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ABSTRACT. — We consider a random walk X;, ¢ € Z, and a dynamical
random field &; (z), z € Z” (¢t € Z,) in mutual interaction with each other.
The interaction is small, and the model is a perturbation of an unperturbed
model in which walk and field evolve independently, the walk according
to i.i.d. finite range jumps, and the field independently at each site z € Z*,
according to an ergodic Markov chain. Our main result in Part I concerns
the asymptotics of temporal correlations of the random field, as seen in a
fixed frame of reference. We prove that it has a “long time tail” falling off
as an inverse power of ¢. In Part IT we obtain results on temporal correlation
in a frame of reference moving with the walk.
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RESUME. — On consideére un chemin aléatoire X;, ¢ € Z, et un milieu
aléatoire dynamique &;(z), * € ZY(t € Z,) en interaction mutuelle.
L’interaction est petite, et le modele est une perturbation d’un modéle
imperturbé, dans lequel le chemin aléatoire et le milieu évoluent d’une
facon indépendente pour chaque = € Z”, selon une chaine de Markov
ergodique. Le résultat principal de la partie I regarde 1’asymptotique des
corrélations temporelles du milieu dans un repere fixé. On trouve que la
décroissance dans le temps est donnée par une puissance négative de ¢.
Dans la partie II on obtient des résultats sur les corrélations temporelles du
milieu dans un repere qui se déplace avec la particule.

1. INTRODUCTION

The expression “random walk in random environment” can have several
meanings. Most of the work is devoted to random motions in a fixed
realization of the random environment. For this class of problems we refer
the reader to the classical paper of Fisher [1], and to the paper [2] (and
references therein) for recent rigorous results.

We are interested here in random walks in a dynamical environment.
Except for the class of models that we consider in the present work, which
were introduced in [4) and [5], there are, up to now, few results for random
walks in random dynamical environments. An example is the result in [3].

The models that we consider here correspond to a particle performing
a random walk on the lattice Z” and interacting with a medium
(“environment”) consisting of a random field in evolution. The interaction
is a mutual influence, i. e., the random walk transition probabilities depend
on the field and the evolution of the field depends on the position of the
particle. The models are obtained as a modification of some “unperturbed”
model, in which the particle and the environment evolve independently. This
unperturbed model has, in addition, the following properties: the random
walk makes jumps according to some homogeneous transition kernel with
finite range, and the environment is an i.i.d. evolution of copies of some
egordic Markov chain associated with the transitions at each site z € Z*
The modification consists in adding a local interaction.
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RANDOM WALK IN A DYNAMICAL RANDOM ENVIRONMENT. I 521

In the papers [4] and [S] we were mainly concerned with the proof
of the central limit theorem for the displacement of the particle. Similar
results obtained by other authors for models of random walks in dynamical
environments are quoted in the reference lis ot [4].

In the present work we focus on the description of the influence of the
walk on the environment, i. e., on how the distribution of the random field is
changed by the interaction with the particle. One can consider the problem
in a fixed frame of reference (Part I), or in a “moving” one (Part II), i.e. in
a reference frame that moves with the random walk. In the first case one
would like to describe the relaxation of the system in time, as the random
walk goes away from any finite region. In the second case one would like
to know whether the system eventually reaches an invariant distribution for
the environment around the position of the particle.

For a better understanding of the results and of methods used in the
proofs we need a brief description of the model. Precise definitions can
be found in Section 2.

As in [4] and [5], the particle position is given by a random walk
{X;:te€Z;}, and the environments is described by a random field
{&(z): z €2, t €1y} At each site € Z¥ the environment &; ()
takes values in some finite set S. The unperturbed model is described as
follows. The particle performs an independent homogeneous random walk
with transition probabilities { Py (z, z +y) = Po(y): =, y € Z" }. The
evolution of the environment at different sites is independent and given by
a Markov chain, with transition probabilities { go (s, ) : ', s € S}, the
same for all sites. We denote by @ the corresponding stochastic matrix,
and assume that the Markov chain defined by Qg is ergodic, with stationary
measure 7. Hence the unperturbed model admits a stationary measure
Iy = %" for the process & = {& (z): v € 7" }.

The “perturbed” or “interacting” model is a Markov process for which
are assume conditional independence, i. e., given the environment at time ¢,
the transition probabilities at time ¢ for the particle and for the environment
at different sites are independent. We define the new transition probabilities
by adding a term of order € to the unperturbed ones, where € is a small
parameter:

P(Xepr =z +y|Xe =, & =€) = Po(y) +ec(y; £(2)),
P41 (2) =s|Xs ==, & =€)
{QO (€(2), ) z# T
9 (€(z), 8) +eq(€(2), s) z=u=.

Vol. 30, n° 4-1994.
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This is the general form if the interaction is supposed to be localized at the
site X; where the particle is located at any given time .

Our methods of proof are based on the analysis of the spectrum of
the “transfer matrix” 7, the stochastic operator associated to the Markov
process of the interacting model. 7 is considered as an operator acting
on the Hilbert space H of the square summable functions of ¢ and =z,
with respect to the natural reference measure (the product of the counting
measure in z and the measure IIy). The main condition that we impose
is that the perturbation is so small that the spectral gap, which at € = 0
separates the leading invariant (with respect to 7)) subspace (“leading” in
the sense of the absolute values of the spectrum of 7) from the rest, does
not vanish. The technical difficulties are connected with the construction

of the leading invariant subspace for ¢ > 0, and with the analysis of the
resolvent of 7.

Once the leading invariant subspace H;., is singled out, the restriction
of 7 to H,., is reminiscent of the one-particle operator of Quantum
Mechanics. In the case of the moving reference frame (Part II) and for
models with two particles it reminds instead the two-particle operator. It
is then not surprising that the constructions and the methods of analysis
of the resolvent in our papers have close analogies in Quantum Mechanics
(see, for example, [6] and [7]).

One may regret that the techniques that we use sometimes leave little
room for probabilistic intuition. The main problem lies in the fact that from a
probabilistic point of view we deal with very complicated objects. Particles
interacting with an environment can be understood in physical terms as
“dressed” or “quasi-’particles, as they are accompanied by a “cloud” of
excitations of the medium. The cloud extends, as time goes to infinity,
on the whole space Z¥, although its intensity decreases exponentially with
the distance. In our language, however, one can describe this complicated
object in a rather simple way, by a “change of coordinates” in the space H,
which changes to leading invariant subspace for € = 0 into the new, or
“perturbed” leading invariant subspace. We believe that methods of this
kind, which “disentagle” the interaction, can be useful in the study of other
types of many component stochastic models.

Similar ideas for “disentangling” the interaction are used in [4], though
the setting and the techniques are rather different. On the other hand [5]

is closely related to the present work and we will frequently refer to the
results there.

For the present paper the main result concerns the case when the drift
of the (perturbed) random walk is 0. We prove that the averages of local
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functions of the environment at time ¢ tend to their equilibrium value (i. e.,

with respect to the invariant measure Il;) with a speed O as

tu/2 4
t — oo. We also prove that the two-point correlation, between functions

f1(€o (z1)) and f2 (& (z2)), behaves asymptotically as t(V—/Cz)jr—f, where C
is a constant depending on fi, f2, x1,Z2, on the initial position X, of
the particle and on the initial distribution of the field II. We further prove
that, if the random walk has a nonzero drift, then the correlations decay
exponentially fast in time. In the unperturbed reference model, of course,
correlations are zero if z; # z and decay exponentially in ¢ if x; = z,.

The results of the present paper provide a clear and simple example of a
well kown phenomenon, namely that by adding a conserved component to
a field with strong stochastic properties one forces a power-law decay of
the temporal correlations (see, for example [8]).

The plan of the paper is as follows. In Section 2 we define the model and
formulate the main results. In Section 3 we give the proofs. The Appendix A
contains the proof of some technical facts, while in the Appendix B we
study the constants appearing in the asymptotics of the correlations.

