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ABSTRACT. - We prove limit theorems for the distributions of Lp
norms of weighted quantile processes. The limiting random variables are
represented as integrals of weighted Wiener and exponential partial sum
processes.

RESUME. - Nous démontrons des théorèmes sur les distributions limites
des Lp-normes des processus quantiles pondérés. Les variables aléatoires
limites sont représentées par des intégrales d’un processus gaussien pondéré
et d’un processus d’une somme des variables aléatoires exponentielles.
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66 M. CSORGO AND L. HORVATH

1. INTRODUCTION

Let X~ X2, ... be independent identically distributed random variables
with distribution function F. The quantile function Q is defined by

Let be the order statistics of X 1, ... , Xn, and
define the empirical quantile function Qn by

In this paper we study the asymptotic behaviour of Lp norms of the
process

in weighted metrics. If F is absolutely continuous, one can introduce a
normalized version of Jln’ the so-called quantile process

Here f is the density function of F, and it is assumed to be positive on
the open support of F, tF), where tF = sup ~ x : F (x) = 0 ~ and

We use the notation and tF = Q ( 1 ) .
We can define U~, 1 __ i _ n, independent uniform-(0,1) r. v.’s with their

corresponding order statistics U1, n _ U2, n _ ... _ Un, n and uniform empir-
ical quantile function

such that

The corresponding uniform quantile process is

The process {03C1n (t), 0  t  1} was first studied by Bickel (1967), Pyke
and Shorack (1968) and Shorack (1972). Strong approximations of un were
given by M. Csorgo and Révész (1975). They also studied the uniform
distance of un and pn as well as their strong approximations in M. Csorgo
and Révész (1978, 1981) [see also M. Csorgo (1983) and references therein].
Initiated by Chibisov (1964), the limiting behaviour of un and pn in

weighted metrics (the so-called ( ( . ~q ~ ~ metrics) has been investigated by
several authors, including Pyke and Shorack (1968), Shorack (1972, 1979,
1982), O’Reilly (1974), Dudley (1981), Dudley and Philipp (1983), Pollard
(1984), Mason (1984), M. Csorgo, S. Csorgo, Horvath and Révész (1984),
M. Csorgo and Mason (1985), M. Csorgo, S. Csorgo and Horvath (1986),
M. Csorgo, S. Csorgo, Horvath and Mason (1986), and M. Csorgo and
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67DISTRIBUTIONS OF Lp NORMS

Horvath (1986). M. Csorgo and Horvath (1989) and Horvath (1987)
studied the limit distributions of sup (t) I/(tV L (t)) and

sup un (t) L (t)), when L is a slowly varying function at zero and where
the sup is taken over intervals of the form [ 1 /(n + 1 ),1 /2], [ 1 /(n + 1), 
and [kn/n,1 /2]. Here {kn, n >_ 1 ~ is a sequence of positive numbers such
that

A very complete description of the almost sure behaviour of weighted
versions of the uniform quantile process un was given by Einmahl and
Mason (1988), who in their Remark 3 note that the extension of their
results to pn under various regularity conditions is straightforward. Further
details and references on these problems are given in Shorack and Wellner
(1986, Chapters 3, 11, 16 and 18).
M. Csorgo and Horvath [CsH] (1988 b) study the asymptotic behaviour

of un (t) (t)) dt, 1 p  oo, where the limits of integration are the

just mentioned intervals. In this paper we consider the corresponding
functionals of pn and Jln over the same intervals. Corresponding results
over similar subintervals of [1/2,1) can be formulated and proved in the
same way.

