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ABSTRACT. — We consider two cases of a random walk { X, },-0 on
a random graph 4. i) In this case ¥ is the family tree of a critical branching
process, conditioned on no extinction. If h(x) denotes the distance on %
from x to the root of the tree, then the distribution of n~/3h(X,) converges.
ii) In this case ¥ is the « incipient infinite cluster » of two-dimensional
bond percolation at criticality. Now we can merely prove that for some ¢ > 0

i,
the family {n 2 'X,} is tight.

Key-words and phrases: Anomalous diffusion, incipient infinite cluster, random walk,

random walk on a random graph, subdiffusive behavior, Alexander-Orbach conjecture,
backbone.

REsuME. — Nous considérons deux cas de marche aléatoire {X, },,Z o
sur un graphe aléatoire %.

i) Dans le cas ou ¥ est 'arbre d’un processus de branchement critique,
conditionné par la non-extinction, si h(x) dénote la distance sur 4 de x
a la racine de I'arbre, alors la distribution de n~/3h(X,,) converge.

ii) Dans le cas ou ¥ est « 'amas infini d'un processus de percolation »
de dimension 2 au seuil critique, nous prouvons seulement que pour

1.,
un &> 0 la famille {n 2 X, } est tendue.

(*) Research supported by the NSF through a grant to Cornell University.
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426 H. KESTEN

1. INTRODUCTION

Let ¢ be a graph in which all vertices have finite degree. Denote the
degree of x by d(x). By the random walk on 4 we mean the Markov chain
with state space the vertex set of 4 and transition probabilities

1
——if yis adjacent to x on ¥ ,
(1.1 P(x, y) =4 d(x)

0  otherwise.

We denote this random walk by { X? }. In the cases which we consider ¥
will always be a subgraph of some fixed graph 5# and will contain a fixed
vertex 0 of #. We usually take X§ = 0, and can then view { X7 } also as
a Markov chain with state space ¥, the vertex set of J#. In the sequel we
shall choose ¢ as a random subgraph of s, according to some probability
measure v. It will always be the case that v{0e ¢ } = 1. We denote by
{ X» }n=0 the random walk in random environment, for which ¢ is first
chosen according to v, and once ¥ is fixed, X, starts at X, = 0 and moves
on 4 as { X?}. Thus {X, },s0 is a (non-Markovian) process on

Q::H"//.
0

The probability measure governing (¥, {X,}) will be denoted by P,
and expectation with respect to this measure by E. P is given by

1.2 P{%GG,{X,,}EB}:Jv(d{é)P{{Xff‘}eBIXf=Q},
G

for G and B measurable subsets of the collection of subgraphs of # and
of Q, respectively.

De Gennes [4] proposed the study of the asymptotic behavior of the
random walk { X, } when ¢ is a random cluster in a percolation system
near criticality. He suggested that this should give insight into the conduc-
tivity properties of such clusters when viewed as random electrical networks.
In spite of a seizable literature on this subject (see for instance [/] [11] [18]
[20] [22] and some of their references) we do not know of a rigorously
established relationship between the behavior of X? for large n and the
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RANDOM WALK ON A RANDOM CLUSTER 427

conductivity properties of ¢ (?). In the above named references (see also [247])

the asymptotic behavior of { X,, } has been studied by means of one or more
of the following quantities:

(1.3) P{X,=0} for large n.

(1.4) The distribution or moments of X, itself, or of h(X,) for a suitable
function h(.) on #". The former is appropriate when % is a subgraph
of 74 (with 0 = the origin), while we use the latter in case i) when ¥
is a random tree and 0 its root. In the latter case we take h(x) as
the generation number of x; this is also called the « chemical dis-
tance » from x to the root. Warning: It is useful to think of the binary
tree as being imbedded in infinite dimensional Euclidean space,
with each edge between the k-th and (k+1)-th generation lying
along the positive or negative k-th coordinate axis. This explains
why many results for trees should also be true for percolation in
sufficiently high dimension. Because of this, many physicists use
the Euclidean distance || x|| on the tree. Then || x| = ﬁ for a
k-th generation vertex x, for which A(x) = k. As a consequence
many physics papers have d = 4 and state a limit theorem for
n~ 1% X, || instead of our normalization in case i).

(1.5) The distribution of the exit time 7 be of the ball of radius k. More

precisely, assume that we have some distance function pf(., .)
defined on 7. Let

Bl — |
Then Bky={xet :p0,x)<k}.

(1.6) T(k) = inf {n: X, ¢ BK)}.

These aspects of the asymptotic behavior of X, are of course closely
related. For instance if m(n) is such that P { p(0, X,)) < m(n) } is close to 1/2,
and the distribution of X, is sufficiently smooth, then we expect (%)

(1.7) P{X,=0} =Jv(d€¢)P{Xf=Q|X,‘;"=Q} ~Ci{AN(mn) ;™"

(?) To be sure, there is the relationship pointed out by Straley [27] between the Green
function of X,¢ and the resistance between 0 and ground in the enhanced network in which
each edge of ¢ incident to a vertex x has resistance d(x)/t and each vertex x is connected

to ground via a resistance of (1 — t)~% for some 0 <t < 1. The resistance between 0
and ground in this network equals EFt"P { XY =0|X§ =0}.

(®) C; denotes a strictly positive and finite constant, whose specific value is of no signi-
ficance for our considerations. Its value may differ at different appearances.
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428 H. KESTEN

where
N(k):==E # (B(k) N ¥)=expectation of the number of vertices in B(k)n %.
Of course we also have the obvious relation

(1.8) {7()>n} < {p0,X,) <k}

with the corresponding relation between the probabilities of these events.

Alexander and Orbach [/] conjectured another relationship between
the behavior of X, and the structure of % for a not precisely described class
of (random) graphs %. They consider graphs for which in some (average)
sense

(1.9) N(k) ~ Cok% k- o0,

for some constant d.d is sometimes called the fractal dimension; it is
widely believed that the incipient infinite cluster of percolation at criticality
satisfies (1.9). It is further assumed that for some 6 > 0

(1.10) Ep*(0, X,) ~ C3n*@*0
or (using (1.7), (1.9))
(1.11) p{Xn:Q}NCM—E/(zw).

The Alexander-Orbach conjecture states that

1.12 d 2

(1.12) 2460 3

It is unclear for what kind of graphs % this should hold. Heuristic argu-
ments have been given in [/8] and [24] for (1.12) when ¥ is the family
tree of a critical branching process conditioned on nonextinction. When
the branching process satisfies (1.13)and (1.17) below, then d =2 (see (1.22))
and our results (1.16) and (1.19) confirm (1.11) and (1.12) in this case
(see Remark 1.22). It should be noted though that the Alexander-Orbach
conjecture is false even on some trees, namely the family trees of branching
processes with infinite variance considered in Theorem 1.21 (again see
Remark 1.22). For the second case mentioned in the abstract, when ¥
is the incipient infinite cluster of two-dimensional bond percolation we

1.
only obtain in Theorem 1.27 that { n* X, } is tight. This merely shows
that X,, has subdiffusive behavior. If (1.10) holds, then 0 will indeed be
strictly positive.
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RANDOM WALK ON A RANDOM CLUSTER 429

In both cases, the result is obtained by analyzing the imbedded random
walk on a subgraph of ¢ which is called the backbone. Attached to the
backbone are « dangling ends » which are of no help for X, to get far out
in the graph %. If X enters a dangling end it has to return to the backbone
in order to go to infinity. The time spent in the dangling ends is respon-
sible for | X,, | growing slower than n'/? in the second case. In the first case
we can analyze the time spent in the dangling ends more precisely to
obtain the result that X, behaves like a time changed version of the imbedded
random walk on the backbone. The imbedded random walk itself is very
much like a simple one-dimensional random walk about which we can
obtain enough information to derive our results (cf. proof of Theorem 1. 19).

To state our results precisely we now describe the measure v governing
the choice of %. For the branching process in case i) we consider a critical
Bienaymé-Galton-Watson (*) branching process { Z, }, starting with one
individual in the zeroth generation (Z, = 1) and non-degenerate offspring
distribution with

(1.13) W=E{Z|Zo=1}=1.

We denote by Tj,y(T) the family tree of the generations 0, 1, .. ., n(all gene-
rations) of this process. (See [/0], Ch. VI.2 or [/3], Ch. 1.2 for family
trees.) We view T, and T as rooted labelled trees (°). The root corresponds
to the particle in generation 0, the progenitor of the process, and it is denoted
by ( 0. A generic particle of the k-th generation is indexed as< 0, I,. . ., [, >,
l, >1, 1 <r <k The particles <0,1;,...,L-1,j>, j=0,1,... denote
the children of the particle < 0,1, ..., -, >. Of course, not for all j does
<0, 1y,. .., k1,7 > correspond to an actual vertex of T.1f € 0,1;,. .., L_y, j >
is a vertex of T, let N(O, I, ..., ,_,) be the number of children of
(0,1, ..., l—1 > in the branching process. Then <0, [, .. ., h—y,jYisa
vertex of Tfor 1 < j < N(O, Iy, ..., L—1). <0, 1y, ..., L1, j > is called the

J-thehild of (O, I, ..., L,_; ). Zis the total number of vertices in the k-th
generation, i. €.

Zy = Z NO, Ly, -y -

{0,1y,..05lk-1>€T

(*) The more traditional name for these processes is merely « Galton-Watson processes »
(see [2], [10]).

(%) Viewing the family tree as labelled is a bit of a nuisance, as will become apparent
in the sequel. Nevertheless in our view, it makes the proofs of the Lemmas 2.2,2.10 and
2.14 clearer.

Vol. 22, n° 4-1986.



430 H. KESTEN

T is finite if and only if Z, = 0 from some k on. The subtree having as
vertices <(0,1;,...,;> and all its descendants will be denoted by
T(, I, ..., I). This too is a rooted labelled tree, with root {0, I, ..., [ >.
If ¢ is a rooted labelled tree and ¢’ is obtained by permuting the subtrees

t(Oa lla . '>lk—1aj)> .]:13 L] °9N(09 lla LIEIEE ) lk—l)a

then t and ¢’ are isomorphic as abstract graphs. E. g. the two trees in Figure 1
are isomorphic.

<0,1,1,1> <0,1,1,2>

<0,1,15 <0,1,2> <0,2,1>

<0,2>

<0> <0>

F1G. 1. — Two isomorphic trees which we view as distinct labelled trees.

However ¢ and t’ are not the same as rooted labelled trees. Two such
trees are identified only if the offspring numbers N(O, [y, ...,];) and
N0, 1y, ..., 1) for these two trees are the same for all k and [;.

If ¢t is a rooted labelled tree we write ¢, for the collection of vertices in
its k-th generation, and # f, for the number of such vertices. (Thus Z; = #T,.)
We define the height h(x) of a vertex x of ¢ by its generation number, 1. e.
h(<0, 1y, ..., L, >) =k We say that t is a tree of k generations if # t;, # 0
but # t;,.,=0. The following lemma is immediate from P{Z, # 0} — 0
and Kolmogorov’s consistency criterion ([/9], Part I, Section 4.3) (see
also the proof of 2.6).

(1.14) Lemma. — If (1.13) holds, then for any rooted labelled tree t
of k generations

lim P {Tpg=t]Z,#0} = (# t).P {Tyy =t }.
If we set
(1.15) V{Ty=t}=(#t).P{TH=1}

then v has a unique extension to a probability measure on the rooted labelled
infinite trees.

We interpret the measure v of this lemma as the distribution of the
family tree of the branching process { Z, } conditioned on no extinction.
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Note that we need such a roundabout definition of this concept because
extinction occurs w. p. 1in a non-degenerate critical branching process ([10],
Theorem I.6.1). We can think of v as a measure on the subtrees of the tree 5,
which has the vertex set ( 0,1y, ..., k>, k=10,1,...,1; =1, ... and edges
only between pairs < 0,1y, ..., 5> and 0,1, ..., L+, >. The special
vertex 0 is taken as (0> and p({x >, {y)) as the number of edges in
the shortest path on 4 from { x ) to { y >. In particular p(0, { x >)=h(x).
Our result for case i) of the abstract is as follows.

(1.16) THEOREM. — Assume that (1.13) holds as well as
(117) 0<62=:O'2{ZI|ZO:1}<w.

Let % be a rooted labelled tree chosen with the distribution v of
Lemma (1.14), and let X,, be the random walk on G governed by P as defined
in (1.2). Then under P the process {Y,(t) }:»o defined by

k+1

n

Y, (t)= nl_l/_,, { (nt =KXy )+ (k+1—nt)h(Xp) ) for Sgt <

converges weakly in C[0, 00) to a process { Y(t) };»o which is not the zero
process.

(1.18) REMARK. — Y, is the scaled linear interpolation of { Xy }jxso-
In particular the theorem states that n~/3p(X,) converges in distribution,
and the limit distribution is not concentrated at 0. In fact one can show
that it has no mass at O at all. One can also show that { Y(¢) } visits O infinitely
often. Note that we only state convergence of the P-probabilities. We do
not make any statement about the distribution of { X? } for any fixed rea-
lization G of the random graph %.

At this time we only have a monstrously long proof of (1.16) and we
therefore restrict ourselves to the following weaker result, which sufficiently
illustrates most of the interesting aspects of the problem. In particular it
still confirms the Alexander-Orbach conjecture under (1.13) and (1.17).
Copies of the proof of (1.16) are available from the author.

(1.19) THEOREM. — Assume (1.13) and (1.17) and let % and X, be as
in Theorem 1.16. Let

I (m)=inf {n:hX,) =m}.
Then for all € > 0 there exist constants 0 < x,(g), x,(g) < oo such that
P{x; <m3T(m<x,}=1-—c¢, m>1.

Vol. 22, n° 4-1986.



432 H. KESTEN

The normalization for J(m) changes when one drops the variance
assumption (1.17). Specifically, the following result can be proven along
the lines of Theorem 1.19. We shall not give the proof, but only point out
that most of the branching process estimates needed to replace Lemma 2.41
below can be found in [26].

