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ABsTRACT. — Each subset of L? defines a p-stable process. We study
for which sets this process is bounded. We show that sample boundedness
occurs as the result of two phenomenon. One, well understood, is the
existence of a suitable majorizing measure. In the other, more delicate, all
aspects of cancellation have disappeared. Examples are given showing that
these subsets can be very complicated.
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ResuME. — Chaque sous-ensemble de L? défini un processus p-stable.
On étudie quels sous-ensembles définissant un processus p-stable borné.
On montre que c’est le cas exactement sous la conjonction de deux
conditions. L’une, bien comprise, est du type mesure majorante, I’autre
condition est plus délicate, mais n’est pas basée sur des phénoménes
d’annulation.
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154 M. TALAGRAND

1. INTRODUCTION

For 1<p<2, a real valued random variable X (r.v.) will be called
symmetric p-stable of parameter o if

VueR, EexpiuX=exp—o®|ul’.

Given an index set T, a stochastic process (X,),. 1 will be called p-stable
if each finite linear combination Xa, X, is a p-stable r.v. We say that
(X)), e 1 is sample bounded if sup | Y,| < oo a.s., where (Y,); .t is a separable

T

version of (X,),cr. It is known [2] that when (X)), is a sample bounded
p-stable process there exists a positive measure m on [—1, 1]T such that
whenever (), 7€ R™, we have

EexpiuZa, X,=exp— f| Zao, B, [P dm (B).

To each teT associate the element @,eL?(m) given by ¢,(B)=8, for
Be[—1, 1]". Then, the r.v. Zo,X, is p-stable of parameter || Za, @, |, It is
shown in [3] that for any finite measure m, one can define a p-stable
process (Y,);c 7 m) such that Y, has parameter ||¢|,. As we have seen any
sample-bounded p-stable process can be considered as equal in distribution
to the restriction of (Y,) to a subset T of L?(m). So, the question of
understanding which p-stable processes are sample-bounded amounts to
understand for which subsets T of L?(m), the restriction of (Y,),. to T
is sample bounded. Such a subset of L?(m) will be called a p B-set. The
Gaussian case (p=2) is completely understood [14], but, as well known,
the case 1<p<2 is much more delicate. We suppose now on p<2, and
without loss of generality that T is countable. From general considerations
concerning p-stable Banach space valued random variables, it is known
[2] that the appropriate measure of the size of a p B-set T is the quantity

S,(T)=(supc? P(sup|Y,| >c)'/”.
c>0

teT
For p>1, we have
K ! S,(T)<Esup|Y,| <KS,(T).

teT
Here, as well as in all the paper, K denotes a constant that depends on p
only, but that may vary from line to line.

We can and do assume without loss of generality that m is a probability
on [0, 1]. Much of the recent progress on p-stable processes has been
permitted by a remarkable representation of these processes that was
brought to light in the fundamental work of M. Marcus and G. Pisier [6],
(following ideas of [3]).
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p-STABLE PROCESSES 155

We denote once and for all by (X;);», an independent sequence valued
in [0, 1] and distributed like m, and by (g);», a Bernoulli sequence
independent of (X,).

THEOREM 1.1 [6]. — For p=1, and any countable subset T of L? (m), we
have
(1.1) K™ !S,(T)<Esup| ¥ e,f(X)i~ 7| <KS,(T).
feT iz1
Theorem 1.1 is very useful since it allows to replace a rather abstract
question by the concrete problem of estimating E|| Y g f(X;)i™'/?

i1

T
where we set

Sup| > Eif(Xi)i_”pl = ” ) Sif(xi)iullpHT‘
feT izl i1
We now need to recall definitions about majorizing measures. Given a
metric space (T, d), a probability measure p on T, and a function h:
[0, 11> R*, we set

D 1
T, d, h, p)= h d
v( W i‘i‘%L (u({yer;d<x,y)ge})> ’

where D is the diameter of T. We set y(T, d, h)=inf y(T, d, h, n), where
the inf is taken over all probability measures p on T. We refer the reader
to [11] for a systematic exposition of the theory of majorizing measures.
We recall that for a sequence of numbers (a;);>;, we set

[ @) |, o= sup (ccard {i; |a;| Ze'P}1.
t>0

We will later use the fact that ||(a)]|,, , = supi'/? a} where (a}) is the
iz1

non-decreasing rearrangement of ( | a; | )iz1-
We will now state and explain our main theorem. For p>1, define g
by 1/p+1/g=1.

