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The Hausdorff measure of the closed support of
super-Brownian motion (*)
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Edwin PERKINS
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Vancouver, B.C. V6T 1Y4, Canada

AsstrRacT. — If d =3 it is shown that the measure-valued super-
Brownian motion (inR?) of Dawson and Watanabe distributes its mass
over its closed support in a uniform manner with respect to Hausdorff
@-measure, where @ (x)=x2log™* log* 1/x, and does so for all times simul-
taneously. This together with a less precise result for d=2 shows that the

closed supports are Lebesgue null sets for all positive times a.s. when
d=2.

Key words : Measure-valued diffusion, Hausdorff measure, super-Brownian motion.

REsuME. — Lorsque d = 3, on montre que le « super-Brownian motion »
4 valeurs mesure (dans R (étudié par Dawson et Watanabe), répartit,
uniformément par rapport a la @-mesure de Hausdorff, sa masse sur son
support fermé, avec @ (x)=x%log" log* 1/x. En utilisant de plus, un résul-
tat moins précis, lorsque d=2, on montre que, p.s., pour tout temps
positif, la mesure de Lebesgue des supports fermés est nulle si d = 2.

Mots clés : Measure-valued diffusion, Hausdorff measure, super-Brownian motion.
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206 E. PERKINS

1. INTRODUCTION

Let Mp=M;_(R% be the space of finite measures on R? equipped with
the topology of weak convergence. The DW super-Brownian motion [we
will suppress the “DW” although this is not consistent with the terminol-
ogy introduced by Dynkin (1988)] is the Mg (R%-valued continuous strong
Markov process X, which is more commonly known as the critical multipli-
cative measure-valued branching Markov process with Brownian diffusion.
The state space may be enlarged to a large class of infinite measures but
this extension has no effect on the problem being considered here. Write
m(f) for the integral of f with respect to m. Let A be the generator of
d-dimensional Brownian motion on its domain D (A) in the Banach space
C(R% of continuous functions on the one-point compactification of R,
Given an initial measure m in M, X is the unique (in law) continuous
Mg-valued process such that for any fin D (A)

t

(1.1) X:(f)=M(f)+Z,(f)+J X (A f)ds.

]
Z,(f) is a continuous FX-martingale such that

t
<Z(f)>t=j X (f?) ds.

0
[see e.g. Ethier-Kurtz (1986, p. 406)]. #¥ is the o-field generated by X
enlarged to satisfy the “usual hypotheses”. Let Q™ denote the law of X
on the canonicial space of continuous Mg-valued paths, C([0, o0), Mp).

The above characterization extends to Feller generators A. Let us

consider the nature of X, when A is the generator of a d-dimensional
symmetric stable process of index a. If d < a, then X,(dx)=Y (¢, x)dx
for some jointly continuous density Y [Roelly-Coppoletta (1986),
Reimers (1987), Konno-Shiga (1987)]. If d = a, X, is singular with respect
to Lebesgue measure for all ¢t>0 a.s. [Dawson-Hochberg (1979),
Perkins (1988 a)]. To describe the precise degree of singularity of X,
let Yy—m(A) denote the Hausdorff V-measure of A and let
o, (x)=x"log" log* 1/x.

TueorREM A [PerkINs (1988 a, THEOREM A)l. — If d > o there are
0 <c(a, d) £ C(a, d) < oo such that for any me Mg and Q™-a.a.0.

(1.2) For all t > 0 there is a Borel set A,(®) which supports X, and satisfies
c(o, d)o,—m(ANA) =X, (A) £C(a, d)o,—m(A NA) for all Borel sets
A in R In fact

(1.3) A={x:¢' (o d) < lim X,(B(x, ) o ()"
rlo

2 C' (o, d)} for some 0 < ¢’ £C' < oo.
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SUPER-BROWNIAN MOTION 207

Slightly less precise results are stated for d=o. Theorem A says that X,
spreads its mass over a Borel support in a uniform manner according to
a deterministic Hausdorff measure. The notion of a Borel support is highly
non-unique and it is natural to ask if Theorem A also holds for the
canonical closed support of X, which we denote by S,. For a < 2 this
extension was shown to be false in Perkins (1988 b). In fact S,=R? or &
a.s. for each t > 0 [Perkins (1988 b, Cor. 1.6)]. In this work we prove that
the extension to closed supports is true for a=2, i.e. for super-Brownian
motion. Write ¢ (x) for @, (x)=x?log™ log™ 1/x.

THEOREM 1. — If'd > 2 and S, is the closed support of the super-Brownian
motion X,, there are constants 0 < c(d) < C(d) < co such that for any
meMg and Q™ a.a.®
(14) cdo—m(ANS)=X,(A) =C@do—m(ANS)

for all Borel sets A in R  and all ¢> 0.

The upper bound on X, is clearly equivalent to the upper bound on X,
in (1.2). Replace A in (1.2) with A NS, to derive the upper bound in
(1.4), and replace A in (1.4) with A N A, to derive the upper bound in
(1.2). On the other hand, the lower bound in (1.4) clearly implies that in
(1.2) because A, = S, [by (1.3)]. The converse is non-obvious because one
must find a better covering of the points of “low density” in S,— A,. This
was done for the Brownian path by Lévy (1953) and Taylor (1964). The
argument is complicated here by the fact that we must find such an
economical covering for all ¢t > 0 simultaneously. For a fixed ¢ the result
was stated without proof in Dawson et al. (1988, Theorem 7.1).