(1.20) THEOREM. — Let % and X, be as in Theorem 1.16 and I as in
Theorem 1.19. If (1.13) holds and for some 0 < o < 1

(1.21) P{Z >k|Zy=1}~Cik ™% k- oo,

then for all ¢ > 0 there exist constants 0 < x(¢), x,(¢) < co0 such that

a1
P{x1<m2”~(m)§xz}21—s, m>1.

(1.22) REMARK. — [23] Theorem 5, shows that under (1.13)and (1.17)

m

m_z # g[m] = m_2 sz

k=0

has a limit distribution (under v) when m — co. Thus d = 2 in this case,
while Theorems 1.16 and 1.19 can be interpreted as saying that in (1.10)
0 = 1, which agrees with (1.12). However, if (1.17) is replaced by (1.21),
then one can deduce from the Corollary and Lemma 2 in [26], that

m
m . “#g[mlzm * Zk

k=0

has a limit distribution (under v), so that d = 1 + &~ !. On the other hand

Theorem 1.20 says that 6 = 1/a, in the sense that at time .7 (m)— which is
1

of order m**'* — WX 5y = m or h(X,) is of order t2*1/% for t = T (m).
Of course Theorem 1.20 also implies

P{h(xxlml‘fl/a)gm} >1 — &,

as explained at (1.8). Thus (1.12) does not hold in the situation of Theo-
rem 1.20.

(1.23) REMARK. — We have chosen ¥ according to the measure v
of Lemma 1.14. We can interpret this as conditioning on no extinction
of the branching process, ever. For Theorems (1.19) and (1.20) one could
equally well have conditioned on { Z,, > 0 }. This is enough to guarantee
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that the family tree has m generations so that 7 (m) is finite. Such a change
in conditioning would not have influenced the results. ///

We turn to the percolation case ii). The analogue of Lemma 1.14 for
this case is much harder, but was derived in [/6]. We quote the result
for bond percolation on 72, using the following notation: & = edge set
of 72, O* = {0,1}¢ and P, = probability measure on Q* which assigns
to each edge, independently of all other edges, a 1 (respectively 0) with
probability p respectively q:=1 — p). An edge e with a 1 (0) assigned to
it is called open (respectively closed). A path on Z? is called open if all
its edges are open. An open cluster is a maximal connected set of open edges.
The critical probability for this model equals 1/2, i. e. infinite open clusters
exist if and only if p > 1/2 (cf. [15], Application 3.4 ii)).

(1.24) LeMMA. — For each event E which depends on finitely many
edges only, the following two limits exist and are equal

(1.25) Jer(Jlo Py, { E | there exists an open path fromQto R*/[—n,n]* },

(1.26) 1lim P, { E|there exists an infinite open path starting at 0 } .
pll/2

If we denote the common value of (1.25) and (1.26) by V(E), then ¥(.)
extends uniquely to a probability measure on Q* (which we again denote
byv).A. e. [v]0 belongs to an infinite open cluster and there is no other infinite
open cluster.

We now consider a random configuration of open and closed edges,
chosen according to the measure v, and denote by ¥ the random subgraph
of Z?2 consisting of the open edges and their endpoints only. The component
of 0 in ¥ is denoted by W. By the lemma W is a. e. [v] the unique infinite
open cluster. We proposed in [/6] that W be considered the « incipient
infinite cluster ». We further consider the random walks X and X,,asin (1.2).
Note that since X, starts at 0, it can never leave VV, so that X, is a random
walk on the incipient infinite cluster W.

(1.27) THEOREM. — There exists an ¢ > 0 such that for X,,, the random
walk on the incipient infinite cluster of two-dimensional bond percolation

1,
defined above, the family {n 2" Xy Yns1 is tight.
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434 H. KESTEN

2. PROOF OF THEOREM 1.19

Throughout this section (1.13) and (1.17) will be assumed.

« Tree » will always mean « rooted labelled tree ». T will denote a random
tree with the distribution of the family tree of the original Bienaymé-
Galton-Watson process. The offspring distribution for this process is
determined by

(2.1 pi=P{Z =j|Zy=1}, Jj=0.

T will be used to denote a random tree with the distribution v of Lemma 1. 14.
If <0, I, ..., I, > is a k-th generation vertex of a tree t, then we denote by
{0, Iy, ..., I; t) its lifetime, i. e., the maximal n > O for which there exists

a vertex <O0,0y, ..., L, Ly, s lerny in 80,14, ..., ). £(0;¢t) will be
abbreviated to {(t), and if no confusion is likely the t may be dropped from
these symbols. The m-backbone of a tree t is the subtree of ¢ containing
exactly those vertices { x ) of t with {(x; t) > m. This backbone is denoted
by b(m;t); for simplicity we write B(m) for the backbone b(m; T) of T.

We shall first derive some facts about the distribution of T, in particular
its relations with the distribution of T. Next we describe the distribution
of ]N3, and the conditional distribution of T, given B. We can then start
on the main step which is a comparison of { XI _} with its embedded random
walk { U, } = { Uym; T)} on the backbone B(m). This will require some
branching process estimates in order to estimate the time spent in 'I\B(m)
After that we obtain our principal result by estimating how much actual
time it takes for a certain (random) number of steps of the imbedded walk.

(2.2) Lemma. — A.e. [v] T has a single infinite line of descent. i.e.,
there exist unique integers iy, iy, . .., such that {0,iy, ...,i, >€T for all n,
and hence (0,1, ...,i,; T) = o0, while {(0,ji,...,Ju; T) < 0o for all
Gis oo osgn) # (g, - -5 0p),n = 0.

The joint distribution of the i, and N, iy, ..., i,), n > 0 is given by
(23) V{N(O)zlo"rl i1=ot1,

NO, a)=13+1, iz=03,...,NO,0y,. .., 05-1)=h-1+1, k_ak}
k—1
P+ l; =0, l<o; <y +1.

Jj=0

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques
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. Finally, conditionally on iy, i,, ..., and N(O, i, . . ., i,), n > 0, the subtrees
TO, iy, ..., 0, j) with 1 >0, 1 < j < N(QO,iy, ..., i), j # i+, are indepen-
dent copies of T.

Proof. — Let t be a tree of k generations (i.e., {(t) = k). Then by the
definition of v, for any <0, i, ..., i > et we have

V{T[k]=tand C(O, il""3ik;T): w}

= Hm v{Tuy =100 iy, ...,4;T)>r}
and e

Q.4) v{Ty=1L0ig,...i;T) =7}
1
=1lim ——— P { Ty =140, io, - . ., ix; T)>r and
SLIEDP{C(T)ZS} { Ty O, io i; T)=r an

80, jos - - +» i s T) = s—k for some {0, jo. ..., x> €Ty i

Finally, by the branching property we may for s — k > r write the last
probability as the sum of

P{T[k]:taC(Oaila-~-,ik;T)25—k}
and
P{T[k]zT,”SC(O.il.‘...ik:T)<S—k
but for some <O0,ji,...,jk» €Ty L0, j1, ..., ji; T)=s—k}
<P{Ty=t}.P{{D)2r}.(#t)P{{D=s—k}.
Since by Theorem 1.9.1 of [2]

2
2.5) P{{T)>s) ~—

it is easy to see from this that the right hand side of (2.4) equals

. #t

ro?

so that

2.6) v{Tiy=t and  {0,iy,..,ixT) =0} =P{Tyy=1}.

Similar estimates show that

2.7) v{Tw=1and {0,is,..,it;T) = {0, ]y, ..., ju; T) = o0 for two
dlStlnCt <0, il,'-~aik> and <0,j1,...,jk> in Tk} 20

Vol. 22, n° 4-1986.



436 H. KESTEN

(2.7) shows that in each generation of T there is at most one vertex
with infinite lifetime. On the other hand, a spec1a1 case of (2.6) says
v{{0;T)=00 } =1, so that each generation of T must contain at least
one vertex with infinite lifetime. The first part of the lemma is immediate
from this.

(2.3) is obtained from (2.6) by summing over all ¢ which contain
{0,iy,...,0iy and satisfy N@©O,i;,...,i)=4+1, 0<j<k

The last statement of the lemma, giving the fact that the "I"(O, iy ooy iy ))
are conditionally independent with the distribution of T, also follows from
(2.6) and the branching property. For example, if ¢}, ..., t] +; are fixed
trees with {(t)) < k — 1 then

(28) V{N(O,il, ,lj): lj+ 1,ij+1 :a],OS_]Sk— 1,
TO, N =t,1<r<lg+Lr#o}=%XP{Tyuy=t},
where ¥’ is the sum over all ¢ of k generations with N(0) = [, + 1 and

TO, r)=t;, 1<r<ly+1, r # a3, NO,ay,...,)=1[j+1, 1 <j<k—1. By
the branching property (2.8) equals

lot+1
Pro+1 I—I P{T=1¢} lek+1
r=1
r¥a
(2.9) CorOLLARY. — The numbers of children in T of the vertices on

the infinite line of descent are i.i.d with distribution
VNG =1+ 1} =0+ Dpey, 120,

for any { x) on the infinite line of descent.

Proof. — Sum (2.3) over a;, 1 < o; < l;_; + 1. O

We turn to the description of ]~3(m) = b(m; ’I“) the m-backbone of T.
Clearly B(m) is a subtree of T which contains the unlque infinite line of
descent of T as described in Lemma 2.2. We again view B(m) as a rooted
labelled tree. The root is 0 >, the same as the root of T, There is, however,
a complication due to the fact that the I-th child in B of a certain vertex
may be the I’-th child (Wlth I' > 1) of that same vertex in T. This is because T
has more vertices than B. In some arguments it is necessary to distinguish
the labeling of the vertices in B and of those same vertices in T. Whenever
it seems necessary to explicitly indicate that we are using the labels in B(m)
we shall use the notation <0, [, ..., I; m ) for the label in B. This label
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is attached to the [-th child in B of the vertex 0,1y, ... hysm>e B.
Of course <0, [y, ..., I;;m) has to equal some vertex < 0,0y, ..., 04>

of the k-th generation of T. We shall order the children in B of a
given vertex in the same way as they are ordered in T. That is, if
O L, .. he;m>={0,04,...,04» and { 0,0y, ...,04, 7y belongs to B
exactly for the indices ry <r, < ... <7, then (0,0, ..., 0,7 > will
be the t-th child of (0,I;,...,;m)> in B and hence have the label
<0, 1y, ..., L, t;m> in B.

We also need the following notation

N@©, Iy, . .., l;; my=number of children in B(m) of (0,1, ..., L;m>,

B, I, ..., I,; m) = subtree ofl~3(m) consisting of (0, Iy, ..., lx;m > and
its descendants in ]§(m),

ﬁlk](m) = subtree of first k generations of f?»(m),

7O, 14, ..., l; m) = lifetime in Bm) of < 0,1, ..., L;m).

(2.10) Lemma. — A.e. [v] 1~3(m) contains a single igﬁnite line of descent,
i.e., there exist unique integers ji, jz, - .., such that ((0, jy,..., j;m)=o0
for all k. The joint distribution of the j, and ﬁ(O,jl, e juym), n >0, is
given by

2.11) v{NQO;m)=lo+1, ji =P N©, B;m)=1,+1,

k
J2= B2 -. .,1\~I(0, Bis .- Bosm=h+1, jrs1=Pr+1 }= H‘Il,-+1(m)
j=0

for ;20,1 < p;<l;—y + 1, where

2.12) q(m) = Zm(:) PLUD) =m} Y L P{UT) <m} P

s=r

Conditionally on ji, ja, - ..,and 1\~I(0, Jis ooy Jnim), B = 0, the subtrees
B(Osjb - -9jkaj; m) with k = 03 1 S] < N(Oajla .. ‘ajk;m)’ J '_)’éjk+1, are
i.i.d., each with distribution of b(m;T) given {(t) > m.

Proof. — We do not give a detailed proof of this lemma. It is essentially
a consequence of (2.2) or (2.6) if we take into account that a vertex { x )
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of T belongs to ﬁ(m) ifand only if {(x) > m. Thus, for instance, if by, . . ., bg+1
are trees with lifetime > m, then

v{NO;m)=lo+1. ji=B, and BO.j:m)=(h.1<;<lo+1,j#j,}

= Z v{N(0) = s, {(0, i) > m exactly whenie{iy,...,i,1 ),

szlpt+1
1<iy<..<ij+1<s

{0, i;,) = 0, BO, i,;m, T) = b, 1 <r <lo+ 1,7 # j, },

where B(x;m, T) is the m-backbone of T(x). It is easy to see from (2.6)
that the right hand side of this equation equals

psP{UT) =m} e

s>lpg+1
1<iy<...<ijg+1<8 lo+1
JP{UT) <m ) Pt P{bm;T)=0b;|{(T)=m}
j=1
J#j1
lull
=qip+1 | | P{bm;T) = b;| (T) =m}.
j=1
J#J1
(2.13) CoroLLARY. — T he numbers of children in ]§(m) of the vertices

on the infinite line of descent are i.i.d. with distribution
v{I(I(x;m) =1+ 1] =0+ 1qi+:

for any { x:m )y on the infinite line of descent.

We need some additional concepts to describe the conditional distri-
bution of T, given ]~3(m). We call a vertex { x ) of a tree t a branchpoint (of
order p > 2) if { x> has at least two children (exactly p children) in .
Note that between branchpoints a tree looks like a segment of Z, since
each vertex which is not a branchpoint has at most one child. We call < x >
an endpoint of t if ( x ) has no children in ¢ (such vertices are often called
« leaves »). The degree of a branchpoint of order p (other than the root)
equals p + 1, while the degree of an endpoint equals 1.

