

then it is easy to check that the lemmas will be true again.
A very important observation now is that the statusU(e) of such an edge, given th

Y (x)= Y (y) ∈ {j ∈ {1, . . . , s}: rj = 1}, is conditionally independent of everything els
this follows from Theorem 6.2 and Remark 6.3.

Let us now modify the sequential construction in the above proof of Theorem 4.4
follows. Every time we determine the status of an edgee = 〈x, y〉 with Y (x)= Y (y) ∈
{j ∈ {1, . . . , s}: rj = 1}, we simply setU(e) = U ′(e) = 0. The modified variants o
Lemmas 9.5 and 9.6 will now guarantee thatU(E3) = U ′(E3) ≡ 0 in the cutsetE3.
The distribution ofU andU ′ in this coupling will of course not be the right ones, b
the distributions ofY andY ′ will (due to the above observation about the conditio
independence of theU(e)’s). For this modified coupling, we will arrive at (33) in th
same way as in the original version, and this completes the proof.✷
Acknowledgement

I thank the two referees for helpful suggestions and corrections.

REFERENCES

[1] M. Aizenman, J.T. Chayes, L. Chayes, C.M. Newman, Discontinuity of the magnetiz
in one-dimensional 1/|x − y|2 Ising and Potts models, J. Stat. Phys. 50 (1988) 1–40.



916 O. HÄGGSTRÖM / Ann. I. H. Poincaré – PR 39 (2003) 891–917

inuity
. 111

itical
lds 90

Ann.

tic

attice

ation-
(1995)

pace
. Stat.

ndom
bility

ration:
sman
ican

ns of

ion to

ases,
l. 18,

ndom-

arkov

1999)

(2001)

r and

arkov

e spin
[2] M. Aizenman, H. Kesten, C.M. Newman, Uniqueness of the infinite cluster and cont
of connectivity functions for short- and long-range percolation, Comm. Math. Phys
(1987) 505–532.

[3] D.J. Barsky, G.R. Grimmett, C.M. Newman, Percolation in half-spaces: equality of cr
densities and continuity of the percolation probability, Probab. Theory Related Fie
(1991) 111–148.

[4] J. van den Berg, C. Maes, Disagreement percolation in the study of Markov fields,
Probab. 22 (1994) 749–763.

[5] L. Chayes, Percolation and ferromagnetism onZ2: the q-state Potts cases, Stochas
Process. Appl. 65 (1996) 209–216.

[6] A.C.D. van Enter, On the possible failure of the Gibbs property for measures on l
systems, Markov Proc. Related Fields 2 (1996) 209–224.

[7] A.C.D. van Enter, R. Fernández, R. Kotecký, Pathological behavior of renormaliz
group maps at high fields and above the transition temperature, J. Stat. Phys. 79
969–992.

[8] A.C.D. van Enter, R. Fernández, A.D. Sokal, Regularity properties of position-s
renormalization group transformations: Scope and limitations of Gibbsian theory, J
Phys. 72 (1993) 879–1167.

[9] A.C.D. van Enter, C. Maes, R.H. Schonmann, S. Shlosman, The Griffiths singularity ra
field, in: R. Minlos, Yu. Suhov, S. Shlosman (Eds.), On Dobrushin’s Way. From Proba
to Statistical Mechanics, American Mathematical Society, 2000, pp. 59–70.

[10] A.C.D. van Enter, C. Maes, S. Shlosman, Dobrushin’s program on Gibbsianity resto
weakly Gibbs and almost Gibbs random fields, in: R. Minlos, Yu. Suhov, S. Shlo
(Eds.), On Dobrushin’s Way. From Probability to Statistical Mechanics, Amer
Mathematical Society, 2000, pp. 51–58.

[11] R. Fernández, C.-E. Pfister, Global specifications and nonquasilocality of projectio
Gibbs measures, Ann. Probab. 25 (1997) 1284–1315.

[12] C.M. Fortuin, P.W. Kasteleyn, On the random-cluster model. I. Introduction and relat
other models, Physica 57 (1972) 536–564.

[13] H.-O. Georgii, Gibbs Measures and Phase Transitions, de Gruyter, New York, 1988.
[14] H.-O. Georgii, O. Häggström, C. Maes, The random geometry of equilibrium ph

in: C. Domb, J.L. Lebowitz (Eds.), Phase Transitions and Critical Phenomena, Vo
Academic Press, London, 2001, pp. 1–142.

[15] G.R. Grimmett, The stochastic random-cluster process, and the uniqueness of ra
cluster measures, Ann. Probab. 23 (1995) 1461–1510.

[16] G.R. Grimmett, Percolation, 2nd Edition, Springer, New York, 1999.
[17] O. Häggström, Random-cluster representations in the study of phase transitions, M

Proc. Related Fields 4 (1998) 275–321.
[18] O. Häggström, Positive correlations in the fuzzy Potts model, Ann. Appl. Probab. 9 (

1149–1159.
[19] O. Häggström, Coloring percolation clusters at random, Stochastic Process. Appl. 96

213–242.
[20] O. Häggström, J. Jonasson, R. Lyons, Coupling and Bernoullicity in random-cluste

Potts models, Bernoulli 8 (2002) 275–294.
[21] C. Külske, (Non-)Gibbsianness and phase transitions in random lattic spin models, M

Proc. Related Fields 5 (1999) 357–383.
[22] C. Külske, Weakly Gibbsian representations for joint measures of quenched lattic

models, Probab. Theory Related Fields 119 (2001) 1–30.



O. HÄGGSTRÖM / Ann. I. H. Poincaré – PR 39 (2003) 891–917 917

ab. 5

s model,

s. 26

robab.

tions,
[23] H. Künsch, S. Geman, A. Kehagias, Hidden Markov random fields, Ann. Appl. Prob
(1995) 577–602.

[24] L. Laanait, A. Messager, J. Ruiz, Phase coexistence and surface tensions for the Pott
Comm. Math. Phys. 105 (1986) 527–545.

[25] C. Maes, K. Vande Velde, The fuzzy Potts model, J. Phys. A 28 (1995) 4261–4271.
[26] C.M. Newman, L.S. Schulman, Infinite clusters in percolation models, J. Stat. Phy

(1981) 613–628.
[27] A. Pisztora, Surface order large deviations for Ising, Potts and percolation models, P

Theory Related Fields 104 (1996) 427–466.
[28] R.H. Swendsen, J.-S. Wang, Nonuniversal critical dynamics in Monte Carlo simula

Phys. Rev. Lett. 58 (1987) 86–88.