We have a less precise result for d=2. Let @, (x)=x2 (log* 1/x)%

THEOREM 2. — If d=2 and X,, S, are as in Theorem 1, then there are
constants 0 < ¢ (2) £ C(2) < oo such that for any m in My and Q™ —a.a..
(15) c@o—m(ANS) =X, (A) =C(2@o—m(ANS)

for all Borel sets A inR?*  andall t>0.

The upper bound is again immediate from Perkins (1988a, Theorem B).
Theorems 1 and 2 immediately imply

CorOLLARY 1.3. — If d =2, S, is a Lebesgue null subset of R® for all
t>0Q"—a.s., for each m in M.
All of the above results continue to hold when m is an infinite measure

such that je““"‘z dm(x) < oo for all € >0. One need only apply

Theorems 1.7 and 1.8 of Dawson et al. (1988) to obtain these results first
for bounded sets A and hence general A by inner regularity.

The proof of Theorems 1 and 2 will use several technical estimates from
Perkins (1988 a). The new ingredient needed to handle closed supports,

Vol. 25, n® 2-1989.



208 E. PERKINS

and which is false in the a-stable case, is a Lévy modulus of continuity
for S, from Dawson et al. (1988, Theorem 1.1). It states that if

(1.5 Ar={x:d(x, A) < ¢} and h(u)=(ulog™ 1/u)/?
then for every ¢ > 2 there is a 3(®, ¢) > 0 a.s. such that
(1.6) S, = Stw=n  for 0<u—t<d(, c).

This 1-sided modulus of continuity will allow us to cover all of S, and
not just most of it as in Dawson-Hochberg (1979) and Perkins (1988 a).
In addition it will allow us to interpolate coverings of S;,, ie N to obtain
coverings of all the S,’s.

Our arguments will not use (1.1) or (1.6) directly. Instead they are based
on S. Watanabe’s construction of X as a weak limit of branching Brownian
motions, and a uniform modulus of continuity for these approximating
branching systems which is stronger than (1.6). This construction and
uniform modulus are recalled in Section 2. The proofs of Theorems 1 and
2 are given in Section 3.

It is natural to ask if one can take ¢=C in (1.4). For a fixed t > 0 this
is true and will be proved in a forthcoming paper [Dawson-Iscoe-Perkins
(1989)]. Whether or not this is the case for all ¢ > 0 a.s. remains an open
problem.

Positive constants introduced in Section i are written c; ; These con-
stants may depend on the dimension d but any other dependencies will be
made explicit. Positive constants arising in the course of a proof and
whose exact value is irrelevant are written ¢y, ¢,, . ..

2. BRANCHING BROWNIAN MOTIONS

To construct a system of branching Brownian motions we use the
labelling scheme in Perkins (1988a) and Dawson et al. (1988). Let

I=U Z, x {0, 1} If B=(By, - . ., B;) is a multi-index in I, | B|=j is the
n=0

length of B and B | i=(PBo, ..., By for i £j. Call B a descendant of y and
write y < B if y= | i for some i <|B]|.

Let {BP: Bel} be a set of independent d-dimensional Brownian motions
which start at zero, and let {e: BeI} be a collection of i.i.d. random
variables which take on the values 0 or 2 each with probability 1/2.
Assume these collections are independent and are defined on (Q2, &2, P?).
If R=R‘U{A} and A is added as a discrete point, let
(Q!, N =(RH?*+, BRH?+) and (Q #)=(Q' xQ?, L xH?). If
o=((x)), ®*) eQ, we write B (®) and e? (®) for Bf(»?) and ef (0?).

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



SUPER-BROWNIAN MOTION 209

Fix neN and suppress dependence on m if there is no ambiguity. Let
T=T®={j27": jeZ,}, and let A=A" denote the measure on T which
assigns mass 27" to each point in T. For ¢ = 0, let

{t}={t}"=max{reT:r <t}.

Given ®=((x;), ®*) we construct a branching particle system as follows:
a particle starts at each x; # A; subsequent particles die or split into two
particles with equal probability at the times in T —{0}; in between consecu-
tive times in T the particles follow independent Brownian paths. A more
precise description follows.