~ We observe in conclusion that our methods can allow to deal with models
with a general local dependences, e.g., for which the functions ¢ and §
depend on the values & (z + y) for |y| < r, where r is some positive
“interaction range”. One can also consider models with two particles, as in
the paper [5], or more, which interact with the environment and with each
other. Extensions in these directions will be the object of further work.

2. DEFINITION OF THE PROBLEM AND
FORMULATION OF THE MAIN RESULTS

As in [4] and [5] the environment at the discrete time ¢ € Z, is described
by a random field &; = { & (z): z € Z" }, the single variables &, () taking
values in a finite set S. We denote by |S| the cardinality of S, and by
Q = S?° the state space of the random field &,. We assign to 2 the
topology of pointwise convergence. All measures are supposed to be Borel
with respect to this topology. X; € Z”, t € Z, will denote the position of
the particle performing the random walk.

Vol. 30, n°® 4-1994.



524 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

2.1. Description of the model

Our model is, as in [4], [5], a Markov chain {(&, X;), t € Z, }

with state space 2 = Q x Z, and conditionally independent transition
probabilities:

P (Xt =2z, ft S AlXt—l =z, ft—l = E)
=P(X;=2|X,1 =, &1 = £)
XP (& € Al Xy =2, &1 =§). 2.1

Here £ € Q is a fixed configuration of the field A C Q is an arbitrary
measurable set of configurations of the environment. For the factors on the
right-hand side of eq. (2.1) we make the following hypotheses.

2.1A. Assumptions on the random walk transition probabilities

L. The random walk transition probabilities are given by

PXi=z2lXin=2,61=8 =Py (2—2)+ec(z -z, £(x), 2)

where P, is a probability distribution on Z* (which defines the
“unperturbed” random walk), and ¢ (-, -) is a function on Z* x S such that

Z c(u, 8) =0, forall se S; (2.3a)
uezZv
12 Py(u)+ec(u,s)20, forallwez’ ses. (2.3b)

In what follows we will consider ¢ (-, -) to be fixed, and € will be subject
to the condition of being small enough. In view of the arbitrariness of the
function c (-, -) it is not restrictive to assume that ¢ > 0.

Both P, and ¢ are assumed to be of finite range: i e., there is some
D > 0 such that

Py (u) =c(u, ) =0 for |u| > D, s €S, (2.3¢)

where |u| is defined as
|u| = Z [u®], u=(u®, ... ).
=1

Annales de Institut Henri Poincaré - Probabilités et Statistiques
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We assume furthermore that the characteristic function

o) =3 R(uwe™v,  A=(A, -, M) eT  (23d)

uezv

define on the v-dimensional torus 7", is subject to the following conditions:
IL |po(A)] < 1, for all A € T%, X\ # 0.
III. The quadratic form Z a?y ;j Ai Aj associated to the Taylor expansion
ij

~ . 1
log(Fo (M) =i Y Ae—5 D adAd+- @4
in the neighborhood of A = 0 is strictly positive for A # 0.

2.1B. Assumptions on the field transition probabilities

IV. The distribution P (¢, € - |X;_1 = z, &—1 = &) is a product measure
for the random variables {&; (z), « € Z" }, each of which is distributed
according to the law

P (2) = s|Xem1 =, &1 = f_)
_ {qo (€(2),s) if z#z

_ ] (2.5a)
u (), s) if z=u,

where qq (s', s) and ¢1(s’, s)(s’, s € S) are the matrix elements of two

stochastic matrices, which we denote by Qo and Q;, respectively. Qo

defines the unperturbed evolution of the environment, and Q, is given by

a1 (s, 8) =qo (s, 8) +eq(s, s). (2.5b)

The condition that Q;, is a stochastic matrix implies for the elements
g(s’, s) of Q that

Y a(s,s)=0, ses. (2.5¢)

8

V. The stochastic operator ), acting on a function f : S — R as
Q) (5) = a(s, 5)f(s), (2.6)

can be diagonalized. We denote by {e;(s), s € S }Lilo_ " its eigenvectors

(the normalization will be fixed below) and by {y; : =0, ---,|S| —1}
the corresponding eigenvalues. The labels are chosen in such a way that
the eigenvalues are nonincreasing in absolute value: |u;| 2> |miy1l,

Vol. 30, n°® 4-1994.
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i =0, ---,|S| — 1. (The general case, when ()¢ has Jordan cells, can
also be treated, only formulas are more complicated.)

VL There is a nonzero mass gap in the spectrum of Qq:

1=po> |l
Condition VI implies that the Markov chain with space state S and
stochastic operator () is ergodic. We denote by my the (unique) stationary
measure. We normalize ey by taking eo(s) = 1, for all s € S. The

eigenvectors {e; : @ > 0} of the matrix @y are orthogonal to the
eigenvector 7y of the transposed matrix:

D ei(s)mo(s)=0, i>0. (2.6b)

8

Consider the Hilbert space I (S, 7o) and the operator Q¢ (adjoint to Qo)
acting according to the formula

(@ f) (s ZQO sy 8) O(S)) f(s), s€S. (2.6¢)

Its eigenvalues are

po =1, 4] = P, -+, Wisj—1 = Bys|-1,

and we denote by ef (s) the corresponding eigenvectors. As above we
can take e} (s) = 1 and the eigenvectors { e} } are bi-orthogonal to the
eigenvectors {e; }:

(e, €5) =0 if i#7. (2.6d)
We normalize the eigenvectors in such a way that

(eia 8;) = 6ij’ Hez" = ”6:”, 1=0,---, ISI - L (2.6e)

As in [5] we will need the coefficients of the following expansions:
|S|—1 W
clu, 5)= Y c;(u)e;(s),
j=0
1S]-1 L

ZQ(S s)e;(s) quer s'),

38

(2.6f)

1S]— 1

ek (s) = Z by ke (8)-

Some properties of the coefficients are given in Appendix A.

/
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2.1C. Further conditions on the transition probabilities

VIL The function ¢ (-, -) in eq. (2.2) is such that

co(u) = Z c(u, s)mo(s) =0, u ez’ 2.7

8

This condition is not restrictive, and can be considered as some
kind of normalization: if it is not satisfied, then replace Py (z) by
Py () +Z c(z, s) mo (s). It means that the average (over the measure mq)

s
of the perturbed random walk reproduces the unperturbed one.
We now come to the important spectral condition.

VIII. The following inequality holds
min [Bo (A)] > |l 2.8)

Condition VIII states that there is a finite spectral gap for € = 0.

2.2. Notation

We fix the initial position of the particle at time ¢ = 0 to be X, = o,
and assign an initial distribution II to the random field . Let f (¢, 2),
(& 2) € (2, be a bounded function, measurable with respect to the variable
€. Its conditional average under the condition (£, ) € Q, i. e., the average
with respect to the transition probability (2.1), is denoted by

(T ) (€ =) =([l§, =), 2.9

where 7 is the stochastic operator of the Markov process, which, by
analogy with Statistical Physics (understanding time as an additional space
dimension) is sometimes called “transfer matrix”.

The measure Iy = w3  is clearly invariant under the unperturbed
evolution of the field. We set H = Ly (2, Ily), and denote by H =
Ly (Q, IIy) ® l2 (Z") the Hilbert space with scalar product

f, D= / F(& 2)g(E, 2) dll (2.10)
zezv v
We denote by P, or Pp ,,, the distribution on the space QL+ of the
trajectories { (& (y), X¢) : y € 2", t € Z }, which arises by the stochastic
evolution from the initial distribution II x 6, ,, on (2. Averaging with
respect to P will be denoted simply by ( - ).

Vol. 30, n° 4-1994.
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We shall consider correlations of the type

(f1 (& (1)), f2(6o(22))) = (f1 (& (1)) f2 (&0 (22)))
= (f1 (& (21))) (f2 (6o (22))), (2.11)

where z1, 3 € Z" and fi, f, are functions on S. Averages and correlations
with respect ‘> any other measure » will be denoted by (- ), and (-, -),,
respectively

2.3. Main results

In [5] we proved, for ¢ small enough, the local limit theorem for the
displacement of the particle with respect to its initial position, which implies
in particular that, as £ — oo, we have the asymptotic expansion

(Xe— Xo)=bt+o0(t).
Here the vector b € R” is the “drift”, and its components are given by
.0p (X)
b, =
S W

where p()\) is an analytic function such that p(A)|c=o = Po () (see
Lemma 3.1 below).

