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ABSTRACT. - In this paper we present the invariance principle for
nonstationary sequences of associated random variables. The presented
results extend the invariance principles given by T. Birkel (1988).

RESUME. - Dans cet article nous présentons le principe d’invariance
pour des suites non-stationnaires des variables aléatoires associées. Les

résultats presentes étendent les principes d’invariances donnes par
T. Birkel (1988).
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388 P. MATULA AND Z. RYCHLIK

I. INTRODUCTION

Let 1 ~ be a sequence of random variables, defined on some
probability space (S~, ~, P), such that EXn = 0, EXn  oo, n > 1.

Let us put :

Let {kn, n > 0~ be an increasing sequence of real number such that

Let us define = max{i : ki  t~, t > 0,
and

where mn(t) = m(n; t) = m(tkn). Without loss of generality we may and
do assume that sn > 0, n > 1.

Let D[0,1] be the space of functions defined on [0, 1] that are right-
continous and have left-hand limits. We give the Skorohod Ji-topology in

(cf. ~1, ~ 14~ ) . By W we will denote the Wiener measure on D ~0,1~
with the corresponding Wiener process  t  1~.

Let us observe that for every n > 1 the function w ~ Wn(t,w), defined

by (1.3), is a measurable map from (SZ,.~’) into (D~O, l~,,t3(D)), where
B(D) is the Borel 03B1-algebra induced by the Skorohod Ji-topology.

In this paper we present some sufficient and necessary conditions for
weak convergence, in the space 1], of sequences of random elements
~Wn, n > 1 ~ to the Wiener measure W. We investigate sequences 
n > 1 ~ that satisfy a condition of positive dependence called association.
No stationary is required. We obtain the invariance principle that is

much more general than that given by Birkel [2]. The presented theorems
generalize the results given in [2] and, at the same time, give similar
results for associated processes which are known for ~p-mixing sequences
of random variables [8] and independent random variables [7, p. 221].
We remind that a finite collection {Xl,..., Xn~ of random variables

is associated if for any two coordinatewise nondecreasing functions f l , f z
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389INVARIANCE PRINCIPLE AND ASSOCIATION

on Rn such that fi = fi(X1, ..., Xn) has finite variance for i = 1, 2 there
holds > 0. An infinite collection is associated if every finite

subcollection is associated (cf. [3]). ..
Many recent papers have been concerned with invariance principles

for associated processes (cf. [2] and the references given there). But the
authors have only considered the following process :

Let us observe that in the case kn = n, n > 1 the process ~Wn (t), t E (0,1~ ~
defined by (1.3) is the same as the process (1.4).
Newman and Wright [6] obtained an invariance principle for stationary

sequences of associated random variables satysfying a summability crite-
rion on their covariances. From their result one can get the following :

THEOREM A (Newman, Wright) : Let ~Xn, n > l~ be a strictly
stationary sequence of associated random variables with EXI = 0 and
EX;  oo.

D 
’" 

then Wn W .

An invariance principle for nonstationary associated processes has been
studied by Birkel ~2~ . He proved the following theorems :

THEOREM B (Birkel) : Let ~Xn, n > 1 ~ be a sequence of associated
random variables with EXn = 0 and EXn  oo, n > 1. Assume :

(1.5) lim = min (k, t) for k, 

(1.6) S’m)2 : m~N U {0}, n E N} is uniformaly integrable.
D

Then Wn W .

THEOREM C (Birkel) : Let ~Xn, n > 1~ be a sequence of associated
random variables with EXn = 0 and EXn  oo, n > 1 . Then the following
assertions are equivalent :

(1.7) condition (I.5) is fulfilled and
~Xn, n > l~ satisfies the central limit theorem,
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390 P. MATULA AND Z. RYCHLIK

Let us observe that by Remark 2.3 [4] (see also Remark 1 [2]) if

D
then

where h : R~ ~ !R~ is slowly varying.
Thus now the natural question arises, how to define and prove an

invariance principle for sequences ~Xn, n > 1 ~ which do not satisfy the
condition (1.9). As the example given in Section 5 shows, we can prove
the convergence of {Wn, n > 1~ defined by (1.3) to W for nonstationary
sequences such that > 1 ~ is not of the form (1.9). Of course (1.9)
is a consequence of (1.5), thus we have to replace Birkel’s conditions
(1.5) and (1.6) by more general ones, which would be more appropried
for nonstationary sequences. Such conditions are presented in Section 2.
In section 3 we present some lemmas which are needed in the proofs of
the results. The proofs of our theorems are given in Section 4, while in
Section 5 we give an example of associated process to which the results of
this paper apply but Birkel’s theorems do not.