_ Tueorem 1.2. — Let p>1. Consider a contable pB-seet T, and let
f(x)=sup|f(x)|. Then for feT, and iZ1, we can define u(f, i), v(f, i)eL?
feT

with the following properties:

(12) f=u(f, D+o(f, i)

(1.3) lu(f, D], |0 (f, D] =27

(1.4) B|| Y [v(f, HX)|i™ "7 ||y <KS,(T).
i=z1

(1.5) Consider the random distance 8x (f, g) on T given by
3x (fs &= || ((u(f, H(X)—ulg )(X))i~17)y, Ilp, -
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156 M. TALAGRAND

Then there is a metric 8 on T such that y (T, 3, log'/1)) <KS ,(T), and such
that the identity map (T, 8) — (T, 8) is Z-Lipschitz, where (EZ*)'*<K.
(1.6) Consider the random distance 3% (f, g) on T given by

8 (f, )= (X w(f, D—u(g, *i~>7)'2
iz1

Then there is a metric & on T such that y (T, &, log"?) <KS,(T), and
such that the identity map (T, &) —(T, 8%) is Z’-Lipschitz, with
(E(Z)?)'*<K.

This theorem is close in spirit to the results of [10]. It roughly speaking
states that T can be decomposed in two parts, one for which we have
control of the absolute values, and the other for which we have control
thanks to a majorizing measure. More precisely, to see that Theorem 2
obviates the fact that T is a p B-set, we write

E|| 3 ef(X)i Pl SE|| ¥ siu(f, DX i1y
_ _ +E| ¥ so(f D(X)i |

i1
We have
E| ¥ eo(f DX)i ?lle SE| T o (f, XD |1y
izl iz1
which is controlled by (1.4).

On the other hand, we have y (T, &, log'’?)<Z’ y (T, &, log'/?). Denot-
ing by E, and P, the conditional expectation and conditional probability
when (X,) is fixed, we have, from the classical subgaussian inequality

2

Pe(| )y Siail =t)Z2exp—

i21 ZZa?

iz1

and the majorizing measure bound, that

E |l Y gu(f, )i 7, <K v (T, 8, log'?)

i1
and this implies by (1.6) that
(1.7 E|| Y gu(f, )i~ 7|t =KS,(T).

i1
An intriguing feature of [6] is that, while the necessary conditions are
obtained via the random distance d'(f, g)=( Y, (f(X;)—g(Xy)*i~ 2712
i1
on T, the sufficient conditions are obtained via the random distance
d(f, 9= | (SX))i )5y ||, o (The desire to understand this pheno-
menon was at the origin of the present work.) Theorem 2 points toward
a close relationship in general between these two distances. Indeed, the
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inequality (1.7) also follows from the inequality ([6], lemma 3.1)

tq
ca;| >t)f2exp— —m—— -,
Pa(|i§181 ll )= P K”(ai)i;l”p,oo

the fact y(T, 8y, log!/9) <Zy (T, 8, log'/?), and the corresponding majoriz-
ing measure bound “for tails in e ™. (It would indeed be also possible
to use many other distances interpolating between 8y and 6%.)

Consider the random distance dx on T given Dby
dx (f, &)= ” [ (fX)—8(X)iz1 “p, o

In the class of processes studied by Marcus and Pisier, the condition
S,(T)<oo is proved by showing that Evy(T, dy, log'%) <co. So, it is
natural to ask whether it is true in general that Evy (T, dy, log'9) <o
whenever S,(T) < oco. We conjecture that this is always the case. (We have
been able to show that it is the case under the hypothesis of Theorem 1.4.)

We now turn to the question of finding sufficient conditions for
S,(T) <oo. We recall that for a r.v. Y, we set

1Y ||, o =(supt? P(| Y | > 1)
t>0

THEOREM 1.3. — Let p>1. Consider a metric space (T, d) and a process
(Y); 1 such that

1Y =Yl 0 Sd ()
whenever t, uc'T. Then

I supT(Y,——Yu)”p,wéKy(T, d,|. P
t,ue

This theorem is not suprising. The corresponding weaker statement,
where y(T, d, | . |") is replaced by the corresponding entropy condition is
due to G. Pisier [7], while the author has proved an anologous result for
|| . ||, instead of || . ||,. . [11]. Theorem 1.3 can be applied to a subset T of
L? provided with its natural distance.

