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ABSTRACT. — We consider, as in I, a random walk X; € Z¥,t € Z,
and a dynamical random field & (), * € Z" in mutual interaction with
each other. The model is a perturbation of un unperturbed model in which
walk and field evolve independentently. Here we consider the environment
process in a frame of reference that moves with the walk, i.e., the “field
from the point of view of the particle” 7, (.) = & (X;+.). We prove that its
distribution tends, as ¢ — oo, to a limiting distribution y, which is absolutely
continuous with respect to the unperturbed equilibrium distribution. We
also prove that, for v 2 3, the time correlations of the field 7, decay as
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560 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

RESUME. — On considére un chemin aléatoire X, € 7%, t € Z, et
un milieu aléatoire dynamique &; (z), * € Z" en interaction mutuelle.
Le modele est une perturbation d’un modele imperturbé, dans lequel
le chemin aléatoire et le milieu évoluent d’une fagon indépendante. On
étudie ici le procés du milieu dans un repere qui se déplace avec le
chemin aléatoire, c’est-a-dire le « milieu du point de vue de la particule »
n: () = & (X¢ +.). On montre que la distribution de 7; tend, pour ¢ — oo
a une distribution limite 44, qui est absolument continue par rapport a
la distribution d’équilibre du milieu imperturbé. On montre aussi que le
premier terme du développement asympttotique des corrélations temporelles

—Q

du champ 7, est donné par const

L

2

1. INTRODUCTION

The present paper is second in a series of two papers. As in the preceding
paper [1] (hereafter referred to as Part I), we study the time evolution of a
random walk X, on the v-dimensional lattice Z and a field (environment)
& ={&(x) : z € 7"}, subject to a mutual interaction of local character.
Time is discrete, ¢ € Z,, and the field & (z), z € Z” takes values in
a finite set S.

We briefly recall the main features of the model, and refer the reader to
Part I for more details. The assumptions of the present paper which differ
from those of Part I are listed in Section 2.

As a starting point we consider an “unperturbed” model, in which the
random walk and the environment evolve independently. The random walk
is homogeneous with transition probabilities { Py (y) : y € Z" }, and the
evolution of the environment at each site is an ergodic Markov chain, with a
finite space state S, and stochastic operator Qo = {go (s, s’) : 5,8’ € S},
the same for all sites. m¢ will denote the unique stationary measure of the
chain. The evolution at different sites is independent.

For the interacting model the random walk transition probabilities are
written as

P(Xiy1=2+y|X: =1z, ftzg):PO(y)+Ec(y,§_(x))

Annales de UInstitut Henri Poincaré - Probabilités et Statistiques



RANDOM WALK IN A DYNAMICAL RANDOM ENVIRONMENT. II 561

and the transition probabilities for the environment at the site € Z” are

P(f1(z)=5|Xi=26=¢)

:{qo(é_(x),s) . if z#z
9 (€ (z), 8) +eq (£ (=), ) if ==z

c(.,.)and ¢(., .) satisfy some compatibility conditions, and ¢ is a small
parameter.

Under some general assumptions we deduced in the paper [2] the local
central limit theorem for the displacements of the particle. In Part I
we studied the asymptotic (in time) decay of the correlations of the
environment in a fixed frame of reference. The present paper is devoted to
the investigation of the environment process in a frame of reference which
moves with the particle, i.e., of the process {7 : t € Z, } defined as
ne (z) = & (X¢ + x) (sometimes called “field from the point of view of the
particle”). 1, evolves as an infinite-dimensional Markov chain.

We prove for any dimension v that, as ¢ — oo, the distribution of 7,
tends to a limiting invariant distribution y, which is absolutely continuous
with respect to the invariant distribution Iy = 7~ of the environment in
the unperturbed case (¢ = 0). We also study the time asymptotics of the
(time) correlations of the field #;, for v 2 3. We prove that the leading
term is of the type const e t~%. The constant factor depends on the
initial conditions, whereas & € (0, co) depends only on the parameters of
the model. This result should be compared with the long time tail of the
correlations of the field in a fixed frame of reference, which was studied in
Part I. The different behavior is explained by the fact that in a fixed frame
of reference the environment process &, by itself is not Markov.

The methods used in the proofs are, as in the previous papers [1] and
[2], based on the spectral analysis of the stochastic operator (or transfer
matrix) 7 of the Markov chain {#; : ¢t € Z,}, acting on the space
H = Ly (2, TIy). Here Q = S? is the state space of the field. The method
of the proof is based, as in Part I, on the analysis of the leading spectral
subspaces.

The paper is organized as follows. Section 2 is devoted to the definition
of the model and to the statement of the results. In Section 3 we prove the
main technical theorem (Theorem 3.1), which gives the decomposition of H
in invariant (with respect to 7)) subspaces. Section 4 contain the proofs of
the theorems, which rely on the results of Section 3, and Section 5 is
devoted to some concluding remarks. In the Appendix we prove a technical
lemma which is needed in the proof of Theorem 3.1.

Vol. 30, n°® 4-1994.



562 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI
2. DEFINITIONS AND FORMULATION OF THE RESULTS

The model is described in detail in Section 2 of Part I, to which we
refer. We state here only the assumption which differ from the ones of

Part I. Throughout the paper we will write (I n.m) to denote formula (n.m)
of Part L.

The basis { Ur : I' € M} in H, which plays an important role in what
follows, is defined by (I 3.1a).

Throughout the paper we assume conditions I, II and III of Part I on
the random walk transition probabilities, and conditions IV and V on the
transition probabilities of the random field. Condition VI on the spectrum
of Qg is replaced by the following one.

VI% If | S| > 2 the spectrum of Q) is such that

1=po > || >|p2l

Condition VI* is the old condition VI plus the assumption that the
eigenvalue p; is nondegenerate (hence real, since complex eigenvalues
occur only in conjugate pairs).

Further, we assume Condition VII of Part I for the function ¢, but replace
Condition VIII by the following (stronger) condition.

VIII*. The Fourier coefficients

1 .
~ _ —i (A, u)
7 (u) = — ¢ d, (2.1a)
( ) /T" Po (/\)
of the inverse of the function pg (\) [eq. (I 2.3 d)] satisfy the inequality
b ST i@ <1, pe=max{lml,pi}. @1 b
Y2y wezv

Inequality (2.1b) implies the existence of a spectral gap
i D e 2.1
quin fpa|[po(A) | > p (2.1¢c)

We now define the random field which will be studied in this paper, the
“environment from the point of view of the particle”. This is the random
field n, € , t € Z, given by the relation

ne (y) = & (y + Xo). (2.2a)

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



RANDOM WALK IN A DYNAMICAL RANDOM ENVIRONMENT. II 563

For any bounded functional F on 2 we have for the conditional average
[with respect to the distribution (I 2.1)]

(F(ne) | me—1 =1, Xeo1 = Z (Po (y) +ec(y, 1(0)))

yez

x / dP, (m|7) F (),  (2.2b)
Q

where P, (.|7) is a product measure

P, (n|7) = [] 90 (7 (), n(z — y)) a1 (7 (0), n(-y)), (2.2c)
z#0

¢1 (s, 8'), s, s € S being the matrix elements of the matrix Q; defined
in eq. (I 2.5b). The conditional average (2.2b) does not depend on X;_;,
and we can consider it as an average over the Markov field {7, (y) }, with
transition probabilities

Plmer=m =Y (Poly)+ecly, 7(0) Py(ne|7). (22d)
yezv

The stochastic operator or transfer matrix 7 of this field is defined, as
usual, by its action on the bounded functionals F on 2 :

(TF) () = / F (n) dP (1]7). @3)

We denote the average of a random variable f with respect to any
measure v by ( f),, and the correlations by ( f, g), = (fg), — (), {g)s.

We fix an initial distribution II of the field 7, induced by some initial
distribution II of the field £ for a fixed initial position zo = Xy of the
random walk. II is simply the shift of IT by xo. Pn denotes the distribution
on the space of trajectories of the Markov field { 7, : ¢ € Z, } generated by
the initial distribution II. From the definition (2.3) we find, for F as before

(F (1) g = /Q (T*F) (1) dTI (n).

We shall also consider condition IX of Part I (symmetry of the random
walk). For the field 7 it implies the following statement, which may be
considered as a new condition.

Vol. 30, n® 4-1994.



564 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

IX*,

P(me=nlm-a=7n)=P@m=Vn|n-_.=V7).
Here, as in Part [, V is the space reflection: (V) (z) = n(~=z).

We need the following further assumption on the correlations of the
initial measure II.

X*. The spatial correlations with respect to the distribution II of the
vectors {WUr : I' € 9M} of the basis in M [see (I 3.1a)] satisfy the
following cluster inequality

[(¥r, V) )| < const M!suwepT| q‘i(z’suppr),
J

d(x,A)—§n€a§|x——y|, AcCzr.

Here Fg-m) denotes the multi-index with supp I’ = {z} v(z) = j, and
M, q are two constants such that M > 1, and ¢ € (0, 1).

As in Part I, by d4, A C Z”, we denote the minimal length of the
connected graphs which join all points of the set A.

We now formulate the main results of our paper. We understand
throughout that condition I-IX are the ones of Part I. Conditions introduced
in the present paper are denoted by a star.

THEOREM 2.1. — Let TI®) ¢ € Z . denote the family of measures generated
by the Markov process n; with IO = 11, and assume conditions I-V, VI*,
VII and VIII*. Then, as t — oo, the measures II®) tend weakly to an
invariant measure i, which is absolutely continuous with respect to the
independent measure I1,.

Moreover there are positive constants ¢; and § € (0, 1) such that

[ (Ur),| < const (c; €)lWPPT ] glswrerucoy T e 90, 2.4)

Remark 2.1. — Inequality (2.4) implies that Condition X* above holds
for the invariant measure u as well.

In Theorem 2.1 Condition VI* could be replaced by the weaker
Condition VI, at the cost of a longer proof. We shall indicate below how
it can be done.

