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ABsTRACT. — Replacing a measure y by a distribution in the Levy
representation || x| =J |{x, s)|?dy(s) of a norm we define the genera-
mn

lized representation which exists and is unique for every finite dimensional
Banach space. This representation leads to a criterion of isometric embeda-
bility of Banach spaces into L ,-spaces.
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ResuMt. — En remplagant la représentation Levy la mesure par la
distribution nous déterminons la représentation générale Levy qui existe
et qui est unique pour n’importe quelle espace de dimension définie. Cette
représentation donne les critéres de possibilité de placer isométriquement
des espaces de Banach dans espaces L,.
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336 A. L. KOLDOBSKY

1. INTRODUCTION

An old question going back to P. Levy is to characterize those Banach
spaces which embed linearly and isometrically into some L -space. It is
well-known that a Banach space is isometric to a subspace of a Hilbert
space iff it satisfies the parallelogram law [5], [12]. But as shown by
A. Neyman [27], for p#2, subspaces of L, can not be characterized by a
finite number of equations of inequalities.

For p#2, a popular idea of constructing isometric embeddings into L,
is based on the connection between stable measures and positive definite
norm dependent functions which has been discovered by P. Levy [20]. Let
(E, || . ||) be an n-dimensional Banach space, and assume there exists an
even continuous function f: R - R such that f(0)=1 and the function
S(||x||) is positive definite on R". By Bochner’s theorem, there exist a
probability measure p on R” and a probability measure v on R such that
p=£(||x||) and v=F (we denote by ~ the Fourier transform). One can
easily prove that, for every xe R", x #0, the measure v is the image of the
measure p under the mapping s — {x, s)/||x||, seR" (here {x, s ) is the
scalar product). If v has a finite moment of the p-th order then, for every
xeR", we have

4

. (s)

=(j|z|pdv<z>)-uxup M

Now we can embed E isometrically into L, ([0, 1]) taking functions from
L, ([0, 1]) with the joint distribution p (for details and generalizations of
this reasoning see [1], [25], [19], [21], [34], [14]).

This method was first used in [1] for constructing isometric embeddings
of the spaces I} into L, where 0 <p<g=<2. The construction was based
on the well-known fact that, for ge(0, 2], the function exp(— ||x|9) is
positive definite on R", where || x||,=(|x, |*+ ...+ |x,|9".

The authors of [1] have also given a general criterion: For 1<p<2, a
Banach space (E, || . ||) is isometric to a subspace of L, iff the function
exp(— || x||") is positive definite. This result was generalized by
J. L. Krivine in [18]: if p=1 and 2r—2<p<2r=<4k for some positive
integers r and k, then a Banach space E is isometric to a subspace of
some L -space iff for every choice of ey, ..., e,€E and every choice of

(x5
x|

[L1coobau =l [
R"
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GENERALIZED LEVY REPRESENTATION 337

scalars py, ..., p, with ) p;=0, we have

i=1
(1Y |le, te,£. .. xe, |Ppiy - - Py, 20

where the sum is taken over all choices of integers 1<i,, ..., {,,<n and
all choices of signs.

The criterions mentioned above have a disadvantage, namely, it is
usually difficult to find a positive definite norm dependent function or to
prove the absence of such functions. For instance, the following questions
posed by L. J. Schoenberg [30] in 1938 had been open for about fifty years:
For which p>0 are the functions exp (— || x||?) and exp (— || x||%) positive
definite, where ¢>2 and || x||,, =max(|x,|, ..., |x,|)? An answer turned
out to be the same for both spaces [} and I%: pe(0, 1] if n=2, and pe &
if n>3. For the spaces [}, the result was obtained in 1991 [14], and for
the spaces /" the answer was given in 1989 by J. Misiewicz [26]. Moreover,
J. Misiewicz proved in [26] that, for n>3, a function f(|| x||,,) is positive
definite only if fis a constant function.

One can look at Schoenberg’s problems from another point of view.
As it was mentioned above, for 0<p<2 the function exp(— ||x|]?) is
positive definite iff the space (E, || . ||) is isometric to a subspace of L,.
Obviously for p>2 the function exp(— || x||) is not positive definite for
any norm. L. Dor [2] has proved that for p=1, g=1 the space [ is
isometric to a subspace of L, only in one of the following situations
(a) p<q=2, (b) q=2, (¢c) p=gq, (d) n=2, p=1, q is an arbitrary number.
Thus, to give an answer to the first Schoenberg’s question it suffices to
prove that, for ¢>2, the space l;:' is not isometric to a subspace of L,
with pe (0, 1). Since the space /2 is not isometric to a subspace of the
smooth space L, with p> 1, the answer to the second Schoenberg’s ques-
tion will follow from the fact that the space /3 is not isometric to a
subspace of L, with pe (0, 1]. It is well-known that every two-dimensional
Banach space (E, || . ||) is isometric to a subspace of L, (see [4], [10], [23],
[33]), and the function exp (— || x||P) is positive definite for every pe (0, 1]
(note that exp (— || x||) is positive definite and use an easy fact from [31]).
For some other results concerned with isometric embeddings into
L -spaces see [24] and [11].