If eI and t = O let

1Bl
\ Xpo+ Y |1G27"S s <t A (((+1)277)dBbI
NE=NB1((x)), ©?)= ! =0
t t (( ]) ) | 1f xBO ?& A
A if xp=A
Use {eP} to define death times t* =1 "((x)), ©*) by
0 if xp,=A
min {(i+1)27": ¢! =0}
U= 0 if  this set is non-empty and xp, # A
(B|+D27"
i if the above set is empty and x5, # A.
The system of branching Brownian motions is given by
N < ]
NP = NP — NP f 0st<n Bel
A ift=P
n
Noration. — If Bel and t=0, write B~¢t (orB~1t) iff

[B]27 "<t < (B|+1) 27" If 3, denotes unit point mass at x, let
K
Mg(R"):{z-" Y8, K=—101,..., xieR"} < M (RY).
i=0
Define N=N®: [0, c0] x Q - M(R%) ={m: m a measure on R?} by
N, (@)=2"" 3 Snpw 1(NF(@) # A).
B~

If IT! is the projection of Q onto Q!, define a filtration on (Q, .«/) by
d=sl}=c(IT', B®, ef: |B|27" < {1})
(N o(BE—BY: |B[27"={t}, {1} < s <u).

u>t

Vol. 25, n° 2-1989.



210 E. PERKINS

It is easy to check that N, is (&/,)-adapted [Lemma 2.1 of Dawson
et al. (1988)].

If o'=(x)eQ!, let P =5, xP>
and

m=m(®)=2"" 3 8, 1(x; #A).
j=0
Note that (m, n) uniquely determines P®' on o(N,: t = 0). We usually

suppress dependence on the underlying labelling of the (x;) and write P™
or P™" for Pe',

B, denotes the d-dimensional Brownian motion defined on the canonical
filtered space of continuous R%-valued paths, (Q,, £°, #?) and starting
at x under the probability P§. It should be clear from the above construc-
tion [see Perkins (19884, Lemma 2.1 (¢)] if it is not that for Bel,
t<(B]+127 (x)eQl x4, # A and Ae F?

(2.1) PX)(NBeA | NP £ A)=Pgo(B. eA).

The next result is essentially due to S. Watanabe (1968, Theorem 4.1).

The tightness arguments required for the convergence on function space

may be found in Ethier-Kurtz (1986, p. 406), where a slightly different
result is proved.

Tueorem 2.1. — If meMg(R%) and m,e M} (R?) converge to m as
M — o0, then

P 1 (N®e.) 5 Q™ on D ([0, ©0), My (R?) as 1 — oo,

where the limit is supported by C([0, o), Mg(RY)).

The fact that we have taken a limit along the geometric sequence {2"}
is irrelevant for the above result but will be convenient for technical
reasons in Section 3.

Ift=e>0,let
I(t, e)={y~t—e: 3B ~1t, B>y with NP = A}.
Ife, reT™ and y ~ 7.
(2.2) P(yel(r+s, ) | o)=p"(e) 1(N} # A)=p(g) 1(N! # A),

where p"(g) is the probability that a critical Galton-Watson process,
starting with one individual and with offspring distribution 8,/2+8,/2, is
not extinct after £2" generations. From Harris (1963, p. 21) we have
(2.3) lim 2"p"(g)=2¢~! for any dyadic rational &,

n- o

24 p(e<c,,(2"e)"! forall £in T" and all minN.
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SUPER-BROWNIAN MOTION 211

The following uniform modulus of continuity for {NP: Bel} plays
a major role in the proof of Theorems 1 and 2. Recall that
h(u)=(ulog* 1/u)/2.

THEOREM 2.2. [Dawson et al. (1988, THEOREM 4.5)]. — If neN and
¢ > 2 there are positive constants ¢, ,(¢), ¢,.3(c) and ¢, 4(c) and a random
variable & (o, ¢, M) such that for any me M} (R%),

(25)  P"@mEp)Sc,m®)p23 for 0Sp=Scy,
(2.6) If 0<t—s <d(c, M), 5,620, B~t and
NPt A, then |[NP"—NP| < ch(t—s).
fF#Scl let
F(S)=c (M, BB eflk: BeS, 0 <k < [B))
%(S)=c(BP, eP: BeS).
If in addition yel, let
ly|—infj < |v|: v |j¢{B|j: BeS, |B| =}
o(S; y)= if this set is non-empty
—1 otherwise.

Thus o (S; y) is the number of generations since v split off from the family
tree generated by S. Finally, let &, (Y) =c ({N}, |2 # A}).
B(x, r) denotes the closed ball in R?, centered at x and with radius r.

3. PROOFS OF THEOREMS 1 AND 2

Let d > 2 and set a,=2"%2 and g,=aZ+1=2"2""

with cubes in

. We will cover S,

A,={C: C an open d-dimensional cube of side length a, and centered

[N

at (7 +e) a, where j eZ4 e e{0, 1/2}%, C = (—k, k)*}.
p will denote a positive constant whose exact value will be fixed after
Lemma 3.4 below.

DeFINITION. — CeA,n+1 is bad for a finite measure v iff v(C) > 0 and
(3.1) v(C3%) <pep(a,) forall kin {27, 2"+1, ..., 2" —n—1}.
CeA,n+1is good for v iff v(C) > 0 and (3.1) fails.

We work with the system of branching Brownian motions introduced
in the previous section and continue to suppress dependence on the choice

of 1 if there is no ambiguity. m denotes the initial measure in M (R?) and
we write P for P™"=P®,

Vol. 25, n® 2-1989.



212 E. PERKINS

Notation. — If yel, r=h(|2"l and keN, let B"(aq)=B(NY, a,) if
NY# A and set B'(aq) = if N)=A. If t > r, let

Y (@)=2"" 3 1(c(B; v)27"e(af, 247], NP B (ay)) Syp
p~t
Z}(@)=Y!(@)RY) and  Z'(a)=Z](ay).