Some more notation:

M(y; m) = number of children in T\E(m) of a vertex { y > of ]§(m).
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(2.14) LEMMA. — Given B(m), the family trees of the offspring in T\ 1~3(m)
of all the vertices { y ) in B(m) are conditionally independent with the following
distributions

(2.15) If<y>e ]~3(m) is not an endpoint of B(m) then

k + N(y;
V{M(y,m) = k} =pk+gl(y;m)< k(y m)>[P{C(T) <m-— 1} ]k

I+ N(y; -1
. [Zpl+gl(y;m)< * l(y m)> [P{C(T) <m-—1 } ]l:l .

120

Given M(y, m) the subtrees T(y, J) for each of the M(y; m) children of { y )
in T\B(m) are conditionally independent, each with the conditional distri-
bution of T, given {(T) < m — 1.

(2.16) If (y> is an endpoint of ﬁ(m), then T( y) has the conditional dis-
tribution of T, given {(T) = m.

Proof. — -Again we do not give a detailed proof of this lemma; it is a
direct consequence of Lemma 2.2. We merely point out that, for an endpoint
{ y > of B(m) we must have

(2.17) Uy; T) = m.

Indeed {(y;T) > m because < y>eB, while {(y; T) > m is excluded by
the fact that { y > has no children in ]§(m) (2.16) is immediate from (2.17).
The situation is slightly different if { y ) is not an endpoint at B(m) and
hence N( y;m) > 1. Then the condition { y > eB(m) merely says that all
the children of { y > in T\B(m) have lifetimes < m — 1. The condition
{(y) = m—which has to be satisfied because < y>eB(m)—1s taken care
of through the N( y;m) children of { y > in B(m) This leads to (2.15). [

We now prepare our first result for the imbedded random walk of { X }
on B(m). First its definition. Let ¢ be a fixed rooted labelled tree, and let { X, }
be the random walk on ¢, as defined in (1.1). Let b(m; t) be the m-backbone
of t as before. Define (°)

(2.18) To = To(m;t) =inf{n > 0: X, eb(m;t) },
Ti+1=fi+1(m; t)—_—‘lnf{ n>Ti: X;Eb(m, t) but X:,#Xt('f,)}, l > 0,
(2.19) Ui = Uym; 1) = X'(ti(m; t)).

(®) In order to avoid double subscripts we shall often replace subscripts by arguments.
For instance we write X(r;) for X,, in the following lines.
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{ U} is the imbedded random walk on b(m; t). Its values are the values
of X* at its successive visits to b(m; t), not counting an immediate return
to the last visited point of b(m; t). (In not counting such returns we deviate
from the usual definition of an imbedded Markov chain). { Uy } is a Mar-
kov chain with state space b(m;t) and it is not hard to write down its
transition probabilities. Indeed, if U, = X(t) = { y > € b(m; t) and
X(tx + 1) =<z ), and {z) also lies in b(m;t), then 7,4, = 7, + 1 and
Uk =<z ). If (z)e\b(m;t), then the fact that b(m;t) is a subtree
of the tree t, implies that X} can return from ¢ z ) to b(m; t) only by visiting
{ y > first (see Figure 2). This next visit to { y » does not count as a

<0>

F1G. 2. — The solid edges belong to the backbone b(m; 1) ;
the dotted edges to ¢\ b(m; ¢).

step of U., because U, = { y>. Moreover, once at y we start afresh.
Either the next step takes X' to a { z > e b(m, t) or X' moves again into
t\b(m;t) and returns to { y ». From this one easily sees (compare (1.1))
that for two adjacent points { y » and { z ) of b(m;t)

2.20) P{Ups; =<2 U =< y>} =P{Xp1:1 =<z [Xs =<y,

X b st =7
n+1 € (m ) } f(y)
where

(2.21) A(y) = A(y; b(m; t) = # of neighbors of x in b(m; t).

The above argument yields more than just (2.20). For { y > e b(m;t)
define

(2.22) E(y) = { vertices in t(y\b(m; t)} v {{y>}.
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E(y) contains the descendants of y which do not lie on the backbone (but
in the dashed part of Figure 2). By definition of height and backbone we
have 0 < h(v) — h(y) < m for each veZ(y). Therefore

(2.23) 0 < h(XL) — h(Uy) < m for T <N < Typg.
This will allow us later on to translate a limit theorem for { U, } into one
for { X, }.

We should also note that the transitions of { U,} do not depend on

t\b(m; t). In the argument above, Z(y) has no influence on U,,; when
we already know U, = { y ). This results in the following independence

property.

(2.24) Conditionally on B(m), T\B(m) and { U,(m; T) },» o are independent.

Also on {Up={y>},t+1 — 1 is just the time spent by { X. } in E(y),

and this depends only on Z(y) and A(y), and hence on U, but not on the U,

with n # k. Thus.

(2.25) The conditional distribution of t;.; — 7 given T and { U, },s0
is the same as the conditional distribution of 7,,,; — 7 given T
and U,.

(2.26) Conditionally on T and { U, }, the { 7,41 — 74 }x» o are independent.

We now derive some properties of the conditional distribution of 1,4 ;— 74,
given T and { U, }. We define for a tree t and { y ) a vertex of ¢
(2.27) d(y;t) =degreeof ( y» in t.

(2.28) LEMMA. — If't is a tree with a single infinite line of descent and
{y> avertex of b(m; t), then

(2.29) E{tgs1(m;t) — w(m; t) [ Uplm;t) =y >}
: 1
= 0 = ) Z i)
Also {v>eE(y)
(2.30) B(y) = Py;m;t):==E{ [tex:s — wl? | Um;t) =y >}

<4l + Ty, w0,
Aly) ™’

{vyet(y, )

where Z; runs over all children { y, j) of { y ) in t\b(m; ).

Proof. — First we note that { X} } must be recurrent. This is so because
we assumed that ¢ has a single infinite line of descent. This means that all
side trees of this line are finite, and X}, — oo is possible only if the imbedded
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random walk on the infinite line of descent moves out to infinity. Moreover,

just as in (2.20), the latter is a simple random walk on a halfline (reflected

at the origin), hence recurrent. Thus also { X!, } is recurrent. Consequently,

w.p. 1. 7, < oo for all k. Moreover, for any two vertices (u ), {v) of t,

when X! = (u) for some n, then X' will visit (v ) some time after n.
We next show that the hitting probability

(2.31) P{X' hits (v) before (w)|X)=<Cud}=

r
q+r’
when

C0>=€0, by L) (> =<0, b Dy and <wy =<0, b prge,

(i.e, Cuy and {w) are descendants of (v and { u ), respectively). To
see (2.31) observe that the left hand side is again a hitting probability
for the imbedded one-dimensional random walk on the line of descent
from (v) to {(w), {<0,l;,....>:p<s<p+q+r} Excursions
by X' into subtrees of ¢ with root on this segment are of no consequence,
since X' has to return to the root in order to reach { v > or { w ». Thus (2.31)
is just the one-dimensional gambler’s ruin formula ([8], Ex. XIV.9.1).

Now let (y>=<0, I;,..., [,>ebm;t) and {v)>=<0, I;,..., l,4+,> a
descendant of (y> in E(y). Let

(2.32) o=inf {n>0:Xehm;r)}.

Note that on { X{ = ( y > }, ¢ is the minimum of 7, and the hitting time
of ( y >. We claim that

(2.33) E{ # of visits by X' to { v ) in the time interval [0, ¢) | Xt =<y ) }
=P {X hits{v) before 6| X =<v )} (o)

. [1=P {X. returns to { v ) before o | X{H=Cv>} ]! ZWJ’)'

Ouly the second equality needs proof. The argument for (2.20) shows that,

starting at { y >, X! can hit (v ) before ¢ only if X =< 0,1, ..., L+1 ),

and if then X’ hits { v ) before returning to ¢ y >. Thus, by (1.1) and (2.31)

(2.34) P {X. hits (v before ¢ | X =<y>}=—1— L

d(y) " q
Similarly (again using the fact that ¢ is a tree)

1 — P {X. returns to { v ) before ¢ | X} = (v )} 4

=P{X.hits<y>beforereturningto(v)lX‘=<v>}=ZI@—).

Q|-

Thus (2.33) holds. (2.33) remains valid for v = y.
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It is now easy to prove (2.29). By the argument for (2.20), when U, = ( y )
then 1,4, — 1, equals the number of visits to Z(y) in the time interval
[Tk, Tk+1)- If we denote by 6o = 7, < 0y < ... < g, all successive times X'
visits { y > in the interval [y, T4+ 1), and by v, (v) the number of visits to { v >
in the interval (") [0}, 041 A Txs1), then on { U, =y )}

A
(2.35) Tk+1 — T = Z zvk,j(v)'
CryeE(y) j=0
To simplify notation we shall denote for the remainder of this lemma

conditional expectation given b(m; t) and U, = { y ) by E’. We now have
by Wald’s identity ([3], Theorem 5.3.1) and (2.33)

E" {11 —w} = Z E {4+ 1} E {v,)}

(ryeE(y)
(2.29) follows since ~ has the geometric distribution

d(y) — A(,v)]’ A(y)
2.36) P{Ai=1U;,= =
(2.36) P{ Uk =<y>} |: i) i)’ >
For (2.30) we begin with the estimate

. ORNE
(2.37) ﬂ(y)S2Ey{[z Z {v"”’(v)_@}]}

j=0 (v)eE(»)

SR

J=0 {v>eE(y)

which is immediate from (2.35). By (2.33) and the second moment ana-
logue of Wald’s identity ([3], Theorem 5.3.3) the right hand side of (2.37)

equals AN T
v y _ 4w
B {4+ 1}E {< Z [”""’(”) d(y)ﬂ }

{v>eE(y)

+2Ev{u+1)2}[ Z %}

{vyed(y)

(") @ A b = min (a, b).
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Since, by (2.36)

EY{/I+1}—Z((y)) Ey{1+1)2}<2[A§y;]

it suffices to estimate

eon ), i) (e}

(vYeB(y) {W>eE(y)

Both (v ) and { w) in this sum have to be descendants of { y > or equal
Cyyitself. Let (y>=<0,1,...,L,>and <v)>=<0,1;,...,1,4,) as
above. Assume that the label of { w ) agrees with that of { v ) exactly until
the (p + r)-th generation. Then < w > = {0, 11, .. ., Lysrs Jpart1s - s Jpts )
for some j’s with j,+,+1 # l,+,+1 Oor { w) is a descendant of { v ) or vice
versa. In order for X* to reach (v > or { w) it must first reach

Cuy=<01y, .. LoD,

Consequently with ¢ as in (2.32)

d d(w
(2.39) Ey{(”k,o(”) d((vi)( ko) = d((y;)}

d(v) d(w) <E
d(y) d(y)
= P { X' reaches { u ) before o | X\, = y }

. E{(# of visits to { v ) before o) (# of visits to {w )
before ¢) | X4 = (u ) }.

=FE { Vie, 0(0)Vie,0(W) } E” { Vi,0(0)Vk,0(W) }

We must now distinguish two cases. First r = 0. Then (v and {(w)
are descendants of different children of < y >, or at least one of (v >, { w )
equals < y>. In the former case v o(v)vi,0o(w)=0, since X} cannot enter
both t(y,j;) and #(y, j,) for j; # j, between two successive visits to y.
In the latter case, if (v ) = y, then v; o(t) = 1 = d(v)/d(y). Thus, the left
hand side of (2.39) is < 0 whenever r = 0. The second case is r > 1. In
this case the probability in the last member of (2.39) equals 1/(d(y)r) by
(2.34). It seems that we must imitate the proof of (2.29) to estimate the
remaining expectation. Let 0 = py < p; < ... < p. <o be the suc-
cessive times during [0, ¢) when X’ visits ( u >, and set

Ei(v) = # of visits by X! to { v ) in the time interval [p;, p;+1 A ),
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and similarly with v ) replaced by { w ». Then the last expectation in (2. 39)
equals

(2.40) E{z Zﬁa(v)éb(W)IX = <u>}

a=0 b=0

=ZP{K>a_1lx0=<u>}E{¢o<v)éo(w)|X' = (uy}

a=0
0

+ Z E { L0)&W)I [ > max (a,b) — 111X =<u ) }.

a,b=0
a*b

If both (v} # {u) and (u) # {w), then any excursion of X' starting
at (u ) cannot reach both (v} and { w) before returning to (u) (by
the tree structure of t and the choice of u). Thus E { &,(v)éo(w) | Xb =< u >} =0
unless (v ) =<uyor {w)=<u) If{v)=<u), then &) =1 and
(see (2.33))

d
E { Lo(0)éow) [ Xb = Cu) } =E{&ow) | Xo = u >}—d((w;
(This remains valid even if (v ) = {w > = (u)). As for the second sum
in (2.40), if a < b, then the Markov property of X' gives
E { S0)&W)I [k > max (a,b) — 1] X, = Cud }
=E { &) | Xo=Cu) JE{&OI[x >b —1]|X5 =<u)}
=E{&W)IXo=<u)}P{rx>a—1|Xog=<(ud}.
E{&oIk=1]|Xo=Cu)}.P{x>b—a—-2[X{=Cu)}
< E{&W) | Xo=<u) }E{&0) | Xe=<u)}P{x>a—1|Xb=Cu)}
CP{k>b—a-2|Xi,=<ud}
—P{x>a—1|Xo=<u)}P{k>b—a—-2|X{=Cud}
(by (2.33)).

Substitution of these results and obvious symmetry properties show that
(2.40) is in all cases at most

_ dw) d(v)
~d(w) d(w)

d(;’l?()) [E { (e+1) | Xb=Cu >} B (1) Xo=Cud ) TP)
o))
< d2( ) (d(u ))2 4r2d(v)d(w).
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(For the inequality we use that x has a geometric distribution with para-
meter 1 —(d(u)r) "', by (2.34) with { y >and { v Y replaced by ( u >and { y ),
respectively. Finally, if we take into account that r < m (as in (2.23) since
{v), {w)e&(y), we obtain from the above observations that

dv) > 8m _,
B(y) < 4|: Z m:l + A(y)z d(w)d(w),

veE(y)

where X* runs over all pairs { v ), { u » € E(y) for which the corresponding
r > 1. r > 1 can happen only if (v ) and { w) are both children of one
<y, j>. This proves (2.30). Ol

To prove Theorem 1.19 we need some information on the conditional
distribution of oy, m; T) and B(y, m;’f), given ]§(m) ("I" is random now).