In this paper we unite the results described above by giving a new
general criterion of isometric embeddability into L ,-spaces. We prove that

an n-dimensional Banach space (E, || . ||) is isometric to a subspace of L,
with p>0, p#2, 4, 6, ... only if the distribution
1
b )= ——— (X Ep, - B 2
(3 En-1) 2ny! e, (I[x]1)" &, En-1> 1) @
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338 A. L. KOLDOBSKY

is a finite measure on R"™! with finite weak moments of the p-th
order (i.e.j [{x, E)|Pdy(E)<o for every xeR""). Here
Rn—l

c,=2P*'w!'2T((p+1)/2)/T (—p/2) and the Fourier transform is consi-
dered in the sense of distributions. In the case where (|| x||")* is not a
regular distribution the expression in the right-hand side of (2) will be
clarified (for precise statements see Section 2).

We show in Remark 2 that this criterion does not differ much from the
criterion from [1]. Thus, our criterion has a similar disadvantage, namely,
it is usually rather difficult to calculate (||x|[?)*. Fortunately, formulae
for (|| x||))* and (]| x||%)* have recently been obtained in [14], [15], [16].
In Section 3 we apply these formulae to study isometric embeddings of
the spaces I and /7, into L,-spaces. In particular, we give concrete
expressions for isometric embeddings and prove Schoenberg’s conjectures.
Besides that, we prove that for every ¢>2 and pe(0, q), p#2k, keN,
there exist two operators T,: /73— L, ([0, 1]) and T,: /7— L, ([0, 1]) such
that || x||p= || T, x||?— || T, x||? for every x e} (note that the space /; with
g>2, n23 is not isometric to a subspace of L,). If g=2k, ke N, this fact
is valid for every non-even positive number p.

In the case n=2 the equality (2) can be rewritten in the form
Y(E&)=(1/c,)(]le; +Ee, ||)P* Y, where in the right-hand side we have the
(p+ 1)-th fractional derivative of the function ||e, +&e, ||”. This expression
is particularly convenient if p is an odd integer. Here one has to calculate
ordinary derivatives.

The criterion (2) appears here as a result of generalization of the Levy
representation. Let (Q, ) be a finite measure space, p>0, E be an
n-dimensional subspace of L,(Q, o). Let f}, ..., f, be a basis in E and p
be the joint distribution of the functions f;, ..., f, with respect to o.
Then for every xeR" we have

n P J‘
Q

Z x.f;
i=1

These equalities are usually called the Levy representation of the norm in

E with the exponent p and the measure p.

Choosing different bases in E we can get the Levy representation with
different measures p. But if we assume that p is supported in the unit
sphere S"~! in R" then such representation is unique (see [13], [27], [22],
[9] and a more general fact in [17]). It will be more convenient for us to
ensure the uniqueness of the Levy representation projecting p not onto

Z x,f: (®)

i=1

llx[lP=

pdc(m)=fn|<x, sy |Pdu(s).
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GENERALIZED LEVY REPRESENTATION 339

the sphere but onto a hyperplane:
IxlP=_1¢x s Pauco
®"
s

J;,,#O n n

(g, e xn—1)=L"_l|x1 Ei—=x8— ... _xn—lgn—l—.xnlp

de(&l’ RS &n—1)+(f(x1’ "'5xn—1)’ (3)

where y is the image of the measure |s,|’dpu(s) under the mapping
(51> - o5 $0) > (= S1/Sp> S2/Sp> - - -, Sy—1/s,) acting from R™\{s:5,=0} to
R"~! (thus, y is a finite measure on R"~1).

The representation (3) was obtained under the assumption that E is a
subspace of L,. But if we allow y to be a distribution (see Definition 1)
then such generalized representation exists and is unique for every p>0,
p#2,4,6, ... and for every finite dimensional Banach space. Moreover,
the distribution y can be calculated out of the norm. Thus, we get formula
(2). Checking if y is a finite measure on R"~! with finite weak moments
of the p-th order we can verify isometric embeddability of the space into
some L -space.

$y Sn—1 i
X 2+ +x,, +x,| |50 |P di(s)
5

2. GENERALIZED LEVY REPRESENTATION

We need some preliminary remarks. As usual, we denote by S=S(R")
the space of infinitely differentiable rapidly decreasing functions, and
S’=S'(R") is the space of distributions over S. If Q is an open subset of
R” then 2 (Q) stands for the space of functions from S (R") having compact
supports in Q. We refer the reader to [6] for definitions and facts concern-
ing distributions. Note that the authors of [6] use the multiplier exp (itx)
in the definition of the Fourier transform, and we use exp (—itx), so the
sign in some formulae may differ from that in [6].