IA‘:O k= 17 e (2.12)

As is to be expected, the time asymptotics of the correlations depends
on whether b = 0 or b # 0. For b # 0 we have the following theorem.

THEOREM 2.1. — If conditions I-VIII above are satisfied and b # 0, then
I f1 (& (21)), fa (&0 (22)))] < OO,

where 0 € (0, 1) is a constant depending on the parameters of the model,
and C is a constant depending on the functions f1, fa, on the sites x1, T3
and on the initial data xg, II.

If b = 0 then one should expect a power-law decay. For technical
reasons we need the following more restrictive assumption of symmetry
for the random walk.

IX. (Symmetry condition on the random walk.)

P(Xie=2 &6 €AXi1=x, & 1=1)
=P(Xi= —26&¢€ VA|Xt—1 = -z, §-1 = Vﬂ) (2.13)
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where V is the space reflection on Q: (V¢)(z) = £(—x). From (2.1),
(2.2) one can see that condition (2.13) is satisfied for all ¢ small enough
if and only if

Py (u) = Py (—u), c(u, s) = c(—u, s), uelZ’ seSs.

Condition IX implies that the drift is zero. Other consequences are stated
in Lemma 3.8 below.

THEOREM 2.2. — If conditions I-IX above are satisfied, then

C
(f1 (& (1)), f2(éo(22))) = POYESY (I+0(1), t—o0, (214
with
1) (2
G: Z C]1,]2’ .51) ng).
7170, 52#0
Here ¢ are the coefficients in the expansion

J
|S]-1

s) = Z cgk) e; (s) k=12,
=0

and the constants C;,  ;,, are given, to leading order in €, by the expression

2 (2m)t /2
C]ly]Z‘_E 2(DetA ]_/2 1_#,]1 Z Z C] u) Z bkl,kg Uk Uk,

u€lv j,x k1, ko
Y i
S Rrerry G
x (e; (o (z — x0)), €5, (€0 (x2)) ) + O (€°), 2.15)

where A = {a; ; } is a positive definite matrix, B = {b; ; } = A}, and
the coefficients q¥ and c; (- ) are defined by eq. (2.61).

The matrix A has a complicated expression and will be explicitely given
in Section 3.

It is worthwhile to formulate a further result, which follows easily from
the proof of Theorem 2.2, and describes the “relaxation” of the environment
to the unperturbed equilibrium state II,.

Vol. 30, n° 4-1994.



530 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

A function F' (§), £ € Q is called a local functional of the field, if it
depends only on the subconfiguration ¢ (z), z € B, for some finite set
B C 7”. The following theorem holds.

THEOREM 2.3. — If conditions I-IX ‘above are satisfied and F is a local
functional of the field, then for any ¢ and x,

(F (&) Xo =0, & =£)

(1) @) (£
_~0 O’ | Cp (€, x0) 1
=Cr+oEt o tolmmn ) too @216

1 ~
where C% = ( F \n,, and the term o (W) is uniformly small in £.
The explicit expression of the coefficients C’g)z’ = 1, 2 will be given
at the end of Section 3.

Remark 2.1. — The fact that the constant C’fpl) does not depend on the
starting point of the random walk z is not surprising, since the asymptotic
expansion (2.16) does not hold uniformly in zg, i.e., the residual term

0 POy is not uniformly small in z,.

3. PROOFS

We report here for convenience some of the results of [5], and deduce
some consequences which are needed in the proofs.

3.1. Notations

In what follows the expression “const” may denote any positive absolute
constant, i.e., any constant independent of the variables and of e.

In [5] we introduced a basis { Ur ., : ['€ M, z € 2} in H, with

Ur: (& a) =0 ()b Ur(©) =[] evy €@).  Gla

yez

Here I' = {v(y) : y € 7} is a multi-index, i.e, a function
7 on Z” with values in {0, 1, ---,|S| — 1} and finite support
suppl’ = {y € Z”: v(y) > 0}. 9M denotes the collection of all such
multi-indices. The functions {¥r : T' € 9M} are a basis in H =
L2 (Q, Tly).

Annales de UInstitut Henri Poincaré - Probabilités et Statistiques
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We use the special notation 0 for the multi-index that takes the value 0
everywhere, i.e., I' = 0 means y(z) = 0 for all z € Z. |A| will denote
the cardinality of a set A C Z".

The norm of a vector f € H can be written in terms of the components

{fr} of the expansion f = Z fr¥r as
F —_
“f||2 :(fa f): Z aF,F’fFfF’:

T
supp I'=supp I’ (3.1b)
ar= [ (&) ev@).
z€supp I’
The group {U, : v € Z"} of all shifts on Z" is a unitary group of
operators which acts on ‘H as follows

U (& z)=f(E+v, z+v), feQ,

where (§ + v) (z) = £ (x — v) is the space shift of the field £&. The space
‘H decomposes into a direct integral

H=[ dr\H, (3.2)

TV
where d is the normalized Haar measure on the v—dimensional torus 7.
H is the space of all generalized functions of the type

f = Z fl"—z e_i > 2) l:[II‘,za

such that the components { fr} make the norm (3.1b) finite. Such
functions are eigenfunctions of U, with eigenvalue e~*(%%) ¢ ¢ 7.
The representation (3.2) means that we can write any vector f =

Z fr..¥r, . € H as

Iz

f= Z/ dA fr_.()e i ™D wp (3.3a)
where { f r(A) : I' € M} are the components of the Fourier transform
fr) =Y fros et ™2, (3.3b)
z€l¥

and I' + z, z € Z¥ is the translation of the multi-index T, i. e., r=r + z
is defined by the relation ¥ (z) = v (z — 2).

We recall briefly some facts on the Fourier transform, referring to
Section 3 of [5] for details. Let I, (91) denote the space of the sequences
{fr : T' € M}, with norm defined by eq. (3.1b). The Fourier transform

Vol. 30, n° 4-1994.
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(3.3b) defines a unitary application of the space H onto the Hilbert space
lo (M) x Ly (T, dX) of the functions f = { fr(\) : T e M, \ ¢ T}
with norm

11 = / AN IR, .

Since the transfer matrix 7 defined by (2.9) commutes with the shifts

{U, : v € 7"}, the representation (3.2) generates a corresponding
representation for 7 as

T = dx T (N),
Tl/
and the operator 7 () acts on H,. Under the Fourier transform the operator
T is transformed in the operator 7, acting on Iy (M) x L, (T%, dX) as

(T f)r ZRF r(A) fro ().
Here
Rrr (M) = > Trorquu e ™Y, (3.4a)
u€zv
and the matrix elements of 7 are defined by the position
TUr.=Y Tr.r V. (3.4b)
I,z

The explicit expression of the matrix elements of 7 is given in the
Appendix A (A.1a). From (A.1) follows

Ro,o (3) =50 (V). (340)
For M > 0 we consider the subspace H,; C ‘H of the vectors f for which
1£llae =D MEPPTl| ] < oo, (3.52)
rem
‘Hpr with the norm || - ||as is a Banach space. If

M > M* = max{max|e; (s)|, 2},
1,8
as we suppose from now on, then the obvious upper bound

[Tr(&)] S (M)lsueeT] (3.5b)
leads to the inequality

1l = Wfllps - (3.5¢)

‘Hr is obviously dens in H.
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3.2. Preliminary results: invariant subspaces

The following result is an obvious consequence of Lemmas 3.5 and 4.2
of [5].

Lemma 3.1. — Assume I-VIII. Then T ()\) has, for all X € T”, a unique
eigenvector X (A) € Hs with eigenvalue p (X), such that p (A)|e=o = Po(A).
Furthermore p(\) and x()\) can be extended to analytic functions in some
complex neighborhood

Wa={( - A) :[ImA| <d,i=1,---,v}, d>0

of the torus T".