The other result concerns the behavior of the time correlations of the field,

Annales de UInstitut Henri Poincaré - Probabilités et Statistiques



RANDOM WALK IN A DYNAMICAL RANDOM ENVIRONMENT. II 565

for which we write down the precise asymptotics. Consider the correlation
(f1 (e (1)), f2 (no (%2)) )Pus 2.5)
where z,, T are two fixed points.

THEOREM 2.2. — Let v 2 3, and add conditions IX* and X* to the
hypotheses of Theorem 2.1. Then, as t — o0,

(1 (n: (1)), fa(mo(z2))) =C (l_llﬁ—l) (1 +0(1) (@6

1‘_
2

where a > 0 is a constant depending only on the parameters of the model
and the constant C depends in addition on f, f3, ©1, 2, and IL.

By Remark 2.1 the invariant measure 4 satisfies the conditions of
Theorem 2.2, so that the equilibrium time correlations for the measure u
are also of the type (2.6).

3. EXISTENCE AND PROPERTIES
OF THE INVARIANT SUBSPACES

3.1. More notation and preliminary results

In what follows we denote by const any absolute constant, independent
of €.

The action of 7 on the basis functions { Ur : I' € 9} is given by

(T ¥r) (n) = (TO‘I’r)(n-FEZZ L

Ky (—y)
x L(v(-y),3; y) \I'Aj ©) (T+y) (1) (3.1a)

Here A; (z)T is the multi-index obtained by replacing the value v (z) of I'
at x with j, leaving all the other values 7 (z), z # = unchanged. 7° is the
unperturbed operator

TOUr =pr Y Po(y) Uryy, (3.1b)

Yy

Vol. 30, n°® 4-1994.



566 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

and the coefficients L (...) are given by

|S|-1

Lim,j;9)=q Po(®) +um ¥, b, a
=0
[S|-1

+ Y gl (). (3.10)

1, k=0

Here we have used the equality A; (—y) '+ y = A; (0)(I" + y), and the
coefficients c; (y), q} , and b}, ., are the coefficients of the expansions in

the basis { e; } of the functions ¢ (u, s), Zq(s, s')e; (s') and ex (8)em ($),
respectively [see (I 2.6f)]. Note that ¢y (u) = 0 and ¢? = 0, which implies
L0, j; u) = ¢ (u).

We shall write 7 = 7%+eA. T is translation invariant whereas 7 is not.

LemMa 3.1. — 7 and A are bounded linear operators on H.

Proof. — By eqgs. (3.1a, b, ¢c) we have
7}‘1"" = Z lll" (_y) 6F6,(F+y)0 i (7(—?/)’ '7/ (0)7 y)v
yezr

where we use the notation

ﬂr‘(y): kL ’ Fz:AO(z)Fa

v (y)

L@, i'sy) = w85 Po(y) +eL (3, 5’5 v).

Recalling the expression (I 3.1b) of the scalar product in H, we have
(T f, 9= Z froar, v Tror g7

r,r, o

= Z Z pre fro ar,r g

y TI,Iv, TV
x L(v" (=), 7(0)5 ¥) bry, (0" +5)0 -

Setting, for fixed y, I'* = I + v, 19*’) = fr+_y, we have

(TF9) =) (TWfW, g),

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



RANDOM WALK IN A DYNAMICAL RANDOM ENVIRONMENT. II 567

where the operator 7 is defined by the position

(T, 9= > frearr pry L(y* (0), 7(0); ) 9 8ry, 1z

r,r,r+

The proof that 7 ¥) is a bounded operator is done exactly as in Lemma A.1
of [2], and since || f®) || = || f|| by translation invariance of the norm, and
the sum is over the finite set |y| < D, it follows that 7 is a bounded
operator in H. The proof that A is bounded is an easy consequence.
Lemma 3.1 is proved. W

As in Part I we consider, for M > M* = max{max lej(s)], 2}, the
dense subspace Hjps C ‘H, with norm || .|| defined by (I 3.5a).

By the definition (I 3.1a) of the basis { ¥r } it is easy to see that the
following inequalities between norms hold

W 1l S 11 F oo S 11 e

where || f||c = sup | f (€)| denotes the supremum norm of f.
£eq
For the space H)s we state the analogue of Lemma 3.1.

LeEMMA 3.2. — (i) The operators T and A are bounded on Hys. (i) Has
is invariant under T .

Proof. — Tt is the same as the proof of the analogous Lemma 3.4 in
2. W

We denote by 91/Z" the set of the equivalence classes of multi-indices
which differ only by a shift. Let { € 9t/Z and I e ¢(bea representative
of the class (. Since 77 is translation invariant, the subspace H., consisting
of the vectors

> e, 3.2)
ze2v

is invariant under 7°. It is easy to see that

7° (Z r+z> 7 Z ¢ Ve, é, = Z cu Po (2 — u).

zelv z€lv u€zv

Hence the spectrum of the operator 7° |2, coincides with the range of
the function pg po (A). Note that ;. does not depend on the choice of
the representative I' € ¢. We denote by H? the space H; when ( is the
class of equivalence of the multi-indices I" which contains rg") (defined in

Vol. 30, n°® 4-1994.



568 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

Condition X* of § 2). Condition VIII* implies that the spectrum of 7 in
the space H{ is separated from the spectrum of 79 in H \ Hg.

3.2. Construction of the invariant subspaces

The main result of this section is the following theorem.

THEOREM 3.1. — Under the assumptions 1-V, VI*¥, VII, and VIII*, and
for € small enough the following assertions hold.

(i) One can find two subspaces of H, H1 and Ha, invariant with respect
to the operator T, such that

H = Ho + Hi + Ha, (3.3a)

Hu=Ho+HY +HY, HO=H,nHy i=1,2, (33b)

‘Ho being the space of the constants.

(ii) In the space Hg\? one can find a basis { h,, z € 1"} on which the
operator Ty = T |, ) acts according to the formula
M

Tihe= ) ple=y)hy+ ) Sz y)hy (3.42)

yeL¥ yezv

Moreover p(y) is real and given by the relation

p(y) = Po(y) +6(y), (3.4b)
and, for some q € (0, 1), the following inequalities hold

|8 (z, y) | < consteqg*IH1¥1 |6 (y)| < consteq' V1. (3.4c)

(iii) The norms of the restrictions of T to the subspaces 'Hg\? and Hﬁ)
(endowed with the norm || . ||nr) satisfy respectively the estimates

| T lH(A}) [lna < |p1|+ conste, (3.5a)

| T Wj) |10 < s + conste. (3.5b)

iv) Under the additional condition IX* p(y) is an even function of
y € 7".

Remark 3.1. — The decomposition (I 3.2) of the space H in a direct
integral of the eigenspaces H of the group of translations {U, : v € 7"}
does not reduce the operator 7, since for ¢ > 0 7 does not commute with

Annales de ’Institut Henri Poincaré - Probabilités et Statistiques



RANDOM WALK IN A DYNAMICAL RANDOM ENVIRONMENT. II 569

the space shifts. This is why an additional sum appears in (3.4a), and we
had to assume inequality (2.1c) in Condition VIII*.

Remark 3.2. — If we have condition VI, instead of VI*, i.e., the
eigenvalue p; has a multiplicity s > 1, Theorem 3.1 holds with some
obvious changes. Namely the basis in the space Hg}) will be labeled by
two indices: {hgi) : 2z € 2", % = 1, ..., s}. Moreover the operator
TIH(&) = 7; in this basis will act as follows

TH0= Y GO+ Y S )l
y €TV y €2V
Jj=1,...,s J=1,...,s

i=1,..,s =z €1V

where

Dij (U) = pi Do (U) 5ij+3ij (u)7 ihwj=1,..,8 u€l’
and the matrix elements {d;; (u)}, and {S;; (2, y)} satisfy estimates
analogous to (3.4c).

Proof of Theorem 3.1. — The proof makes use of the same ideas as the
analogous proof in section 3 of [2]. It is based on several lemmas, which
are stated and proved in the rest of the present section.

We shall first find the invariant subspace H{Y, and then obtain H; as
the closure of HE\}I) in H.
For ¢ = 0 we have clearly
H = Ho + H} + M2,
Hu=Ho+H) p+H 4y  HIy=HINHy i=1,2.
Here H, is the space of the constants, HY was defined above and HY is
the (closed) subspace spanned by the functions { Ur : I' € G5 }, G, being

the set of the multi-indices I' with either |suppI'| > 1 or |suppI'| = 1
but v(z) # 1 for x € suppT.

It is convenient for the moment to set

HY = Ho + HY, HY y=Ho+H o

so that Hpr = ’H?, m + M9 o, and T (as an operator on Hyy) is written
as an operator matrix
T T
T (%1 12) 36
(7;1 T )’ G0

Vol. 30, n® 4-1994.



570 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

where the operators 7;; act as follows: 7y, : 7:{‘1)7M - 7:{(1’ s T2 o
HgyM — H?,M, To1 H?,M - HS’M, Ty Hg,M — 'Hg,M. The

space HY ), is spanned by the functions { ¥« : € Z”} and V.
’ 1

We first study the inverse of the operator 7y; in the space HY ;. @)
is defined in Condition X* of Section 2.) We introduce for brevity the
notation ¢, = ¥(-), and we will allow z to take the value 0: @5 = V.