(2.41) LEMMA. — Given B(m), the {o(y), B(y): < y> eﬁ(m)} are condi-
tionally independent. They have the following properties for { y > e B(m),
uniformly in B(m) and { y > (%):

2.42) If ch(y; m) = 0, i.e., { y > is an endpoint ofﬁ(m), then as m — oo
v{o(3)|Bm)} ~ Cim?,
v{p(»IBm)} < Cym?,
v{im 2a(y) > /1|]§(m)} — @4(4) forsome0<¢,(4) < 1 when 4 > 0.
(2.43) If N(y;m)=1and {y> # <0, then as m —

v { o(3) | Bm) } ~ Cym,
v{B(Y)|B(m)} < Cym*,
mv{m~2a(y) > 4| B(m)} — @2(4) for some 0 < ¢,(1)< oo when A>0;
as 210 @y(d) ~ Csa™ 2
(2.44) If N(y;m) =20r{ y> =<0 >and0 < N(O;m) <2, thenasm — o0

Ly (ot [ Bom) ) 0.

Proof. — Note that o y) and f(y) depend on f&(m) only through A(y)
and d(y), by their definition and (2. 35). Also, their conditional distributions,
given ﬁ(m), depend only on A(y), by Lemma 2. 14. Therefore, all the state-
ments in this lemma are automatically uniform in B and ¢ yye€ B.

(%) Here and in the sequel we write v { X } for the expectation of a random variable X
with respect to v.
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Before starting on the moment estimates observe that for (v ) # (0)
d(v;t) = (1 + the number of children of (v ) in t). Therefore, for k > 1,

Z dv;t) = # tx + # tesq,

{vyetr

where, as before, t denotes the k-th generation of . Thus. For any finite tree ¢

(2.45) Zd(v; t) = 2(# of verticesint) — 1.
vet

Alsonote thatfor { y ) # <0 > A(y) = N(y; m) + 1whilefor{ y > = {0,
A(y)=N(0; m). This is the only reason why { 0 ) plays a special role in (2.43),
(2.44).

We now prove (2.43). For ( y > # 0 and 1(1( y;m) = 1 a decomposition
according to M(y;m), (2.15),(1.13) and (1.17) show (°).

V{Oﬂ(y)lﬁ(m)}=[2pz+1(l +DP{ET) <m -1} ]’]

1>0
prrik+ D[P {ET) <m—1}
. %[k+l+kE{ Z d(v;T)lé(T)<m——1}]
{(vYeT
~ %<02+ 1+62E{[Zd(U;T):|; {(M<m—1 })(asm —0o0).
{vyeT

Also, by (2.45)

E{[ Zd(v;T)];C(T)< m — l}

(v)>eT m—1

ZZZE{Zk;C(T)<m—1}—P{C(T)<m—1}.

k=0

(®) E{X;E} denotes the integral of X over the set E (with respect to P), that is
E{X;E} =E{XIg}.

Vol. 22, n® 4-1986.



448 H. KESTEN

Further, by Theorem 1.9.2 of [2] and (2.5)

0

E{Z;{(T)<m—-1}= ZP{Zk=r}r[P{C(T)<m~l—k} I

r=0

2 2 °°k 2x L+ k ))d <m—1—k>2
~—— exp| — — — ) )dx={—-—] .
ka? 62 )o * exp a? m—1—k m—1
For the approximate equality we need the simple domination (see [/0],
1.(5.3)
1 1
P{Z,=r}<—E{Z}} = —(ko® + 1).
PiZi=r) < Bz = g kem 1)
r>Ak

The first formula in (2.43) now follows easily.
For the second formula in (2.43) we estimate the last member of (2. 30).
For A(y) =2

2
My, m; TP < [d(y;f) T3, Z d(u;f)] .
<vyeT(y,J))

Thus, by (2.30) and d(y; T) = A(y; B(m)) + M(y; m)

2
(2.46) ﬁ(y)£C1{1+M2(y;m)+ij[ Z d(v;'f)]

(v>eT(y,))

I3 ] 3wl

J1#j2 (v>eT(y,j1) (v>€eT(y,j2)

By (2.15) and (2.45),

v{[ 2 d(v;T)} |ﬁ<m),<y,j>e1\ﬁ<m>}

(v>eT(y,)) m—1 m—1
2
< 4E{[sz] [4T) <m— l}s CZE{ Z szz,}.
k>0 k=0 I=k

Further, by [/0], Theorem 1.5.1, for [ > k
E{ZZ }=E{ZE{Z|Z}} =EZ} = 1 + ko®.
Thus (again use (2.15))
2
V{Zj[ Z d(v;T):l IB(m)} < Cym®v {M(y;m)|B(m)} < Cym>.

(v>eT(y,))
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Similarly, using (2.15) for N(y; m) = 1, we have

AT 3w 3 wn)im)

J1#i2 (v>eT(yj1) (vYeT(y,)2)

< CsV{MZ(y;M)lﬁ(M)}[E{ Z Zk}]z

< Com? Z(k+1)k2pk+1[P (T <m—1}T.
k>0

This expression is at most Cem® by (1.17) and the following estimate
based on (2.5), valid for large m:

1 k
(2.47) kP {{T)<m—1 }sk<1~—2—> < ke Mm) < Com.
a'm

Together with (2.46) these estimates prove the second formula in (2.43).
For the third parts of (2.43) as well as (2.42) we need the fact that

1

(2.48) lim P { sz < A2 |YT) = 1} = H())
()

for some honest distribution function H(4) which does not put all mass
at zero. (2.48) was essentially proved by Durrett [7] and Pakes [23].
In particular, [7], Theorem 4.5 shows that for fixed ¢ > 0 the process
{1"'Zys ey Jo<i<1, conditioned on Zy;_, > 0, converges weakly in
DJO0, 1] to some Markov process. Consequently the conditional joint dis-
tribution of

I(1—¢)

0

given Z;; . > 0, converges. We write H,(y, z) for the limit distribution
function and use the asymptotic relation ([2], Cor. 1.9.1 with s = 0)

(2.49) P{c(T)=l}~a‘_221-2, | > .
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450 H. KESTEN

We then obtain
I(1—¢)

(2.50) P{ Z Zkgllzli(T)zl}

P A
~ 5 p{ Z Zkgllz,Zl(l_£)=r|Z,(1_£)>0}
r=1 k=0
PLUT) = 1| Zyy -y =7} . P{Zig—0y> O}
By (2.5) and (2.49)

P{UD)=1|Zig_p=r}=[P{UT)<el} T— [P{UT)<el-1}T
2 2r
NTP{C(T)ZSI}[P{C(T)ﬁﬁl}]r-l~02—;ﬁexp<—;§>, I - .

From this it follows that (2.50) converges to

2 Hay Zy)
2071 — 9) o(4, dy)y exp %)

This is almost (2.48). To complete the proof of (2.48) it suffices to show
that for all large |
-1
P{ Z Z, > Jel | YT) = l} < Ci /s,
(11—
which in turn follows from

-1
E{Z|{(T) =1}

I(1—¢) -1
— ©

= Z ZrP{Zk:r}P{C(T)=l|Zk=r}O'212 (by (2.49))

k=1l(1—¢) r=1

-1 0

2 r
=G Z ZP{Z": e T G
k=1l(1-¢) r=1
-1 I—1
1
k=1(1—¢) k=1(1—¢)

< C1 18[2.
This proves (2.48).
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The third relation of (2.43) is now relatively easy. According to (2.45)
and (2.15), for N(y:m) = 1

%

(2.51) v{a(y)zzmﬂfs(m)}=Zv{M(y;m)=k|f3(m>}

k=1

k
,P{%+Z#T(j)2/lm2|C(T(j))<m—1 for léjsk},

i=1

where T(1), T(2), ... are independent copies of T, and # T(j) is the total
number of vertices of T(j). By (2.48) and (2.49), as m — oo

mP{#T>im2|(T)y<m—1}=[P{{T)<m—1}]"

m—2

mEP{C(T)= DP{I2#T> M m*|{T)=1}
1=1

2 ~ 2 (*1 yl

1=1

1 “ 1
=—— | —[1 = H(yy.
GzﬂL 75 1~ Hky

The asymptotics here are justified by the simple domination

mzp{aT):l,#TZlmz}=mP{#T2/1m2,C(T)<8m}

I<em

em—1 em—1
1 I
< mP Z,>m*y<-—— E 7. =2
{Z ¢ m} im {Z T

0 0

Finally, one easily sees (see also [/2])

k
P{-;—+Z#TU)Zlm2lC(T(]))<m—l for 1sjsk}

=1

~KP{#T>m|{(T)<m—1)} ~ ‘—I[I—H(y)]dy

A
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for each fixed k and 1 > 0, as m — oco. Moreover, the left hand side is
bounded by

1 k ) 2k
_—_TE{Z#TjIC(T(j))<m—1 for ISJSk}sr,
2

m
im ~5 j=1

Substitution of these estimates in (2.51) yields the third relation of (2.43).

The proof of (2.42) is very similar to the proof of (2.43), if one takes
into account that for N( y;m)=0 ’f‘( y) has the distribution of T, conditioned
on {(T) = m (by (2.16)). Moreover P { {(T) = m } behaves as indicated in
(2.49). Actually, the proofs of (2.42) are easier because no decompositions
with respect to the value of M(y; m) are necessary.

The proof of (2.44) is even easier. It is very similar to that of the first
formula of (2.43), if in estimating v { M(y;m)} one takes into account
that for all § > 0

Zpk+2(k +2)(k + Dk[P{{T)<m—1}
k>0

< om Z Pysa(k + 2k + 1) + Cem Z Prsalk + 2)(k + 1)
k<dom k>dém

< dmo? + o(m) (by (2.47) and (1.17)).

Thus

(2.52) Zpk+2(k+2)(k+ DEP{{T)<m— 1} = o(m).
k>0

We leave further details to the reader. O

Proof of Theorem 1.19. — Let 1, = t(m; T) and U, = Uym; T) be as
in (2.18) ,(2.19) but now with T random and distributed according to the
measure v of Lemma 1.14. Unless otherwise stated U, = ¢ 0 ). Also define

i(n) = max { k: g(m; T) < n}

and
K(m) = inf { k : h(U(m, T)) = m} .
Then
h(X(Tx(m))) = h(Ux(m)) =m
so that

T (m) < 1(x(m)).
On the other hand, by virtue of (2.23), for n < t(«x(m)) we have i(n) < x(m)
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d
an h(X,) < h(Usm) + m < 2m,
whence

T (2m + 1) > 1(k(m)), T (m) > ‘C(K(% (m — 1))

It therefore suffices to prove that for suitable 0 < x3(g), x4(8) < o0
P{xse) <m t(k(m)) < x4) } =1 —¢, m>1.

To prove the full Theorem 1.16 we do indeed rely completely on the

imbedded random walk { U, }. However, for (1.19) it is simpler to prove
the estimate

(2.53) P{m3Tm>x,}<e¢

for some large x,, directly. For this purpose, define for any vertex {v >
of Ty, the local time

(Cv))=l{v)), I(m)> = { number of k < 7(m) with Xe=<v)}.

Then
T(m) = Z I(<v)).

ve'f[m]

We next prove the estimate _
2.54) E{(<o)) | T} < @m+ Ddw; Ty,  (0>€Tim-1-

Tet (v)>=<0, ki, .. . ky> with p<m—1 and let (x,>=0, <x1>,~...,<x,,>
=<0,1,,...,1,> be the vertices on the infinite line of descent of T. Assume
that (0, ky,...,k;> = (x,) for g <r, but not for g > r. Then define

T= {0 ks, kY irtl<qeplu{{xDdir<s<m}.

Asa graph Jisisomorphic to a segment of Z of length p—r+m—r+1<2m+1.
Indeed (0, ky, . . ., ko1 > isadjacent to <0, ky, . . ., k, Y and <0, ky, . . ., kpi1 )
is adjacent to < x, », and { x4 > is adjacent to { x;)>; no other pairs of
vertices in J are adjacent. Next we introduce the subgraph K of Tj,; whose
vertex set consists of J plus all descendants of { v ) in Tj,,. { W, } will be
the imbedded random walk on K; it is defined analogously to {U,}
(cf. (2.18), (2.19)) with b(m; t) replaced by K. It is clear that any visit by X.
to ( v ) also counts as a visit by W. to { v D, so that

I({v>) = number of visits by W. to { v > before I (m).
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But it is easy to see that on J\{{v)>} W behaves exactly like a simple
symmetric random walk. Specifically, if wel\{<{v)}, then

, 1
P{W,;; =w |W,,=w}=§

for w’ one of the two neighbors of w in J (compare (2.20)). Thus it follows
from the gambler’s ruin formula (just as in (2.31)) that

P { W reaches ¢ x,, > before returning to v| Wy = {0, ky, ..., k,—1 >}

> (cardinality of J)~! > .
i 2m + 1
Also, as in (2.20),

1
P{W,i1 =<0,ki,...k, 1 >|W,=0}=

dw: Tym)
These properties together show that

E { number of returns to { v ) before reaching { x,, > | Wy = (v )}
< d(v; T[m])(Zm +1).