Our Lp norms, 1 _p  oo, are motivated by traditional L1 and L2 norm
investigations and by the fact that such functionals for pn and Jln are of
statistical interest. The L2 norm has been extensively studied in the literat-
ure. For example, the method of least squares (minimization of L2 norm)
enjoys well known optimality properties. On the other hand, the least
absolute error is a recognized superior robust method specially well suited
to longer tailed error distributions. However, the L~ norm as a base for
statistical data analysis, which may include estimation or model fitting,
hypothesis testing, cluster analysis and nonparametric analysis, has not
been studied very extensively and asymptotic results are scarce. In particu-
lar, according to the Fortet-Mourier theorem [cf, e. g., Shorack and

Wellner (1986, pp. 64-65)], the L1 norm is the Was-

serstein distance of the distributions F and Fn, where Fn is the empirical
distribution function of the r. v.’s Xi (i =1, ..., n). Our results are believed
to be new not only for Lp in general, but also for L 1 and L2 as well.
As further applications of our results, we note also that all the theorems

of this exposition remain true with p = 1 and the absolute value signs
removed. In this case we end up with asymptotic results for functionals

Vol. 26, n° 1-1990.



68 M. CSORGO AND L. HORVATH

like, for example,

and

where g stands for any of the appropriate weight functions of our theo-
rems. The asymptotic representations of these random variables are the
corresponding earlier ones with p = 1 and no absolute value signs. The
thus obtained asymptotics for integrals like those of (1.7) translate to
results for sums like

D

where, typically, Ci, n = Jt/M 
+ 1)/n 

g (t) dt. The first sum in (1.8) has the form

of the much investigated sums of linear combinations of order statistics
[cf., e. g., Chernoff, Gastwirth and Johns (1967), Stigler (1969), Mason
(1981), as well as Serfling (1980, Chapter 8) and Shorack and Wellner
(1986, Chapter 18)]. According to our theorems, the limiting behaviour

n

being normal or non-normal will be determined by that of
i= 1 

’ ’

the linear combination of the smallest, respectively the largest order stati-
stics. For further results on sums of order statistics we refer to S. Csorgo,
Horvath and Mason (1986), S. Csorgo and Mason (1985, 1986), S. Csorgo,
Deheuvels and Mason (1985), S. Csorgo, Haeusler and Mason (1988),
Deheuvels and Mason (1988), CsH (1988 a), and Lo (1989). Recently
Mason and Shorack (1988) announced necessary and sufficient conditions
for asymptotic normality of linear combinations of order statistics.

2. MAIN RESULTS

We say that q is a positive function on (0,1/2], if for

each 0  ~  1 /2. The process ~ B {t); denotes a Brownian bridge
throughout, and { W {t); ~ _ t  stands for the standard Wiener process.

THEOREM 2 . 1. - Let q be a positive function on (0, 1/2], 1 _p  ~, and

assume

(i) f(Q (t)) is positive and continuous on (0, 1 /2],
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69DISTRIBUTIONS OF Lp NORMS

(iii) 1 /f(Q (t)) __ w (t), where w is a monotone funetion on (0, 1 /2],
1/2

(iv) ~o ( f(Q (t)) w (t/~,))p (t) dt  oo for all ~, > 1 if w is non-increas-

ing, and for all 0  ~,  1 if w is non-decreasing on (0,1 /2].
Then with {kn} as in ( 1. 6) we have, as n ~ oo,

and

Remark 2 . 1. - If w (t) = t°‘, then (iv) of Theo-
rem 2. 1 is equivalent to

Thus our Theorem 2.1 can be considered as an extension of Theorem 3
of Mason (1984).
A look at (2. 3) immediately suggests that on multiplying by an appropri-

ate sequence of constants tending to oo, we should be able to get a non-
degenerate limit distribution. In order to do so, we use weight functions
of the form (- 00  v  (0), where L (t) is positive on (0, 1/2],
Lebesgue measurable and

Also, we need stronger conditions than those of Theorem 2.1. Namely
we assume

C:

(i) F is twice differentiable on its open support

which also figure in M. Csorgo and Révész (1978).

THEOREM 2 . 2. - We assume that condition C holds and 1 _p  ~. Let
L be a slowly varying function at zero and kn as in ( 1. 6). If

Vol. 26, n° 1-1990.



70 M. CSORGO AND L. HORVATH

- oo  v  1 + p/2, then, as n  00,

The case of v= 1 +p/2 is separating the light weights from the heavy
ones. In this case we have the following central limit theorems.

THEOREM 2. 3. - We assume that condition C holds and 1 _p  ~. Let

~ be as in ( 1. 6). Then, as n --~ oo,

and

~ N ju, i >, ’/ )

where D = D (p) is a positive constant, and N (o, 1)
stands for the standard normal r. v.
Now we turn to dealing with heavy weights.