1

For the indices of the matrix elements of operators on 7:(‘1) we shall also
write z instead of T'{"),

Lemma 3.3. — The operator Ty = T |;0  is invertible in HY ,, and
1, M )
its inverse is given by

(Tu) ™' = (T) ' +¢eD, (3.7a)
where the operator D has the following properties:

Dp , =0, z € IV U0, | D, 5| < const 871,
| | D, | < const 6121121 7z, Z et } (3.70)
for some 6 € (0, 1).
Proof. — The operator 77, can be written as
T =T5 + eD

and, as it follows from formulas (3.1a,~b, ¢) 711 can be written as a matrix
(corresponding to the decomposition H(l)’ m = Ho+ ’H(l” M)

(1 Tor
T = (0 Tu)’ (3.8a)
where
('jil)x,y = Bo (?{ -z)te 7Azac,ya ('jf)l)z,() =epy 1 (=), } (3.8b)
Rey=L(1,1; —x)by,0.
Its inverse is represented by the matrix
_ 1 —To1 (T11)7!
Tt = ( g1 , (3.8¢)
( 11) 0 (711) 1
with
(Ti) ™t = (T9) " +eR,
A 1 6i X z—y) 1 (38d)
o)1 =—/d/\—~——=—r -z
ShY Yo Po (N) 251 & )

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



RANDOM WALK IN A DYNAMICAL RANDOM ENVIRONMENT. II 571
and R is given by a series
R=) e (=DMTDT RED T REY ™,
k=1
where in the running term of the sum the product R (Tlol)‘1 is repeated k
times. From eq. (3.8d) we get | (T7);% | < const 6!®~¥! for some

6 € (0, 1). Inserting the expression for R given by (3.8b) one easily
finds the estimate

| Rz, y| < const @@ 1+v] T,y € 1"
One finds also that
| (o1 (T11)™Y)..5| < const e 6!% 1 z € 1"

This proves Lemma 3.3. W
We look for an invariant subspace ﬂg}) of the form

ﬂg})z{u—i—Su:uEﬂ?,M}, (3.92)
where S ’I:l‘l)y m — M3 is an unknown operator. The invariance

condition for 7:{5\},) leads to the following equation for S [which is analogous
to eq. (I3.6¢)] :

S=K (S) = ,.T21 (']’11)_1 + 732 S(Tll)_l—S T12 S(Tll)_l. (3.9b)

K is considered as acting on the space A(HY ;;, H3 /) of the maps from
HY p to HY s, endowed with the operator norm. Equation (3.9b) has a
unique solution, as stated by the following lemma.

LEMMA 3.4. — If € is small enough one can find a number ko > 0 such
that the map K is a contraction in the sphere of radius kg centered at the
origin of the space A(HY pr, HY 1)

Proof. — We denote with S, r the matrix elements of the operator S.

By equations (3.1a, b, c) we see that (73;)5 r = 0, and for z € Z¥

eL(1,v(0); —z) suppl'={0}
(T21):r =< em cyoy(u—2) suppl'={0}uU{u} (3.10)
0 otherwise.

For (712)r,z we have, if supp I' = {u},

_ [L(y(u), 0; —u) z2=0 ‘
(/]12)1—‘,2 - {L(’Y (/U,), 1, _u) 6z’0, 2 € ZV’ (31 ld)

Vol. 30, n°® 4-1994.



572 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI
and if suppl' = {u} U {v}, and z € 7¥
(Tiz)r,= = pa [L (v (u), 05 =) 620w (1 = 8y (), 1)
+L(7(v), 05 =) 8 uu (1 =6y, 1)]-  (3.11b)

(T12)r,> = 0 in all other cases.
For the norms of the operators appearing in equation (3.9b) we have

I(T) S sup > [(Ta)h

z €7vU0

u € ZvU0

<= Eir )| + & Ch, (3.12a)

‘N»l "
T2l € sup > [(Taiz)r,» | < eCua (3.12b)

Teg 2z €2vU0
| T2 || £ sup > 1(To)z,p IMIPPTI < e 0y (3.12¢)

' reg,

| 722 || £ pa + € Coa, (3.12d)

where the constants C; ;, ¢, j = 1, 2 depend on the parameters of the model
and on M. (3.12a) comes from Lemma 3.3, by observing that

1
1= - = =
=l min [po (M) T

Inequalities (3.12b, c) are easily derived, using the explicit expressions
(3.10), (3. lla b) and (3.12d) follows by observing that fore = 0, Tpp = 73,
with || 755 || = s and that e~ (Tpy — 75%) is a bounded operator
(Lemma 3.2).

By inequalities (3.12a, b, ¢, d) and Condition VIII* [inequality (2.1b)],
we see that the second term on the right-hand side of eq. (3.9b) is bounded,
for small €, by 3|| S ||, where 3 € (0, 1). Since the other two terms are
of order € and ¢ || S ||? respectively, K is a contraction in any sufficiently
small sphere of A ('Fl? m> H3 p). Lemma 3.4 is proved. M

Hence there is a unique S, solution of eq. (3.9b) and the space 7:15\?
defined by eq. (3.9a) is invariant with respect to 7. Since M > 1, it is
not difficult to see that

IS lage 12 S sup D S0 |MIPPTI =[S |y

1. M €200 ' cg,
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The Banach space of the elements of A(H1 a» H3, p) with the norm
[|.|la is denoted by Ajps. The solution S of equation (3.9b) is actually
in Ay, as it follows from the following lemma.

LemMa 3.5. — The right-hand side of equation (3.9b) defines a map
Ky 2 Ay — Apg, and for € small enough one can find a positive number
so small that Ky is a contraction in the sphere of radius K centered at the
origin of Aps.

Proof. — We have, by inequalities (3.12a, b, ¢, d)

1T (7)™ e SN Talle sup Y [(Tu); | S conste,

|8 T12 8 (Th) 1||M<||5||MSI;P > (T2 =18 (Ti) ™ ln

2z €2¥U0

SISl swp 3 (T

z€2vUd

x sup Y [(Tu)n | < conste||S|[3. (3.13a)

z € ZvU0 weZvUd

For the second term, which is the leading one, we have

1728 (T) ™ llwr SN T2 (LISl sup > (T |

Z€LVW0 | c7vup

( Z|r |+€Cl)

X (o +€sz) 1S llar < Bl S, (3.13b)

where § € (0, 1). The conclusion follows as for the preceding lemma. W

Hence there is a unique solution S € Ay, of eq. (3.9b), which coincides
with the previous one.

We introduce a basis in ﬂﬁ}), by setting
u, = @, +Sp,, z € 7V U0. (3.14)
The action of 7 on the new basis is given by the following formulas

Tu, = Z A, o ug, z € IV U0, (3.15a)

z' € ZvU0
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Az,z’ = (7'11)z,z’ + (7—12 S)z,z'v 2, Z/ €z U(—)' (315b)

We need to prove a property of fast decay as z, 2’ — oo of the matrix

elements A, ... To this aim, we use the fact that, as it was proved in [3],
S can be written as a series

S Z Z -Tozl,... , Oy Boq 7—12 Bag ’]—12 7—12 Bara (3163)

r=lay,.., «

where the summation goes over all sequences of pairs a; = (s;, ¢;),
Si) q'l E Z+’
Boy= T3 T (Tn)™ "',  5,¢=0,1,.., (3.16b)

and z,,, .. o, are real numbers (see [3]). We first prove the convergence
of the series.

LEMMA 3.6. — For € small enough the series (3.16a) converges in the
norm of Ayp.

Proof. — By reasoning exactly as in the deduction of inequality (3.13a)
we find

[1Bas T2 Ba Tiz - Tiz Ba, llar < (s > [(T)r,: )

2 2e1vUd
r

x TT 11 Ba llas,
i=1

and, in analogy with the deduction of inequality (3.13b), we find

1Bqlle SNTRINTor llae sup >0 ()4, G

z €7vU0 w € Zv Ul

where, as before, by || .|| we denote the operator norm of 755 : Hg?)M -
H(O)

Now, by Lemma 3.3, expanding the power (73;)~* = ((73) ! + ¢ D)?,
we find

(T11)™* = (T9)™* + D), (3.18)

where et (A, 2" =2)
TO _5, :/ e d)\, Z, Z/ E ZV.
( 11)z,z T (/1’1 Po ()\))9
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1

and D9 is written as a sum of products. The function —(T) which is
M1 Po

the Fourier transform of (773) ™1, is analytic in some complex neighborhood

Wa={X:|Im)|Sd,i=1,..,v} of the torus T?, if d is sufficientely
small, and satisfies in Wd the inequality

< a= Y ) (3.19)

u € v

11 Po (/\) '

where 7 (u), u € Z" are the Fourier coefficients (2.1a), and the quantity 7
is small for small 4. It is easy to see that the Fourier transforms

DE) (), N) = Z Dgs)z, et D—i (V.2
z,2' €1v
~ : , (3.20a)
D) (\) = E : DS% et (X 2)

are analytlc for A\, X e Wy. Using the inequality (1 + z)® — 1 <
z% (1 4 z7)*, we find

DO, X <ared (L2
251

+ co 5%) ’
, (3.20b)
DO (N)]| < cre2 (a—;ﬁ + ¢y 5%)
1

where c¢;, ¢y are constants inde (pendent of s. [Note that, by formula (3.8¢c)
we have (79)55 = 1 and D’ = 0, z € Z¥ U0.] In computing the
Fourier coefﬁc1ents we can now shlft the integration region in the complex
region Wy, and we get from (3.19), (3.20a, b) (maybe by redefining 7)
the relations

—s a+ n ° z—2z'
[(T8)7 | < ( ) ol
|51

| D L,|<cle%<a+n> iz, (321)
U1 s
|D£S%|<cle%(a+n> 0=l 2 2 €17
’ 231
Relations (3.21) imply
i fa+n)’
sup > (T |<(1+ce2)< 77), (3.22)
z# uEZ" lp’ll

where c is a constant independent of s. From (3.17), (3.12d), (3.22) we find

a+n

|.u1|

q+1
[|Bs,q llasr S Core(1+ce?) (pa + € Co)* ( ) , (3.23a)
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whence

“ Ba1 712 Bag 712 7—12 Bar ”M

Qrtr
(Cf" e+ ¢ Gy (27
1

(3.23b)

A

where S, = z': s; and Q, = XT: q;.
1 1

From the analysis in paper [3] it follows that T, a, = 0 if
Sy # Q. + 7+ 1, and that

Z |xa1,...,a,|§wsyr

ar

Ql,v.v y
Sp=5

where ws, . are the coefficients of the expansion

w(z ()= > ws, 27 (3.24a)

S, r=0
of the solution w (z, {) of the equation

w=(+ 2w+ w?, w (0, 0) = 1. (3.24b)
By looking at the singularities in the complex z-plane of the solution of
the quadratic equation (3.24b) it is not hard to see that the radius of
convergence of the power series in z of w ((, z) tends to 1 as ¢ — 0. Since
in our case | (| < (Ce)?, and the number p, (1 + € Css) atn is, by

23
Condition VIII*, less than 1 for ¢ and d small enough, we conclude that

there is a positive number ¢ such that for, ¢ < eg, p« (1+¢ Cy2) m)

| |
will be smaller than the radius of convergence (in z) of the series

(3.24a), which implies absolute convergence in Ay, for the series (3.16a).
Lemma 3.6 is proved. W

Remark 3.3. — Note that since (73;)"! U5 = W5 and T5, U5 = 0, it
follows that S W5 = 0, which implies ug = @5 = ¥.