This proves (2.54). Of course if (v ) eT,, then F(m) < first hitting time
of {vyand [((v)) <1

As a consequence of the above we have

E{T(m)) = uz{ [E{ Z l(<v>)|T[m1}}

veTm)

S(2m+1)[E{ Z [dw; Tpm) ] + #Tm}

veTpm- 1

<6mE{ # Ty ).
For the last inequality we applied (2.45) to ”T"[,,,]. Finally
E{# Tom}=v{# T}

= ZV{ # T} =E{(#T)*} (by(1.15)

= Z(ozk +1) (cf. [10],1(5.3)) < xsm>.
k=0

Thus E {7 (m) } < 6xsm> and (2.53) follows.
We next turn to the lower bound for Z(m), and start with proving

(2.59) P {m 2k(m) < x¢ } < ¢, m>1
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for sufficiently small x4(¢). For this and later parts of the proof we need
the following estimates, valid for any 1 < c¢ < o0 :

(2.56) v{ ﬁ[cm](m) contains any branchpoints of order > 3} — 0(m — o),

2.57) v{ ﬁlcm](m) contains more than x,¢? branchpoints of order 2} < ¢,
uniformly in ¢ > 1 and m, for large x-.

(2.58) v{]~3[m](m)\]~3[x8m](m) contains any branchpoint } < ¢ uniformly
in mfor xg close to 1,0 < x5 < 1.
We first deduce (2.55) from (2.56)-(2.58). Let

E; = { Bpy(m) contains no branchpoints of order > 3 and at most x,
branchpoints of order 2, while By,;\Bi ,» contains no branchpoints at all).

Choose x, and xg such that v(E{) < ¢ and define
k*(xg, m) = max { k < x(m) : W(U,) < xgm }.

Then, by definition,
Ue IN}[,,,]\INB[XS,,,] for K*(xg, m) < k < k(m).

Thus, if E; occurs, then U, does not visit any branchpoint of B in the time

interval (k*(xgm), k(m)]. Consequently during this interval U, has to lie
on a single line of descent

$=={<0,l1’-~~»lp>3xsm<p£m}
without branchpoints. By (2.20), under the condition that { U, } has to

stay in &, it behaves like a simple symmetric random walk on (xgm, m]
reflected at xgm + 1 and m. Therefore, with S, a simple symmetric random
walk on Z
P{ x(m) — k*(xg, m) < xgm?| E(m), Ue ¥ for k*<k<k}
< P { S, reaches (1 — xg)m — 1 before time xgm? |
So = (1 — xg)m/2, S, > 0 until S, reaches (1 — xg)m — 1}.

The last probability is the same for all ¥ and can be made < ¢ uniformly
in m by choosing x¢ small enough (by [8], Theorem III.7.3; the condition
S, > 0 has little.influence). Therefore, for small enough x4(c) > 0
(2.59) P {x(m) < xem*} < v{E}}

+E{P{ K(m)— k*(xgm) < xgn? | B(m), Uy e £ for k*<k<k}E;}<2e
Thus (2.54) will follow from (2.56)-(2.58). _

We next give the proof of (2.56)-(2.58). Any branchpoint of By, of
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order p is a point of ”I“[cm] with exactly p children of lifetime > m. Thus,
by (1.15) (with k = (¢ + 1)m)

(2.60) v ﬁ[l.,,,J(m) has at least d branchpoints of order p }
=V { Tjm has at least d points with p children of lifetime > m}

=E { (# T+ 1ym) I [Tiem has at least d points with p children
| of lifetime > m }
< 7 E { (# T+ 1ym- [# of points in Ty, with p children of lifetime > m] }

== Z E{Zc+im Z I[< v has p children of lifetime > m].

k<cm {v)eTy

Now foreach { v ) € Ty, Z+ 1jm counts the offspring of { v ) in the (¢ + 1)m-th
generation plus the offspring in the (c+ 1)m-th generation of the (Z,—1)
individuals other than { v > in T,. Given Z, and the family tree T(v) of the
offspring of { v ), the latter has conditional expectation Z, — 1. Therefore,
The expectation in the last member of (2.60) equals

E { Z E { (# Ti+ 1ym-1(v) + Z,— DI[{v) has p children of lifetime > m] }

{vyeT
= E {Z(Z;y—1) } P { <0 has p children of lifetime > m }
+ E { Zk } E { Z(c+ 1)m—kI[< 0 > has P children of lifetime > m] } .

Now, by (1.13), (1.17) and [10],1(5.3) and (2.5)
E{Z) =1 E{Z(Z,— 1)} = ka?,
(2.61) P {<0) has 2 children of lifetime > m }

) Zps<;)[P{sz}]Z[P{C<m}]s—z

s>2

1 2 \? 2 1
~Z§Pss(5—1)—7 = 57>

mao o m

(2.62) P {<0) has at least 3 children of lifetime > m }

om 1
< Z ps@[P{f:zm} P+ zpssc%ﬁm Zpssz

3<s<om s>0m s>om
1 . . .
= o| — | (since 6 > 0 is arbitrary; compare (2.52)).
m
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Also, for any r > m,

(2.63) E{ZI[<0) has p children of lifetime > m }

S p()erezmyreicm Rz

szp

- zps<;>[P{CZm}]p—l[P{C<m}]S_Pp.E{Z,;Zm>O}

B ES"SC:D[P{CZ m} PP {C<m} P,

since E{Z,;Z,, >0} =E{Z,} =1 for r > m. We can estimate the last
member of (2.63) in the same way as (2.61) and (2.62). Substitution of
these estimates with d = 1 and p > 3 in (2.60) yields (2.56). Substitution
with d = x4¢* and p = 2 proves (2.57). Finally, for (2.58) we should take
d=1, p = 2, but the sum in the last member of (2.60) should run only over
(1—xgm < k < m.

The preceding proves (2.56)-(2.58) and hence (2.55). This tells us that
the imbedded random walk on B(m) has to take on the order of m? steps
to reach height m. We next investigate how much time X. spends off the
backbone between the successive steps of the imbedded random walk.

This will tell us the order of the total time needed to reach height m. To this
end we write for any M

M-1
M) = Z(Tkﬂ - Ty,
0

and remind the reader that by (2.25) the conditional distribution of
(tx+1 — ), given T and { U, }, depends on U, only. Thus, if we introduce

(2.64) L(<{v)>,M):=number of ke [0,M] with U, = {v),
then

M-1
(M) = z E(Tk+1—‘fk)1[Uk=<U>],

(v)eB(m) O

and, by virtue of (2.29),
(2.65) E{tM)|T,{U,}uz0} = 2 L({v )M — Do, m; T).

{v)>eB(m)
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As observed before, to obtain a lower bound for @(m), and hence to
complete the proof of Theorem 1.19, we must merely prove

(2.66) P { t(k(m)) < xsm>, E; } < ¢.
As in the argument leading to (2.59) it suffices to show
(2.67) P {x(m)—t(c*(xs, m) < x3m> | B(m), Uye & for r*<k<i}<s,

uniformly for B(m) such that E, occurs, and any choice of #. To this end
we first use the independence property (2.24) and (2.43). If

L=y, > xgm<q<m} with Cye>=X0,11, ...,

then on E; all points < y, >, xgm < q¢ < m have N(yq; m) = 1, and given
B(m), {U,}, the ofy,), xsm < q <m are i.i.d. (by (2.24) and (2.15)).
Now set (for the Cs of (2.43))

’ 3 3 1
Q=Q(x9)={q3 (%+2x8>m <q=< <Z + Z«‘%)’", xom? < o yg) < 2xgm? },

# Q = cardinality of Q,

E, = { # Q= 1(1 - Xe)C5<1 — ,I_)X;uz}.
¢ NE

By the above # Q has a binomial distribution corresponding to

1 " 3 3 N 1 1(1 )
— 4= S+ ~=(1 — xg)m
4 2 Xg |m, 4 4 Xg |m 2 8
trials, each with success probability ~ Csm™'[xg /2 — (2x9)” '] (by

(2.43)). We therefore have for all small x,

v{E‘z}szforalllargem.

Consider a T for which E, occurs and assume U, € & for k* < k < k. Then
t(k(m)) — t(k*(xs, M) = Zo(th+1 — ) s

where X, denotes the sum over those ke [k*, k) for which U,e Q. We
further define, again for the Cs of (2.43),

E; = {Z [L(< pg > 1em) = 1) = L g 2, 16¥(xs, m) — 1)]

e >—1—Cx Xo Y1 — xg)
<20 5X10X9 Xg)m .
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1
Take x,0 = 1 e(1—xg). We claim that then

(2.68) P{E, "E§|B(m),U,e ¥ for k*<k<k}<

| ™

This is due to the fact that i(U,) behaves like a simple symmetric random
walk {S,} on (xgm, m] reflected at xgm + 1 until it hits m (see argument

1 3 3 1
before (2.59)). Therefore, for any | — + —xg Jm < g <|- + - xg |m we have
. 4 4 4 4
with
Aq) =Ly ), w(m) — 1) — L(< yg ), k¥(xg, m) — 1),
P{A(g) < xiom|T, Uye £ for k* <k <k}
< P {8, visits g at most xom times before it reaches m|Sy = xgm,
S, > xgm for n>0}
< x10mP { S, reaches m before returning to g | Sp = ¢, S,> xgm, n > 0}

= X10M 3
2

(cf. (2.34)
m—gq
< 21 — xg) " 'xy,.

Therefore

1 ~
[P’{A(q) < xyom for more than 2 # Q values of e Q| T, Uye &

for;c*<k£1€}

2 ~
< —;6 E { number of geQ with A(q) <x,om|T, UeZ for k*<k<k}

< ( ) !
= — l—x X #Q —.
Q 8 10 1

1
Since # Q > 2—0C5 (1—xg)x5 ' on E, we obtain (2.68)
Finally we use that the probability (2.67) is bounded by
(2.69) P{ESUES|Bm),Ue? for x*<k<x}
= E{I[E;, N E3]P { Zo(tys1 — 1) < xsm* | T,{ U, }, Upe &
for k* <k < K}]ﬁ(m), Uge? for x* < k <k}

The first probability here is at most ¢/2 for all small x4 (by our choice
of x19), and we now estimate the inner probability in the second term on
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E, n E3. By the independence properties (2.25) (2.26) and by (2.29) (2.30)
the summands in X are conditionally independent, given T and { U, },
with expfctation for T4+ 1 — T U Yg M; T‘) > xom? and variance at most
B(ygm; T) < Coym[o(y,)]> < 4C,x5m° whenever U, = ( y, >. (Note that
the last member of (2.30) < Com[x(¥)]* < 4C,x3m® for g € Q). Therefore,
on E, n E3, just as in (2.65),

E{Zgts:1—w) | T,{U,}} = z A@(yg) = xom? Z A(q)
q€Q qeQ

= % Csx10(1 — Xg)xé/zms s

P Eo(ter1—w) | T, { U, }) < Z A(@)B(y,) < 4C,x3m® Z A(q) .

qeQ q€Q
. 1
Therefore, if we choose x; = %Csxlo(l — xg)x4'2, the inner probability

in (2.69) is by Chebyshev’s inequality at most

-1
16C2m|:z A(‘])] < 640C,(Csx1o(1 — xg)) ™ 'x5/?
qeQ
< Cee™ 1xd(1 — xg)7 2.

Lastly we choose xo < (4Cq) 2e*(1 — xg)* so that this expression will
also be < ¢/4. Then (2.69) and (2.67) will be < ¢ for all large m and (2.66)
and Theorem 1.19 follow.

3. PROOF OF THEOREM 1.27

In outline the proof is very similar to that of Theorem 1.19. We define

S(m) = [— m, m]?, S°(m) = RAS(m)
S(v,m) = [v(1) — m, v(1) + m] x [v(2) — m,v(2) + m] for v = (v(1), v(2)),
O0R = boundary of R, for any rectangle R, 7 (m) = inf { t: X, € dS(m) },

where in this section X, is the random walk on W, defined by (1.2) with ¥
replaced by W, and W is the incipient infinite percolation cluster of the
origin 0, and governed by the measure v of Lemma 1.24. To define the
backbone ]~3(m) in the present context we set for any infinite connected
subgraph w of Z? containing 0
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b(m;w) = {v:v a vertex of wn S(m) for which there exist two paths r,
and r, on w which only have the vertex v in common, and which connect v
to 0 and dS(m), respectively }.

0 is taken as a point of b(m; w) and so are all points of W n dS(m). f}(m)
is defined as b(m; W). We shall prove that for some ¢; > 0

(3.1) P{T(m<m2*=} 5 0.

This will imply Theorem 1.27, by virtue of (1.8) (with p the Euclidean
distance on R?). To prove (3.1) we define the imbedded random walk
{U,} = {U,m;W)} on B(m), by a small variation on (2.18) (2.19).
For an infinite connected subgraph w of Z2 containing 0, and with backbone
b(m; w), we first modify X, to X := XS j e, X, has transition proba-
bilities
1
d(x;w n S(m))

if x and y belong to w N S(m) and are neighbors, and 0 otherwise. Of course

P{Xy=y|Xy=x}=

d(x; w n S(m)) = number of neighbors of x in w N S(m) .

If Xy = 0 this modification has the effect of restricting X to the component
of w in S(m) which contains the origin. Moreover, it does not effect 7 (m),
in the sense that for Xj =Xp =0, X% and X" have the same value of 7 (m),
and X" = X» for 0 < n < 7 (m). As before we now set

7o = To(m;w) = inf {n > 0: X} e b(m; w) },
Tiay = Tira(m;w) = inf {n > 7, : Xy eb(m;w)}, i>0,
Uy = Ulm; w) = X*(t(m; w)) .

Note that this time we do not require U, ; # Uy in this section. This is
the more convenient choice here, but not essential. As in the proof of 1.19

we set
k(m) = k(m;w) = inf { k: Uym;w)e dS(m) } .

The first step is an analogue of (2.55), namely,
(3.2) P {k(m;w) < Cym?*/logm|Uy=0} — 0 uniformly in w,

for some universal constant CZV. We then complete the proof by esti-
mating the ratio of the time spent in W to the time spent in B, i. e., the ratio
1(r(m))/x(m). We shall show that for a typical realization of W, there are
many points of V~V\]~3 near most points of B. In addition we show that the
number of visits to nearby points up till time Z (m) have to be of the same
order. The result of this is that 7 (m) = t(x(m)), the total time spent in W,
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is much larger than x(m), the total time spent in B. This, together with (3.2)

will yield the theorem.
We begin with the proof of a quite general proposition for reversible

Markov chains, of which 3.2 is only a very special case. It raises the inte-
resting open problem 3.12 below.