We start with a simple fact which could be found in [14] or [17]. We
shall, however, give a proof here, because the fact is crucial for further
considerations.

LemMmA 1. — Let p>0, p#2,4,6, ..., E€R", ££0. Then for every
¢ €S (R") with 0¢supp @, we have

f |<x,&>|P<B(x)dx=(2n)"-*c,flzl-“vcp(ta)dt @)
Rr"

Vol. 28, n° 3-1992.



340 A. L. KOLDOBSKY

Proof. — It is well-known that (| x|")" ()=c,|t|"* 72, t50, for all p>0,
p#2,4,6, ... [6]. By the Fubini theorem

j |<x,&>l"<?>(x)dx=j M”(f é(x)dx)dz
RrR" R (x,E)=z

=<1z|fzj by ©
(x,§)=z

The function ¢ — (¢)* (££)=(2n)" @ (—t£) is the Fourier transform of the

function z — ¢ (x)dx (it is a simple property of the Radon
>=z

{(x,
transform, see [7]). Therefore, we can continue the equality (5):
1 b St n n-— -1-
=E<Cp|t| 17 2n) e (-t y=02m) lcpj [t|' P (tE)at.
R

Denote by R the set { xe R™ x,#0}, and, for p>0, define a mapping
T, 2(R) -2 (R"™1) by

Tp((P)(&l, RS ] gn—1)=j |t|_1_p(p(t&|1, _t€29 MR _tgn—la _t)dt

for every o€ 2 (R%).

Lemma 2. — 1, maps 2(R;) onto 2(R* Y. In particular, if
Y1 Y268 R*™Y) and (v, 7,(@) ) =72, 1,(9) ) for all 9D (R}) then
Y1=7Y2-

Proof. — Let u be an infinitely differentiable function on R supported

in the segment [1/2, 1] and such that J |¢|"*"Pu(f)dr=1. For a given
R
function Y€ 2 (R"~!) define a function ¢ on R" by

(p(tE.;l’ _t§2’ ) _tE.m—l’ —l)=u(t)\ll(§1, IR E.:n—l)

for every &, &,, ..., §,_, teR. Then ¢ 2 (Ry) and 1,(9)=V.

Note that similarly we can get an arbitrary function Yy €S (R""!) using
a function @eS(R") supported in R Besides that, if Q is an open
subset of R: and Q,={(x,/x,, —Xs/Xp .., —X,_1/X,): x€Q} then
,(2(Q)=2(Q,).

We shall generalize the Levy representation replacing the measure y in
(3) by a distribution.

DerFiNniTioN 1. — We say that an n-dimensional Banach space
E=span(e,, ..., e,) admits the Levy representation with an exponent
p>0,p+#2,4,6, ... and a distribution ye S’ (R*™!) if for every function

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



GENERALIZED LEVY REPRESENTATION 341
@€ S(R") with ¢ e 2 (R") we have

J ||x1e,+ ... +x,e,|P0(x)dx
IR"

= <Y(§1a < &n—l)’J |x1 E1—x,8;
RrR"

_'"_xn—l‘t:n—l_xnlp(p(x)dx> (6)

_ The correctness of this definition is ensured by the condition
®e 2 (R}). Indeed, it follows from (4) that

\Il(&)=fn|x1&1—xz§r Xy X, [P (x) dx

c PPN
=_pJ~|t| ! p(p(t&h —t&2>~--9_t&,,—1, _t)dt
21 Jg

By Lemma 2 the function { belongs to 2 (R"~') and the distribution 7y in
(6) is unique (if it exists) under a fixed basis in E.

Definition 1 becomes senseless if p=2k, keN. In fact, one can open
brackets in the right-hand side of (6) and use the connection between
differentiation and the Fourier transform to verify that all the moments
of the function ¢ with ¢ € 2 (R") are equal to zero:

oy + ...ty (’b
xft. . xpro(x)dx=————(0)=0
Ln ! () ax‘}l...ax:"()
for every multi-index a=(a, ..., o,).
DEFINITION 2. — Let yeS'(R"™1). Then |¢|~* P dy (£) denotes the distri-
bution on 2 (R}) satisfying

(Je[717Pay ), 9
=<Y(§)a4f Itl_l_p(P(tE.m _t‘gz’ B “t&,,_l, _t)dt>=<’Ya tp((P)>
R

for every function ¢ € 2 (R%).

It is easy to see that this distribution is even and homogeneous of the
order —n—p.

Let us point out the connection between the defined Levy representation
and the Fourier transform.