THEOREM 2 . 4. - We assume that condition C holds and 1 p  ~. Let
L be a slowly varying function at zero as in (1. 6). If
p/2 + 1  v  ~, then, as n ~ oo ,

When integrating from 1 /(n + 1) to kn/n, the limit is determined only by
the smallest order statistics. The asymptotic behaviour of extreme order
statistics has a considerable literature. Gnedenko (1943) gives necessary
and sufficient conditions on F under which there exist sequences a (n) > 0
and b (n) such that the normalized minimum (X 1, n - b (n))/a (n) has a non-
degenerate limiting distribution. The limiting extreme value distribution is

Annales de l’Institut Henri Probabilités et Statistiques



71DISTRIBUTIONS OF LP NORMS

one of the three functions:

and

where y is a positive constant. The distribution function F is said to

belong to the domain of attraction of ~r~ or A [F (OJ, F 
or if there exist sequences a (n) > 0 and b (n) such that
lim - b (n))la (n)  x ~ = one of these distribution functions for all

n -~ 00

x. De Haan (1975) and Galambos (1978) give detailed accounts of charac-
terizations of the domain of attractions of and A.

Throughout this stands for partial sums of i. i. d.

exponential r. v.’s with expectation one. Let also

f M, if x is not an integer
~ j~r] 2014 1, if x is an integer,

where [x] is integer part of x.

THEOREM 2 . 5. - We assume that 1 p  oo and F (~Y). Let H be a
slowly varying function at zero as in ( 1. 6). If 1-p/y  o  oo,
then, as n - oo ,

Assuming also that the density function f of F exists, we can extend
Theorem 2 . 5 to the case of 1 /2 -p/y  9  oo . Namely we can use von
Mises’ sufficient conditions for the domain of attraction of ~Y:

Cl : f = F’ exists and is positive on ( - oo, xo] for some xo and

We note that if f is non-decreasing on ( - oo, xo] and (~Y), then
(2.9) holds true [cf. Theorem 2.7. 1 in De Haan (1975)].

THEOREM 2. 6. - We assume that condition C 1 holds and 1-_p  ~. Let
H be a positive, slowly varying function at zero as in ( 1. 6). If

Vol. 26, n° 1-1990.



72 M. CSORGO AND L. HORVATH

then, as n --~ oo ,

From Theorem 2. 6 we immediately obtain a result for pn.
THEOREM 2 . 7. - We assume that condition Cl holds and 1 _p  ~. Let

L be a slowly varying function at zero as in (1. 6). If
p/2 + 1  v  ~, then, as n ~ oo ,

Next we consider the case of F (~Y). In this case tF = Q (0) > - oo .
THEOREM 2 . 8. - We assume that F E ~ (~Y) and Let H be a

slowly varying function at zero and as in (1. 6). If 1 +p/y  o  oo,
then, as n -~ oo ,

Von Mises gives the following sufficient condition for (~Y).
C2 : - oo = Q (0), f = F’ exists, and is positive on (IF’ xo] for some xo,

Here we should note that if f is non-decreasing on xo], then (2 .10) is
a necessary and sufficient condition for F ~ D(03C803B3) [ef Theorem 2 . 7 . 2 in
De Haan (1975)].

THEOREM 2 . 9. - We assume that condition C2 holds and 1 _p  o~o . Let
H be a slowly varying function at zero as in ( 1 . 6). If
1 /2 + p/y  8  ~, then, as n ~ oo ,

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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THEOREM 2 .1 a. - We assume that condition C2 holds and 1 ~_p  oo .
Let L be a slowly varying function at zero as in (1 . 6). If
p/2 + 1 ~ v ~ then, as n - ~ ,

Next we consider the third domain of attraction.

THEOREM 2.11. 2014 We assume that (A) and I ~p ~. Let H be a
slowly varying function at zero as in (1 . 6). If I ~ 8 ~ o©, then, as
n --~ oC),

Now we state the von Mises sufficiency condition for (A).
C3 : f= F’ exists, and positive on ~o~ for some .~a,

De Haan (1975) proves in his Theorem 2 . 7 l that if f is nn-eereang
on (tF’ xo], then (2 .1 I ) is also necessary for (A).