Moreover, x (\) has the following properties:

@ xr (0) = 0 for T # 0;

(i) if x (A) is normalized by setting x5(\) = 1, then one can find a
constant q¢ € (0, 1), depending only on the range D and on |u;|, such

that for any positive M and € small enough the following estimates hold
for all A € T

Z Ixr (A)|M1=UPPT] const e (3.6a)
I'#0

dsuppTuU {0}
~ MlsuppTl
where dp, B C 1", denotes the minimal length of the connecd graphs
connecting all points of the set B.

Ixr(A)| < const € I'#0, (3.6b)

Proof. — The proof follows the same lines as for Lemmas 3.5 and 4.2
of [5]. We will explain here only the main points, referring to [5] for the
details.

The invariance condition for the vector x leads to the following equation

1 R \
xr(A) = = > B (V) xre () = xr (M)
Ro,0(A) 125
x Y Ror(Nxe N+ R o], ( (3.6¢)
I’'#0
r # (_)a X0 (’\) = 1a )
where the coefficients RF, r- (A) are defined by (3.4a,b,c). Setting
6 = l{ngnv |Po (A)] — |p1], by condition VIII we have § > 0, and one

can find d > 0 so small that
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N §
Do (A)] > (Iml + 5) edP, AeW,.

Consider the Banach space £, of the vectors { xp : ' # 0}, analytic in
the neighborhood W, with the norm

Ixll = SUE SUP |xr (A)|g~%euwprutoy pglsuppT]

The right-hand side of eq. (3.6¢) defines a map B : L, — L,. Existence
and uniqueness of x will be established if we show that B is a contraction
in £, in some sphere ||x|| < & for £ small enough.

By the formulas (3.4a,b,c) and (A.1a) of Appendix A, we see that

Re,oo(A) = R o (A) + e ARp o (W), Rp 1 (N) = Rr, v (A)]e=o-
quy r (A) is easily computed, and we find
A) xr () ’
r';eo
—uPo(w) e (A, w)
uezv
|Ix||€
P supPFU{“}
= upp I’ Z 0
M suppT| po()\ =
| 1] gD ¢
b ||X” q suppFU{O)‘
sl + 6721
Here we have used the inequality
quupp(r—u)u{o} sllppFU{O}
IXxr—u ()] = X — = ”X”——MlsuTl“l’
and the relation
dsuppFU{O} = dsuppFU{ }+ |’U,| = suppFU{ }+D

Choosing ¢ in such a way that

|M1| YD
<lu1| +<6/2>) <a<l

we see that the £, norm of the term fi ZRP r (A) xrv (A) is
0, ()

I

bounded by f3||x||, with 3 € (0, 1).
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In the same way one can prove that the term containing ARFY r has
L, norm less than conste||x||, and that the quadratic (in x) term of (3.6¢)
has norm bounded by conste||x||?>. The last term, that does not depend
on Y, is explicitely computed in the Appendix B [eq. (B.3)], and has also
norm of order e.

Hence the map B is a contraction for small ¢, in some small sphere.
The estimates (3.6a,b) are an easy consequence. As for the function p (1)),
its expression [5] is given by

PN =Rsa(A)+ Y Ror (N xr (). (3.6d)
I'#0
Its properties follow once again from the expression of the coefficients
Rn r (A). The lemma is proved. W

From now on x (\) will denote the eigenvector of 7 (A) of Lemma 3.1,
with the normalization described in the lemma.

Remark 3.1. — The expansion in ¢ of xr, for small e, is given by
Proposition B.2 of Appendix B.

X (A) identifies an invariant (with respect to 7') subspace, as is shown
by the following result.

LEMMA 3.2. — One can find a subspace H, C 'H invariant with respect to
T and a basis {1, : u € 2"} in Hy of the form

¢u (ga .T) Z h l];’1" z Ea )a (373)

where the coefficients ht , are given by

¥ =/ et Xu=2) L (N) dA. (3.7b)

Proof. — Let g()) be an analytic function of A on 7. Consider the
vector f9) € H with components

= / dhg(A) xr—: (N) e 2

Clearly the space G of all functions f(9), for g analytic, is left invariant by
7T . By expanding in Fourier series g )\) Z guet ™ it is easily seen

that G is spanned by the functions { ¢, : u E Z” }, with the coefficients
given by (3.7b). H; is then obtained by taking the closure of G in the
norm of H.

Lemma 3.2 is proved. W

Vol. 30, n°® 4-1994.



536 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

We need some bounds on the coefficients hf. ., which are provided by
the following result.

LemMa 3.3. — There is a constant § € (0, 1) such that, for M as in
Lemma 3.1,

Alsupp TU{ z}U{u}
Mlsuppl|

Proof. — The proof follows from the expression (3.7b) and Lemma 3.1
(see [5], Lemmas 4.1, 4.2). N

It is easy to see, by Lemma 3.1, making use of formulas (3.3a) and
(3.3b) for the Fourier transform and its inverse, that the action of 7 on
the basis {1, } is given by

T, = Z r(u—2), (3.9a)

z

|hy .| < const e

I#£0, 2€2. (38

where
r(u) = / dAp(N) et w), (3.9b)

The decomposition of the space H in invariant subspaces is stated by the
following lemma.

Lemma 3.4. — (i) The space H can be decomposed into two invariant
subspaces

7:{:7:{1+7:[1.

(ii) in the subspace Hy on can find a basis {yr , : T # 0, u € Z"}
for which the inequality

e, (€, ©)| < const 1"~ plsurp Tl (3.10)
holds for some 0 € (0, 1), any M > M™*, and € small enough.

Proof. — Following [5], Section 3, one can introduce in H a new basis
{¥t : T € M}, bi-orthogonal to the basis {¥p : I' € M}, and a
corresponding basis {U} , : ' € M, 2 € 2V } in H of the form

F,z (fa :D) = H ei;(y)(g (y))(sZ,za
yeLY

where e are the eigenvectors of the matrix Qg, adjoint to Qo [with respect
to the scalar product in [ (S, mo)]. The basis { UF. , } is bi-orthogonal to
the basis { ¥r . }.
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If 7 denotes the operator adjoint to 7" [with respect to the scalar product
(2.10)], one finds, reasoning exactly as above, a new sgbspace ‘H3, invariant
with respect to 7*, and a basis {9} : u € Z” } in H}, given by

¥h = ki, Ui, 3.11)

where hi“, is given by eq. (3.7b), in which x (}) is replaced by the
eigenfunction x* (A) of 7* () (see [S], Section 3). x* (A) is normalized
by setting x5 (A) = 1 for all A € T", and satisfies the same inequalities
(3.6a,b) as x.

By the bi-orthogonality property it is easy to see that the functions

w=Up, — Zh L, (3.12)

are orthogonal to the functions of H’{. They satisfy the estimate (3.10), as
one can see by observing that the quantities h;g satisfy the same estimate
(3.8) as h‘li, .- [This follows from the validity of the estimate (3.7b) for x*.]

Consider the set of functions {4¢r ., : I' € M, z € 7"}, where the
functions 5 , = %, are given by eq. (3.7a). If we show that this
system is a basis in # it follows that H; is identified with the span
of {¢r . : I' # 0z € Z* }, which completes the proof of the lemma. One
can also see that H; = (H:)L.

By (3.7a) and (3.12) we can write
Yr,. = (€ +C)¥r, ., (3.13a)

where £ denotes the identity matrix, and the matrix elements of the operator
C, defined by the position

C‘IIF,Z = Z CF,z,F’,z’ \Ill"’,z', (3.13b)

are easily computed, to find that Cr , v, ,» = 0if ' =1 =0, or I" # 0,
IV # 0, and

Craoe = —hp%,  Co.rw=hi., T#0. (3.14)

Let f € ’H~ and f' = Cf. The relation between the Fourier transforms
f(A) and f’()\) [computed by means of formulas (3.3a,b) and (3.7b)] is
given by the formulas

> xRN
r'#0

N =xc(N)fo(r), T#0.

Vol. 30, n° 4-1994.