THEOREM 1. — If p>0, p#2,4,6, ... and an n-dimensional Banach
space E admits the Levy representation with the exponent p and a distribution

Vol. 28, n° 3-1992.



342 A. L. KOLDOBSKY

yeS' (R*™1) then:
@ (|| x[[)* =@my ¢, | 1|7 ~? dy () on Ry
(b) if, additionaly, (||x||P)* is a continuous function on an open
set Qc R then the distribution Yy is a continuous function on
the set Qu={(X1/Xp —Xp/Xpy ...y —Xu_1/X,):XEQ} and, for every
&,:(gl’ tes én_1)€91
YE - an_1)=M(||xllp)ﬂ(al, i ),

Proof. — Let @ be an arbitrary function from 2 (R.). It follows from
(4) that

<X, @=L ]lx]|PP, @)
- <v(&), f PRI —xn_lén-l—xn|ﬂcb(x)dx>
IR"

=(21t)"'1cp<y(§),j |t|_1—p(p(t§1’ "‘t&z, ) _tgn—l’ ——t)dt>'

and the statement () is proved. Since (|| x||?)* is a homogeneous distribu-
tion, (b) is an easy consequence of (a).

Theorem 1 describes the distribution y completely in the most important
case where (|| x||?)* is a regular distribution. Now we are going to treat
the general case where (|| x||’)* may be non-regular. We shall prove that
the generalized Levy representation exists for every finite dimensional
Banach space and every p>0, p#2,4,6, ....

F(l)r an arbitrary function ¢ € S(R") and p>0 define the function ¢, on
R"™! by

(pp(st L) yn)=j |x|"+p—1(p(x’ xy2: L] xyn)dx' (7)
R

LEMMA 3. — There exists a number k>0 such that

|0, (25 - s )| SEA+p5+. . Ay 002
for every (y,, ..., y)eR"™1,

Proof. — Since peS(R"), for every m=n+p+1 there exists a number
k>0 such that | @ (y)| <k, (1+ |y|)™™ for all ye R". Then we have

Ix|n+p—ldx
1+ |x|(1+y3+. .. +yHiHm

n+p—ldz
=k,,,<f |z dz )(1+y2+...+y3)“"+">/2.
r (1+|z])m 2

|(P(y2, ] yn)' ékmj
R
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GENERALIZED LEVY REPRESENTATION 343

In order to make the general case clear we start with the two-dimensional
case where the reasoning and the final result are rather simple.

Let E=span(e,, e,) be a two-dimensional Banach space, p>0,
p#2,4,6, ... As it was mentioned after Lemma 2, for every function
V€S (R) there exists a function @ € S (R?) with supp ¢ < R2 such that

\Il(é)=—zc—"—f [t|71 P (tE, — 1)t
T Jr
=f |xE—y[Po(x, y)dxdy
RZ

=JI&—zl"m,,(z)dz=(|zl*’*cp,,)(&) (8)
R

for every £ e R [here we changed variables z=y/x and used (4)].

Since (|z[))* ()=c,|¢|"' 77, we can use the connection between the
Fourier transform and convolution [6] to vcrlfy that J (1) = cpl | 1-p (pp (?)
for every t#0. The functions { and ¢, are continuous, so we
have ¢ (pp(t)— [t]P*1y () for all teR. That -is why
c (pl,--(lt[""'l\ly(t))V ={?*D is the (p+1)-th fractional derivative of the
functlon V¥ (v stands for the inverse Fourier transform).

Let us define the (p+1)-th fractional derivative of the function
[|ey + te, || as a distribution over S(R) such that for every Y e S (R)

((les+tes Y79, ¥y = j lea + tes [P 47+ (1 e )
R

(the convergence of the integral follows from the equality **V=c, ¢,
and Lemma 3).

THEOREM 2. — If p>0, p#2,4,6, ... then every two-dimensional
Banach space admits the Levy representation with the exponent p and the
distribution y=(1/c,) (|| e, + te, ||P)** V.

Proof. — For an arbitrary function ¢ €S (R?) with ¢ € 2 (R2) we define
a function Y by (8) and use (9) and the equality y**V=c, ¢,

<(||e1+te2||v><v“>(a), f |xa—y|"<p<x,y)dxdy>
|R2
—(([Jes+tes [Y7*D, ¥y = f lex + tes [P+ (o) di
R
=cpJ lley+te, [P @, (1) dt
R

=C,.I ) “ xe; t+ye, HP(P (x, y)dxdy.
R

We are done.

Vol. 28, n° 3-1992.