Remark 3.4. — Inequality (3.23b) implies || S ||as < const .

For what follows we need a more accurate analysis of the matrix elements
of the operator 71, S. What we need is provided by the following Lemma.

LemMA 3.7. — The following relations hold

(T2 8)sw = R(z =)+ Voo, 2,2/ €24 (3.252)
(7—12 S)(_),z :0, (7128)z,6:‘/;,65 z € ZVU{G}’ '
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where the functions R and V satisfy, for some 6 € (0, 1), the estimates
| R (u)| < conste? @], u € 2"
|V, .| < conste? gl#1+1="] 2,2 €1 (3.25b)
|V, ol < conste? 6!,
Proof. — The proof is rather lengthy and requires additional constructions.

It is deferred to the Appendix. W

By Lemmas 3.5 and 3.7 we have proved that 7:(%) is invariant with
respect to 7, and that one can find in it a basis {u, : z € ZU0} on
which 7T acts as in (3.15a), and the coefficients {A. . 22 € 2VU0}
are, by (3.8a, b), (3.15b) and (3.25a),

Aso=1, 4. =0, AzO_Eulcl( z)+ V.o, 2 € 77,
A, o =m P (z—z’)+eRzyz/+R(z—z’)+VziZ, (3.26)
z, 2 € 1"

To accomplish the proof of assertion (ii) of Theorem 3.1 we introduce
in HM) a new basis

hg = ug, h, =u, + H, ug, (3.27a)
and we show that the sequence H = { H, : z € Z"} can be determined
in such a way that
=Y Acoha,  Thy=hg (3.27b)
Zl E Zu
In fact, by egs. (3.15a) and (3.27a) we have

= > Asahe— (Y AouHo— A5 — H.)ug,

2’ ezv z'ezv
and we can define H to be the solution of the system of equations

H.o— Y A H.=A4,, (3.28a)

zl E ZV
Let By, ¢ € (0, 1) be the space of the sequences H such that the norm

|H|lq = sup |H.|q!*!
zelv
is finite. From formula (3.15b), Lemmas 3.3 and 3.7 it follows that for

q > 0 the matrix {A, . : z, 2 € 7"} defines a bounded operator A
in By, with norm || A||; < 1, and, moreover {A, 5 : z € Z*} € B,.
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Hence there is a unique solution in B, of the system (3.28a). Moreover,
by formula (3.26) it is clear that || A 5]||; < const &, whence it follows
that the same inequality

|| H||q £ conste (3.28b)
holds for the solution of eq. (3.28a).

By (3.27b) the space 7:{5\14) splits into two invariant subspaces: the
subspace of the constants Ho = { chg } = {c¥g}, and the subspace ’Flg\})
which is spanned by the basis { h, : z € Z*}. Setting now  (y) = R (),
and S (z, y) = e R(z, y) + Ve, y, using the estimates (3.25b) we get the
relations (3.4a, b, ¢) of Theorem 3.1.

We now prove inequality (3.5a) for the restriction of 7 to 7:15\? Using the

explicit expression (3.27a) for the functions of the basis { h, }, Remark 3.4
and inequality (3.28b) we see that

lhellae S W H [lg + M+ 1Sl < M (1 + conste), (3.29)

where the constant is independent of ¢ and z. For any vector v = sz h, €

z

H%}I), by susbstituting the explicit expression (3.27a) of the functions h,,
we find

ol = 1) v Ho |+ MY o |+ Y MI=PTH NS, po |,

reg, z

whence, reasoning as above, one deduces, for some ¢; > 0,

MA-cie)d |v: | Slvllw EMI+ee)d |v|l. (330
Using (3.29), (3.30) and the inequality
sup Z |A, 2| S pa| (L4 ce), (3.31)
zelv 2 ey

which follows easily from equation (3.26), and Lemmas 3.3 and 3.7, we

find, for ¢ small enough
Z | Z vy Az | || e M
||TU ”M < 2 z

sup =
verw ol M1 =cie)) v
1+ce
§|IJ«1|1_ . < | p1 | (1 + const €).
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Inequality (3.5a) is proved.

We are left with the construction of the space Hg). We recall that in [2]
we introduced a basis { Uf : I' € 9} in the space H

Ut (m) =[] & ) (n (=), (3.32)

where {ej : j =0,.., |S|—1} is a basis in the space I3 (S, m),
given by the normalized eigenvectors of the operator (), and bi-orthogonal
to the basis {e; : j =0,..,|S|—1}. The basis { ¥, ' € M} is
bi-orthogonal to the basis { ¥r : I' € 9t} in H. We observe furthermore
that the matrix {7, } of the operator 7*, adjoint of 7, in the basis
{Ug, T € M} is the adjoint of the matrix { 7r v } of the operator 7 in
the basis {Ur, I' € M}, ie,

Ir v =T r
By applying to the operator 7* the same considerations as above we find

a subspace H M Y C Hyy, invariant with respect to 7*, which, in analogy
with (3.9a), is given by

’fi;,,(l) ={u+S*u:uce€ ﬂ?jM}.
Here ’f{(l) am is the space spanned by the vectors @5 and { ¢}
z € I"}. ¢r = \I!’l:(,), is defined in analogy to ¢,, and the operator
S* 7:{(1)’* M= ng M ('ng m C Ha is the space spanned by the vectors
{¥f : T € Gy}) is defined in analogy to S. In the space H{*,, we can
choose a basis {u} : z € Z U0} of the form u? = % + S* ¢! It is
not hard to see that

(s 03) =60 +Coroy  Cow= Y SrShp (3.33)
reg
T* acts on the basis {u*} as follows
Z Al oul, z € 7V U0,

z' €ZvU0
and, in analogy with eq.s (3.26), A g=1land A ;=0 forall z € 7"

As above we can go over to a new basns in ’H(l)*
hi=ul, z€l hy=uj+ > Hiul (3.34)
zelv
and the sequence { H}, z € Z" } is the solution of the system

- E A, JH, =A;,, zel,

2 elv
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which, reasoning as for eq. (3.28a), is in the space B,. We find, as above,

T hi= Y Al.h., z€Z' T hi=h

z/ e ZV
i.e., the space ’F(g})* splits into two invariant (with respect to 7 *) subspaces:

HY =1+ HY- (3.35)
‘H§ and ’Hg})* being spanned by the vectors hg, and {h% : 2 € Z"}.

We denote by H* and Hi C 7:(;‘ the subspaces of H obtained by taking
the closure of the spaces 7:(512)* and Hg\})* in the norm of H. They are
invariant with respect to 7* and for them a decomposition analogous to
(3.35) holds.

We now come to the proof of the reality of the function  (y). It follows
from the reality of the operator T (i.e., from the fact that 7 f = T f), and
the reality of the functions @, (§) = e1(£(2)) : z € Z¥, and ¢*, which,
in its turn, follows from Condition VIII*. This implies the reality of the
operators 711, T2, T51, and Tas.

In fact, consider for instance a real function f € Hgy - As T is real,

Tf="Tasf+Tsfisreal, and so is Ty5 f = Z (T £, ¢) ..

z€ZvU0
Hence 75 and 75, are real operators. Analogous arguments show that 7;;

and 7, are also real. This implies, by equation (3.16a), the reality of S,
and hence the reality of the basis {h, : 2z € Z”} and of the matrix
elements A, ... Since, as it follows from estimate (3.4c) and formulas
(3.26), p(y) = zlir{.lo A, ._y, D(y) is a real function.

If we now assume that the symmetry Condition IX* holds, it is not hard
to see that A, ., = A,/ .. In fact, by the discussion of Condition IX in
Part I, Py (y) and ¢; (y), j = 1, ...| S| — 1 are symmetric in y € Z*. It
follows that the operators A’ defined by formula (A.4) of the Appendix,
are also symmetric in y;. This gives the required property of the matrix
A, .+, which, with the help of (3.26) leads to the symmetry of the function
P (y). Assertions (ii) and (iv) of Theorem 3.1 are proved.

We now pass to the rest of the proof. We have

(hg ), = (B, ho) = 1.
As a consequence of the bi-orthogonality of the bases { Ur : ' € M}

and { U} : ' € 9}, hg is orthogonal to the subspace H}. Moreover h
is orthogonal to the subspace H;. In fact, by the invariance of hy with

respect to 7* we have (h%, (6 —T)v) = 0 for any v € HE\?’ where £
denotes the identity operator. But, by inequality (3.5a) £ — 7 is invertible
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in Y, which implies that A% L v for any v € HE\}I). Since Hg}) is dense
in Hq, the assertion follows.

Next we construct the bi-orthogonal basis to {h, : z € Z”}. By
relations (3.14), (3.26), (3.31) and (3.32) we have

(hzy b)) = (uzy ul) =65, +Cy oy z, 2 €7
We introduce a new basis { 2%, z € Z*} in the space ‘H} of the form

hy=hi+ > Fou bl (3.36)

The matrix F = { ¥, ./ } is chosen in such a way that
(E+CO)(E+FH)=¢&

where F* is the adjoint matrix of F.