538 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

If now g = (£ + C) f some simple algebra shows that

95 (M) + Z Xt (A) grv ()

i) = T30
W= > xt V) xer (V)

I'#0

() - 3 X War (V)

; ~ I#£0 _
fo ()= ar () +xe (A = . T#o.
+ ) Xk Nxe ()
I'#£0
Observe that by the estimate (3.6b) and the analogous one for x* it follows
that | Z xr (A) Xr' | < const 2. Hence for € small enough & + C
[0

is invertible, and the set {¢r . : I' € M, z € Z*} is a basis in . The
lemma is proved. W

Remark 3.2. — One can prove, exactly in the same way, that the
decomposition

H="H;+H;
holds, where the subspaces 7:{’1‘ and H} are invariant with respect to 7*.
Moreover H7 is spanned by the basis { ¢}, given by formula (3.11), and

|/

1 is spanned by the basis

Yr, =Vh,—> hi U, T#0,uel” (3.15)

3.3. Projections on the invariant subspaces

We now want to separate the contributions to the correlation that come
from the invariant subspaces H; and H;.

The functions f;, fo can be expanded in the basis {€; (s) };=0,...,|5]-1
of the eigenvectors of the matrix Qo
fe(s) =3 e () + P eols),  k=1,2.
7#0
Recalling that ¢q (s) = 1, the correlation (2.11) becomes

S ey, (6 (1), € (G (22))),

7170, j2#0
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and it is enough to study correlations of the type

(€5, (& (x1)), €5, (6o (x2))), Ji,je=1,---,18] = L (3.16)
By the definition (3.1a) of the functions ¥ , we have for j # 0

ej (& (v) = E \I’F(w L (&, @), yez’

z€Zv

where ng) denotes the multi-index I'" such that suppl’={y} and
v (y) = j. Setting F; (§, z) = e;, (§(x;)), ¢ = 1, 2 (note that the functions
F;, i = 1, 2 are constant in z), we find

(e (& an)) = [ (T F) (€ o) di1 ()
= Z/ T'v ren ) (€ o) dIL(E),  (3.17a)

z€Zv
(e (€ (21)) € (€0 (22)))
- / (T Fy) (€, 20) F (€, o) dTI (€)

= Z /(T \I!F(m ) (&, zo) \I/Fm)(g) dIl(¢).  (3.17b)

zelv

The convergence of the series on the right-hand side of equations (3.17 a,b)
is established by Lemmas 3.5 and 3.7 below.

By Lemma 3.4 we have

—_qg®
\Ill"xl),z ‘I’pxn,z + ‘I’Fm ) 20
g H g H (3.18)
F(_wl) € Ny, F(zl)yz € Hy

The expansion of o ()m € H, in the basis {4y } can be written as

]1

(1) _ u
\IJF(Il Lz Z leyﬂh,z 'w“'

u
Since the vectors )} are orthogonal to the subspace H;, we have the

following equation for the coefficients C}.

(\Ij (1) ) (\I"( :21 il Ip*) - 1,21, 2 ¢u> ’L/): s
e Y, Z 7 ) (3.19)
v e ¥
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where (-, -) denotes as usual the scalar product in H. Eq. (3.11) gives

(Wl“x“,zw Py) = hl*fg’:l) a (3.20)
and

'(/]u’ v Z h h—f,i:/ (A u— v)(z Xr /\) XF )) d. (3.21)

By the estlmate (3.6a, b), and similar ones for x*, the series under the
integration sign converges, and we can write

Doxr WXV =1+ R (), (3.22)
r

where (A) may depend on e, but is uniformly bounded in ¢ (and has
a limit as ¢ — 0). Furthermore it is an analytic function in the complex
neighborhood W, of the torus T, as a consequence of the analiticity of the
functions xr (A) and xf (A) (Lemma 3.1). Hence if € is small 1+ €%k ())
is bounded away from 0, and the function (1 + &2k (\))~! is analytic.
From (3.19-22) we find

X; (z1) _ ()\) 0 )
c? = S — PN 3.23
T /Tu 14+e2k(N) (3.23)
By applying 7 to both sides of the decomposition (3.18) we find
(T ¥ ]>@,><W%&JMJ><W%&UMJ@
" (3.24)

We first study the projection in H;.

LEMMA 3.5. — The series

2T ¥, )& @) (3.25)

converges absolutely, uniformly in &, o, and for any T' € I we have

ST, a0 U () = [ GO A 26

z

where the function
Zwei (A, 2)
gr(}) = = 1+ e2k(A)
% Z e—i (A @0) X —2o (M) (¥pr, Up ) (3.26b)
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is analytic in W,.

Proof. — By Lemmas 3.1, 3.2 and equation (3.9a) we get

(Tt O ) (€, mo) = Z Cli oy, 2Tt (U —0) ¥y (&, o)

F(Il) z
j1

= Y CY i (u—v) B, T (€), (3.27)

u, v, IV

where

e (u) = / et (5 (N)tdA. (3.28)

From expression (3.23), and the analyticity of x*, by shifting the integration
path to complex values of ), it is easily seen that for d small enough

|X;<_m_z (M)
u < —n
;ICM%J zconstz sup =PIy

S AEWy

By formulas (3.27), (3.23), and (3.28), using some simple algebra, it is easy
to see that eq. (3.26a) holds with the function gr is given by eq. (3.26b).
The analyticity of gr follows from (3.26b), and the analogous estimate for
x*, and the fact that x*, x, and  are analytic functions. W

3.4. Estimate of the projection on H;

The proofs of Theorems 2.1 and 2.2 are based on formula (3.26a). We
first need to show that the second term in (3.24) gives an exponentially
(in t) vanishing contribution to the correlations (3.16).

For f € H; we write the expansion
f = Z fl",u’l/)l‘,u‘
I'u

Let A C Z” be a finite subset. We denote by d (A, u) the distance of a
point u € Z” from the set A and fix M > M™. Consider the subspace
Ha,4 C Hy of the vectors f € H; such that the norm

I £lla,q =sup > |fr,u|MI=PPTl g=d (4w (3.29)
v r

is finite. Clearly H,4 4 with the norm (3.29) is a Banach space. The
following assertion holds.

Vol. 30, n° 4-1994.



542 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

LEmMMA 3.6. — On can find § € (0, 1) such that for € small enough and

any finite A C IV the space 'H 4, ; is invariant with respect to the restriction
T|g, and

”T|7‘_l1 ”HA,q g 07

where 0 € (0, 1) is some constant independent of A.

Proof. — The proof is analogous to the proof of Lemma 4.8 of [5] and
is deferred to the Appendix A. W

The estimate of the second term in (3.24) is given by the next lemma.

Lemma 3.7. — The following estimate holds, for some constants 6,
g€ (0, 1)

(T \iﬂrﬁll) (& zo)| < const 6 gL, (3.30)

J1

Proof. — We prove first that \Tli}(_ll) . € Ha,q for A= {20}. To do
J

this we shall first construct a basis {3@1’2” : T #0,u €z} in H,
bi-orthogonal to the basis { ¢r,, } in H;. We have

(Yr,sy Y o) = 00,0 62 + D BEL B L = (E4+D)r o,

Setting

Pf . =vh .+ Y Broar o ¥ = (E+ B, Y,
2 2
(3.31)

where £ denotes the identity matrix, some simple algebra shows that B has
to be a solution of the equation

(E+D)(E+B)=E.

It is convenient to consider the matrices D and B* as operators acting on
the Banach space 4 4 on the double sequences f = { fr,. : ' #0, z €
Z" }, with the norm given by (3.29). Using the explicit expression for the

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



RANDOM WALK IN A DYNAMICAL RANDOM ENVIRONMENT. I 543

matrix elements of D and the estimate (3.6b) we have for A = { zo }
quuppl‘u{ zyu{z }+dsupp1"’U{ 2 yu{"}
M |supp T'|+|supp I'|

”Df”lqu < const €2 sup Z
2 zl’zll

r,r’
X 1for, o [MIo0PP T gl
< const ?||f]|s,., sup Z g'* " It daperugayuy
z

/ "
T2/, 2

|suppT|
(j—IZ'—ZI (M) .
M

Here we have used the triangular inequality and the obvious relation
dsupprvuf 2’ Ju{z} 2 |2' — 2"|. Taking 2’ = 24w, 2" = 2+ w, § € (g, 1),
the right-hand side is bounded from above by the quantity

M lsuep Tl
const €2||f]| 4, 4 Z pupp TULs U }U{0) (M) , (3.32)

Lyv,w
with r = fI; Here we have used the inequality dsyppru {0}ufw)+ [v—w| 2
q

dsuppTU {v Ju{w }u{0}- We can take M and M in such a way that

eM
3 ol
xelv

The proof that this choice of M implies the convergence of the series (3.32)
is complicated and is deferred to the Appendix A.