THEOREM 2 , 12. - We assume that condition C3 holds and 1 ~_p ~ oa.
Let H be a slowly varying function at zero as in ( 1. 6~. If
p~/~ ~ E~  ~o , then, as n - ~ ,

THEOREM 2 .13. ~-~- We assume that condition C3 holds and I ~_ p  on .
Let L be a slowly varying function at zero as in ~ ~ . 6). If
p/2+1  v  ~, then, as n - oo ,

Vol. 26, n° 1- ~ 990~.
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3. PROOFS

First we state two lemmas which are frequently used in the sequel.

LEMMA 3.1 [Wellner (1978)]. - We have, as n - oo,

LEMMA 3. 2. - Let L be a slowly varying function at zero and ~ as

in ( 1. 6). Then

and for all E > 0 we have, as n - oo,

and

Lemma 3.2 follows from well-known properties of slowly varying
functions. For details we refer to De Haan (1975), Seneta (1975) or CsH
( 1988 b, 1989).
For later use we note that then we have

and

Proof of Theorem 2. l. - We give details only for the case when w
of condition (iii) is non-increasing. The non-decreasing case is proved
similarity.
By using the construction of M. Csorgo, S. Csorgo, Horvath and

Mason (1986), we can assume without loss of generality that there exists
a sequence of Brownian bridges { Bn (t), 0 _ t -_ 1 ~ such that, oo,

for all 0 ~ 03B1  1/2, and

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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Let E > o. Then by the mean value theorem

where

By condition (i), (3. 8 ii), (3. 9) and (3 .10) we obtain for all E > 0

Next by condition (ii) [cf. Shepp (1966) or (4 . 2) in CsH (1988 b)] we have
for all 03B4 > 0

and we now show

By condition (iii) and (3 .1 ) it is enough to prove that

for all 03B4 > 0 and 03BB > 1. Using now (3. 7), (3. 8 i) with a = 0 and condition
(iv), we get

It is easy to see that

stands for a standard normal random
variable), and hence Markov’s inequality and (3.14) imply (3.13). This
completes the proof of (2 .1 ).
Now (2 . 2) and (2 . 3) also follow from (3 .11 ) and (3.13).

Vol. 26, n° 1-1990.
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Proof of Theorem 2 . 2. - We first prove that

and then the result follows from Theorem 2 . 2 in CsH (1988 b). We follow
the proof of Theorem 3.1 in CsH (1989). By a two term Taylor expansion
we get

where

By Lemma 3.1,

and by C. 1 (iii) and Lemma 4.5.2 of M. Csorgo and Révész (1981)

Using we get

where Op(l) does not depend on t. Using (3.6) and (3.17) we get

We show that

Whenever -~03BD1, (3.18) immediately follows from Theorem 2 . 2 in
~sH ~ I 988 ~). Let now v= 1. Then by (3 . 4) and Corollary 2.1 in CsH

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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( 1988 b) we have

for all E > 0, which gives again (3.18). Let 1  v p/2 + 1. By Theorem 2 . 5
in CsH (1988 b) and (3 . 3)

for all E > o. On choosing E small enough, the proof of (3 .18) is complete.
A similar argument shows that we have also

and this in turn implies (3 .16).
Proof of Theorem 2. 3. - By (3. 17), (3 . 6) and Theorems 2.4 and 2. 5

in CsH (1988 b)

Therefore, by Corollary 2.1 in CsH (1988 b) the result is immediate.
Proof of Theorem 2. 3. - By (3 . 17) and Theorems 2.4 and 2. 5 in CsH

( 1988 b)

Therefore, by Corollary 2.1 in CsH (1988 b) the result is immediate.
Proof of Theorem 2 . 4. - We prove

Vol. 26, n° 1-1990.
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and then the result follows from Theorem 2 . 4 in CsH (1988 b). Using
Theorem 2 . 4 in CsH (1988 b) we set

Applying again Theorem 2 . 4 in CsH ( 1988 b) we obtain

The last two statements imply (3 .19) via (3 . 6) and (3 .17).
The following lemma will be frequently used in the rest of this section.

and

Proof. - It is well known that

Hence

and

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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Applying now (3 . 6) we obtain

Using laws of large numbers and central limit theorem, under the condi-
tions of Lemma 3 . 3 we obtain

Similarly to (3 . 24) we get

and by laws of iterated logarithm

This completes the proof of (3 . 20).
The proof of (3.21) is similar to that of (3.20). Hence the details are

omitted.