Y (a;) represents the contribution to N, of those particles which branched
off from vy in [r—2 a2, r—a?) and were within a, of NY at time r.

Let t,={je,: j=0, 1, ..., ng, ' —1}.

Each point in the support of N, and in (—2"*?, 2"*1)? is covered either
by a good cube for N, in A,»+1 or a bad cube for N, in A,»+1. As in
Taylor (1964) the contribution to the Hausdorff ¢ —m from the good
cubes may be bounded by a multiple of the N, measure. Our task is
therefore to bound the contribution of the bad cubes. More specifically if

(3.2 Y (a)=a?(log™ 1/a)*

(the power 2 on the logarithm has been chosen arbitrarily), then we would
like to bound

(33)  b,(t, ®)=b(t, ®)= Y 1(Cis bad for N™) Y (am+1)

CeAgntl

uniformly in ¢ and large n.
Let n = 2"*! and

Al(m)=A,(n)={0: 3(», 3, N) <4¢,},

where 8 (o, ¢, ) is as in Theorem 2.2. Assume w¢ A, (1) and Ce A+t is
bad for N, where t > ¢,. Choose jeN so that te(je, (i+1)g,] and let
r=(G—1)e,eT™ N1, Choose a B~t such that NPeC and Iet
y=B|r2"el(r+s, ¢,). Since o¢ A, (n) we have

(3.4 |NPF—NP|<3h(t—r)<3h(2g)<6q, forall k<2"*'_p_1.
This implies
(3.5 NY=NPeC3*"Ce
and
(3.6) N,(B(N}, 7a)) < N,(B(Nf, 13a)) < N,(C*3%) < po ()
forall k=2" 2"41, ..., 2" 1 _pn_1,

If o ~ t, N* # A and N*eB”(a,) then for 2" < k < 2"*'—n—1,

INF—N7| S [N —N¢ |+, =3hQe)+a = 0,

This means that all descendents at time ¢ of the points in B (a,) at time r
are in B(NY, 7 a,). Therefore (3.6) implies

(3.7 ZY(a) EN,(B(NY, 7a,) < po(ar) for »gk=<2"*l1_p—1.
We have proved

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



SUPER-BROWNIAN MOTION 213

Lemma 3.1. — Let m=2""', CeAy+1 and o¢A,(n). Let
te(ie, (j+1)¢g,] for jeN, and r=(j—1)¢,ex,. If Cis bad for N,, then there
isavyinlI(r+s, €, such that (3.5) and (3.7) hold.

The next result will allow us to replace ZY(a,) with Z!(a,) in (3.7) at
the cost of doubling p.

NOTATION. — A, (r, n)={0: Z"(a,) = 2 po(a;) and Z} (a) < po (a,) for
some yel(r+e, &), te[r, r+2¢,]and 2" <k £2""'—(n+ 1)}, rer,
A,(m=U A,(r,n)

rety

J(v, ) ={0: yel(r+e, &) (@)}, v~
LEMMA 3.2. — There is a ¢; ; and a sequence {N3, (n, p)} = N such that
ifn 215, (n, p) then £, T™ and
P(A,(m) < c3.,m (R exp(—2""?(log2) (p (n—1)—20)).

Proof. — Assume neN satisfies n = 2"*1, so that t, = T™. Assume
also that ret, and y ~ r. It is clear from the definition of Y"(q;) that if
C is a Borel subset of D ([0, c0), RY), then

(3.8) P(Z},.(a)eC | o,)=P¥¥ @ (N.(R)eC).
Note that

(3.9 J(v, e)est, v 4({B: B> 7))

and

(3.10) Zy,.(a)eod, v G({B: o(B;y)27"

€@ 2al, |Bl2"2H)=A, VY,
The o-fields «/,, 4({B: B> v}) and &, , are independent because the
original {eP, B} are independent. (3.9) and (3.10) therefore show that
I(v, €,) and Z¥(a,) are conditionally independent given .«/,. This and (3.8)

imply
(3.11) P(A,(r,n) | o))
2n+l—(n+1)

=X Y PU( &) | #)1(Z (@) 2 2p0 (@)

y~r k=2"

x PY1 @ (inf, < ,, N,(R?) < po (a).

By Lemma 4.1 of Perkins (1988 a) there is an m,(p, k,n, n) such that
lim Tlx(Pa k, n, n)=0 and
n— o©
(312) 1(Z"(a) = 2p9 (ay)
X PY;{ @ (il’lf, <2¢ Nt (Rd) é [ (ak))
< 1(NY # A) (exp (—po (a)/8e,)+ 11 (p, k, 1, M)).

Vol. 25, n° 2-1989.



214 E. PERKINS

Let n,(p, n, n)=max{n,(p, k, n, n): 2" <k <2""'—n—1}. Use (3.12)
and (2.2) to bound the right (and therefore left) side of (3.11) by

Y 27p"(e,) L(NY # A) (exp(— p@ (azn+1_,-1)/88,) + M5 (p, 1, M)
! <c¢,,2"e; ' N, (R%)
X (exp(—p 2"~ 2 (n—1)log2) +m, (p, n, M) (by (2.4)).