II. RESULTS

We shall now state the main results of the paper.

THEOREM 1 : Let {Xn,n > 1} be a sequence of associated random
variables with EXn = 0 and EXn  oo, n > 1. Let {kn, n > 1 ~ be a
sequence of real numbers satysfying (I.1) and (I.2). Assume :

is uniformly integrable.

Remark 1 : Let us observe that condition (2.2) can be replaced by the
following condition :

is uniformly integrable.

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques



391INVARIANCE PRINCIPLE AND ASSOCIATION

This fact follows from the inequality

wich is satisfied for nonnegatively correlated random variables.

Remark 2 : We also remark that condition (2.1), which by our opinion
is much more appropriated for nonstationary sequences than that given
in [2], is necessary for our invariance principle.

D 

Namely if Wn W , then sn = where h : I~+ -~ R+ is

slowly varying (cf. [8], p. 617). Hence by (1.1) and (1.2), for every i E N,
lim = i. Thus it is enough to prove condition (v) of Lemma 2,
but this can be similarly done as in [2,p. 60], we omit details

Remark 3 : Let us observe that conditions (2.2) or (2.3) are much more
appropriated for nonstationary sequences than condition (2.2) of Birkel
[2]. It is enough to consider a sequence of independent random variables.
But, taking into account the proof of theorem 1 (cf. (4.4)-(4.8)), one can
note, that, for example, if kn = na, a E N, then condition (2.2) can be
replaced by the following condition :

{s-2nm(Sn+m - Sm)2 : m~N U {0}, n E N} is uniformly integrable

so the same one as given by Birkel [2].
THEOREM 2 : Let > 1 ~ be a sequence of associated random

variables with EXn = 0 and oo, n > 1. Let {kn, n > 0~ be a
sequence of real numbers satisfying (1.1) and (1.2), then the following
assertions are equivalent :

(i) condition (2.1) holds and s-n 1,S’n N(0, 1 ) ;

Let us observe that from Theorem 2 we can easily get well known
theorem of Prohorov [7, p. 221]. It is enough to put kn = n > 1.

III. AUXILIARY LEMMAS

LEMMA 1 : Let ~~~’,z, n > 1} be a sequence of associated random
variables with = 0 and  oo, n > 1. If n > o~ satisfies
(1.1) and (1.2), then the following conditions are equivalent :

(i) for lim = i ; l

Vol. 26, n" 3-1990
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Proof : it suffice to show (i) ==~ (ii). In the proof of this implication
we use the idea introduced by Birkel [2, Lemma 1]. First we consider the
special case t = q/p, p, q E N.

It is easy to see that by (1.1) and (1.2) Futhermore,
for every n, p, q E N, we get

On the other hand, since the random variables > 1 ~ are nonneg-
atively correlated, the sequence > 1 ~ is nondecreasing. Hence we
obtain

(3.1)  
" "

Now let us consider the following subsequences

We have C pkr  
and for every 1  1 ~ mr+1 (p~ - mr(p)

Thus

Let i E N, i > 2 be fixed, and let

Of course n*  r and n* --> oo as r -~ oo. Since l, therefore

there exists such that for every j > jo (i -~- q -1 ) / (i -1 ) .
Let ro E N, ro > jo, be such an integer that for r > ro and n* > io

(3.3)  (i + q - 1)l(Z - 1) and  (i + q - 1)/(Z - 1)~

Thus, by definition of n*, we get

Hence

Annales de l’Institut Henri Poincare - Probabilités et Statistiques
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On the other hand, by (3.3) and (3.4), we obtain

so that

Hence, by (3.2), (3.5), (3.6) and (i), we get

Since i > 2 can be chosen arbitrarily large, (3.1) and (3.7) imply (ii) for
t = q/p For arbitrarily t > 0 (ii) follows from the rational case,
as the sequence > 1} is nondecreasing.
LEMMA 2 : Let {X n, n > 1} be a sequence of associated random

variables with EXn = 0 and EXn  oo, n > 1. If {kn,n > o~ satisfies
(I.I), (1.2) and for every i E N, lim ) 

= i then the following
conditions are equivalent:

Proof : At first we note that by Lemma l, for every t > 0,

Thus (ii) follows form (3.8) and (i). It is enough to put i = 0, j = p, p  q.

(ii) ~ (iii)

Vol. z6, n° 3-1990
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If t = 0, then (iii) holds. Let 0  t  1 be given. Then mn (t)  n and, by
(1.2), for sufficiently large n, n > no = no (t),

Hence kn   + and, in consequence mn(t) 
n  ~2/tJ + 1). Since the random variables are nonnegatively
correlated, for n > no, we have

and the right hand side of the last inequality, by (ii) tends to 1 as n - oo.
Thus, by (3.8), we get (iii).