In Lemma 3.8 below we prove that the operator C has a small norm
in By. Hence F, which can be written as

F=-C(C+&7"

exists as an operator on B, and has also small norm.

An easy check shows that the basis { A% : z € Z“} is bi-orthogonal
to the basis {h, : z € Z"} in H;.

We now introduce the space
Hy = (HD* cH

Clearly this space is invariant with respect to 7, and for any vector f € H
we have a unique decomposition

F=fO4 W@ O ¢y, =0, 1,2 (3.37a)

This last assertion can be proved as follows. We set

FO=(f,h3) € Ho,  FD="h,(f k) € H
y (3.37b)

f@=f— fO _ @)
It is easy to see that f( L h* and f® 1 H:, so that f® € H,. The
0
uniqueness of the decomposition (3.37a) is evident.

This proves the decomposition of H (3.3a). To accomplish the proof we
have to prove the analogous assertion (3.3b) for H,,. We have to show
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that f1) and f® are in H? and H'D, respectively, for any f € Hp. We
first need an estimate for the matrix elements S, r and S .

Lemma 3.8. — The following estimates hold

|S..r| < const (Cy )l 3uPPTI=1 glz=ul gdisuppriiuyyucoy
' (3.38a)
z el
where q € (0, 1), Cy is an absolute constant, and u is the element of the
set supp I" which is closest to z. A similar estimate holds for S} v, z € 717,
and finally

’S(j):]" I < const (Cl €)|S“PPF| quUPPFU{O}. (338b)

Proof. — It is not hard to deduce the estimate (3.38a) by analyzing the
terms of the series (3.16a, b), much in the same way as it is was done in
the proof of Lemma 3.7. As for S*, it can be represented in a series, which
is simply obtained by replacing in the series (3.16a, b) the matrix elements
of the operator 7 with the elements of the operator 7 *. The estimates that
are needed are obtained as for S. We omit the details. WM

To prove that the projection of any vector f € Hjps on Hy and H;

belongs respectively to H%}I) or H{, and inequality (3.5b) we introduce
a basis in H,.

Consider the functions

Upr =9r - Z S r ¢z, I' € G,

z€2vU0

which, as it is easy to check, belong to the space H,. In addition we set

Ur(z) = u,, z € Z¥ [see (3.14)], and Uy = ug = V3.
1

LeMMA 3.9. — The following assertions hold.
(i) The functions {Ur, I' € Ga} are in Ha u.
(ii) Any vector f € Hpy is written as a series

f=3 frlr (33%)
rem
which converges in the norm ||.||s, and, for € small enough, we have

(1=Ce) Y | fIM=PPTh < | f||ag

rem

<(1+Ce) > | fp|mieerrTl, (3.39b)
rem
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(iii) The matrix elements of the operator T |y, in the basis {Ur : T’ €

G2} are
Tr,r = (Ta2)r,r — Z (T21)r, - (3.40)
z€2vU0
Proof. — We set

Up=Ur+8rpo="r—) Siprp., I emMm\{0}
2#0
The transition matrix from the system {Ur : T' € 9\ {0}} to the
system {Up : T' € M\ {0}} is

_(& S
#=(8 )

where (£1);,. = 6,2, (€2)r,rv = 6,1, S1 has matrix elements S, r,
and S, has matrix elements —S* . _r- Here, as above, we write z for I‘(Z) A
simple computation shows that the inverse matrix B~! has the form

Bl — (51 + K11 K12
Ka1 &y + Koo

where

Kii=81(&—-88)7" 8, Kiz = (&1 -8 &)1 8y,
Koz =Sz (61— 81 82)71 8y, Koy =—(&- 8 8)7 S,

Hence it follows that

\Ilo—UO )

_uz+Z(’C11)z 2! Uyt + Z (’C12 zFUF

reg.

+<Z (’C12)2,F80,F> Us | (3.41)

U =Ur + Z ’C22FF'UI"+Z (Ka1)r, » u.

F’ng

(5* + > (Ka2)r, r'?)u(‘» J

I"eg;

Substituting this expression in the expansion f = Z fr¥r € Hpr we get

r
the expansion (3.39a), in which the coefficients f1. are easily computed with
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the help of formula (3.41). Hence, using the estimates (3.38a) and (3.38b)
for the matrix elements S, r, S} 1, and the fact that f € H,,, we easily
establish the convergence of the series (3.39a) and inequalities (3.39b).

Assertion (iii) follows from the expression of 75; [eq. (3.10)]. Finally
from expression (3.40) for the matrix elements of the operator 7 |3, in the
basis {Ur : ' € G}, and from the estimate (3.39b) it is easy to obtain
the assertion (3.5b) of Theorem 3.1. Theorem 3.1 is proved. W

4. PROOF OF THEOREMS 2.1 AND 2.2

4.1. Proof of Theorem 1
We first prove convergence of expectations of the type (7¢ Ur)p, . By

Theorem 3.1 we can write
Ur=00 oM 1 0®  wOenl® =012 @

where

v = (Tp, hy) = / Wy () b () To (d)
Q

\Ifg—\l) = Z Cr"zhz, Cr’z = (\I’r‘, iL:),

z€l¥

iz’; being defined in (3.36). Denoting by b%y) the coefficients of the expansion

hy =" b wr (4.22)
it is easy to see that
er., = b, (4.2b)

By inequalities (3.5a, b) we have

(T UD) g | S NTHOR (e £ (T | +conste) [ U8 [, @3a)

T O py | S TP [|ar £ (1| +conste) | T ||y (4.3b)

Since |ps| < |p1| < 1, for € small enough the estimates (4.3a, b) imply
exponential convergence of the expectations (¥r)p, to the corresponding
expectations (¥r),, where p is the measure on  which is absolutely
continuous with respect to Iy, with density hf (7). Clearly the same holds
for all cylinder functions depending only on the field in a bounded region.
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This implies that the probabilities of the cylinder sets converge, and this is
enough (see for example [4]) to ensure weak convergence of the measures
II® to y, and the first assertion of Theorem 2.1 is proved.

As for the second assertion, note that, by (3.34), we have

/Q Uy (n) dps = /{; W (1) o)l () + 3 / (¢ (n)

+ Y 8 p W) Ur () d,. 4.4)
I'eg,

If T = I'") for some z € 7, the right-hand side of eq. (4.4) is equal to
H?. If on the other hand I € G, it is equal to

S+ Y, SirH;.
uezv
The second assertion of the theorem then follows with the help of
Lemma 3.8, and the fact that {H}} € B,.

Theorem 2.1 is proved. W

4.2. Proof of Theorem 2.2

From now on we assume that all assumption I-V, VI* VII, VIII*, IX*
and X* hold. Moreover we will assume that u; is positive. The changes
that are needed for negative u; are obvious.

By expanding the functions f; » in the basis {Ur : I' € 9}, the
asymptotic behavior of the correlation (2.6) is reduced to that of the
quantities

(T" Ve, Yoen)pn 1,52 €{1,..., | S| —1}.
J1 J2

For brevity we shall sometimes replace the index I‘g-f”) simplyby: =1, 2,
and write 7; for 7 |4, j = 1, 2. By (4.1) we have

ey =00+ 04 0?® wPen)  =01,2
71
and clearly
(T o), ‘I’F<_;2>)1>n = (T oY, ‘I’ngz))Pn
J1 J 2

+ (TP, VU 2)) Py - (4.52)
72
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The second term on the right of eq. (4.5a) falls off, by ineq. (3.5b) as
(1« + const ), which, as we shall see, is negligible with respect to the

contribution of the first term in the asymptotic expansion. By (4.2a, b)
we have

v = Z CV hy,

where C{" = (7{) h*) b(’{ll) Whence we get that

-71

(Tt o, Upen)p = > WA (he, Vo). (4.5b)
J2

y, z€Z"

Here {A} .} denotes the matrix elements of the operator (77) in the basis
{h.: z € 7¥}.

LemMA 4.1. — The sequences CV) = {CSV : y € 7"} and D =
{(hz, Yeo))m: 2 € 27} are in the space B,
J2

Proof. — The assertion regarding CV) follows from Lemmas 3.7 and
3.8 and from the expression (3.36) for the vectors h}. Going over to the
function D, we can write it as

Dz = <hza \IJF(_zz))l'I = <(pza \Ijl-\(vzz)>l'l + Z Sz,l" (\Ill"a lI’I—\(_12)>H-
J2 a2 32
By using condition X* and Lemma 3.8, we get the assertion that we need
on D. m
We introduce the Fourier transforms

M= CPeM p(u)y = D, et
yEezZ” z
Lemma 4.1 implies that ¢ (\) and v (u) are analytic in the complex
neighborhood Wy of the torus 7% for d small enough. Moreover for ¢t = 1
we have

N =30 Ay @OV =)A= ) + S (A ), @46)

where 5 () and S (), ) are the Fourier transforms of the functions 5 (y)
and of S (z, y) respectively, appearing in (3.4a). By the estimates (3.4c)
they are both analytic for A\, u € Wy;. As T is a bounded operator in H
we have for any integer ¢
1
T'=— [ 2'"R(2)dz,

273 5
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where R (z) = (T — z&) ™" is the resolvent of 7, and the integral is over
any closed contour < in the complex plane, which contains the spectrum
of 7. The kernel R, (A, u) of the resolvent R (z) for operators of the
type (4.6) has the form

R (/\ ):(5(/\—[1,) D(/\aﬂ';z)
’ PN -z A2)(F(A) —2) (B (k) —2)
where the function A (z) is a Fredholm determinant

z)—1+zn'/ ) Mdm”.dnn. (4.7a)

1L p(’iz) - Z)

Here

Kn (K'lv sy K/'n) = det {S' (Hia Kj)}i,j:l,‘..,'n)
and the function D (\, u;2) (Fredholm minor) is equal to

DA, p;2) =S (A p)

Z ! / K, ,\ WK1y ey Kin) dry .. .dr,, @7

P (ki) = 2)
—1
with
5()‘7 ”’) S(/\a K’l) e ‘g(/\) K/n)
N I
S’(K‘nvu) g(ﬂny K'l) S’(f{:n, K'n)

Hence the correlation (4.5b), can be written as

J@omemTmads= [ 5#WsnTm
IR D\ 1;2) (AN Y (1)
HEYY 8 A(z)d /mz BA) —2)(d(p) - )d/\d

(4.8)

Since p () is a real function we can apply to the first integral in (4.8) the
Laplace method [7] and we obtain that

[FOeMTmddu=Toarom) @9
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h
where k= max 5()) =5(0) € (0, 1).