(3.3) PropoSITION. — Let { U, },= ¢ be a Markov chain with state space w,
a subset of 7° and transition probability matrix P = (P(x, y)). Assume
that for some constants K, K*
3.9 P{|Up;—U,| <K} =1
and
(3.5) P is reversible with invariant measure p on w which satisfies

H(x)
u(y)
T hen for some universal constant Cy (independent of w and x, € w)

00 P U, = xo | = A/n|Ug = xo )

;2 AL
< 2(K* + 1)(2Kn + 1) C Y |+ C
(K* -+ D2Kn -+ 1) exp ( - *[szA 4KJ )

0< < K* X, VEW.

Proof. — Define
M) =E{Ukr; —U|Up =y} = Z(z — YP(y. 2);
k-1

M, =U, - U, — EV(UJ')-

0
Then { M, } is a martingale with increments bounded by 2K and M, = 0.
Hence, by [27], Sect. 70 (with k replaced by n)

A M,| 4
(3.7) P{|M,,|25\/ﬁ}=1>{ e sﬁ\/ﬁ}

<2expnfc —(c+1)log(c+1)] < 2exp — Cinfc A ¢*],

for

B A
4 /mK
Thus, the left hand side of (3.06) is at most
(3.8) 2exp — Cinfc A ¢?]
+ P{U,,:x,|M,,|<§\/Z;UO=xO},
|x—xo| = 2v/n

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



RANDOM WALK ON A RANDOM CLUSTER 463

where the sum over x may be restricted to the set
A={xeZ": l/n<|x—x0|<Kn},
which contains at most (2Kn + 1)? vertices. We now use the reversibility

to estimate the summands in (3.8). (The combined use of the martingale
decomposition and the reversibility we learned from [5].) Set x,, = x. Then

(39) P{Un=x5|Mnl<§\/ﬁlU0:x0} z ]—[P(xu-x1+1)

where the sum rums over all x,,...,x,—; for which

n—1

X — Xo — Z)’(xj)
0
Since P is reversible

n—1 n—1
H(xo) np(xi, Xi+1) = u(x) I_[P(xi+ls Xi),
i=0 i=0

so that with z; = x,_;, the right hand side of (3.9) is

2 ”(x) P(Z” Zi+ 1) < K* 2 H P(Zu Zi+ 1)
H(Xo)

Z1yeens Zn-1 Zn-1 =0

(3.10) IM,| =

N

Since the x; in (3.9) have to satisfy (3.10), the sum over the z; is only over

those z; which satisfy
=|Xg—Xx — Zy(xj)
1

=|2(xo — x) — (%) + p(x0) + x — xo — EV(XJ)

0

p 3
22|xo—x|—2K—5ﬁ251 n—2K.

n—1

Zp — Zo — ZV(Z;')
0

Vol. 22, n° 4-1986.



46 4 H. KESTEN

3 1
Without loss of generality we may assume El n—2K > 52 n, since

(3.6) is trivial otherwise. Therefore (3.9) is bounded by
A
K*P{U,l = Xo, | M, | = v2~\/1;lU0 = x} < 2K*exp — Cinfc A ¢?]

(as in (3.7)).

(3.6) follows by substitution of this estimate into (3.8) and taking into
account that the sum can be restricted to x € A.

(3.11) CorOLLARY. — Under the hypothesis of Prop. 3.3
d 1/2
P{lUn_xolngI:C—nlogn:l IUOZXO}
1

. 1
< ARFH DK+ .

(3.12) Open Problem. — Can one improve the estimates to obtain under
the hypotheses of (3.3)

P{|U, —xo| = A/n|Uy=x0} > 0 as 1 — o0,

uniformly in w, n and x,?
Note that such an estimate is known for a nearest neighbor random
walk U, (K = 1) under the extra assumption

Px,y)>a>0 for |x—y|=1, x, ye74

(cf. [17], Theorem 2). Also in the continuous case for self-adjoint uniformly
elliptic diffusions one has Nash’s estimates for the fundamental solution,
which are better than (3.6) and again give an affirmative answer to this
problem under the extra assumption of uniform ellipticity. ///

We now return to our specific set up. w is an infinite connected sub-
graph of 72 and U, = U,(m;w) the imbedded random walk on b(m; w).
As in (2.21) we set

A(y) = A(y; b(m;w)) = # of neighbors of y in b(m;w).

(3.13) Lemma. — { U,(m;w) } has transition probabilities

1
P(y, Z) = m if z is adjacent to y on b(m 5 W) .

P(y,z) = 4 WK:l(S)Emagéiii)b(m, ") ifz=y, 0 otherwise .
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This P is reversible with invariant measure pu(x)=d(x; w N S(m)), x € b(m; w).
Consequently,

P {k(m;w) < Com*/logm| Uy =0}

2 2 m log m
< C3<2C2 longtm + 1) |:m exp(— C, Z) + m? exp <— C %)]
2

Proof. — In analogy with (2.22) we define for y € b(m; w)

E(y) = { y} v {zewn S(m): z not adjacent to y but there exists a path r
on w N S(m) from y to z which contains no point of b(m; w) other than y
or z}u{zewn S(m):z adjacent to y but z¢b(m;w)}.

We claim that
(3.14) E(y)nbm;w)={y},

so that if Xp =y, X¥\; = zewn S(m)\b(m;w), then the first return to
b(m; w) by X" after time k has to be at y('°). To see (3.14) consider a
path zy,z,, ...,z on wn S(m) with zy, ...,z ewn S(m\b(m;w), z,
adjacent to y and z, € b(m; w) N S(m). To prove (3.14) it suffices to show
that z; = y for any such path. Assume to the contrary that z; # y. Since
y € b(m; w) there exist two paths ry, r, on w N S(m) connecting y to 0
and 9S(m), respectively, such that ry nr, = { y}. Similarly there exist
two paths r3 and r4 on w N S(m) connecting z, to 0 and dS(m), respectively,
with r3 nry = { z; }. Now assume for the sake of argument that the path
r = (zy, 2, . . ., 2;) does not intersect r; U r, and that (r; Ury) N (r; UF,)=0
(see Figure 3a).

Then we can connect z; to dS(m) by a path r” made up of pieces of r,
r3 and r, which are disjoint from r; U r,. Also we can connect z; to 0
by a path ' made up of the edge from z; to y and pieces of r; and r,. ¥’
and 7” would intersect only in z,, contradicting the fact that z; ¢ b(m ; w).
Similar arguments work if r3 U r, intersects r; U r, or if r intersects ¥, U r,.
In the latter case the first intersection of r with r; U r, necessarily is z
itself and we have no need of paths z3 and z4 (see Figure 3b). Thus the
assumption z; # y leads to a contradiction and this establishes (3.14).
From here on the proof of the formula for P(x, y) is the same as for (2.20).

(*) It is for this reason that Z(y) is called a « dangling end ».
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o

a b

F1G6. 3. — Two possible configurations for y, r and the r;.

Clearly, the formula for P implies
d(x)P(x, y) = P(y,x)d(y),  x, yeb(m;w),

so that p(x) is indeed an invariant measure and P is reversible with respect
to this measure. Finally, the estimate for x(m; w) follows now from (3.6)
with K = 1, K* = 24, and w replaced by b(m;w), because for U, =0

{ k(m,w) < Com?/logm} = U {1U, = Ug| >m}. O
n< Com?/logm

(3.2) is immediate from this lemma, and we now turn to the study
of 7 (m)/x(m). First we find a replacement for Lemma 2.28. (2.29)
will not be used in exactly the same form, but would only require
trivial changes. Moreover, since w is not necessarily a tree we have to use
a different proof. Also, we do not have a direct analogue of (2.30) and
have to replace (2.30) by estimates of a different type in Lemmas 3.18

and 3.20. For yeb(m;w) set

o, y)=inf {k >n: Xy =y}.
(3.15) LEMMA. — For yeb(m;w), xew N S(m), we have on { Xy = 0,
Xy=y}
(3.16) E { number of visits to x by X* during
d(x; w n S(m))

[ ol D IRE. . R = oS
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If there exists a path r on w  S(m) from y to x of | edges, then on { Xy = 0,
K=y}

(3.17) P { XY visits x during [n, a(n, )| X&,..., X' } = [ld(y; wS(m)] .

Proof. — Since X* lives on the finite component of w n S(m) which
contains 0 it is recurrent. Therefore, by Theorem XV.11.1 of [8] the left
hand side of (3.16) is given by the ratio of the invariant measures of x
and y. Thus (3.16) is immediate from Lemma 3.13.

(3.17) is best proved by using electrical terminology. It is known (cf. [6],
Sect. 2.6-2.8, [9], Theorem 2.1) that the left hand side of (3.17) equals
[d(y;w  Sm)R(x, y)]~ !, where R(x, y) is the resistance between x and y
in the network w n S(m), when each edge of this network has resistance
1 ohm. Moreover, this resistance can only increase by removing edges
from the network. Therefore, we obtain a lower bound for the left hand
side of (3.17) by removing all edges from w n S(m) which are neither incident
to y nor belong to r. Moreover, after this removal the network consists of »
plus (d — 1) edges incident to y and the hitting probability of x before
returning to y is now given by the right hand side of (3.17) (see [8],
XIV.2.5). |

Next we define the « local times » for the random walk X" (rather than U
as in the last section) by

L(x,n) = number of k <n with X} = x.

We shall show that L is « smooth in the space variable ».
Specifically, we put

‘Il x = y|lmw = number of edges in shortest path on w n S(m) from x to y.
(= oo if no such path exists).

(3.18) LEMMA. — For some constants 0 < Cy, Cs < 00 and all x, yew N S(m)
and A = 1
P{3n with L(y,n) > 1|lx — y|lm. but
1 d(x)

L(x,n) < 2d0) L(y, n)} < Callx = yllmw exp (= 4Cs).

Proof.— Many similar estimates are known. For the sake of completeness
we give a proof of (3.18). Fix y and let 0 < ¢, < &, < ... be the suc-
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cessive times at which X" visits y. Thus X*(&) = y, and L(y, n) = k for
(e <n< &1 The random variables

M(x, k) == L(x, &x+1) — Lix, &), k > 1,
are 1. 1. d. If we define
n(x, z) = P { X" visits z before it returns to x| X§ = x },
then the distribution of M(x, k) can be written as follows
P{M(x, k) =0} =1-n(yx),
P{M(x, k) = s} = n(y, x)1 — nlx, y)f " 'nlx,y),  s=1.

Consequently )
my, x

nlx, y)

E{Mx, k) } =

One easily sees that this expectation is just the same as the one evaluated
in (3.16) so that

oy, x) _ d(x)

(x, y)  d(y)

Also
m(y, x)(1 — e™°)
n(x, y)[1+(1—n(x, y)r(x, y) "' (1—e" %]

Ee—GM(x,k) =1—

< eXp(— @ l-e ' )
=P\ ) T+ e ) 0 - e )

Consequently, for any 6 > 0

1 d(x)
(3.19) P{L(x ék+1)<2d( )( +1)}

)
LCICOYENEE I

< exp (— _d_(x_)) exp <k d(_x)_li__ _ 1 — e_e :I)
B 2 d(y) dy)[2 1+ (mx, y)" 10 — e ])

Finally, (3.17) (with x and y interchanged) says

n(x, y) = [d(x)”x - y”m,w]—1 = [4”X - y”m,w]—1 .
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We can therefore find a C¢ such that for @ = Cg[ || X—y |lmw] " the expres-
sion in square brackets in the last member of (3.19) is at most

—0/4=—-Celdllx—yll]1".
We thus obtain

1d(x _
P{L(x,ék+1) S_(g)(k + 1)} < C7 CXp(‘— kC6[16HX - y“ ] 1).
2 d(y)
The lemma follows by summing this inequality over k > A||x — y|| — 1.

(]

So far we have not used the structure of W or B. The next lemma contains
the only properties of W and B which are needed. Most of the ideas for
its proof are already in [/6]. We therefore show first how to derive Theo-
rem 1.27 from Lemma 3.20, and only then prove the lemma. The following
notation and terminology will be used. P, is defined before (1.24) and v
is the measure of Lemma 1.24. A - B(A — B in S) means that there

exists an open path on Z? (respectively on Z? and inside the set S) from a
vertex in A to a vertex in B,

n(n) =P, {0 - [n,00) x R},

p(n) = 7y { 0 is connected to dS(n) by two open paths on Z* which inter-
2
sect only in 0 }
# A = number of vertices of Z? in A,

R = interior of R, R = closure of R.

If R; = R, are rectangles whose corners have integer coordinates, then

an open crossing of the annulus R,\R; is an open path on Z? in ﬁz\lo{I
which connects dR; with JR,.

(3.20) LEMMA. — There exist constants 0 < C;, ; < o0 such that
(3.21) Cin™ Y2 < n(n) < Con™™m,
(3.22) (2n)~! < p(n) < 161%(n) < Cyn(n)n ™.
Let

D()) = D(, 9) = U149, U1 + D) x [j2q, (G2 + 1a),
F() = F(,9) = [U1 — Dg, Gy + 2)q] x [G2 — Vg, G2 + 2)q].
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Then for everyt > 1there exists a constant C, suchthat for all j=(ji, j,)€ 72,
1<g<me>0,

~ C
(3.23) v{# Bm NF() = q*"*p(q) } < q—,:
and
(3.24) v {3 open crossing r of F(j)\D(j) in S(m), but the number of vertices
x € F(j) such that x — rin S(m) N F(j)\D(j) is less than g*>~*n(q) }
< Cyexp(— Cyq™®).