We now mention a ‘“bracketing theorem™ that is actually a rather
immediate consequence of the results of [1]. We will give a simple proof
that is a small variation of the argument of Theorem 1.2.

THEOREM 1.4. — Let p>1. Suppose that on a subset T of L? we are
given a distance p finer than the natural distance. Assume that for €>0 and
feT, we have

[esssup {|f—g|: p(f @) e}|, <=
Then we have S,(T) <K y(T, p, log'/9).
By suitable choices of p, this allows to prove statements when we have

some control over A (f; ) Z. llesssup {|f—gl; || f—g|l,<e} ||, It would be

>

Vol. 25, n° 2-1989.



158 M. TALAGRAND

nice to have a statement that contains Theorem 1.4 and which, when
specialized to the case where we have no control on A (f; €) coincide with
Theorem 1.3.

The paper is organized as follows. Theorem 1.2 is proved in Section 2.
Theorems 1.3 and 1.4 are proved in Section 3. Various examples of classes
of sets that are (are not) p B-classes are provided in Section 4.

2. STRUCTURE THEOREMS

Our starting point to prove Theorem 1.2 is the following

ProposiTioN 2.1 [15]. — (T, || . ||, log*9) <KS, (T).

In order to unify the proofs of Theorems 1.2 and 1.4, we assume now
that v (T, p, log!/) =M for some metric p finer than the distance induced
by || . ||,- From a (simple) discretization procedure (see [1], [12], [11]) one
obtains the following.

ProposiTION 2.2. — Denote by 1, the largest integer with 27 '0<diamT,
where the diameter is taken for the distance p. For 1=1,, one can find finite
subsets T, of T, maps n;: T —T,, and a probability measure m on T such
that is we set a; ;=m ({m,f}), the following properties hold.

(2.1 p(f mf)s27!
(2.2) T o4 =T

(2.3) m, fis independent of f (and will be denoted by m,)
2

(2.4) For each feT, there is a nondecreasing sequence P, fglogi—
al,f
depending only on ,f such that
Y 27'BHa<KM.
121p
We define the distance 8 on T by d(f, g =2"", where
r=max [l 121, m,f=mn,g}. The fact that it is a distance follows from (2.2).
Clearly (2.4) implies that v (T, 3, log!’?) <KM.
Let oa=1/2—1/q=1/p—1/2. We set &(f,g)=2"'p,§ where
8(f, g)=2"". This definition makes sense, since, as B, , depends only on
w, f, we have B,,f= B, -

ProrosiTioN 2.3. — & is a distance, and (T, &, log!/?) <KM.

Proof. — We check first that & is a distance. Only the triangle
inequality needs proof. Let f, g heT. If &(f,g=38(g h=2"
then mf=mg=mh, so that 3(f, h)=2"" with [I'Z]
and & (f, H=2"V"PB;%<8(f, ). If 8(f,8)=2""'<d(g, h)=2"" then
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mf=nyg=m h, while m.,f=m., g#m.,h so 8(f h)=2"", and
¥ (f )=2""PBy =8 (g h).

We now prove the second assertion. Fix feT. For [l let
n=2"'B; % We have & (f, m,f)<r, so that

m(B("z))gm({ntf})=°‘z,f
where B(e)={g€eT; & (f, g)<e}. Since 1/2—a=1/q, we have
Y ri(log(1/m (B> Y rpiz=Y 27'BA<KM.

1210 1210 1210

We note that for geT, 8(f, g) is necessarily of the form r, Since
141 =1,/2, this implies easily that

diam T

J (log(1/m(B(e))?de=<2 Y. r,(log(1/m (B (r)))+?
0 121lp

and this concludes the proof.

For feT, iz1, we define I(f, i)(x) as the smallest integer =1,
for ~which |m,, f(X)—mf(x)|>27""1ilB P and we set
u(f, ) (X)=m, (s, 1 S (x) (if no such integer exists, we set u (f, i) (x)=f(x)).
We set v (f, i)=f—u({, i), so that (1.3) holds.