Sum the above estimate over ret, and take expected values to conclude
P(A,(n) < ¢, 2"ne, *m(RY) (exp(—p2"~*(n—1)log 2)"'7]2(9: n, n))

< ¢, m(RY (exp(—2""*(log2) (p(n—1)—20)) +n2"¢, *n, (p, n, N)).
Finally choose N, (n, p) = 2"*' and sufficiently large so that
n2"e;2n,(p, n, m) S exp(—2""2(log2) (p(n—1)—20)) forall n = ny,.
This gives the desired inequality with ¢; ; =2¢, ;. W

NotaTioN. — If yel, reT™ and k, neN, let
B(y, k)= {w Z" (@) = 2p9 (a)}

1_p—1

k=2"
and

W, (=3 13(v, &) NA(y, n).

y~r

Let J (a)=a?(log* 1/a)* %2
LemMA 3.3. — Ifn=2""! and o¢ A  (n) UA, () (neN) then
(3.13) sup b, (1) Scy,sup{W,(n): 2¢,_, Sr<n, ret,} U (am+),

4ep—1 St=nm

where c;_, depends only on d.
Proof. — Assume 1 = 2"*! and ¢ A, (n) U A, (n). Lemma 3.1 and the

fact that © ¢ A, (n) imply
(3.14) sup b, () = sup Y 2 1M e)NA(Y, )

4ep—1 St=n 26,.—1§r§n,rer,,CeA2,,+1 y~r
x 1(NYeC*" @ s (ayn+1).
An easy calculation shows that for any y ~ r fixed

Y 1(NIeC*@%) < ¢, (log 1jagns 1)

CGA2n+1

Substitute the above inequality into (3.14) to derive (3.13). H
As A, (n)\UA,(n) is a small set the above result shows that to control
the contribution of the bad cubes uniformly in ¢ we must bound W, (n)

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



SUPER-BROWNIAN MOTION 215

uniformly in r€t,. To do this we introduce

Wr(n)= Z P(J('Y’ Sn)mA(’Y, n) | .971 (Y))

y~r
and will bound W, () and | W, (n)— W, (n) | separately.

LemMmA 3.4. — There are constants c3 3, C34, €35 and a sequence
M3.2(n, p): neN} in N such that if neN, n2n;,(, p), reT™ and
r=2¢g, 4, then

W, (n) < ¢33 N, RY €, ! eXp { —c342¢ _pc3'5)}-

Proof. — Let n, neN, reT™ and y ~ r satisfy r = 2¢,_, and

(3.15) n=1+2""1so0 thatg, = 2' "
Note that

(3.16) ‘ J(v, e)eZF (V) vEG{B:B>v. B# 7))
and

317) B(y, )eZF (V) v 9({B: o(B; V)2 "e(ai, 2471}),  k=2"

Recall that %(S;), ..., 4(S,) are independent o-fields if S, ..., S,, are
disjoint subsets of I. (3.16) and (3.17) therefore show that B(y, k),
k=2" ...,2"*'—n—1 and J(y, ¢,) are mutually conditionally indepen-
dent given & (7y). Therefore

(3.18) P (Y, &) NA(Y, n) | Z (7))

antl_p—y

=PJ(v,e) | Z () [l P®B{K|F{).

k=2"

Note that F(y) © &,,,-n (recall e', B'e % (y)). We may therefore use
(2.4) and (3.15) to conclude
(319 PU(1 &) | F (V) S 21 (2e,— 1) 11N} # A)

<2c¢,8 127V (N # A).
Since r = €,_,=2a%» we may use Lemma 5.2 of Perkins (1988 a) to find
¢y, €35 and Ny (n, p)eN such that if n = n, (n, p), then

(3.200 P(B(y, k) | # (v))

< (1—61 (log1/a,) ¢35 "J sl (| NZ—NI_S| =< a/2) dk(s))
(af. 2 afl

for k=2", ..., 2""1_n—1

(the restriction r > 2a2» in the statement of Lemma 5.2 may be trivially
changed to r = 2aZx). Assume 1 = n, (n, p) in what follows. (3.18), (3.19)
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and (3.20) show
Py, e)NA(Y, n) | Z (1)

<2c¢, .8, 1271 (NY # A)exp {—cl (2"log2) ~“3.5P

xj s‘11(|NZ—NZ_s|§\/52‘3/2)d7»(s)}.
(a§n+1_n¥1, 2a§,,]

Condition the above with respect to #,(y) and use (2.1) to see
(321) Py, e)NA(Y, n) | F1(v)
<2cy 8, 127" 1(NY # A)EJ (exp {—cl 27ne3.50

xj sTH(|B,| = 5277 dMs)})
(a§"+1~n71’ 2a§,.]