(The function p (A) for small € has a unique maximum, as it follows from

Condition II, and it is an even function, hence it attains its maximum at
0.) Here

j ; K% ¢ (0) % (0)
C = C(jr1, 21, Jo, 22, II) = —\/%%v
and the elements of the matrix A are
0= 2P,
) (9,\1 6)\] A=0-

Note that for small € « is close to p;, so that

k> (s + €0), (4.10)
where § = Z |6(y)| (see relations 3.4b, c).
Yy

We now pass to the asymptotics of the second term in (4.8), and, to
simplify the computations, assume from now on that v = 3. Note that
A(z) and the integral

_ DA p52) o (N) 9 (1)
F(Z) = = —
o2 (B(A) —2) (B(n) - 2)
are both analytic functions of z outside the cut C = [/, k] C [—1, 1]. Here
K = m/\in P (A), and for small e, by Condition III, we have

drdp

K > —kK.
Consider the set
Us={z€C: |z—k| <B, z2¢C}, 8> 0.
i.e., the B-neighborhood of k outside the cut. We have
LeEMMA 4.2. — For 3 small enough the following limits exist
Ai(s):li_r)%A(s:i:ie), k—pB < s Sk,
Fi(s):gi_r}[l]F(s:i:ie), k— B < s Sk,
Moreover for z € Ug the following representations hold
{A(z) = Co—I—Cl(Z—K,)% + Cs (2) }

1 @.11)
F(Z) =Byg+ B; (Z - K‘,)E + B, (Z)
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Here Cy, Cy, By, By are constants, and Cy, By are analytic functions in
z such that for some K > 0

max{|C2(2)|, |B2(2)|} £ K |z—&]. 4.12)
(z— n)% denotes the branch which takes positive values for z real and z > k.

Proof. — Both assertions come from the following Lemma. M
LemMA 4.3. — Consider the integral

Q(/\17 N -
H,(z) = dA;, 4.13
¥ /Ts’” H(p( i) = 2) 1;[1 e

where () is analytic in each variable for \; € W. Then for 3 small enough
the following representation holds for z € Ug

H,(2)=C + ™ (2 — k)} + € (2), (4.14)

where

C(n) :Hn k) = Q(/\l,”w )‘n) d/\z
A 1600 - L1

() _o. 2 Q()\l,-- Ag=0,..., A
c™ =27 Z/ TG0 =2 Hd)\l,

3 )'n 1 z;éq Z#q

and the function C’én) is analytic in Ug and satisfies there the estimate

|G| < MB™ max |Q(M\,..., Aa)| |2 =k, (415
A€W,
where M and B are constants independent of n, z and of the function
Q (A1,..., A\n). Moreover the limiting values exist
H (s) = lim Hy, (zx1ie), k—p0<s<k. (4.16)

Proof. — We consider first the case n = 1. We have

_ Q(A)
.FI]_(Z)—\/T3 ﬁ(T)——zd)\

ey om
—[/6 p~()‘)_2d)‘+/q*3\v6 ﬁ(,\)_zd)‘ 4.17)

Here Vs is a neighborhood of the point O:
Vs={AeT?* 5()\) >k —6}
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6 is chosen so small that in Vj there are no other critical points for the
function p(A) except A = 0. (From this it follows in particular that Vj
is connected.)

Clearly the second integral on the right in (4.17) is an analytic function

of z in the circle |z — x| < B for B < 6, and consequently can be
represented in the form

QW) _ 5
/1"3\V5 m_—z dA = constant + Cy (2) (4.18)
where
[C2(2) | <K max [QA)] |z - x| (4.19)

and the constant K is independent of 2 and Q.
We pass now to the first integral in (4.17), and perform in Vj an analytic
change of variables
N=Xx+q(),  lgW)] <c|r]? (4.20)
(where c is an absolute constant) such that in the new variable )\ the
function p () for A € Vs has the form
P(A)=6—-b(X)
Here b()') is a positive definite quadratic form of )\ (which coincides
with the second differential of 5 () at A = 0 (see [5]). We introduce a
new metric in Vj
[IN2=b(N)
In the new variables the first integral in (4.17) is written as
/ Al
/ —L),Z dx @.21)
|)\/I<5% Z“Kz'*‘ |)\ |
where Q' (') = —Q (A)Z(X), and Z ()) is the jacobian of the change of
variable (4.20). Further we represent Q' ()\’) in the form
Q' (V) =Q(0) +dy (N) +da (X)
where d; (X') is a linear function in A’ and
“lda (X)) | < const |\ |?

The linear term d; gives no contribution, and the integral (4.21) is
represented as

Q' (0) /' dh’\/+ /1 ——dQ—()\L—d/\’. (4.22)

N<st 2K+ [N]2 NP R AP
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An easy computation shows that
ax PO
— —const—272(z2—k)? +C (z (4.23)
/|,\'|<5% z—K+ | N|? ( ) (2)
where the function C () is analytic in U and verifies the estimates
|C(2)| <K |z-k| (4.24)
for some constant K independent of z. One can show similarly that
AI
/ ———11—2—(——)/—2 d)\ = const + ¢ (2)
Invi<st 2= K+ | X]
is, for small # an analytic function in Uy and satisfies there the estimate
— / _
le2(2)| <K' max |Q(N)] |2 -5 (4.25)

From formulas (4.17), (4.18), (4.22), (4.23), and estimate (4.19), (4.24),
(4.25), taking into account the fact that Z (0) = 1 [by relations (4.20)],
we get the representation

/ I%d)\:C()-FCl (z—ﬂ)%+02(z)’ 2 € Up 4.26)
T3 -

where

oW
6= [ 5

Cr=2 w? Q (0)7
and C; (z) is analytic in Uy and satisfies the estimate
1"
|C2(2)| < K" max [Q(N)] |2 —#]

for some constant K" independent of z, Q.
From (4.26) it follows that in the region Ugs the following estimate holds

QN 3
/mdAI <K max QO]

where K is an absolute constants.

We now consider the general case of the integral (4.13) and we write
it in the form

d\,
Ha(2) = /T PO — 2

dAs Q(A1,-.5 An)
"'/Tsmz)—z PO -z

4.27)
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By applying the previous formulas and estimates to the internal integral
we get

QM An) "
*_d)\ =CM Aay. iy A
s P(A)—2z (A2 )
+C(1> (Aay. .., )‘n)(z—li)%
(1) (/\2, /\n§2)
where
CP Mgy An) = Mdkl

s P(M) =k

O Mayev iy M) =272Q (A1 =0, Mgy ..., An)

and the function Cél) (A2y..., An; 2) is analytic in z for 2 € Us and
satisfies the estimate

1C8 Oaseo Ai2) | <K | max  |Q(Ayeeey M) [ 2= 5]

By substituting the expression thus obtained in the integral (4.27) and
integrating each term in A, we obtain

d/\z Q()\lw R )‘n) (2)
_ \ dh1 =Cy7 A3y, A
/’1"317()‘2)_2 s P(A) -z 1= G )

+CP (g0, M) (2 — K)F
+ C'((,2) (Azyevy A3 2)

where
ALy An)
CPNs,..., A :/ . A o Cn d)y dA
0 Qa s M) = | B0 — R (5 ) =) P12
A =0, A)
0(2) A,---a)\n =9 2|: Q( 1 ~ y N2y y An d)\
e ) =2 7 p(X2) — K ?
N Q(/\l,~)\2=0,...,/\n)d)\1
T3 P(A) — K

The function Céz) (A3,..., An;2) is analytic in Ug and verifies the
estimate

|C§2)(x\3,...,)\n;ZH < K, snax 1Q(Arseos M) | |2 = 5|
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h
where Ky=K,(D+2n2 3+ K) + (272)?
and
dA
D= A
3 p(/\)—lﬁ:

After s < n integrations in (4.27) we get the expansion
S s 1
C8? Moty os )+ C oty ooy An) (2 — 1)

+ O Aot1r-- s Ans2), 2z € Us,
where

Cés) (/\s+17 ey )\'n,) — / M d\;

ey l'[(p(/\)—ﬁ) i=1

=1

s ° A,ooy A =0, A
Cf)()‘s+17~'a/\n)=27722/ Q( ls . ) d/\z
R | (TP RO N
i=1 7
i#]
C’Zs) (As41,---, An; 2) is an analytic function of z, for z € U, 3, and satisfies

there the estimate
1C8) Nostse oy Ani2) | < Ko max [Q(Ary..., An)| |2 — |
. . AEW,
with K, given by
K=K, K+ K (D' +2n28D° % (s — 1) + (s — 1) (27) D*~?)
It is not hard to see that the recurrence formula leads to the estimate
K,<snD"K*L (4.28)

where D = max (D, 1), and L > 0 is some absolute constant. From (4.28)
for s = n we get the estimate (4.15). The expansion (4.14) is proved.