ProPOSITION 2.4. — VfeT, ) i""PE|v(f, i)| SKM.

i21

We observe that
EXCA TRV ES 1 5 FT— >27Lilip piifr sy,

12l
so that Proposition 2.4 follows from (2.4) and the following,

LemMMA 2.5. — Let g, he L?, g, h=0 and a>0. Then
2 PRl ima-1m) K a4 (g ||, || A ][

iz1
Proof. — We have hz=i'?q'? only if i<ah?. Since
Y, i"YP<K (ah?)'/4, the left hand side is <K a'E (gh?'?), and the result
i<ahP
follows by Holder’s inequality.
For feT, =1y, set by =(m,f—m,_, f). Denote by g{”; x the r-th largest
term of the sequence (i~ '?h, ;(X,));»,. For u>1, consider the following
event Q,;:

VfeT, Vizl, Vrzp,, 8 xS27 3y,
LEmMMA 2.6. — For u=e, P(Q)=1—u"2>.

Vol. 25, n° 2-1989.



160 M. TALAGRAND

Proof. — If g is the r-th largest term of the sequence i~ '?h(X)), a
very useful computation of J. Zinn ([8], p. 37) shows that
(2.5) P(Vrzm, g”2Q2e)'"?r 7| h||,)Su"m.

Applying (2.5) to the functions h, , that satisfy || h, ,||,<3.27% it follows
that P(Q)=1— Y wu PPs. Now

feT, 12l
u-ph, f=(e—|31, f)P log u §(°‘z, f/el)p log u
and the result follows since ) oy < 1.

Lemma 2.7. — On Q,, we have

26 { VfeT, Vizl,
G747 b, (X Ly p<a=titie g pioy (XDiz 1 [, 0 S274 2

Proof. — Consider the r-th largest term 0 of that sequence. If
0" >271* 3~ 1Py, by definition of Q, we must have r<p, ;> so that
8" >27!*5y B, /7 which is impossible since each term of the sequence is
<27'B; }P. Thus 6" <27+~ 1ry which implies the result.

ProrosiTiON 2.8. — On Q,, the following holds.

(1) The identity map (T, 8) — (T, 8y) is K u-Lipschitz

(2) The identity map (T, &) — (T, 8%) is K u-Lipschitz.

Proof. — (1) Let f, geT and let 8(f, g)=2"". We recall that
u(fy D(X)=m (s, 1 xS (), where [(f, i) (x) is the smallest integer such that
| f () =7, f (x)|>27 1L B, {7, Tt follows that if I(f, i) (x) <r, then,
since m,f=m,g, we have I(f, i)(x)=I(g, i) (x) and u(f, i) (x)=u(g, i)(x).
So we have
lu(f, D (x)—u(g, D®)|=|u(f, D)= )| Lz

+|u(g, i) (x)—-n,g(x)| l{l(f, Hzry
. Let by ,=mf—m_,f, E,f,,:h,,f Lin, p<2=titie B}y If I(f, ) (x)=r, we
ave

28 |ufEI®-mf|s ¥ b= Y h®)

r<I<I(f,i)(x) r<ISI(S, ) (x)

by definition of I(fi)(x). By definition of €, we have
NGk, (XDiz1llp, o SKu2Y, s0 that
G @ D= L e Xzt |y, o SKu Y 27/ SKu2,
1zr

The same inequality holds for fin place of g; this proves the result.
(2) We use the same notations as in (1). Fixing I, let a,=i" 1/ b, ; (X)),
50 [[(@)iz1 ||y, o <Ku27% Also it/?a,<27!B; 17, So, the i-th largest term
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b of the sequence i~ '"Pa; is <27 'min(Kui~ '/, B, }/?). A short computa-
tion shows that (), z‘z/"az)”2<2 'K B, $uP’?. Since the sequence (B; )

iz1

decreases, we see that Y 27'K B, 5uP>?<K27"B %uP? It follows that

Izr
5¢(f, ©)SK27"B, u”?<Kud (f, g), and this concludes the proof.

We observe that if the r.v. Z satisfies |Z|<Ku on Q, we have
(EZ*)'* <K u from Lemma 2.6. Thus (1.5) follows from Proposition 2.8.
Only (1.4) remains to prove. As observed in the discussion of Theorem 2,
(1.5)  implies  that  E|| Y gi "?u(f, )(X)|y<K so that

i1

E| ¥ &i "Po(f, D(X) || <KS,(T) since v(f, )=f—u(f, i). It follows

i>1

from [4], Proposition 1 [applied conditionally with respect to (X;)] that
E| Z gi Y7 |v(f, z)(X)|||T<KS (T).