Hence for the operators on /4 4 defined by the matrix D and its adjoint
D* we have ||D|| < conste?, ||D*|| < conste?, so that the operator

B= -D*(£+D*)!
and its adjoint B* exist as bounded operators and have norms of order
0O (€2).
Next we write the expansion
= (1 20
\Ili"(.ll) £ = E CI(‘:“) "pr’“'
Jj T,u
The coefficients, using the explicit expressions (3.15) and (3.31) for Yr
and Yr ,, are given by

M*<M<

(20) _ 7x _ *
Cl",u - (qlpxl)’z(), "pl",u) - 6r§:1),r620,u + Bl—*;:l)

, 20,0 u
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Taking A = { 20 }, and recalling that the operator norm of B* in 4 ; is
finite, we see that ‘I/&)m ., € Hag
i’

We can now apply Lemma 3.6, which implies

17" \I’i}&n ZOHH“oH < const #°. (3.33)
i

In order to get the estimate (3.30) we write the expansion
) — it
T \I;F(‘EI) 20 - Z f;?u 1/)F,u~
1’ C.u

With the help of (3.10), (3.33), we get for some M > M*

- i N
|TL \Ilia(_)m 2 (fa $0)| § Z |flf?;tt|M|SuppF| q'“ zo
o I'u

< const §* Z gluolHlu=sol < congt §t gloo—%l,

u

where we have assumed that § is larger than the constant # appearing in
the estimate (3.10), and have set ¢ = v/§. Lemma 3.7 is proved. W

Remark 3.3. — From Lemma 3.7 it follows immediately that

(DT WL ) w0), T (+))n| Scomstd. (334)

z

3.5. Proof of Theorem 2.1

In order to prove Theorem 2.1 we have to find the asymptotics of the
first term in (3.24).

In formula (3.26a) we can deform the integration contour in a complex
neighborhood of the point A = 0 in such a way that along the deformed
contour the inequality |p(\)| < 1 holds. In fact we can write the power
series expansion of p () in a neighborhood of A = 0 as

PA)=1—i(b, \)— % (AN, \) +0(\3), (3.35)

where b € R” is the drift, which in [5] is shown to be given by eq. (2.12),
where p is given by eq. (3.6d). By assumption III, (A A, )\) is a positive
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quadratic form for £ small enough (see Section 3 in [5]). Setting A = 7+i 0o
we get
[p(7 +i0)]? =1-2(b, 0) + (A0, o) — (AT, 7)
+ (b, )2+ (b, )2+ O((r2 +02)*/?).  (3.36)

Since we know that |p (A)| < 1 for 7 # 0, 0 = 0 (see Lemma 3.5 of [5]),
we have
(A1, ) > (b, 7)%
On the other hand, setting ¢ = ab for & > 0, we get
—2(b,0)+ (Ao, 0) = —2a(b, b)+ a®(Ab, b) <0 (3.37)

for o < ag sufficiently small. We now take a sufficiently small sphere

|T| < k1 _on the torus T" in such a way that outside of this sphere

|p(A)] < 6 < 1. We then deform the interior of this sphere to a “contour”
E={A=X(1)=ta(n)b+7,|r| <kK1}

where the function « (7) is chosen in such a way that ag > « (7) 2 0 and

a (1) = 0 on the boundary of the sphere |7| = x;. By (3.36), (3.37), we get

p(\)| <0<1, AEX. (3.38)

Since the contour ¥ is within the region of analiticity of the functions 5 ()
and g (A), the integration region in the integral (3.26a) can be changed to
{A=7+4+t0:|7| 2K1,0=0}UX
The assertion of Theorem 2.1 follows from Remark 3.3, which gives the

decay in ¢ of the second term of (3.24), and from relations (3.26 a), (3.38),
which given the analyticity of Ip=2)s lead to the result.
J2

3.6. Proof of Theorem 2.2

We first prove the following lemma:

LemMA 3.8. — For the symmetric random walk p()) is an even real
Sfunction of A.

Proof. — Consider the following antilinear transformation (reflection) R
acting on the functions on {2

RHE, =)= fVE —=).
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The symmetry condition on the random walk implies that 7 commutes
with R, and moreover

RU,=U_ R, scl,

where U, is the translation operator. It follows that the space H,, which
is an eigenspace of the group {U, } with eigenvalue e* (> [see (3.2)], is
transformed by R into itself. Moreover, as R and 7 commute, the vector
R x()\) € Hy is an eigenvector of 7 () with eigenvalue 5 (\). It was
proved in [5] that the eigenvector of 7 (A\) with eigenvalue of maximum
absolute value is unique, hence R x (\) = B x (\), where (3 is a constant.
This implies p(A) = p(A).

If we now consider the linear transformation R

(ﬁ)f(gv .’L‘) = f(V§> _I)’

then by observing again that R commutes with 7, we can repeat the above
arguments to find that

RHy = H_j, R x (A) = const x (=),
i.e., p(A) = p(—A). The lemma is proved. W
To accomplish the proof of Theorem 2.2 we need the asymptotic

expansion of the integral (3.26a) for I' = I‘g:z). Note that by formula

(3.28), and the fact thatxr(0) = 6, r (Lemma 3.1) we have Ipe2) (0) =0.

In the asymptotic expansion of the integral (3.26a) one has to take into
account that A = 0 is the absolute maximum of the function p (A), A € T".
The proof is technically complicated and is deferred to the Appendix B. W

3.7. Proof of Theorem 2.3

The first step is the extension of the results of Lemma 3.7 and Remark 3.3
to any function ¥ ,, I’ # 0, of the basis. Namely inequality (3.30) holds
i{ Fgf‘) is replaced by any I' # 0, \Tl{}) being the projection of ‘?1‘ on
;. Similarly inequality (3.34) holds if we replace T'"") by I' # 0, and

1";:2) by any I'". The proof of these facts does not differ from the previous
proofs and we omit it.

As a consequence we have the asymptotics

(T*Or) (€, 20) = O (TP (€, zo) +0(8"), T #0. (3.39)

z
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as t — oo. Here, 6 € (0, 1) and \I'?’)z is the projection of ¥ , on 7:(1.
Furthermore, by the same procedure as in Lemma 3.5, it is easy to see that
the first term on the right of eq. (3.39) is equal to

[ o0& ) GOV i

where

. GO
gr (’\7 & ‘TO) - ; Y (f) ; 1+e2 KZ()\) XTI —=g (/\)

In analogy with the proof of Lemma 3.5 one can see that gr (-; &, o) is
analytic in W, for d small enough, and its derivatives in W, are bounded
uniformly in £. We are in a situation in which the classical Laplace method
for the asymptotic (in ) expansion applies (see [9], Chap. 8). We obtain

o P (€, m) 1

t — T y Lo

(T ‘1’1") (f, «TO) /2 + FW/2)+1 +o0 (W), (3.40a)
where

CF) = (2 7r)"/2 (DetA)"1/2 Z xr_, (0), (3.40b)

A is again the matrix in eq. (3.35), and the function Cl(ﬂz) (&, zo) turns out
to be given by the formula

O (&, o)

9 v/2 -1/2
= (27)"/? (Det A) { Z biy ky T BAklaAkz

(k1, k2)

A=0

1
+ E ar lA—O E Qky ko, ks, ka
(k1,k2, k3, ka)

X (bky,kz Ok, ks + Oky, k3 Ok, ke + Ok, kg Ok, k3) } (3.40c)

In the first sum the indices run over all the ordered pairs (k;, k2), and in

the second sum over all ordered quadruples (k;, k2, k3, k4), ks =1, ---, v,
i =1, 2. b; ; are the matrix elements of B = A~!, and
9* log p(N\)

Qky, k2, k3, ks =

Ok, DMy Oy ONg, Ia=0

Vol. 30, n° 4-1994.