<2c,,8, 127 1(NY # A) [Eg (exp{—cl Q=ne3sp

Xf sT1(|B,|sT2 < 2*3’2)dS}>+8(n, ps n)],
(“§n+1_n_15 2“§n]

where lim 8(n, p, N)=0. Y (u)=B(e“) e *? is a stationary Ornstein-

n-wo
Uhlenbeck process and using well-known estimates [see e. g. Lemma 5.5
of Dawson et al. (1988)] one can bound the right-hand side of (3.21) by

20548, 27" 1(NY # A) (Eg <exp{-—c1 D —ne3 s p

(2"—n) log 2
xj 1(Y,| §2‘3’2)du})+8(n, P, n))

0
<2c¢y48, '27NI(NY #A)
X (c3exp{—c3,2"1735P 1 §(n, p, N)).

If n = n,(n, p) we may bound 8(n, p, N) by cyexp {—c; 42" 3.5} and
so for N = M3, (n, p)=max(14+2"**, n,(n, p), N, (n, p)) we have

P (1, ) NA(Y, n) | F1(7)
Sdcy 038, P27V TN # A)exp{—cy 2730,

Sum the above inequality over y ~ r to complete the proof. W
We may now set

(322) p=(2¢35)"" and  m,=max(ns,(m p) N3 p)>2"""
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DeriniTioN. —  Let re T™ and B=(B,, . .., B,) be a p-tuple in I? with
|B;|=2"r for all i < p. Let D(B)={w: Nfi # A for all i <p}. If b >0, B
b

is a b-good p-tuple iff o ({B;: i #j}; B;) < 2"b for all j < p. Y

B1, ... Bp~r

denotes summation over all b-good p-tuples of length 2"r.

The next result is proved for even p in Lemma 3.3 of Perkins (1988 a).
The proof given there easily extends to general p. This extension does
change the way the constants depend on p from that given in Perkins
(1988 a). The result we need is

LEMMA 3.5. — IfreT™, 21" " < b < r and peN” 2, then

b

27 Y P(D(B)) < 47 (p—1)b? PRIE(N, (RY)P/2),
B1, s Bp~r

LEMMA 3.6. — There are constants {c3 ¢ (p): p=2, 3, ...} such that for
neN, neN, and re T™ satisfying r = 2¢,_, =2' ™",

E((W,(1)—W,(m)*?) < ¢34 (p) 2™ ® (1+1r)P e, 27 (e +80_,).

Proof. — Fix peNZ? and assume r 2 2¢g,_, 22' ™, reT.
Then

E(W,(m)-W,m)*")= % E(TI(Yy, - -5 V2p)

Y1, eesY2p T

where

2p

O(yy, - - 1(2,,)=.l__[1 (1A, )N A (Y 1)
l ~PI (0 &) NA(Ys M) | F 1 (1))).
FiX ¥y, ..., Y2, such that y; ~r for i < 2p and
o({y:i: i <2p) Y2027 > 28, 1.
Define

#=c(BP: o(B; v,,)2 " <28, 1)
vo(eP: o(Bvy,)2 "< 2g,;and B£y,,|iforalli< [v2,)
and
G=%({B: o(B; V2,027 "> 28,_4}).
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Then for i < 2p, () = % and J(v;, &,) N A (v, n)€¥. Therefore
2p—-1

(3.23) E(I(yy - -» Y2p))=E( [T Q@ e) NA(Y, 1)

i=1

—P( (1, &) NA®s ) | Z1 (Y1) XE(LT (Y25 &) NA (Y2 1))
—PU(V2p &) NAM2p W | Z1 (1)) | F1(12,) v g)),

There is a set D in & such that
A(Y2p WNI(12, e)={Ny2r #A} N\ D.

The independence of {ef, BP: Bel} shows # is independent of
F1(Y2,) v ¢ and therefore

PJ(v2p &) NA(Y2p n) | F 4 (sz) v %)
=1(N72» # A)P(D | Fi(Yap Vv %) =1(N2r # A)P(D)

=P({N2r A} ND | Z, (12 D=PUT (V2 pp &) NA(Y2pp 1) | F1 (1))

Substitute this into (3.23) to see that E(II(yy, ..., v, ,)=0 whenever
o({y;: i <2p}; Y2, > 2€,-1, or more generally whenever

o ({yi: i # o) Vig) > 28,1

for some i, < 2p. We have therefore proved that

28,1
(3.24) E(W,(—-W,m)*")= ) E(@(ys, - -5 Y2p)
2e0-1 P
S b3 E ( [TAAKs eN+PI (v, € | F4 (%-))))-
Y15 s ¥2p ™ T i=1

I oy=(yy, ...» Y2, let _k(=card{yy, ..., v2,}. If k(y)=k and
Yo oo Y2 ={re - s Y}, then

2p
E( [TAA, eN+PI(s e) | F4 (%))))

i=1

=2“’E<E(U AT e +PEN) | &f,) 1 (D(v))>
< 2E(E< TG s +pEND | w,) 1(D(Y)))
j=1

k
=2“’E( [T (PA(p &) | #)+p(E))/2) 1(D(v))).

i=1

Here we have used the fact that {.I (?l-, &,):j <k} are conditionally inde-
pendent given «Z,. On D(y), P(J(y}, €,) | o,)=p(g,) and so the above is
equal to 22 p (g,)* P(D(y)). Substitute this into (3.24) and use (2.4) to see
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that if

L, (n, k)=E< 22"2_1 ) 1(k(Y)=k)2"""1(D(Y))),
. Y1 e Y2p
(3.25) E((W,(m)—W,)*") < ¢, (p) :Zi g, ‘L, (m, k).