344 A. L. KOLDOBSKY

Let us consider now an arbitrary n-dimensional Banach space
E=span(e,, ..., ¢,). Let p>0, p#2,4,6, ... For every function
Y eS(R"1) there exists a function @ €S (R") with supp¢ < R} such that
an equality similar to (8) holds:

\ll(gls ceey E.m—l)=2c_pj‘ Itl_l_p(’[}(tgla —tE.rZ, ey _tgn—ls ‘—t)dt
T Jr
=I |x1§1_x2§2_---_xn-lén—l_xnlp(P(x)dx
Rll

=J [81=9282— - ~Vuor Car =l
Rll
X |x1|n+p_l(p(xls X1 V25 - oo xly,,)dxldyz...dyn
=I IIE.bl—-yZE.»Z_ e _yn—lgn—l_yn|p(Pp(y2, . .,y,,)dyz e dyn
R"™

=j &=z Pdo(@)=(|z['x0)(€,) (10)
R

for all €, ..., &,_;)eR"™!, where o is the charge of bounded variation
which is the image of the charge ¢,(y,, ..., y,)dy, ... dy, under the

mapping (¥, - -, Y = V2862t ... +¥,-1&-1+y, acting from R""*
to R.
Thus, for all te R, we have

Cp8(t)= |t|p+1(\|l(€1: MRS gn—l))é\l (t)a

vAvhere Ehe Fourier transform is computed over the variable &,. Further,
oc()=0,(tE,, ..., t&,_, 1). Therefore, for every (y,, ..., y,)eR"™! we
have

cp(pp(yZ’ MR yn)
=([ P E oty - EdDED), D2 o) (D)

where the inverse Fourier transform is computed over the variables

ST ST 2

Define a distribution FeS’(R"™!) similar to (9). For every function
YeS(R"™1) put

<F1‘IJ>=Jv ||el+y262+"'+ynen“p

Rn—l
X(It|p+1(¢(&1’ E.»Z/t: MRS ] én—l/t))é\l(t))véz.. “,5"_1',(}’2, v ',yn)dyZ v dyn

(the convergence of the integral follows from (11) and Lemma 3).

THEOREM 3. — If p>0, p#2,4, 6, ..., then every n-dimensional Banach
space admits the Levy representation with the exponent p and the distribution

y=(1/c,) F.

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



GENERALIZED LEVY REPRESENTATION 345

Proof. — For an arbitrary function ¢ €S (R"”) with ¢ € 2 (R") we define
a function ¥ by (10). It follows from (10) and (11) that

<F(E.,)a J”|x1§1—x2§2— <. "xn—1§n-1_xn|p(P(x)dx>

=<F, \ll>=cpj _1”31+y282+ . e +ynen”pq)p(y)dy

R'l
=cpj |x1e0+ ... +x,e,|P0(x)dx,
R"

and we are done.

3. ISOMETRIC EMBEDDINGS INTO L ,-SPACES

The Levy representation can be used as a criterion of isometric embedda-
bility of Banach spaces into L ,-spaces. The following theorem is a conse-
quence of (3) and the uniqueness (under a fixed basis) of the distribution
v providing the Levy representation.

THEOREM 4. — Let p>0, p#2,4, 6, . .., E be an n-dimensional Banach
space which is isometric to a subspace of L,(Q, o) with (Q, c) being a
finite measure space. Then the distribution y providing the Levy representa-
tion of the norm in E is a finite Borel measure on R"™' with

J i [{x, &) |Pdy(E)< o for every xeR"™ 1.

Generally speaking the inverse statement is not true. The reason is that
the equality (6) is valid only for functions ¢ with @ € 2 (R?). However, we
prove a fact which can be effectively used as a sufficient condition of
isometric embeddability.

THEOREM 5. — Let p>0, p#2,4,6, ... Let E=span(e,, ..., ¢, be
an n-dimensional Banach space such that the distribution y providing the
Levy representation of the norm in E is a finite Borel measure with finite
weak moments of the p-th order. Then there exist a finite measure space
(Q, o) and a linear operator T:E — L,(Q, o) such that 0" u/ox;=0 on R",
where meN and

U@y, oo x)= || X160t X6, |B— || x Te+ .. +x,Te|f -
Proof. — Consider a finite measure space (Q, ) and measurable
functions f}, ..., f,_; on Q such that the measure vy is the joint distribu-
tion of the functions —fi, f5, - . ., f,~1 With respect to o. Define a linear

operator T:E—>L,(Q, o) by Te;=f, 1Si<n—1,Te,(0)=1 for all ©eQ.

Vol. 28, n® 3-1992.



346 A. L. KOLDOBSKY

By the definition of the Levy representation, for each function ¢eS (R")
with e 2 (R") we have

| x1ey+ ... +x,e.P @)

=<J"|xl&1_x2§2- s _xn—lan—l_xn'pd'Y(g)’(P(x)>
~{[| L 5rewf w0y
Q

=(||x, Te,+...+x,Te,|]P, 0.
Thus, {u, ¢ >={u, ¢ )=0 for every ¢ with pe 2P (R"), i.e. u=0 on R".
Consider the multiplier g(x,, ..., x,)=x, on S(R"). By Lemma 4 from
[8], g"u=0 on R" for some meN, thcrefore 0r/ox=0 on R".