548 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

The assertion of Theorem 2.3 follows easily from relations (3.40a-c), and
the quantities Cl(;) in formula (2.16) take the form

cP =N VR =12
r

where the coefficients { Fr } refer to the basis { Ur : I' € 9 }.

CONCLUDING REMARKS

Theorem 2.1 could be made more precise, with some more work, by
finding out the exact asymptotics, which, under some general assumptions,
should be of the type

const oot
t ’

a>0,v>0,

where o and v depend on the parameters of the model. In general one
should have v = -;— or v = v according to whether the “one-particle” or

the “two-particle” branch of the spectrum dominates the asymptotics. This
problem requires a more detailed investigation, and we plan to come back
to it in a future paper.

Condition VIII is certainly strong, but it has the advantage of making
proofs much simpler. One could replace it by a weaker one, requiring
inequality (2.8) to hold only in some neighborhood of A = 0, and using
ideas similar to the ones introduced at the end of Section 3 of [5]. We hope
to come back to this problem as well.

There is a simple intuitive (or “physical”) explanation of the results of
Theorems 2.2 and 2.3, which can be formulated as follows. By the local
limit theorem for the position of the random walk (see [4] and [5]), the
particle starting at the point, say, zo = 0, in the absence of drift, falls at

some large time ¢ on any fixed point z € Z¥, at a finite distance from
t

the origin, with probability Ctoyi/i Since the “information” on the field is

carried by the particle performing the random walk, one can say that the

“fraction of information” on the value of the field &, (0) which gets to the

const X
. Actually the correlation tends to
tu/2

zero faster, as cancellations occur in the computation, due to the fact that

1
the coefficient Cl(}) in front of ek in (3.30) does not depend on x, and £.

point z at the moment ¢ falls off as
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APPENDIX A

Proof of Lemma 3.6. — The coefficients in the expansion (3.4 b), computed
in [5], are given by

Hr
Hy (=)
X L(y(2'), ¥ (); 2 — ') 84, ()T, Aoz (A.la)

7i",z,l"’,z’ = /il"(sr,p/ Po (z — z/) +e€

Here A; (z)I', =0, ---,|S| — 1, 2 € Z”, denotes the multi-index which
is obtained from I' by replacing its value at z by j, and

1S]-1
L@, i w) =q) Po(u) + ;Y b e ()
1=0
|S|-1
+e Z q by, 1 ek (u). (A.1b)
1, k=0

The coefficients are given by (2.6f), and the following properties, which
are easily derived

Co (U) = 07 Cj (U) = Ov Iul > Dv

. ' . (A.1¢)
=0 U x=bim  bhm=0im
It follows in particular that
L(0, 0; u) =0, L (0, m; u) = ¢, (u),
A.ld
ZL(O, m; u) = 0. A1d)
uezv

Vol. 30, n°® 4-1994.



550 C. BOLDRIGHINI, R. A. MINLOS AND A. PELLEGRINOTTI

We introduce, as in [5] the subspaces ’H‘f, spanned by the vectors { U5 ,, :
u € 7" }, and H?, spanned by the vectors { ¥r , : ['# 0 u € Z¥}. The
operator C defined by formulas (3.13a,b) can be written as an operator

matrix
COO C01
C= <C10 cu) (A2)

where C% : 7:{_(1) — HO, €' HY — HY, C® . HY — HY, and
C' : HY — HY. We have C® = 0 and C'' = 0, and, setting for
convenience C!° = S, C% = §*,

. —_ z * _— ! N ! v
80,2,1—‘,3' - hr,z” SF,Z,G, z! = _h’;‘?z’ r 76 0, zZ, %2 € zv.

The spaces H, and H,; are written as

Hi={f+Sf: feH}, Hi={f+S*g: geHI}.
Writing 7 as an operator matrix, in the same way as C in eq. (A.2), the
invariance under 7 of H; and H; is easily seen to be equivalent to the
following conditions

ST +8T"S=T"S+ T,
S* Tll + S* TlO S* = TOO S* + TOl_
Eq. (A.3) implies that if g € ‘H, is written in the basis {¢r.  : T # 0,
z€l'}as g = Z gr, - Yr, =, then
I'#0, z

T|’Fllg = Z (Tll + Tlo S*)F,z,l"’,z’ gl",z 77[/'1"’,2’-
I'#0, z
I'#0, 2’

Hence the operator 7 |, is represented in the basis { 9r,. } by the matrix

Trore = Trper, o — 3 B0, To 1, -
u

(A3)

Consider now the norm (3.29) for g as before. The estimate of ||7 g|| 4, 4
can be reduced to the separate estimate of three terms. The first one is
bounded from above as follows

|ua|sup Y lgr, | Po (u — 2) g4 MlswweT!
u T,z

llsup 3 g, o1 Po (u — 2) G442 MlsuppTl gl

u
I,z

leal llglla, g4~

A

D

N
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Choosing ¢ by setting log ¢ = % log |p1], with n € (0, 1) the right-
hand side is bounded by |u1|*~"||g||4, 4. The second term, corresponding
to the second term on the right of eq. (A.1b), taking into account that
|[supp | — |suppI”|| £ 1, and that for fixed IV, u I" can take only |S|
values, is estimated by

const € M sup Z IL (v (u), v (u); w—2)| |gr, | MI®PPTT g=d (4w
R O

< constant e M|S|¢2||g]|a, -

The third term corresponds to the second term on the right in equation
(A.3) and, using the estimate (3.8) for h*, is estimated by

conste” M sup 37 qluerrorr (0, () = 0)llgrs, #g~ 4

u
’
LI, zv

< conste? M|S| sup > "N 1 {juui<p}lor, -l

!
I',z,v

x MflsuppT’| |(j—d (A,2) (j—lz-UI

< conste? M|S| ||g]| 4, 4 sup Z g 1{ju=v|<D} gl v, (A4)

z,v

where we used the inequality dsyppr/uzus > |2 — v|. Taking § € (g, 1),
and setting ¢ = (¢ we find that the last expression is bounded by

conste? M|S| ||glla, 442 D¥ Z g
u

and the series converges since 5 € (0, 1). Putting all together we find

1715, 9llag S |mal®~™ (1 + constante)llglla, g,

which proves the Lemma.

Proof of the convergence of the series in (3.32). — We shall prove for
simplicity the convergence of the series

§ : quuppFU{O} ﬁlsuwFI
T

for g € (0, 1) and B < (Ce)™", with C = ) ¢ll. This implies the

€zv
convergence of the series in (3.32). ‘
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We have

Z quupPFU{O} < Z Z H qlz—yl (A.S5)

|supp I'|=n |suppT|=n Tn (z,y)€Tn
where Z denotes the sum over all tree-graphs with vertices at the points

Tn
of the set suppI' U {0}. If O coincides with some point of supp[ it is
convenient to consider it as distinct, so that the trees 7, have always n + 1
vertices, two of them may be at distance 0. Passing from summation over
suppI' to summation over the ordered sets of points {1, z2, -+, z,},
and changing the summation order, we find that the right side of (A.S)

is bounded by
Sa X I e

1, Tn (1 ])ET

where the sum is over all the abstract trees 7,, with n + 1 vertices. The
sum over z, - -+, &, is estimated by C", and, as the number of abstract
trees with n + 1 vertices is estimated by (n + 1)™, we get that the series
is majorized by the series

n=0
which converges if C fBe < 1.

APPENDIX B

We assume Conditions I-IX, which imply that the functions c; (),
j=1,---,|S] —1 and po (\) are even in A.

We first prove a result which is interesting by itself on the behavior of
the function { xr (A) : I' # 0} solution of eq. (3.6¢) for small ¢.