Vol. 26, n° 1-1990.
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Proof of Theorem 2 . 5. - The function F belongs to D(03A6) if and only
if (see e. g. De Haan (1970), Theorem 2 . 3 . 1 and Corollary 1.2.15)

where G is a slowly varying function at zero. Using the latter characteriza-
tion of the domain of attraction of ~,~ we have

On applying (3.6), (3.1), (3.3) and (3.4) with s=-(e+/?/y-l), and
4

(3.20) and (x=Q+/?/y20148, we obtain

Now (3 . 20) of Lemma 3 . 3 yields Theorem 2 . 5.

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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Proof of Theorem 2 . 6. - Let Under condition ~ 1 we

have Ccf., e.e.. Horvath (1987)]

and

where G and K are slowly varying functions at zero. Then, by mean value
theorem, we obtain

where ~~ (t) satisfies (3.10). By (3.27) and (3.29) now, it suffices to

consider

Using (3.1), (3.2), and (3 . 3) with 08e+l/y-l/2, in combination
with Lemma 3. 3 we have

Thus theorem follows by (3 . 20).

Proof of Theorem 2. 7. - Using (3 . 27), (3 . 28), (3 . 29), and Theorem 2 . 6
with H(t)=L(t)/(K(t))P, the result is immediate.

Vol. 26, n° 1-1990.
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Proof of Theorem 2.8. - By Theorem 2. 3.2 and Corollary 1.2. 1. 5
in De Haan (1975) we know that if and only 
and Q (t) - Q (0) is 1/03B3-varying at zero. We can assume without loss of
generality that Q (0) = 0. Now this theorem is proved along the lines of
the proof of Theorem 2 . 5. The details are omitted.
Proof of Theorem 2. 9. - We can assume again that Q (0) = o. Let now

D (t) - Q (tY). Condition C2 implies [see e. g. Horvath (1987)1

and

where G and K are slowly varying functions at zero. Using (3 . 31 )-(3 . 34),
proof of this theorem goes like that of Theorem 2. 6.

Proof of Theorem 2 10. - This result follows immediately by (3. 31)-
(3 . 34) combined with Theorem 2. 9.

Proof of Theorem 2 .11. - Theorem 2. 4 . .1 of De Haan ( 1975) implies
that, if (A), then

for all and Q (et) - Q (t) is a slowly varying function at zero.
Using (3 . 6) we get

By (3 .1 ) and (3 . 35) we have for all 8 > 1 that

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques



83DISTRIBUTIONS OF Lp NORMS

Similarly we have also

From (3. 3) with 0  ~  o - l, (3. 36)-(3. 38), and (3 . 21 ) with a = 8 - E, we
obtain

Now result follows from (3 . 21 ).

Proof of Theorem 2 .12. - Let D (t) = Q (et), - oo  t  o. Condition C3
implies fsee e. g. Horvath (1987)1

and

By (3 . 42) we can replace 1 /(Q (e/n) - Q ( 1 /n)) by K ( 1 /n). Using now (3 . 41 )
we have

where ~n (t) is as in (3.10). From (3.1), (3 . 3) with 0  E  o -1 /2, and
(3 . 21 ) with a = o - E, we get

The latter and (3.21) imply the theorem.

Proof-of Theorem 2.13. 2014 Let in Theorem2. 12. Then by (3.40) and (3 .42) we obtain the result.
Vol. 26, n° 1-1990.



84 M. CSORGO AND L. HORVATH

ACKNOWLEDGEMENTS

The authors wish to thank a referee for comments and suggestions
which have led to an improved presentation of the results of this paper,
as well as to the inclusion of a number of related references.