In order to prove (4.16) one has to represent the integral H,, in the form

n(2) = / / v (sl’ 8") dsy...ds,
(81— - 2)
where

U(sl,...,sn):/ / QOyeey A)dAy ... dA,
P(An)=sn P (A1)=s;

dr
=(-1)" ——
( ) dSl...dSn

X / / QO,..., M)Ay dA,

ﬁ()‘n)>sn IS(AI)>31
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Since we have only one critical point (A = 0) of the function p () in V; the
function U (sy,..., s,) is a smooth function of the variables si,..., s,
in the region K — 6 < 51 < K, ¢ = 1,..., n [6]. Hence by a repeated
application of the formula of Sokhotskij [6] we get that for k — § < s < K

HI(s) = liII(l) H,(s+ie)

Z (ZW)IL|P// U(317"'78n)|8i=5,i€L H dSm
LC[L,...,n] ¢ ¢ H (8m — 8) mgL

m¢gL

Il

Here the summation goes over all subsets L C {1,..., n}, the variables s;
are taken equal to s for 7 € L and the other variables are integrated (in the
sense of the principal part). One can define similarly H, (s), which has a
similar expression for kK — 6 < s < K.

Lemma 4.3 is proved. W

From Lemma 4.3 it is easy to deduce Lemma 4.2. In fact one has
to apply it to reach integral in the expansions (4.7a) and (4.7b), and
use the Hadamard inequality for the determinants K, (k1,..., k,) and
K\ 61,y Kn):

(| K (k1o Ba) | <[ max [ S (k1, ko) |[I"n? )
K1, ke €Wy

|f{n</\a By K1yeoey Nn)‘b()‘)m'

\ (4.29)
< max |¢(3)| max [¢(p)]

~ n+2
S (k1, w2) |I"*2 (n+2)"7 .
| [max, 19 (s m) [ (0 +2)

7

From these estimates it follows that the expansions of the type (4.14) for
each of the terms of the series (4.7a) and (4.7b) can be summed term by
term, so that one finally gets the relation (4.11). In the course of the proof
we get also that

N o0 1 n
Co = A (k), 01:27T2[S(0,0)+ZEZ/
n=2 " j=1 /(T

K, (A, An) |a=
el b I
[Teo) - #
i=1
i#]
and similar formulas for By, B;. The assertion (4.12) is obtained in the
same way. Lemma 4.2 is proved. W

3)n~1
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Some consequences of Lemma 4.2 are the following.

Remark 4.1. — Note that the expansion we obtained for A (z) implies
that A (2) # 0 for z € U, for 8 small enough. This follows by observing
that A (k) is close to 1 for e small enough. [It follows from the first
estimate (3.4c) for the function S and from inequalities (4.29)]

Remark 4.2. — The zeroes of the determinant A (z) which lie outside
the cut C, are eigenvalues of the operator 7, and hence for small ¢, lie in a
small neighborhood V of the cut C (see [6]). The intersection of the external
part of the circle |z| < & with this neighborhood lies inside Ug. Hence
all zeroes of the determinant A (z) lie strictly inside the circle |z| < k.

Remark 4 3. — From the expansion (4.11) and inequalities (4.29) it

follows that the ratio A Ez) is analytic for z € Upg, and can be represented
z
as
F(z
AE;_G0+G1(Z—H)2+G2() (430)

where the function G, is analytic in U and is bounded by

|G2(2)| <R|z— k| 4.31)
where R is some constant independent of z. Moreover, by (4.11),
F (k) B, A(k) —
2 G =——-"_7
A (k) (A (k)
We are now able to compute the asymptotics as ¢ — oo of the second
integral in (4.8), which can be written as

27rz/ A(z

Since all singularities of F(z) (A (z))™" are on the cut, except maybe for
some zeroes of A which, as we said above, lie strictly inside the circle
| 2| < &, we can choose for the integration contour vy the circle |z| = k—f3
(for 3 small enough) plus a small “deviation” which goes around the cut C.
Clearly the integral on the circle (more exactly on the arc on the circle)
| 2| = Kk — (8 gives a contribution which is bounded by

Go =

constant (k — )" (4.32)
The main contribution comes from the integral along the “deviation”, which
can be assumed to be as close to the cut as we want. Hence we are reduced
to studying the integral
A [ o),
27i Jo_p Ap(s) A_(s)

(4.33)
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From the expansion (4.30) it follows that

Fy (s) _E (s)
Ai(s) A_(s)
AG, (s) = G5 (5) = Gy (s),

= 27,G1 (K/ - 8)1/2 + AGQ (8),

Here G (s) are the limiting values of G5 (z) on the cut C. The integral
(4.33) takes the form

G PR 1 1 K

hak} (n—s)%stds+—,/ s' AGy (s)ds

T k-8 27TZ k=P

Introducing the new variable u by setting s = & (1 - %) we get the
asymptotics of the first integral:

3 K 3
Gl K/t:—? /‘(ﬁt)/ ul/2 (1 B E)tdu - Gl K2 /:,t'
wt2 0 t 2tz
Using the estimate (4.31) for G, we get, after similar computations, that
the second integral is bounded by

t

K
const ) (4.34)

From (4.9), (4.32) and (4.34), and from the estimate (4.10) we get the
final proof of Theorem 2.2 for the case v = 3. ®

For v > 3 the asymptotics is deduced along the same lines, only with
more complicated calculations.

5. CONCLUDING REMARKS

If VI* is replaced by the weaker Condition VI (i.e., if y; has multiplicity
§ > 1) the proof of Theorem 2.2 is more complicated, and the asymptotics
itself has a more complicated expression. One would have on the right-hand
side of formula (2.6) an expression of the type

e—at

t3
where p < s, B; # 0, ¢ = 1,..., p. The proof could be done following
the same lines as above.

[Co+ Cy cos Brt+ ...+ Cp cos By t],

Another important remark concerns the connection between the spectral
decomposition and the invariant (under 7') subspaces for the field (“from
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the point of view of the particle”) 7, and the corresponding constructions of
Part I. In Part I we studied the full “particle + field model”, with transfer
matrix which we here denote, in order to avoid confusion, by 7t°t, 7T tot
and the operators {U, : v € Z"}, which are a representation of the group
of the space shifts, act on the space = L (S, IIy) x I, (Z"). Since the
operators U, commute with 7% (see Part I, Section 3), the space H can
be decomposed as a direct integral

7%=/dmA 5.1

where the spaces H are eigenspaces for the operators U, with eigenvalues
e'™ ) and (5.1) generates a decomposition for the operator 7 *°*

Ttot — / Ttot (/\) d)\

as a direct integral of the operators 7'°* ()), each of which acts on the
space Hj.

A function f (&, ) = g(n), depending only on 7, is invariant with
respect to the shifts, and it is not hard to see that the transfer matrix 7~
which we study in the present paper coincides with the operator 7*°* (0)
acting on Hp.

In Part I we constructed the leading subspace 7{;, invariant for the
operator 7*°* (and the group {U, : v € Z"}), as a perturbation of the
subspace 7:{‘1) = Vg X I3 (Z") (see Appendix A of Part I). In a similar way
one can construct, under the assumptions of the present paper, an invariant
subspace H as a perturbation of the subspace H3 = HY x I, (Z¥), where
HY? is the space spanned by the functions {p.: z € 7"}, as explained in
Section 3. H, is invariant with respect to the group {U, : v € 7"}, and
can be represented as a direct integral

H, :/7%2 (A) dA.

The decomposition leads to the representation of the operator 7t =
Ttot l‘}:[z as

7’2t0t — / 7—2tot ()\) d/\

Moreover the subspace Hs (0) C H, is isomorphic to the space H; C H
constructed in the present paper, and the operator 7,*° (0) coincides with
the operator 7; = T |y,.
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Appendix: Proof of Lemma 3.7

The representation (3.16a) of S as a series gives us that

(’Tl? P E E Lay,...,an

r=1 ai,...,n
X Bodes Bo ey (B,
P
where
B, =Ti2 By g = Tia (To2)* Tor (T11) 17" (A1)

We consider first the product 775 755 75;. We write, in an obvious way
Toe = T + € Ago, so that the power 735 can be written as a sum of
products, the elements of which can be either 733 or € Ay,. Suppose that
we have p factors € Agy and s — p factors Ty

TS i = — P ISI A(j),

1, ’Lz
where AW = Ay, for j € {iy,...,0,}, and AW = T for j ¢
{i1,..., tp}. The corresponding contribution can be written as

(712 7;?,..., ip Bl)z, 2

= Y (T [ AVpa (To)ren o (A2)

i, s+t J=1

We can assume z # 0, since (721)p r = 0 for all T’ ;é 0. We take for the
moment that 2’ € 7%, and set I'° = I‘gz), rst2 = 1"(12 . Each term on the
right-hand side of eq. (A.2) can then be associated to a sequence

P =10 1! 2 .. s vz =1, (A3)
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Ifj & {i1,..., ip}, [7H! is obtained from I'V simply by a shift of a vector y;,
whereas if j € {iy,..., iy}, [’*! is obtained by shifting and by changing
the resulting multi-index I'V 4y, at 0. We describe this process by assigning
a “particle” to the points of the support of each multi-index I'. The value
v (z), € suppI" will be the “species” of the particle. For j € {31, ..., iy}
an “interaction” takes place at the origin: a particle can be “created” (if
47*1(0) > 0 and 4’ (—y;) = 0), can “disappear” (if v'*! (0) = 0, and
v’ (=y;) > 0), or can change species (if v (—y;) # ¥ T1(0) # 0). It
is convenient to assume that a particle disappears whenever it falls into
the origin at one of the “times” {i1,..., i,}, i.e., a change of species is
described by a destruction and a subsequent creation. We have, by (3.1a,
b, ¢)

pri Po (Y) Ori gy, rit1, JE{i, ..., ip}
(A )pspser = { s (=) LY (=95), ¥+ (0); —y;) (A4)
X 6(1’*j+yj)071—%’+1, ] € {il,..., Zp}

Let us suppose, for the moment, that 2’ € Z” and that z and 2’ are far
from the origin, ie, |z|, |2 | > D(s+2).