The implication (iii) ~ (iv) can be proved similarly to (ii) =~ (iii). Now
let us observe that implications (iv) =~ (v), (ii) ~ (i) and (v) ~ (iii) are
trivial, thus the proof of Lemma 2 will be ended if we show that (iii) =~ (ii).

Let p, q E N be given. If p = q then (ii) holds. Assume that p  q.

Since ~ pkn, so that mn(p) > 
Choose ~ > 0 such that p(l +  1.

By (1.2) there exists no = no (e) such that for every n > no there holds

Hence for every n > no we have

so that  mCmn(q)s pC1 + 
Since the random variables are nonnegatively correlated, we have for

n>no

Futhermore, by (iii) and (3.8), lim In(p,q) = p and lim Jn(p,q,e)
= p(1 + ~). Since e > 0 can be chosen arbitrary, we get (ii).
LEMMA 3 : Le~ > 1 ~ be a sequence of associated random

variables with EXn = 0 and EXn  oo, n > 1. If > o~ satisfies
(.1.~~) and (I.2), then the following conditions are equivalent :
(3.9) for aI1 p, q E N, lim = min(p, q)

(3.10) for all p,q ~ N, p  9, ’S‘’,,.,,n (p> )2 = 1

The proof is simple, so we omit the details.
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IV. PROOFS OF THEOREMS

Proof of theorem I : By Lemma 1 and Lemma 3, for every t > 0 we

have

Hence, according to Lemma 2 for 0  s  t  ~c  v, we gat

At first we prove that the sequence ~Wn, n > l~ is tight. We will apply
Theorem 15.5 of Billingsley [1]. Since Wn(0) = 0, n > 1, it is enough to
show that for each positive 6: and r~, there exist a 8, 0  5  1, and an

integer no, such that

where w(Wn, b) = sup (Wn(s) - 

Let 6 > 0 be given. Using the corollary to Theorem 8.3 [1,p.56], for
every r E N, we obtain

where {I :  1  mn((i + 1 )/r)}.
Let ~i = cx2/2, where a2 = 

Since the random variables ~Xn, n > 1} are nonnegatively correlated and
(4.1) holds, we have

for sufficiently large n, say n > no (i, r). Thus, for n > no (i, r) a2 - ~i > 1
iff r > 72~-2. Hence, by Corollary 5 ~5~, for n > no(i, r) and r > 72~-2
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Now (4.4) and (4.5), for every n > max no(i,r) and r > 72~-2, imply :

Let ~o  é/6, r > 72é-2 and 1  i  r be fixed. Then, according to
(4.1), there exists such that for n > we get

so that (4.8) and (2.2) imply (4.3).
Let X be a limit distribution of a subsequence {Wn/, n’ > 1 ~ of

> 1~. Then, by theorem 15.5 [1], P(X E C) = 1. Thus by Theorem
19.1 [1] the proof of Theorem 1 will be ended if we show EX (t) = 0,
EX2(t) = t and X has independent increments. But by (2.2) and (4.1), for
every t E [0,1], the sequence n > 1} is uniformly integrable and

Wn’(t)X(t), so that by Theorem 5.4 [1], EX (t) = 0, EX2(t) = t.’

The proof that X has independent increments is the same as in [2], it is

enough to use (4.2), so we omit the details.

Proof of theorem 2 : The proof is similar to the proof of Theorem 2 of
Birkel [2] so will be omitted.

V. EXAMPLE

Let > 1 ~ be a sequence of independent random variables such
that P(,Xn = ±7z) = 1/(2nl/2), = 0 = 1 - n-l/2, n > 1; of course

> 1 ~ is an associated process (cf. [3]) and

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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Futhermore the sequence ~Xn, n > 1 ~ satisfies the Lindeberg condition.
Thus if Wn (t) = E [0,1], where mn (t) = max{0  i  n :

D

s2  ts2n}, So = 0 ; 0, then by Theorem 2 Wn W.

But for this sequence the condition (1.9) (and therefore (1.5)) is not

fulfilled, so by Theorem C, the invariance principle in the form considered
by Birkel fails.

Taking into account Theorems B, C and the example given above one
can note that in general for a given sequence {Xn, n > 1~ of random
variables the problem is, whether there exists a sequence ~mn (t), n > 1 ~
t E [0,1] of positive integers such that if Wn (t) = then

D

Wn W . The example shows that in general the sequence mn (t) =

[nt] is not an appropriate one.
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