Lemma 3.5 implies
(3.26) L,(n, 2p) £ 4*?(2p—1)! (2¢,_ ) E(N, (R)?).

If ¥4 ..., 7 are distinct and k < 2p, tllere are at most k%7 2p-tuples
(Y -+ -» Y2,) such that {yy, ..., v2,}={y1, ..., Yi}. Whence

2p-2 2p-2
(327) Y e*L.(n k)< Y e kkPr2nk
k=1 k=1
2p—-2
xB( Y 1(D@u Y2 - WS Y & k*PE(N,(RY)
Y1s cos YT k=1

2p-2
= (21’—2)2”8.2._2"]5( ) Nr(R")")-
k=1

Finally we must bound L,(n, 2p—1). Let I, denote the set of 2¢g, ;-
good 2 p-tuples (v;, . .., Y5 ,) such that each v, ~ 7, v, =Y, k(¥)=2p—1
and o({y;: i >2}; v;) £ 2¢,-; 2" Let I, be the set of 2p-tuples satisfying
the same conditions but with > in place of < in the last inequality. If
(Vs> - -5 Y2 ) €Ly, then (va, ..., ¥2,) is a 2g,_;-good (2p— 1)-tuple and
if (Y «-.» Y2,)€l,, then (vs, ..., v,,) is a 2g, 4-good (2p—2)-tuple.
Therefore by symmetry we have

(328) L,(m2p—1)< <22”)2"<1—2P>(E( Y 1(yel, D(V))

71,...,72p~r
fE( Y 1@eL, D))
Y1 e ¥2p T
2 2"‘n—l
é( ”)[E( T 27D 1Dy, ...,vz,,)))
2 Y2, e ¥2p T
2":n-l
+E( Y 272D 1 (D (Y3, - - -5 Y2 )
Y3, s ¥Y2p T
YEQ S 1(o({y: 12 3% 1) <20 LD £ A)
Yi~r
12T LWy iz 3 =20 1N £ A) | # (1s, ...,vz,,)))]
yi~r
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<(*7)uer er- @s pEN®Y
+42 (pfl)(zp_g,)! (28 )p 1 E(N (Rd)p 1)
xQ2@—1Dr+2"M+EN, R)))
In the last line we have used Lemma 3.5 and Lemma 2.4(c) of Perkins
(1988 a). Combine (3.25), (3.26), (3.27) and (3.28) and conclude
(329) E((W,(m)—W,(n)*?)

2p—2
gcz(p)[sf“’E< Lz N'(Rd)k)
k=1
+el"22g2"LE(N, (RY? 1) (r+ 1 +m (RY)
+¢,27el_ E(N, (R")")]-

It is easy to bound the moments of N, (R in terms of m (R, for example,
by using the bound on E (¢* ™ ®) in Proposition 2.6 (c) of Perkins (1988 q)

to get
E(N, (R)?) < ¢3 (p) (1+7)? exp (m (RY).
Use this in (3.29) and obtain

E(W,(n)—W,(m)??) < ¢34 (p)e" ) (147
x[e2 2P +¢, 2P el_, (1+m(R%)]
<6 @™ ® (L 4r)Pe, 2P (el +eh_y). W

LemMMA 3.7. — There is an ny €N such that if n =2 n3 4, n =M, (M, as
in (3.22)), then

P( sup bl()Z2 <@

4ep-1 St=<n
Proof. — Lemma 3.3 shows that for n = n,,
(3.30) P( sup b,()227")=PA;(n)+P(A,(n)

4egp-1=Zt=n
+P(sup(W,(n): ret,, 2¢,_{ Sr<n)=c332 "P(agm+1)™h)
Sy, B)mRY) (4e,)23P ¢y ym (R exp {—2""*log2(p(n—1)—20)}
+P(sup N,(RY) 2 ¢5527' 7" Y (an+1) " 3.5 8,€xp(c3.42")

t<n
+P(sup(|W,(m)—W,(n)|: ret,, 2¢,_4 ¥ <n)

2 ¢332 (@)Y,
where we have used Theorem 2.2, Lemma 3.2, Lemma 3.4 and the choice
of p to bound P(A; (n), P(A,(n)) and W, (n), respectively. Use Doob’s
maximal inequality for martingales to bound the third term on the extreme
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right-hand side of (3.30) by
(3.31) P(sup N,(RY) = (c3,¢33) "

t<n
X (log 2) —2-df2 2—(3 +d/2)n—1 exp ((’.3.4 2n/2))
é (:3'2 C3.3(10g 2)2 +d/2 2(3 +d/2)n+1
xexp(—c3.4 2" )m RY) (< 27

Lemma 3.6 shows that the last term on the extreme right side of (3.30) is
less than
Z Cg.p22(l +n)2p2(2+d/2)n2p(logz)(2+d/2)2p83p
rety, 2ep—1 <r<n
xE(| W, ()W, () [*7)
< ¢y (p)ne, 120D 2 2 mED (| e 62 4l ).