Proof of Theorem 1.27. — Let X(0) = 0, X(1), . .., X(J (m)) be the path
of the random walk on W from 0 to dS(m). For a given g, much smaller
than m, we now choose two finite sequences jo, ..., ; and Iy, ..., [;.
These are chosen such that 0=l <y < ... <, < J(m) and such
that j; is the unique point of Z* for which
(3.25) X(l;) € D(i, q) -

As indicated above, we start with I, = 0. (3.25) then gives us Jo=0,and
once lo, ..., ki, jo, - ., j; have been found, we take
(3.26) live =min { I > [;: X(I) € F(j;, q) },

provided such an [ exists. If no such [ exists then we stop. Let [, be the last [
which we choose. Then by definition

(3.27) X() e F(jz 9), I>1,.
Also
3.28) X() e ¥(i, @) L <1<liy,.

Now define for each ie [0, 1]
%; = component of WA F(ji, g) mn S(m) which contains X(I;),

where x, y belong to the same component of a set S if there exists a path
on 72 from x to y with all its vertices in S. By (3.27) and (3.28) each X(!)
belongs to some %; with 0 < i < 1. Of course %;, may equal %;, for some
i1 # i,. In order not to count such components more than once we define
for0<i<A

f@i) = smallest index 1 for which Ji=jiand €, = %,.
We also define
AQ) = Z L(x, 7 (m)) for any i with f(i) = 1.
xe¥;
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and

O@) = 2 L(x, 7 (m)) for any i with f(i) = 1.
xeﬁ(m)m‘gi

We claim that

(3.29) 1+ T (m) = 2 L(x, 7 (m)) > % ZA(I),

X L

where the sum over 1 runs over those 1 which equal f(i) for some i. Indeed,
any x for which L(x, 7 (m)) > 0 must be visited by X_during [0, 7 (m)] and
hence during some interval [I;, ;1) (I,;;=00). For such an i x €%, since
X(), - - -, X(li+,) automatically belongs to the component €; of W N F(jj;, q)
(by (3.27), (3.28)). Thus, each L(x, 7 (m)) is counted at least once in 27\(1).
Since any x belongs to F(j, ) for at most 16 distinct j’s, no x can be counted
more than 16 times in X,A(1). This implies (3.29). Note that

X(7 (m)) e S(m) N W = B(m).

Therefore 7 (m) is one of the Tlm; V~V) and in fact must equal 7,y,. Since
1 + x(m) counts all visits to B(m) until X. hits dS(m) we have

1+ x(m) = Z L(x, 7 (m)) < 2@(1).

xX€ E(m) ¢

Thus,
(3.30) 1+ 7 (m) - 1 ZAQ@
' 1+ Kk(m) 16 T0()

In order to find a lower bound for the right hand side of (3.30) we shall
restrict ourselves to the intersection of a number of events, each of which
has high probability. To be specific, take

E; = {k(m) > Com*/log m }
with C, = C,/128 and C; as in (3.6),
E, = { # B(m) < m***p(m) } ,

F {1< Lo Tm) gy hich is an f(i) and has L(X(1)
YR ST T or an a ).
’ 8 7 LX(l),T(m) ~ y 1 which is an f(i) an s I(

T (m)) > 400C5 'q* log m, and for all xe 6, U &, ,}.

Es = {L(x, Z(m) < 3200C5'q*logm for all xe%, with L(X(,),
F(m)) < 400C5 'g* logm and 1 equal to some f(i)}.
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Finally we take

1 C .
Ce = (C,Cs/6 400)'/2, e<gm and q=[l-og%1{m‘p(m)} ”2],

Es = v { # (B(m) " F(j, q)) < ¢**“p(q) for allj },

E¢ = { For any j with F(j, ) n S(m) # @& and any open crossing r of
F(j, 9\D(j, q) by Xo, - - -, X 7m)» the number of vertices x such that x — r
in F(j, q) 0 S(m) is > ¢**n(q) }.

Our first task is to show that P{E;} —» Oasm — oo for 1 <k <6.
P{E{} - 0 by Lemma 3.13 (condition on W), and P {E5} — 0 by
(3.23) with j = 0 and g = m. Furthermore by (3.21), (3.22) and ¢ <y,
we have

L

m
G,

< q < o(m'?),
logm

Therefore P { ES } — Oand P { E§} — Oby(3.23)and (3.24) respectively,
if we take into account that B(m) n F(j, g) = S(m), and that F(j, q) inter-
sects S(m) for at most (2m/q) + 4)* values of J. We prove further that
P{E5} — 0and leave P { E} } to the reader. Note that if xe 4, U %,_,
then x can be connected to X(l,) by a path on W n FG,-1,9 VFG, q).
For any x € 4, this is clear from the definition of %,. But_also, if xe®,_ 1,
then x can be connected to X(I,_,) by a path on W N F(j._1,q),and X(I,_ ;)
is connected to X(/,) by the path X(,_), X(l, -, +1),.. ., X(I,) = WA F(j -1, 9q).
In view of these facts for any xe %, U %, _; we have -

Il x = XU llmw < # (FGi-1, @)V F(ji, ) < (6 + 1)%.

Assume now that E$ occurs. There then exists a y of the form X(l,) and
an x with || x — y [lmw < (69 + 1), x, y € S(m) and

d—(x—) L(y, Z(m)), and
(y

N =

(3.31) . L(x, 7(m)) <

~

L(y, 7 (m)) = 400C5 'g* logm > 8C5 ' (log m) || x — ¥ |lm,w

or

(3.32) L(y, 7(m) < %% L(x, 7 (m)), and

L(x, 7 (m)) = 8L(y, 7 (m)) = 8Cs " (log m)[| x —  llm -
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~ 1
(Here we used that 1 <d(z) <4 for all ze W so that 3 <d(y)2d(x))~! and
1

3 < d(x)(2d(y))~ 1.) By (3.18), and the obvious estimate || x—y || < # S(m),

the conditional probability, given WA S(m), that (3.31) or (3.32) occurs
for any pair x, y € S(m) is at most

2(# S(m))>C,4 exp (— 8 log m) = O(m™~?).
Thus, indeed P {E$} — 0, and similarly for P {E§}.

6
Now consider a sample point in m E.. Let X* denote the sum over
1
those 1 which equal some f(i) and with
L(X(L), 7 (m)) > 400C5 'q? log m.

Then, since we are on E; n E, N E,, and by the choice of g,

(2 - 2*>®(1) < (3200C5 g% log m) # B(m)
1

< 3200 C5 'q% (log mym**p(m) < % K(m) .
Thus, by (3.29)
1+ 7 (m) - 1 Z*AQ)
1+ x(m) ~ 32 *O()

Consider an 1 which occurs in T* and satisfies 1 < A. Since we are on E;

AW 2 G L), 7). # %,
and

O(1) < 8L(X(L), 7 (m)). # (B(m) N E.).

In addition, %, contains the points X(l,), . . ., X(l, ; ), which, in turn, contain
an open crossing of F(j,, 9\D(j,, q). Since we are on E¢ we therefore have
# €, > q* *n(q). Also, on Es,

# (Bm) n%,) < # B(m) " F(, q)) < 4> "p(0)-
Thus, for any 1 < A which occurs in X* we have

A 1 #% 1 =g
OG) ~ 64 #B(m)n%G,) 64 q*plq)
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A small change is needed in the estimate for A(1) if 1 = A is an f(i) which
occurs in X* Indeed, we are not sure that X(1)), . .., X( (m)) contains an
open crossing of F(jz, 9\D(j1, 9)- In this case we therefore use the fact that

1+ 7 (m) > Z L(x, 7 (m)) > éL(X(ll), T(m)). # €,

x€€i-1
- 1, n(q)
Z—LXZ,T 2—¢ > 28—@1.
g LX), Z(mg*~rnlg) = g™ — O()
It follows that
*
(1)
L m o 2P@) szlzqz‘g@ < Crq**n(q) -
1+ 7(m) n(q) * m(q)
A1)
1<A

On E,; this finally implies

1 + 7 (m) > C,C7'q *m?[n(q) log m]™*
> Cgq 2 mm? [logm]™! (by (3.21))

Lo,
> C9m2+2ﬂ " [logm]~2 (by choice of g).
6
P{UE‘,;} 50
1

1
this implies (3.1) with & = Zn%, and hence Theorem 1.27.

Since we already proved

Proof of Lemma 3.20. — Much of this is implicit in [/6], and for part
of the proof we shall merely direct the reader to the relevant parts of [/6].
Note that the fundamental hypothesis (1) of [/6] holds with A = 0 for
bond percolation on Z2, as explained in [/6]. It was also explained in [/6]
(see (5) and (13)) that (3.21) and (3.22) follow from [/5], Lemma 8.5,
and [28], Cor. 3.15. Only the left hand inequality in (3.22) was not men-
tioned in [/6]. However, this follows from (See [25], p. 234)

1
5= P, {3 open path in [0,2n] x [0,2n—1] from the left to the right edge }
2

n—1

< ZPL {(n, k) has two open connections to dS((n, k), n) which intersect
2 only in (n, k) } = np(n).
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Next we prove (3.23). Since ]~3(m) < S(m), by definition, we have
I~3(m) N F() = ﬁ(m) N F(j) n S(m). Since (3.23) only becomes stronger
if F(j) is replaced by a larger square and since g2mn(q) > C,m*r(m/3) for
some C, > 0 if q = m/3 (by (7) in [16]), we may replace F(j) by some
(3g A m) x (3¢ A m) square F contained in S(m). First consider the case
with 0¢ F < S(m). Then any x € ]§(m) N F has to have two disjoint open
connections to 0 and dS(m) respectively, and pieces of these connections
will form two connections to dF. Thus, if 0¢ F

ﬁ(m)m F o Kg:={xel:d two open paths in F from x to ¢F which
only have the point x in common .
If 0e F, then a similar argument shows

B(m) " F < Kr UB3q A m).

It was stated in [16], that the proof of Theorem 8 also works for Theorem 14,
so that (recall that (6) and (7) in [/6] also hold with = replaced by p)

v{[# B3g A mI} <C/[(3g A m?*p(3qg A m)]' < C7[¢*p(q)]" .
Moreover, if one replaces the definition of G; in the argument following (43)
in [/6] by
Gi(r)={ v; is connected to JF by two open paths in F which intersect only

in U; },
then the argument from (43) to (53) gives also
vi[# Kel'} < Cllg’p(g)]"
Thus

v { [#Bm) n F()I'} < C.la’p(p)]
and
G
/1r :
This leaves us with (3.24) to prove. First we distil the relevant facts
from [16]. For a vertex v of Z2 and path r from 9S(v, n) to 0S(v, 27n) inside
S(v, 27n)\S(v, 1) let

v{ # Bm) A F()) > @+ p(q) ) < [q>p(@)] ™ { #Bm)nF(N]'} <

=

A(v, n)=annulus S(v, 3n)\S(v, n) ,
Z(v,n,r)=# {x€A(v,3n):x > r in S(v, 27m\S (v, n) 1,

Y, n)=# { x€ A(v,3n): x — 0S(v,n) v dS(v, 27n) in S(v, 27n)\§(u, n}.
(see Figure 4). The argument after (57) in [/6] can be used with out signifi-
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C”

F1G. 4. — The squares (from the inside to the outside)
are S(v, n), S(v, 3n), S(v, 9n) and S(v, 27n).

cant changes to show that there exist constants C;, C, > 0 such that uni-
formly in r

P, { Z(v,n, r) = Cin’n(n) }
2
> P, {3 open circuits ¥’ in A(v, n) and ¥” in A(v, 9n) and Y(v, n)
2
> Clnzn(n)} > Cz.

As a consequence for any path r from dS(v,n*~?%) to S(v, n) inside
S, m\S (v, n" =)

(3.33) P, {# {xeS@n\S,n*"?):x - r in S, M\S(v, nt =91
2
> Cn2 " n(n)}
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> Py { 3 open circuits in A(v, 3*/) and A(v, 33*2) and Y(v, 3%))
2
> C,3%n(33) for some n' 7% < 3% < n/27) > 1 —(1 — C,)Cs0len,

This argument from [/6] will be used below. The remaining part of the

proof, which is new, will be broken up into 3 steps. First we prove an ana-

logue of (3.33) but now not for a fixed path r, but for the random collection

of all open crossings of a rectangle. In step (ii) this estimate is improved

to give (3.24) but with v replaced by P,. The last step shows that taking
2

the v-measure and not the P,-measure in (3.24) makes little difference.
2

Step i). — Let J:=[0,t] x [0,3t] and consider the family % of all
open paths r which connect the left and right edge of J and lie in 3 (= inte-
rior of J), except for their initial and endpoints. For any such r we define
J*(r)(J~(r)) as the component of i\r above (below) 7, 1. e., the component
with [0,¢] x {3t }([0,t] x {0}) as part of its boundary (see Figure 5).

[«
+
—
-
~
o

Fi1G. 5.

If # + ¢, then there exists a lowest crossing R; in 4, i.e., a crossing R,
for which J7(R,) is minimal. (See [/4], Lemma 1 or [I5], Prop. 2.3). We
can successively define the k-th lowest crossing Ry, k > 1, as the lowest
crossing in J\(J7(Rx_;) U Rg_,), i.e. the crossing r with minimal J~(r)
among all re #, re N\J (R,_;) UR,_;). Note that by definition R, has
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to be disjoint from R,_,, and in fact with the exception of its endpoints
R, = J*(R,_)), i.e., Ry lies above R,_;. It is not hard to see that

JTRy) 2T (Re—y) > ... oI (Ry).