Remark 1. — Assume the conditions of Theorem 5 are fulfilled. It is
clear that E is isometric to a subspace of L, if the expression for ||x|P
does not contain a separate summand which either does not depend on
the variable x, or is a polynomial with respect to x,. If || x||? contains
such a summand then the distribution (|| x|P)* contains a summand which
is a linear combination of the §-function and its derivatives with respect
to &,. In this case one has to study the behaviour of the norm on the
hyperplane x,=0.

For example, consider the space with the norm

[Geas XD = Gens oo XD+ (1 Geys - s X D) 1BV,
x=(xy, ..., x,)€R" where n=>3 and 1 <p<¢<2. This space satisfies the
conditions of Theorem 5, because the space [} is isometric to a subspace
of L, and the R"Fourier transform of the p-th power of the norm in /%!
is supported in the hyperplane £,=0. On the other hand, E is not isometric
to a subspace of L, because the space /%, ! is not smooth. If we take the
space I"~!, p<r<2, instead of /", ! then E is isometric to a subspace of
L,, although || x||P contains a separate summand.

Remark 2. — J. Bretagnolle et al. [1] have given a criterion for 1<p<2:
A Banach space is isometric to a subspace of L, if and only if the function
|| x|IP is negative definite (or, the same, exp (— “x”") is a positive definite
function). The “if” part was discussed at the beginning of the paper. On
the other hand, for an arbitrary finite dimensional subspace of L, ([0, 1]),
the norm admits the Levy representation with some probability measure
u on R". For every £eR", §+#0, the function exp(— |{x, §) [P) is positive
definite on R", since it is the characteristic function of the one-dimensional
standard p-stable measure placed on the line {tE,, teIR} in R". Now it
suffices to note that positive definiteness is preserved under multiplication

and pointwise limit procedure to verify that exp (— j [{x, EXPdu(®)) is
Rn

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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a positive definite function. For p>2, this reasoning is not valid because
the function exp (— |7|?) is not positive definite on R. Thus, for 0<p<2
the Levy representation criterion and the criterion from [1] are equivalent
for trivial reasons. Theorems 4 and 5 extend the criterion from [1] to all
positive p's, p#2k, ke N.

Let us pass to examples and applications. First, we shall discuss the
well-known fact that every two-dimensional Banach space is isometric to
a subspace of L,.

Example 1. — Let p=1 and E=span(e,, e,) be a two-dimensional
Banach space, ||e, || = ||e,]| =1.

Since (2 )¥ = — " for every Y eS(R), the second fractional derivative
of the distribution |le;+&e,|| is equal to the ordinary derivative
—|le;+Ee,|”. Besides ¢;=—2, so by Theorem2 we have
YE)=(1/2)||e,+Ee,||”". It is easy to see that the distribution
(1/2)|| e, +E e, || is a probability measure on R having finite first moment.
By Definition 1 and Remark 1,

nxe1+ye2||=j |xa—y|dy<a>+|x|(1—j IéldY(E,))
R R

for every x, yeR.

It is clear now that E is isometric to a subspace of L,. In fact, consider
a function f, on the segment [0, 1] having the distribution y with respect
to Lebesgue measure. Define a function f on [0, 2] as follows: f=f, on

[0, 1] and f(@)=1— I | €| dy (€) for every we(1, 2]. Define a linear opera-

R
tor T:E - L, ([0, 2]) by Te,=f and Te,(w)=1 for me[0, 1], Te, (w)=0
for we(1, 2]. Then T is a desired isometry.
Assume ||e; +Ee,||” is a continuous function on R\ {0} without an
atom at zero. Then easy calculations show that

1 n
restsesll=3( [ lxesillest el
R

+ | x|(||zey + e,

L (+0)- llze1+e2||;<—0>)).