REFERENCES

P. J. BICKEL, Some contributions to the theory of order statistics, Proceedings of the Fifth
Berkeley Symposium, Mathematical Statistics and Probability, Vol. 1, pp. 575-591 (Univer-
sity of California Press, Berkeley, California, 1967).

H. CHERNOFF, J. GASTWIRTH and M. V. JOHNS, Asymptotic distribution of linear combina-
tions of order statistics with applications to estimation, Ann. Math. Statist., Vol. 38, 1967,
pp. 52-72.

D. M. CHIBISOV, Some theorems on the limiting behaviour of empirical distribution functions,
Selected Transl. Math. Statist. Prob., Vol. 6, 1964, pp. 147-156.

M. CSÖRGÖ, Quantile Processes with Statistical Applications (S.I.A.M., Philadelphia, 1983).
M. CSÖRGÖ, S. CSÖRGÖ and L. HORVÁTH, An Asymptotic Theory for Empirical Reliability

and Concentration Processes, Lect. Notes Stat., Vol. 33, Springer-Verlag, New York,
1966.

M. CSÖRGÖ, S. CSÖRGÖ, L. HORVÁTH and D. M. MASON, Weighted empirical and quantile
processes, Ann. Probab., Vol. 14, 1986, pp. 31-85.

M. CSÖRGÖ, S. CSÖRGÖ, L. HORVÁTH and P. RÉVÉSZ, On weak and strong approximations
of the quantile process, Proc. Seventh Conf. Probab. Theory, pp. 81-95, Editura Academiei,
Bucuresti, 1984.

M. CSÖRGÖ and L. HORVÁTH, Approximations of weighted empirical and quantile processes,
Stat. Probab. Lett., Vol. 4, 1986, pp. 275-280.

M. CSÖRGÖ and L. HORVÁTH, Asymptotic representations of self-normalized sums, Probab.
Math. Stat. (Wroclaw), Vol. 9, 1988 a, pp. 15-24.

M. CSÖRGÖ and L. HORVÁTH, On the distributions of Lp norms of weighted uniform
empirical and quantile processes, Ann. Probab., Vol. 16, 1988 b, pp. 142-161.

M. CSÖRGÖ and L. HORVÁTH, On the distributions of the supremum of weighted quantile
processes, Studia Sci. Math. Hung. 1989 (to appear).

M. CSÖRGÖ and D. M. MASON, On the asymptotic distribution of weighted empirical and
quantile processes in the middle and on the tails, Stoch. Process. Appl., Vol. 25, 1987,
pp. 57-72.

M. CSÖRGÖ and P. RÉVÉSZ, Some notes on the empirical distribution function and the
quantile process, Colloquia Mathematica Societatis János Bolyai, 11, Limit Theorems
in Probability Theory, P. RÉVÉSZ Ed., pp. 59-71, North-Holland, Amsterdam, 1975.

M. CSÖRGÖ and P. RÉVÉSZ, Strong approximations of the quantile process, Ann. Stat., Vol.
6, 1978, pp. 882-894.

M. CSÖRGÖ and P. RÉVÉSZ, Strong Approximations in Probability and Statistics, Academic
Press, New York, 1981.

S. CSÖRGÖ, P. DEHEUVELS and D. M. MASON, Kernel estimates of the tail index of a

distribution, Ann. Stat., Vol. 13, 1985, pp. 1050-1077.
S. CSÖRGÖ, E. HAEUSLER and D. M. MASON, The asymptotic distribution of trimmed sums,

Ann. Probab., Vol. 16, 1988, pp. 672-699.
S. CSÖRGÖ, L. HORVÁTH and D. M. MASON, What portion of the sample makes a partial
sum asymptotically stable or normal?, Probability Theory and Related Fields, Vol. 72,
1986, pp. 1-16.

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques



85DISTRIBUTIONS OF Lp NORMS

S. CSÖRGÖ and D. M. MASON, Central limit theorems for sums of extreme values, Math.
Proc. Cambridge Philos. Soc., Vol. 98, 1985, pp. 547-558.