If p=4, this is less than
¢, e2m (R9) n32(3+d/2)8n €, (« 2—.1)'

Substitute this bound and (3.31) into the right side of (3.30) to see that
for n = n; ; (n; ; depending only on d),
P( sup b, ()22 <e2"® 2" W

4ep—1 St=n

Standard covering arguments now complete the proofs of Theorems 1
and 2.

m

Lemma 3.8. — If E= U C; and each C; is a cube in A, for some

i=1
k (i), then there is a subset {i,} < {1, ..., m} such that E=UC; and no
point of E is contained in more than 2 of the cubes {C, }.

This is a slight perturbation of Lemma 1 of Taylor (1964). We are
dealing with open cubes of side 2% rather than closed squares of side
272 The proof remains unchanged provided one replaces the factor 4 in
Taylor’s result in R? with 27,

To complete the proof of Theorems 1 and 2 consider d = 2 and for a

given initial measure m in Mg (R? choose m, € M} (R such that m, Sm

as n - o0. Hence N® 55 X on D ([0, o), Mg (R%) by Theorem 2.1, where
X has law Q™. By a theorem of Skorokhod (Skorokhod (1956, Thm. 3.1.1,
p. 281)) we may work on a probability space (Q, #, P) on which
N® X a.s. in D([0, o), M) as n — co. Since X _is a.s. continuous this
means that N7 — X, for all t 2 0 a.s. By redefining {N™} and X off a
null set we may (and shall) assume N™ — X, for all t = 0 and all ®eQ.
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222 E. PERKINS

Let

G, (t)={CeA,n+1: Cis good for X,}

B,(t)={CeA,n+1: Cis bad for X,}

b (w)=sup {b? (t, ®): 4¢,_, <t < n}, b (t) as in (3.3)
b,(@)=sup{ Y 1(CeB,(t)V(ay+1): 4e, ; St <n}
CeAyn+i

Assume C is bad for X,. Then X,(C) > 0 and X,(C'*%) < p¢ (a) for all
k=2" ...,2""1_n—1. Since C is open and C'3 is closed this implies
lim N®(C) >0and fim N{(C'3%)
n— o n— ©

<po(a) for k=2" ..., 2""1—n—1.
This means that C is bad for N™ for large enough n. Therefore
Y 1(Cisbadfor X,) < lim ) 1(C is bad for N{)

CeA2"+1 n-— © C€A2n+1

and it follows easily that
(3.32) b,(®) £ lim b}(0) = b, (w).

n— o

Lemma 3.7 shows that if n = n; ; and n 21,
P(bp 227") S exp(2m, (R%)27"
Let n — oo in the above to conclude that
P(b, 227 <22"® 2" for nzny,,
and hence by Borel-Cantelli and (3.32),
(3.33) lim b,(0)=0 a.s.

Fix o such that (3.33) holds. Let t > 0. If n = 4 and Ce G, (¢), there is a
ke[2", 2"*'—n—1] NN such that X,(C'*>%) > po (a;). The definition of
A, shows that if k’=k —12 or k—13, whichever one is even, then there is
a C’e A, such that C!3% < C’ and hence

(3.34) X, (C) Z pp(a) = p2~ 12 ¢ (ay)

Choose one such C’ for every C in G, (¢) and let G, (¢) denote the resulting
connection of C”s. By Lemma 3.8 there is a subset G;/ (t) of G/(¢) such
that

(3.35) E(=U{C: CeG;/(0}=U{C: CeG,(t)} > U{C: CeG, (1)}
and
(3.36) No point in E (t) is covered by more than 2¢ sets in G (t).

Let A be a compact set in R If n is large enough so that A = (—n, n)°
and xe A NS, then xeC for some C in A,n+1. Since X,(C) > 0, C must
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be in B, (¢) or G, (). By (3.35) we have
(337) ANS,cU{C:CeGy @), CNA # I} U(U{C: CeB,(®}).

Every cube C in G} () has diameter dC at most ¢, (4) a,n-13=r,. Therefore
if n is also large enough so that te[4¢,_,, n] then

Y LHCNA#Pe@O)+ ) o0(d0)

CeGy (9 CeB, ()

<o,@p 2 Y 1(CNA# D)X, ()

CeGy, ()

+ey(d) @ (azm+1) Y(am+1)™ b, (by(3.34))
Sc(@p 127X, (AT

+¢3(d) @ (agn+1) Y (@xn+1)~ b, (by (3.36)).
Let n — oo and use (3.33) and (3.37) to conclude
(3.38) p—m(ANS) S c,(dp 12X, (A)

(recall A is closed). The inner regularity of ¢ —m with respect to compact
sets [Rogers (1970, Theorems 47, 48 and the ensuing Corollaries)] shows
that (3.38) holds for any analytic set A. This proves the required lower
bound on X. As was pointed out in the Introduction, the necessary upper
bound for X for d > 2 and d=2 are immediate from Theorems A and B
of Perkins (1988 a), respectively. W
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