If E is a smooth space there is no second summand in the latter formula.
For example, for E=1Z, ¢>1, we have

_1 _ _
Qe+ ypro= S Ire-slaaesiera
R
If E=/> then y is the unit mass at zero. If E=/% then
¥ (&)=(1/2) (max (1, |€|))" is the sum of two 1/2-masses at the points +1.
We have max (| x|, |y|)=(|x+y| + |x—y|)/2.
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Example 2. — Let us consider the spaces /7, n=2. We shall use the
following formula obtained in [15]: Let f be an even continuous functions
on R with power growth at infinity (i.e. lim (f(2)/|¢|?)=0 for some

[t] =
¢>0). Assume that the distribution g=(f(¢)(sgn?)"" )" is a continuous
function on R\ {0}. Then

(Il )) ®

25 6,‘(61&,1++8"Em)g(51&1++5"£_m) (12)
2321 & s

for every §=(£1, .., E)eR" such that §,#0, 1<k=<n, and
6, & +...+96,E,#0 for every 6=(8, ..., 8,)eR" with §,= + 1, 1<k=n
(Denote by G the set of such vectors £). The sum in (12) is taken over all

changes of signs.
Let n=2 and f(t)= |t|", p>0, p#2k—1, keN.
Then

g@)=(|t|Psgn)* (z)=—2icos(np/2)T (p+1)|z| ' Psgnz
for every z#0 (see [6]) and we have

(NIx 2" Gy, €)= £ 2£ cos(np/)T (p+ 1) (|, +8&,| 77— |8, —&,|7P)

152

for every (§,, £,)€G. By Theorem 1, for every p¢N, EeR, £E#0, —1, 1
we have

—_ 1 D\ A
v(&)—ﬁ(llxll) ()

_ T (=p/2)cos(np/2)T (p+1) [E—1|7P—|E+1]7P
P g2 (p+1)/2)n 13

= El—cotan(np/2)(|§—1|_”— |E+1|7P)/E.
T

If p>1 then the function y is not integrable near +1, so y is not a
measure. By Theorem 4, the space /Z is not isometric to a subspace of L,
with p>1.

If 0<p<1 then v is a positive function bounded near zero and integrable
near +1. Besides that, y behaves at infinity like |§|7?72. Thus, y is a:
measure on R with finite moment of the p-th order. So for every pe(0, 1)
the space /2, is isometric to a subspace of L,, and we have

et = [e+1]7
@
£

for every x, yeR (it is easy to see that puting y=0 we get an equality, so
there are no additional summands in the right-hand side, see Remark 1).
Note that the latter formula remains valid for pe(—1, 0).

1
max?(|x|, |y|)= ——cotan(np/Z)J |xE—yl|?
2n R
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For the case p=1, see Example 1. If p=1 the Fourier transform of the
distribution | x|?sgn x is supported in zero.

Let us prove now that, for every p>0, the space /7, with n=3 is not
isometric to a subspace of L,.

It suffices to treat the case n=3. Let p>0, p#2k, and f(¢)= | ¢|*. Then
g(z)=c,|z|"*7? for every z#0.

Hence,

(x| €)= 2 38,8, 8,8, & +8,8,+8, &,
26, 8,83 %
xsgn (8, &, +8,8,+8583)
for every £ e G. By Theorem 1,

Y& €)= m(l&ﬁ'&z*’ll Psgn(§;+&,+1)

_|§1+§2"1| Psgn(§, +&,—1)— |§1 &2+1| Psgn(§;—&,+1)
&;2_1' Psgn(§;, —&,— 1))

and, obviously, y is not a measure [For instance, y(3, 1)<0]. By
Theorem 4, the space /3, is not isometric to a subspace of L, with p>0.
As it was mentioned in Introduction, this result gives an answer to the
second Schoenberg’s question.

Example 3. — Let us consider the problem of isometric embedding of
the spaces /7 into L,-spaces. A formula for the Fourier transform of the
function || xTL’; was obtained in [14], [16]: for every ¢>0, pe(—n, nq) such
that p/g¢ N U {0} and for every £E=(§,, ..., &,) € R" with non-zero coor-
dinates, we have

x = et L&) dt,
el ©= o [t T e
where v, (f)=(exp (— | z|9)" (#), teR. By Theorem 2, for every pe(0, ng),
p#2k, keN, p/qg¢N, the distribution y providing the Levy representation
of the norm in [} w1th the exponent p has the form

9T (=p/2)
VG S G T TR T (o DT (- pla).
XJ A ) H Y (18t (13)
0
for every (§,, ..., &,_)€R" L, E,#0 (if ¢ is an even integer (13) remains

valid for all p>0, p#2k, keN).

The properties of the function y, are well-known [28], [29], [32], [3]. If
0<g<?2 then v, is an even positive function on R which is equal (up to a
constant) to the density of the standard g-stable measure. For ¢>2, the
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function v, is not positive. The behaviour of the functions y, at infinity is
as follows: for every ¢>0,

lim ¢ "2y, (1)=2T (g +1)sin(n g/2).

t—> ©

If g is an even integer y, decreases exponentially at infinity. Thus, for
ae(—1, g), the integral Sq(a)=j |t]*y,(r)dt converges absolutely. For
R

a>gq, this integral diverges if g#2k, keN, and it converges if g=2k,
keN. The numbers S, («) can easily be calculated [32], [14]: if ae(—1, q)
a#0,2, ...,2[q/2], then

2222 (—a/q) T (o +1)/2)