To help the intuition we interpret the sequence (A.3) as a time sequence,
more precisely j will be the time at which the transition I'V — I'V*! takes
place. At the time j = 1o = 0 we have the first step of the sequence (A.3),
which is described by the matrix element of (731), r:. By formula (3.10)
we see that if z is far away the transition ' — I'! can be only a shift
accompanied by a creation at 0. Formulas (3.11a, b) for 7;5 show also that
the transition at the time j = 4,41 = s + 1, [**! — I'**2 is necessarily
a shift followed by the annihilation of a particle at 0. Since the particle
originally at z cannot fall into the origin, it must clearly end up at 2’:

s+1

z+Z y; = 2.
=0

All particles which are generated at the origin must fall back into the
origin at some later time and disappear. Supposing that their number is
n (n 2 1, since one particle is certainly generated at j = iy = 0), we
denote by {(j, j')}» = {(Jo, Jo):--» (Jn-1, Jn_1)} the sequence of pairs
which gives the “lifetimes” of the particles. {jo,..., jn—1} C {%0,.--, ip}
will be the times at which a particle is created, and {jj,..., jh_1} C
{i1,..., ip41} the times at which a particle disappears (the particle created
at j, disappearing at the time j;). We denote by {k}, = {ko,..., kn—1}
the species of the particles, k; being the species of the particle created at
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the time jj,. Clearly if a particle is created at the time j and disappears at

the time j’, we must have Z y = 0.
I=j+1
One finds that the contribution to the expression (A.2) for a fixed choice

of n, of the lifetimes {(j, j')}», and of the particle species {k}, can be
written as

R i ({Gs )by (ks 2 = 2)

s+1

= 3 H P (Vi {k}n) H i (A.5)
Yo, ¥y
{G,3)}n
Here we have set
i _ /11“1' (_y]) .7 € {7:07 ey ip-}-l}
Z Yr, Hj = v . . .
heiy 41 Hri J & {ioy. -, ips}

Moreover the symbol {(j, j')}, under the summation sign means that the
sum should be extended only to those Y3’s such that

p+1

J2
Y Yi=2-2z  and > Y=o,
h=0 h=j31+1
the second relation holding for all jq, jo € {io, ..., ip41} such that j; = j;,
Jj2 = j; for some I = 1,..., n. (This is the condition for the particle to

come back to the origin.) The function P; (u; {k},) is the convolution of the
function L (k, k’; -) with 4,41 —4; — 1 factors Py (- ). Note that the species
k and k', as well as the factors i, are fixed by the choice of {(j, j')}, and
of {k},. Summing the expression (A.5) over all choices of {(j, j')}» and
of {k}, we get a quantity which is denoted by R(f,)...,ip (z' = 2).

When z and 2’ are not far from the or1g1n R(s) i, (#' — z) makes sense,
since it depends only on the difference 2’ — z, but does not correspond to the
sum of the contributions of all possible sequences (A.3). More precisely,
only the sequences (A.3) for which z does not fall into the origin at the
times {1o, ..., ip+1} give contributions corresponding to terms on the right
side of equation (A.5), for some choice of {(j, j')}» and of {k}n The sum
of the contribution of the other sequences is denoted by V; "' ; (2, 2').

To make up Rgo’)m’ip we have to add and substract the terms appeanng
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on the right side of eq. (A.5) corresponding to Y}’s for which the choice
of z would imply that the particle originally at z falls into the origin at
some time of the set {io,..., iy41}. Denoting the sum of such terms by
Vlff)lp (z, 2'), we can write

(T T3, i, Tid)e = R i, (2= 2) + Vi)

T1yeeey tp T1yeeey Ip yeeey Up

where Vzgs),p (2, 2) = 174 i (2, 2') = féﬁs)

20500y

(2, ).

iy (2, 2'). Clearly the
quantity Kgs),p (2, 2’) can be written as a sum of terms of the type
(A.5), where the shifts Y}’s are subject to some conditions expressing the

fact that the particle originally at z falls into the origin.
To estimate the terms (A.5) we take absolute values, extend the sum

s+1

to all values of y;’s such that Zyj = 2’ — z and introduce the function
j=0

L*(y) = ZIL(h, k; —y)|, so that finally

h, k
IR(S) i, | < const €2V (uy)*

X > I rw I Pw),

Yo+...FyYpp1=2"—2 le{io,...,ip+1} jg{io,...,ip_'.]}
where the constant does not depend on s and p. Similar arguments lead
to the inequality

V) . (2, 2)| S conste®? (,)* Y 3

j=1,...,p+1 yo,...,yp+1
h=0,...,p {3, h}

x I rw ] P

1€{io,. .., ips1} J€{i0,-- s tps1}
The notation {j, h} under the summation sign stands for the conditions

15 p+1

!
E Y= —%, E Y=z
=0 l=ip+1

which express the fact that i; is the time at which the particle originally
at z falls into the origin, and 4, is the time at which the particle ending
up at 2’ is created. Summing up over all choices of {i1,..., i,}, for fixed
p, and then over p, we get

(Ti2 (T22)* Tor)z, = = Y (Tor):r (To2)i oo (Ta2)r, =

T, I
=R, (2 —2)+ Vi (2, &), (A.62)
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where R, (u) and V; (2, 2’) are 0if |u| > s D ormax{|z|, |2'|} >sD
respectively, and
Z | Ry (v)| < conste? (p. (14¢€c))®,

A.6b
Z | Vs (2, 2')| £ conste? (pa (1+ec))’. (A.65)

If 2/ = 0, then at the last but one step there is only one particle left
(i.e. |suppT*t!| = 1), which ends up at the origin and disappears. In
this case only the term Vl(ls),p (2, 0) is left, and summing up all such
terms as before, we get a term V; (z, 0) which is 0 if |z| > D, and
satisfies the estimate

> | Va(2,0)| < conste® (pa (1+ec)). (A.6¢)
From (A.6b, c) it follows that the Fourier transform of these functions

Ry (\) =Y R, (u)e'®™

(YA

Vs (A, ,\’) — Z V, (z, z') ei(A,z)—i()J’z/), f/s ()\) — Z v, (z’ (‘)) et 2)

are analytic in the complex neighborhood W, = {\: |Im)\;| £ d,
i =1,..., v}, for d small, and in this neighborhood we have

| Ry (A)| < conste? (g (1 +ec))® eD*
|V (A, X)| < conste? (py (14 €c))® 24D,

[V (A)| < conste? (py (14 €c))®e?Ps.

We now go back to the matrix elements of Bs,q, defined by eq. (A.1).
Using relations (3.18) and (A.6a) we see that

(33,(1)2,2, = }?is,q (z=2")+ f/s‘q (2, 2), 2,2 €T’

(Bs,q)z,(_] = Vs,q (2, (_))
where _

R, q(z—2) = Z ('2101)2_,%_1 R, (u —2'),
Veg (2, 2) = S (T4 Ve (u, ') + DUV R, (2 — 2)

+ DUV, (u, 2)]
Vaq(2,0) =Y (T4 Va(z, 0).

u
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Consider now the Fourier transforms

Rog(AN) =Y Rig(u)er®v,

u€edv
Vs,q ()\’ ’\,) = Z ‘A/;,q (Z, z’) ei(}‘:z)—i(/\',z')
z, 2!

Vg =Y Vig(z,0)e ™,

Using the estimate (3.23a) it is not hard to see that the functions }1?3,(, (N,

Ve q(A X)) Vo (A) are analytic for A, X' in the complex neighborood
W, and satisfy the estimates

Iqu(/\)I < const €2 (. (1 +€¢))’ dm( - >
9 |Y:/s,q()\)| < const €2 (s (1 + €¢))® e?P® < ; L A7)
Vg (A X)| < conste? (s (1 + e ¢))° e24P (au 77)
\ ! ‘

where a; = (si,¢;) @ = 1,..., 7. We write

Gal,.‘.,ar (z, zl) = Ral,l..,ar (Z - Zl) + Val,u.,ar (Z, zl)

where R,,,.. o, is an operator product

Ral, Lan = Ra1 RO(2 .. Ra ,
and the operator Val,,,,,a, satisfies the recurrent formula
Val,..l,ar = ch Vag,...,ar + Va1 Raz,.“,ar + Val Vag,...,a,- (A.8)
From inequalities (A.7) we see that the Fourier transform

Ral,...,ar (A) = Z Ral,...,ar (U) ei (A, u)

is analytic in W, and satisfies the estimate

o

| a+,’,’>Qr+r

onrnar (A)] < (&%) (pa (1 + ) e?P)S ( ™
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where S, = Z Siy Qr = Z g;- Using this estimate, (A.7) and (A.8) it is

not hard to show that the Fourler transforms

Var,...,ar A N) = 3 Vg, (2, 2) d B2

Var,..., e (\) =Y Ve, a, (2,0 e

are analytic for A, X" in W; and satisfy in W; the following estimates

x Qr+r
Vai,. ar (A N) < (ce?)" ux (L+ec e2dD\Sy a—_H]
Ly
U1 A9

S Oé+7] Qr+'r‘ * )
Virsor ) < (6 (e (1 )42y (E) 0
1
The convergence of the series (3.16a) for S implies that the series
(le S)z,z/ = Z Tay,... Gal,...,a, (z, z') (A.10)
QY yeeny g

is convergent and the sum is equal
(7'12 S)z,z’ = R(Z - Z/) + ‘/r (Z, 2/), (,-Tl2 S)z,ﬁ = V (Za 6)7
2,2 €1

where
! ! v
(z = 2) E , Tay,.,an Ray,.. o, (2= 2'), z,z €L
and A yeeey Qg

z 2 = Z Tay,...,ar Aozl, G Qp (Z Z)

QAL yeeey Op

(_): Z Lay,..., or Otl, 5 Qo (2 0) Z,y 2 ez

QY yeeey O
From the convergence of the series (A.10) and the inequalities (A.9), one
deduces easily, again by shifting the integration region into the complex
W, region, that the Fourier coefficients R (u) and V (z, 2’) verify, if € is
small enough, the estimates

|R(u)| < conste?gl®! u € "
| V... | <conste?!=I+1='1 |V, 5] < conste?d!*! z, 2 €l”

for some 0 < # < 1. Moreover V5 , = V5 5 = 0.
Lemma 3.7 is proved. ®
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