S. CSÖRGÖ and D. M. MASON, The asymptotic distribution of sums of extreme values from
a regularly varying distribution, Ann. Probab., Vol. 14, 1986, pp. 974-983.

L. DE HAAN, On Regular Variation and its Application to the Weak Convergence of Sample
Extremes, Math. Centre Tracts, 32, Amsterdam, 1975.

P. DEHEUVELS and D. M. MASON, The asymptotic behavior of sums of exponential extreme
values, Bull. Sci. Math. Ser. 2, Vol. 112, 1988, pp.211-233.

R. M. DUDLEY, Some recent results on empirical processes, Probability in Banach Spaces
III, Lect. Notes Math., Vol. 860, Springer-Verlag, New York, 1981.

R. M. DUDLEY and W. PHILIPP, Invariance principles for sums of Banach space valued
random elements and empirical processes, Z. Wahrsch. Verw. Gebiete, Vol. 62, 1983,
pp. 509-552.

J. H. J. EINMAHL and D. M. MASON, Strong limit theorems for weighted quantile processes,
Ann. Probab., Vol. 16, 1988, pp. 1623-1643.

J. GALAMBOS, The Asymptotic Theory of Extreme Order Statistics, Wiley, New York, 1978.
B. V. GNEDENKO, Sur la distribution limite du temps maximum d’une série aléatoire, Annals

of Math., Vol. 44, 1943, pp. 423-453.
L. HORVÁTH, On the tail behaviour of quantile processes, Stoch. Process. Appl., Vol. 25,

1987, pp. 57-72.
G. S. Lo, A note on the asymptotic normality of sums of extreme values, J. Stat. Planning

Inference, Vol. 22, 1989, pp. 127-136.
D. M. MASON, Asymptotic normality of linear combinations of order statistics with a smooth

score function, Ann. Statist., Vol. 9, 1981, pp. 899-908.
D. M. MASON, Weak convergence of the weighted empirical quantile process in L2 (0,1),

Ann. Probab., Vol. 12, 1984, pp. 243-255.
D. M. MASON and G. R. SHORACK, Necessary and sufficient conditions for asymptotic

normality of L-statistics, I.M.S. Bulletin, Vol. 17, 1988, p. 138.
N. E. O’REILLY, On the weak convergence of empirical processes in sup-norm metrics, Ann.

Probab., Vol. 2, 1974, pp. 642-651.
D. POILARD, Convergence of Stochastic Processes, Springer-Verlag, New York, 1984.
R. PYKE and G. R. SHORACK, Weak convergence of a two-sample empirical process and a
new approach to Chernoff-Savage theorems, Ann. Math. Stat., Vol. 39, 1968, pp. 755-771.

E. SENETA, Regularly Varying Functions, Lect. Notes Math., Vol. 508, Springer-Verlag,
Berlin, 1976.

R. J. SERFLING, Approximation Theorems of Mathematical Statistics, Wiley, New York, 1980.
L. A. SHEPP, Radon-Nikodym derivatives of Gaussian measures, Ann. Math. Statist., Vol.

37, 1966, pp. 321-354.
G. R. SHORACK, Convergence of quantile and spacings processes with applications, Ann.

Math. Stat., Vol. 43, 1972, pp. 1400-1411.
G. R. SHORACK, Weak convergence of empirical and quantile processes in sup-norm metrics

via KMT constructions, Stoch. Proc. Appl., Vol. 9, 1979, pp. 95-98.
G. R. SHORACK, Weak convergence of the general quantile process in ~/q~-metrics, I.M.S.

Bulletin, Abstract 82 t-2.
G. R. SHORACK and J. A. WELLNER, Empirical Processes with Applications to Statistics,

Wiley, New York, 1986.
S. STIGLER, Linear functions of order statistics, Ann. Math. Stat., Vol. 40, 1969, pp.770-

788.
J. A. WELLNER, Limit theorems for the ratio of the empirical distribution function to the

true distribution function, Z. Wahrsch. verw. Gebiete, Vol. 45, 1978, pp. 73-88.

(Manuscript received January 14, 1988)
(Corrected September 12, 1989.)

Vol. 26, n° 1-1990.