Now, by a standard symmetrization argument

E| Y i " (Jo(f, DX)|=E|v(f, ]| = 2E||zaz V2o (f, ) (X)) |lr

iz1

SO

E| Y i |o(f, )(X)|[r<KM+sup ¥ i YPE|o(f, i)(X)|
iz1 feTiz1

<KM+KS,(T)

by Proposition 2.4. The proof of Theorem (1.2) is complete.

Remark. — The families v(f, i) can be defined whenever we have a
metric p on T finer than ||.[|, with M=v(T, p, log"?) <oo. Then our
argument, together with the comments of the introduction show that T is
apB-setif and only it E|| Y i™'|v(f; i) (X)]|lr < o0.

iz1

3. SUFFICIENT CONDITIONS

It is enough to prove Theorem 1.3 when T is finite. The main step is to
reduce to the case where T is ultrametric, that is where the distance d

satisfies d (f, h) <max (d (f, g), d(g, h)) whenever f, g, he T. This is done
via the following lemma.

LemMma 3.1 ([11], Theorem 4.6). — Consider a finite metric space (T, d).
Then (T, d) is image by a contraction of a finite ultrametric space (U, 8)
such that y(U, 8, |.|") <K y(T, 4, |.|»).

Vol. 25, n° 2-1989.



162 M. TALAGRAND

We also need the following, that is certainly known.

LemMA 3.2. — ||.||,.« is equivalent to a norm N that has the property
that N(max|Y;[)S (X N(Y)))' for alln, all Y, ..., Y, €L, ..
i<n izn

Proof. — Define
N(Y)=sup{P(A)_”“J |Y|dP:P(A)>O}
A

which is well known to be equivalent to || ||p, - Given A with P(A)>0,
and Y,,...,Y,, consider a partition A,,...,A, of A such that Y,2Y;

] n

on A; whenever j#i. Then

j max|Y;|dP= Y, | |Y,[dP< Y P(A)'IN(Y)SP(A)" (L N(Y))'”
A iZn iSnJA; iZn ign
by Holder’s inequality. Since A is arbitrary, this concludes the proof.

We denote by k; the largest integer with 2 *T>diam T. Let us call the
depth of T the smallest integer k for which each ball of T of radius
27%~k1r contains at most one point. (If T contains only one point, we
define its depth as zero.) We prove by induction over k that whenever we
have a process (Y,); .1, such that N(Y,—Y,)<d(¢t, u) for all t, ue T, where
(T, d) is ultrametric of depth <k, for each probability m on T, we have

N(sup| Y.~ Y,,|) =S (m)

teT

where we set
Sm)=sup Y 27" mB(x,27h)

xeT Izkr+1

Here, ¢, is arbitrary in T and as usual B(x, €) denotes the closed ball
of radius ¢ centered at x. For k=0, T contains only one point, so there is
nothing to prove. We now perform the induction step from k to k+1.
Suppose that T is of depth k+1. Denote by T,, ..., T, the closed balls
of T of radius 2 %11, noting that any two such balls are either equal or
disjoint, by ultrametricity. Denote by m; the restriction of m to T; for
i<n. Pick t;eT,, and let Z;=sup(Y,—Y,). If we apply the induction

teT;
hypothesis to T; and the measure m;/m (T;) we have
(B.1) N(Z)s(m(T)"?sup Y 27" m(B(x, 279" "7
xeTi Izkr+2

S(m(THYP(S(m)—27 1 m(T) Py <m (T)'"S (m)—2".

Let U;=|Y,—Y, |, where ¢, is arbitrary in T, so N(U)<27*r. Let
Z=sup|Y,~Y,, | We have clearly Z<max(U;+Z,), so, by Lemma 3.2,

teT isn

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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we have N(Z) (Y. N(U;+Zy)")'"?. Now, by (3.1)

i<n

N(U;+Z) =27+ N(Z)=m (T)""S (m)

so that N(Z) £S(m). This completes the proof.