ProPoSITION B.1. — As ¢ — 0 the following asymptotics holds.

|S|—-1
xcN)=¢ > W D 6. )
7j=1 Yy Ad
/ —i(p, @) p 2 e () ®.1)
X ~ —~ w-+e“p s .
Do (A) = i Po (1 —A) g
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where ¢; (\) = ch (u) ¢ ). Moreover the function {pr : T # 0} is
uniformly boundeliz' in the norm of L,.

Proof. — We recall that ng) denotes the multi-index with suppI’ = {z}
and v(z) = j.

As in the proof of Lemma 3.1, we consider equation (3.6 c) as an equation
in the space £,, and we rewrite it in the form

(L=RO)xMr=hec(N)+gr(A) T#0, B
with
RF,O N _ ey o 6'y~(0) (A)
T
e (V)= ~275 1%:61?6,1"' (M) xrv (4).
Here R () is the operator with matrix elements (5o (1)~ Rr v (A), and we

have used relations (3.4a,b), (A.1a). I'y denotes the multi-index obtained
by deleting the point O from suppI'. We can write

RA)=RON) +eARMN), RO M) =R()|e=o,

and R(© (A) is identified by eq. (A.1a). The Neumann series (of operators
on L,)

hr (A) =

(B.3)

(A=RO)™ = (1RO () - AR (M)
= (1= RO Q)7+ (1= RO )

X i [(1-RO M) TeARN)]* (B.4)

converges, since, by reasoning as in the proof of Lemma 3.1, one can see

| + O (¢). Hence

that the norm of the operartor R () is less than ——
P ) PAERTE:

the operator 1 — R (1)) is invertible.
Substituting (B.4) in (B.2) we get

xr(N) =D (1=RO W)k (e () + grv (V)

I'#0
+y [(1 - RO (A)~! i e*
I/ #0 k=1
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x [(1=RO )T AR
X (b (A) + gr (1)) (B.5)

Taking into account the estimate (3.6b), we see that the only contribution
of order € in (B.5) is given by the term

or(A) = Z (1=RO )k hre (N,
£

the rest being at least O (¢?) in the norm of £,. By the above expression
for hr, one sees that or is different from zero only if |suppI'| =1, i.e., if

I =T for some z €2, j=1,---, |S| — 1. Assuming that I" = N
taking into account that RIQ,F, (A) = uj Z 6. 14w Po () et (/\,u)’ we get
uezv
Po(u) ; ¢ (A)
A) = pj — et w(A) b, o 1L,
‘pf‘( ) U‘];po(/\) Pr+ ( ) ,Opo(/\)

Using the Fourier transform in the x variable we get

or )=ty () [t

— du. B.6
B —pe(a N (RO

This concludes the proof of Proposition B.1. W

We now turn to the asymptotics as ¢ — oo of the integral on the right-
hand side of eq. in (3.26a), which we shall denote by I (t). By applying
the classical Laplace method (see [9], ch. 8) we find

1 1 1
- v/2
O = 35w 7" ey

32
S - — 1 1 B.7
" LZ; bk g 0 | 0+ @

where A = {a; ;} is the matrix given by (3.35) B = {b, ;} = A™!,
and the function gr (\) is given by eq. (3.26b). We are interested in the

expansion (B.7) for I' = F§:2). We shall write g, instead of g (=), for

brevity. The expansion in € of the leading term in right-hand “Side of
eq. (B.7) is given by the following proposition.
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ProrosiTioN B.2.

2 —i(w',x1—20) W) a(wl) dow’
3)%1 8)\k2 I l,\ =0 Z /u 1— j, o (W) v

|S]-1 . )Zuklukz% (u)
x;;/ 1 = pj Po (w)

X dw (Urer_, , Yoen Ju+e g, (B.8a)
J 72

where
aw)=> [ Po(w)+ Y c; (w)bl, ;pj] e, (B.8b)
u i

and g is finite as € — 0.

Proof. — We recall that the quantities q], ¢; (u) and bl ; are defined by
eq. (2.61), and py is given by eq. (2.3d). For the proof of Proposition B.1
we need the asymptotics as € — 0 of the various terms appearing in the
expression for the second derivatives of g. The proof is based on the
following two lemmas.

Lemma B.1

82 0?
Ok, O, g] o Z Xren s, O 53,

X Z Xr—zo (A) (¥Yr, ¥ r )1 [x=o0-

Lemma B.2. — We have

- O / e-i(w,z;—Zo)_a.L(f)___dw-{—E gl\z
F<1) () y 1 = pj, Po (w) ()

where & (w) is defined in eq. (B.8b) and Z|g(zo)| < o0.
We postpone the proof of the lemmas and complete the proof of
Proposition B.2.

By Proposition B.1 the derivatives of pr (\) are uniformly bounded in
Wy, since the functions pr () are analytic in Wy, and the £, norm of pr
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is bounded as € — 0. Hence I' = ng) we have
? \
(9)\kl 8)\k2 XF( ) lA:O
Z Uy Uk, Cf (u) (B.9)

— -i(w,z) u d 2
= —¢ e - w+¢e” ¢ (x),
/. T= 1130 @) )

with Z|¢($)| < 0. Proposition B.2 now follows from Lemmas B.1

and B.2. We actually need to take the sum on zy, and we get as the
dominant term of the expression (B.8a)

o IS|-1 Dk, g, 5 (u)
0 —i(w,z) _u

€ =
1*#112;/~ 1= 4 po (w)

xT

X <lIJI‘(.’)—zo’ \I/F(‘zg) )n do. W
J J2
We now pass to the proof of the lemmas.
Proof of Lemma B.1. — The proof is a straightforward calculation, namely
0? 0?
2 g ' =S
8/\k1 8)\k2 A=0 a/\kl 8/\k2

20

e—-’i ()\, Ty —zo)

x - A
[(x(/\), O Xz, ’} e
X E Xr—zo (0) (¥r, Y1) )m

F J2

0 [ e~ t (A z1—20) ()\)]
+ v .
My LX), X Ot ey 15720 ] o
0
X EIW Z XT-zo (A) (‘I’F,‘I’ngz) i) a=0
> T
0 e~ i (A z1—20) . ]
+ . A
Ok, I:(X(A)a X* (M), (o) Xr§11)—z0( ) ‘,\:o
1o}
X a)‘kl ; XT'—zo ()‘) <\I}Fa \prgzﬁ >H L‘=0
————— 02 \
+ Xp(zo_, (0) Br. O0r, Zr: Xr—zo (A)
. . B.10
8 <\IJF’\IJF§'2 ) ‘,\zo} (B.10)
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The first term on the r.h.s. of (B.10) is zero, as xr (0) = 0 for I # 0. For
I' = 0 we have ¥5 = 1 and obviously

(1, ¥ e2))m = 0. (B.11)
J2

For the second and third term in (B.10) we need to compute
0

— A
o xr (A)

Obviously 5(—9/\—)(@ (A\) = 0 for all A € T, and if ' = O then a

k .
straighforward calculation, which makes use of the symmetry of the function
¢ ('v ')v gives

9 _y Bro) o0 _
e ) L=0_F,§) e V| T B

0 s
(B.12) is a linear equation for the quantities Za AT (A ’/\ X I’ # 0, which
can be considered, for example on a subspacekof Hay. Since the operator
with matrix elements { Rr v : I', IV # 0} is bounded in this space, as
it follows from formulas (A.1a,b), and (3.6¢), with a norm |u;| + O (¢),

€q. (B.12) has, as a unique solution, the —— xr () l)‘ 0= 0. Lemma B.1

Ok
is proved. W

Proof of Lemma B.2. — The proof could be based on a small € expansion
for xp similar to the one established in Proposition B.1 for xr. To be
short, observe that the following equations holds, as a consequence of the
invariance of x* under 7* [5],

Xren_, (0) ) Sﬁm_z(, o (0)XE (0) — Sr 5 (0)
J1 FI#O
where
Sr.r (A) = Revr (A)

Lemma B.2 is then proved by solving this equation with the methods used
above. H
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