14
gl (—a/2) “

S, (@)=

Let us go back to the distribution y providing the Levy representation.
Consider the integral

G N ML LR
x(fwt"+”"lvq(t) I1 Yq(tﬁk)dt)dﬁl ey
k=1

o

=f°°t»+»—1yq(t)( I j |¢k|~w.,<tak>d&k)dt
R

(V] k=1
=S, () ... 8 (1) . S(—a;,—...—o,_;+p). (15)
If all the numbers a,, ..., o,_,;, —0;—...—0,_; +p belong to the inter-

val (—1, ¢) then all the integrals in (15) converge absolutely and the
Fubini theorem is applicable. If g=2k, ke N, then the interval (-1, g)
may be replaced here by the half-line (— 1, o0).

LEMMA 3. — Let p>0, p#2k, keN and either 0<p<gq or q is an even
integer. Then the distribution vy is a charge in R"~' such that its variation is
bounded and has finite weak moments of the order p.

Proof. — Note that all the integrals remain convergent if we replace v,
by its variation |y,| everywhere in (15) (We shall use the notation | # T
instead of #). Now the desired result follows from the fact that
| £y, .., a_y)<oo for a;=...=a,_,=0 and for (o, ..., %,_y)
such that one of the o’s is equal to p and others are equal to zero.
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Thus, if p>0, p#2k, keN and either 0<p<gq or g=2k, keN, then
the norm in the space /3 admits the Levy representation with the charge v:
“x”p: qI'(=p/2)
@unT2rt w2 T(p+1)/2)T (—plg)

XJ [ %6 =X28— .~ X1 Gy — X,
Rn-—l

© n—1
X <J Py () TT v, (280 d’> g, ...dg,—; (16)
0 k=1

One can easily verify the absence of additional summands (see Remark 1)
puting x,=0 and using the reasoning at the beginning of the paper with
f)=exp(~ |19,

Let 0<p<g<2. Then y, is a positive function. Since the numbers
I'(—p/2) and T (—p/q) are both negative, y is a measure on R"~! and the
equality (16) gives an isometric embedding of the space /j into L, (see
Theorem 5).

Let ¢>2, 0<p<2, n=3. Put a,=0a,=—1+38 in (15), where 6&(0, 1)
and (2+p—min(4, q))/2<b<p/2. Then o, a,e(—1,0) and
—a,;—0,+pe(2, min(4, ¢)). It follows from (15) and (14) that
F (o, ,)<0. Hence, the charge y given by (13) is not a measure, and,
by Theorem 4 the space l;;‘ is not isometric to a subspace of L, with
0<p<2. This result gives an answer to the first Schoenberg’s question
(¢f- [14)).

Example 4. — Let E be an n-dimensional Banach space and p>0,
p#2k, ke N. Assume that the corresponding distribution y is a charge
on R"~! such that its variation |y| is bounded and has finite weak p-th
moments. Then y=y, — ¥, is the difference of two measures on R"~*. Let
Y, (R""Y)=a, v, (R*~*)=b. The spaces E, and E, with the norms

||x||€=j . |x1 1= %8 .. =X 1 &1 X, |pd7i(§):
-
i=1,2

are isometric to subspaces of L, ([0, a)] and L, ([0, b)], respectively. Besides
that || x||2= || ||z — || x||3 for every xeE. Since E, and E, are isometric
to subspaces of L, ([0, 1]), we have proved the following fact.

Lemma 4. — If E and p are as above there exist two operators
T,:E—L,([0, 1)) and T,:E - L, ([0, 1]) such that

|x|g= || Ty x||P— || T.x||P  for every xeE.
Lemma 3 and Lemma 4 show that the space /; can be renormed, so

that it becomes embeddable into some L ,-space.
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THEOREM 6. — Let n=2, p>0, p#2k, ke N, and either p<q or q=2k,
keN. Then there exist two operators T :I3—L,([0,1]) and
T,: 15— L, ([0, 1]) such that || x|2= || T, x||P— || T, x|” for every xel.

Example 5. — Let g>3, p=3. Consider the space /2. By Theorem 2,
the distribution y providing the Levy representation of the norm with the
exponent p=3 is equal to (1/c;)(||e; +&e,|))®. So, we have to compute
the forth derivative of the function (1+ |&|%)*4. One can easily verify that

Y(€)=64(g—3)(g— (1 + |g[D¥e g™

x(g—2) &1+ (5-49)|E|*+q~2).
The function y is integrable near zero, since ¢>3, and it decreases at
infinity like |§|~*74. Thus, v is a charge with bounded variation having
finite weak moments of the third order. On the other hand, it is clear
that y is not a measure. So, the space /2 is not isometric to a subspace of
L,, but it can be renormed in the sense of Theorem 6.
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