We now prove Theorem 4.1. The proof procedes as the proof of
Theorem 1.1. We can surely assume that B, ,<2B,_, ,. In the definition
of Q,, we replace h, ; by hi, ; defined as follows

hi =esssup{|g—m_1f|:p(g m_f)S271*2}
f||p< 27!*2 by hypothesis). We observe that hj,, < h ;.
We denotc by I'(f,i)(x) the smallest integer [ such that
by, p(0)>2717 1P Y, and we replace I(f, 1) (x) by I'(f, i) (x) in the
definition of u(f, i) and v (/f, i). Since I (f, i) <I(f, 1), Proposition 2.8 still
hold. To conclude it is enough to prove that on Q, we have

(3.2 VieT, Y i'"|v(f; )(X)|EKMur.

iz1

If we set I=I(f,)(x), we have v(f)=f-—mnf so that
v(f, i)|Shj ;+1Shi ;. Also the definition of I'(f i)(x) shows that

v(f, )| <hy 1, where
C_{Z—Z—IB;l/p <i—1/ph/ <2—lBl—}/p}.
Now, on Q,, whenever i "?h; (X)227'"' B Y{?,, if the left hand side

is the r-th largest terms of the sequence (i'/? h; (X;));5 ,, then whenr>B,
we have

I+5,-1 -1 1
2~ /pu>2 B’t /p

so that r<Ku”B,,, , In particular there are at most Ku? ;. , such
terms. The sum of the values of those terms that are <27!B; /7 is hence
<K27'u? B}/4. This proves (3.2) and finishes the proof.

4. EXAMPLES

A class T of subsets of a probability space is called a p B-class of sets if
the class of functions of the type 1,, AeT is a pB-set. We denote
Lebesgue’s measure on [0, 1] by A.

Example 4.1. — There exists a p B-class of sets T in [0, 1] that cannot
be covered by a finite number of brackets B;={A:A;cAcC;} where
AMCNA) <1

Proof. — Consider a finite sequence s=(r,, ..., r,) of rationals
O<r;<...<r,<l. For u>0, consider the class T, , of sets of the type
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Ult+r, t+r;+ul(mod 1) for all 05t<1, and let T,= U T, ,. It fol-

i<r O0su=<1
lows from Theorem 1.3 that T, is a pB-class of sets. It follows from
Lebesgue’s theorem that

limf P( sup |Zi~YPg1,(X)|>r)dr=0.

u-0J1 AeTs y

It follows that if (s,) is an enumeration of all the finite sequences of
rationals r; < ... <r, we can find a sequence u,, >0 with lim u,k, =0,
where k,, is the length of s,, and such that T=UT,, , is a pB-class.
Suppose for contradiction, that it could be covered by a finite sequence
(B));<x of brackets {A; A;cAcC,;} with A(C\A;)<d<1. Fix m, large
enough that A(A)<§d/2 whenever AeT'= \U T (By); < covers T,

m2mgy

and we disregard those brackets that do not meet T'. Then A(A;)<9/2
for i<k, so A(C)<1. It follows that for some [ large enough
> (A (C))'<1. It is then a routine exercise to see that there exists t>0
igk

and a sequence r;<...<r, of rationals such that the sequence
t+rq, ...,t+r;(mod 1) cannot be covered by any C,, i <k. This contradic-
tion completes the proof.

We recall that one says that a class of sets T shatters a finite set
{xy,...,x,} if for any subset I of {1, ..., n}, there exists AeT such
that x;e A<iel. For a class of sets T, we denote V,(T) the set of all
sequences (Xy, ..., X,) such that T shatters {x,, ..., x,}. In[13], it is
shown that the sets V,(T) essentially determine whether a class of sets is
a Donsker class. This is not true for p B-classes.

Sms Um’

Example 4.2. — There exists two classes of sets T, T” on [0, 1] with the
following properties.

(4.1) T’ is p B-class, T fails to be a p B-class.

(4.2) T'<T; y(T, ||. ||, log"?) < co.

4.3) Vn, V,(T)=V,(T).

Proof. — Consider a sequence (k,), to be determined later. For n>3,
we consider disjoint subintervals I, of [0, 1], of lenth 274, that we partition
in k, equal intervals. We set T'= \U T,, where T, consists of the unions

nz3
of any collection of less than r,=[2"'*"7] subintervals of I,, for any n.
We claim that if the sequence (k,) increases fast enough, T is a p B-class
of sets. One first shows, by routine computations, that if S, x denotes the
sum of the r, longest terms of the sequence i~ "1, (X,), EsupS, x <o,
n

and one uses a limit procedure as in example 1.
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Consider now a one to one map ¢ from (U T, to N. We define T as
n21
the union of T’ and of the sets of the type U A, where for some sequence
121

n(k), we have A,€T, and n(I4+1)=¢(A)) for each /> 1. Call a sequence
(n(D);>, admissible if it arises this way. Clearly, we can choose ¢ with
the following additional property: given two admissible sequences
(n(k)), (m(k)) if n(r)#m@) for some r, then for I, I'>r we have
n(#m@). It is an easy, but tedious task to show that
Y(T, ||.||,» log""*) < oo provided (k,) increases fast enough. We show now
that T is not a p B-class. If the sequence (k,) increases fast enough, with
probability one, for each sequence (X,;);»; and large enough n, we can
find at least r, terms of this sequence, of index <2" that are located in
disjoint subinterals of I,. Given (g;) and (X,), with probability one, one
can then construct by induction over I a sequence A,eT,, where
n(D=¢(A;_,), such that ) i""Pg; 1, (X;)=1/4. This shows that T is not
a pB-class. We now prove that (4.3) holds. Let (x,, ..., x,)eV,(T).
Suppose that Z={x,, ..., x,} meets two different intervals I,, I; with,
say, r<s. Then we can find A e T such that A =(I, U I) N Z. By definition

A= A, where A;,,€T,, for an admissible sequence (n(l)). We can
121

also find A’e T with AN, NZ=, A’oI,\Z. Then A’= U A}, where
121

A,.1€T, for some admissible sequence (m (I)). We observe that s is

both of the type n(l) and m (I'). This implies that I=1" and that n())=m (i)

for i<l but then A NI, =A’NI1,, which is impossible. Then we have

shown that Z is contained is a single interval I,. Since the trace of T and

T’ coincide on that interval, we have Ze V,(T). This concludes the proof.

REFERENCES

[11 N. T. ANDERSON, E. GINE and J. ZINN, The Central Limit Theorem under Local
Conditions: the Case of Infinitively Divisible Limits without Gaussian Component.

[2] A. ArAuJO and E. GINE, The Central Limit Theorem for Real and Banach Valued
Random Variables, Wiley, New York, 1980.

[3] J. BRETAGNOLLE, D. DACUNA CASTELLE and J. L. KRIVINE, Lois stables et espaces L?,
Ann. Inst. Henri Poincarré, Vol. 2, 1966, pp. 231-259.

[4] M. LEpoux and M. TALAGRAND, Comparison Theorems, Random Geometry and Limit
Theorems for Empirical Processes, Ann. Prolab. (to appear).

[5] R. LE PAGE, M. WOODROOFE and J. ZINN, Convergence to a Stable Distribution via
Order Statistics, Ann. Probab., Vol. 9, 1981, pp. 624-632.

[6] M. MaArcus and G. Pisier, Characterizations of almost Surely Continuous p-stable
Random Fourier Series and Strongly Stationary Processes, Acta. Math., Vol. 152, 1984,
pp. 245-301.

Vol. 25, n° 2-1989.



166 M. TALAGRAND

[71 G. PIsSIER, Some Applications of the Metric Entropy Condition to Harmonic Analysis
in Banach Spaces, Harmonic Analysis and Probability, Proceedings 80-81; Lecture Notes
in Math., No. 976, 1983, pp. 123-154, Springer Verlag.

[8] G. PiSIER, Probabilistic Methods in the Geometry of Banach Space.

[9] M. TALAGRAND, Characterization of Almost Surely Continuous 1-Stable Random Fou-
rier Series and Strongly Stationary Processes, Ann. Probab. (to appear).

[10] M. TALAGRAND, Donsker Classes and Random Geometry, Ann. Probab., Vol. 15, 1987,
pp. 1327-1338.

[11] M. TALAGRAND, Sample Boundedness of Stochastic Processes under Increment Condi-
tions, Ann. Probab. (to appear).

[12] M. TALAGRAND, The Structure of Sign Invariant GB-Sets and of Certain Gaussian
Measures, Ann. Probab., 16, 1988, pp. 172-179.

[13] M. TALAGRAND, Donsker Classes of Sets, Probab. Th. Related Fields, 78, 1988, pp. 169-
191.

[14] M. TALAGRAND, Regularity of Gaussian Processes, Acta Math., Vol. 159, 1987, pp. 99-
149.

[15] M. TALAGRAND, Necessary Conditions for Sample Boundedness of p-Stable Processes,
Ann. Probab., 16, 1988, pp. 1584-1595.

(Manuscrit regu le 17 janvier 1988.)

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