Thus all the R; have to be disjoint. Therefore, if K is the highest number k
for which we can find Ry, then by [28], Theorem 3.3,

(3.34) P, {K=>k} <P, {3Ikdisjoint open crossings from left to right in iy
2 2

< [P, { 3 at least one open crossing from left to right in J } J¥ < (1 —C,)*
2

for some C, > 0. Note that C, > 0 because the probability that there exists
an open left right crossing of J is at most

1—P, {3 a closed crossing on the dual of Z* from the bottom to the top
: 11 1 1
off — —t+-|x|=,3t—=|<1
2 2 2 2
uniformly in ¢ (compare [25], Theorem 4.1). Next observe that any re £
must intersect one of the R,, 1 < i < K. Therefore, if
Z¥t,r)={xe[—t,t] x [-,4t]:x - r in [—tt] x [—54t]},
then
(3.35) P, {3Irex with Z*1t,r) < C,24 In(t) }
2

o

< ZP1 {K >k and Z*(t, R;) < C1£*" " 9n(z) } .
3

k=1

To estimate the k-th summand in the right hand side we write it as

(3.36) ZPE{sz and R,=r and Z¥(t,r) < C,2C In(r) }.
2

Next we observe that for a fixed left-right crossing r of J, the event {K >k,
R,=r } depends only on the edges in the closure of J~(r). This is explained
in [I4], p. 45, 46 or [I5], Prop. 2.3 for k=1. Essentially the same argu-
ment works for any k. Therefore the general term in (3.36) may also be
written as

(3.37) E {P {Z¥t,n) < C,2" Pn(1) | J7(1) }; K =k Ry =1},
2 2
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where E, { .|J7(r) } denotes conditional expectation with respect to the
2

o-field generated by the edges in the closure of J7(r). We claim that the
method for (3.33) also gives

(3.38) Pl { Z*(t, r) < Cltz(l—é)n(t) I J'(r)} < (1 _ CS)Cgélogt
’ on {KZR,szr}

Fr————————— = - —— - == -
|
|
| | :
|
| \ !

| i |
! I
| ! '

| 1 |
| 1 . I
| 1 ' I
! ! ]

1
| l 1 )
| | 1 |
Ll
| ' !
l [ . |
|
L r
FiG. 6. — % is a circuit in the annulus A(v, 337); 67 is a circuit

in A(v, 33%2). X lies in A(v, 33* ) n([— 1, — 3371 x R.
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To see this, let v be the endpoint of r on the left edge {0} x [0, 3¢] and
draw the annuli A(v, 3¥), t' 7% < 3% < ¢/27. Assume there exist circuits %
in A(v,3%) and %7 in A(v, 3**?) such that all edges of %’ and ¥/ which
do not lie in the closure of J~(r) are open. Then for 3%/ < /27 any vertex
x e A(v, 33N ([—t, 0) x R) which is connected to S(v, 33) U dS(v, 33/*1)
by an open path in (S(v, 3% *3)\S(v, 33%)) n ([—1,0) x R) contributes to
Z*(t, r) (see Figure 6).

Now the conditional probability of the existence of ¥ and ¥ as above,
given the configuration in the closure of J~(r) is at least as much as

P, { 3 open circuit % in A(v,3%/) and an open circuit 7 in A(v, 3*"?) }

2 > Cg > 0.
(This can be seen by simply making a new and independent choice of the
configuration in the closure of J~(r) and then requiring that 4 and €7
have all their edges open when we use the new configuration in the closure

of J7(r); for the last inequality use (28) of [16].) Also, it is not hard to see
that for any xeA(v, 33 * Y N ([—t, —3¥3"1] x R)

P, {x = S, 37) A 3S(v, 33 %) in (S(v, 337\ S(v, P A [—1,0) x R | I7(r),
2
3% in A(v, 3*)) and 6" in A(v, 337" 2?) with only open edges outside the
closure of J7(r) } > C;n(33),

because the configuration in [—t,0) x R is independent of the configura-
tion in J, and by the FKG inequality. We can now repeat the argument
for (3.33) (including the argument following (54) in [/6]) to obtain that
the left hand side of (3.38) is at most

P, {foreachjwith¢' ™% < 33/ < ¢/27 either there is no % or no €7 as above,

2

or the number of xeA(v, 37**) N ([—t, 0) x R) with x — 8S(v, 3)LdS(v, 3/*%)
is < C;3%r(37) |7 (r) } < (1—Cjs)“20ler,

This proves (3.38). Finally, substitution of this estimate in (3. 34)~(3.37) gives
(3.39) P, {3Ire R with Z¥t,r) < C 20 9In(r)}

2
SZ ZPL{KZk’Rk=r}(1“C5)C3MOgt
k r 2
< (1—C5)C3610gtzl)1 {K > k} < C;lt—csa.
2

This concludes the first step.
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StEP ii). — In order to prove (3.24) we need an estimate which goes
to zero faster than the small power of ¢ in the right hand side of (3.39).
To obtain this we apply the block-technique of the beginning of the proof
of Theorem 1.27 and a Peierls argument. Assume that r is an open crossing
of F(j, 9)\D(j, ) for some fixed J and that the center of D(j; q) is

1
v = ((j(l) + E)q, (j(2) + %)q)

(where j = (j(1), j2)). Then r connects dD(j, q) = S(v, g/2) with

OF(j, 9) = S(v, 3¢/2).
We choose

r contains a crossing 7 of S(v,3g/2 — 5t)\S(v, /2 + 5t). Let x(0), . .., x(&)
be the vertices of 7 with x(0)e dS(v, g/2+ 5t)=boundary of [j(1)g — 5t,
(()+ Dg+5t] < [j(2)g—5¢, (j(2)+ 1)g+ 5t ], x(£)€dS(v, 3q/2 —5t)=boundary
of [(jgl)—l)q+5t, () +2)g—=5t1x [((2)—1)g+5t, (j(2)+2)g—5t] and
x(i) € S(v, 3g/2 -5t \S(v, q/2+5t) for 1 < i < & We then pick Jo,-- - Ji
los - - -» 1y as in (3.25)-(3.28) with q replaced by ¢ and X by x. Thus we have
Iy =0,

(3.40) x(l)eD(i, t), 0<i<A, liyy=min { I>1;: x(1)edF(ji, 1)},

(3.41) x(DeF(j, 1), =1, x(D)eF(,t), L<I<ly, 0<i<Ai.

From these definitions we have

(3.42) X(i+1) € OF(ji, t) 0 D(jiy 1, 1),
which combined with (3.40) shows

(3.43) [ x(livy) — x(I) | < 2¢.

On the other hand, since x(0) e 0S(v, q/2 + 5t), x(¢) € 6S(v, 3g/2 — 5t) we
have from (3.43) and (3.41)

i—1
q—10t < | x(&)—x(0)| < Zu(l,.ﬂ) = xl) || (@)= x(1)| <23 +2¢.
i=0

Consequently, for large g

(3.44) A>

— 6> 92

q

2
E
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Another consequence of (3.40) and (3.42) is that if j; = (ji(1), ji(2)) then
ljieak) —jil) 1 <2, k=12.

Therefore, for given j; there are at most 25 choices for ji+;. For jo there
are at most 4(g/t + 11) choices, since x(0) € dS(v, /2 + 5t). Thus for given 4,
there are at most

(3.45) 4<§ + 11)(25)1

possibilities for jo, . . ., j,. Moreover, if r is open, then the piece of r from
x(j;) to x(Ji+1) contains an open crossing, call it r;, between the long sides
ofat x 3t or 3t x t rectangle. E. g. if x(I;) e D(j;, t) and x(l;+ ) belongs to
the right edge of dF(j;, t) (which is { (ji(1)+2)t }_ x [(ji(2)— D, (i(2)+2)t]),
then r; crosses from the left edge to the right edge of

[Gi + Dt G + 2] < [(Gi(2) = D, (i) + 2)t]

Denote this t x 3t or 3t x t rectangle crossed by r; by R;. If
R; = [a;, a; + t] x [b;, b; + 3t] write R} for the 2t x 5t rectangle
[ai—t, a;+t]x [b;—t, b;+4t]. Similarly, if R;=[a;, a;+3t]x [b;, b;+t],
let R¥=[a; —t, a; +4t] x [b;—t, b;+t]. By construction r; = S(v, 3g/2—5t)
\§(v, g/2+5t) and hence R¥ < S(v, 3¢/2)\S(v, ¢/2). Thus, if we write

2(v,q/2,1)={xeS(v,3¢g/2):x - r in S(v, 3g/2)\S(v, g/2) }

and
ZHt,r;))={xeR¥f:x - r;, in R¥},
then
Z(v, /2, 7) = max Z¥(t,r;).
0<i<i
Therefore,

(3.46) P, {3 open crossing r of F(j, 9)\D(j, ) with Z(v, q/2,7) < q* *n(q) }
1 J J;

< 2 P, { Forall 0 <i< A3 opencrossing r;in R; between its long sides

2

.....

with Z¥(t, r;) < ¢*"*n(q) }.

As we saw in (3.44), 4 > ¢%?/4. Also, given 4 (3.45) gives an upper bound
for the number of choices of the j;. For fixed j;, there are 4 choices for R;
and hence for R¥. Thus, in the right hand side of (3.46) we can let A run
from ¢%%/4 to oo, and for each fixed A there are most 16(g/t + 11)10**
summands. Finally, from any collection R§, ..., R¥ we can select a sub-
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collection of Cy/ disjoint ones (note that the corners of the R¥ have coor-
dinates divisible by t; each R¥ can intersect at most a fixed number of the
other ones.) For disjoint R¥ the events

(3.47) {3 open crossing r; in R; between its long sides with
Z¥(t,r;) < q*~'nlq) }

are independent. Moreover, by (3.39) and the choice of ¢t the probability
of (3.47) is at most C4 't~ since for large g

q* °n(q) < Ct> (1)
Thus the right hand side of (3.46) is at most

2 16q1024(Cy 1t~ Cs9)Coa,

1 62
Az 74

If F(j, ) = S(m), then the left hand side of (3.46) is the left hand side of
(3.24) with v replaced by P;. With a little more care we can handle a gene-
2

ral F(j, ) which intersects S(m) in the same way. We merely have to make

sure that all connecting paths in steps i) and ii) stay in S(m). As soon as ¢
is so large that

102((:; 1t~ Csé)Cg <

| =

we therefore have (3.24) with v replaced by P,.
2

STEP iii). — It remains to show that once we have (3.24) with the

P -measure, then it also holds in the v-measure. For this we repeat the
2

argument for (41) in [/6]. We remind the reader that an event E is called
increasing if its indicator function can only increase if a number of closed
edges is changed into open edges. The Harris-FKG inequality says that

for any two increasing events E,, E, which depend on finitely many edges
only, one has

P,{E;nE,} =P, {E, } P, {E,}

(see [15], Ch. 4.1). Unfortunately the event in braces in (3.24) is not
increasing, so that we cannot immediately apply (41) of [/6]. Denote
the event in braces in (3.24) by E,, and recall that v is the center of D(J, g),
F(j, q9) = S(v, 3¢/2). For the time being assume that

(3.48) 0¢S(v, 3g).
Vol. 22, n° 4-1986.
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By definition

(3.49) V{Eo}=}£m [P, {0 - aSH} 17 ".P, {0 — aS(/) and E,}.
Let

E,={0 - 0S()} and E, = { 3 open circuit in S(v, 3g)\S(v, 3¢/2)
which surrounds S(v, 3¢/2) }.

Now E, depends only on the edges is S(v, 3¢/2), and conditionally on

the configuration in S(v, 3¢/2), the events E; and E, are increasing in the
edges outside S(v, 3q/2). We may therefore apply the Harris-FKG inequality

to the outside of S(v, 3¢q/2), conditionally on the configuration inside
S(v, 3q/2). This yields

P, {E;NE;|Bo} =P {E;|Eg} P, {E,|E,}.
2 2 2

But E, and E, depend on disjoint collections of edges, hence are inde-
pendent. Also, by (28) of [/6], P, { E; } = C; > 0. Thus
2

Pl{EomElmE2}2C3Pl{E0ﬁEl}
Thus ’ ’

(3.50) v{Ey} gC;l}irglo [PL{EI} 1"'P, {EqnE; nE,}.

2 2
Finally, the lines following (42) in [/6] show that for I so large that
S(v, 3q) = S(I) we have under (3.48)

E,AnE,c {0 > aS(U) in S, 3q/2)},
so that
P {EcnE;nE;} <P, {E;and 0 — 05(1) in S(v, 3q/2) }
’ ’ <P, {Eo}P, {0 > aS()}.
Substitution into (3.50) yields : ’
v{Eo} <C3'P {Eo}.
2

Thus, if (3.48) holds we also have (3.24) in its original form, at the cost
of replacing C, by C,C3 .
If

(3.51) 0€e S(v, 39)
we must pay a slightly higher price to go from (3.24) with P, to (3.24) with v.
2
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Now set

E; = { 0S(v, 3q) is connected to dS(I) by an open path which lies outside
S(v, 3q) with the exception of its initial point on dS(v, 3q) }.

Then for all large [

E;={0 - 0S()} = E,
so that

(3.52) v{E0}=llirg [Pl{El}]'lPl{EomEl}
2 2
< lirlrlgoup [P, {E;} 7P, {E,nE;3}
2 2
= PL{Eo}liﬂiuP [Py {E} ]_lpl{Ea}-
2 2 2

Finally we apply (29) of [/6] with

G=E;n{0 - 50,39},
T = S(v, 39)\S(v, 3g/2),
3 = S(v, 69)\S(v, 3q) .

Note that if G occurs and there exist open circuits %; in A¥, i = 1,2,
surrounding S(v, 3g/2) and S(v, 3q), respectively, and ¥, — %,, then
0 — 9S(I) by an open path which runs from 0 to ¥, then along 4, and

the open connection from %, to €,, then along €, and the connection from % >
to 0S(1). Therefore, by (29) in [/6]

P, {0 - dS(I)} = P, { G, 3 open circuits ; in A¥, i = 1,2, surrounding
2 2

S(v, 3¢/2) and S(v, 3q), respectively, and €, — €, }
2 C4P1{G} =GP {0 - 0S(v,39) } P, {E5 }.
2 2 2

This, together with (3.51) and (3.21), shows
[P%{El} I7'P {Es} < [C4P, {0 — 3S(,39)} 17*
: < [C4n(23q)]_1 < Csq'2.
Substitution into (3.52) shows that under (3.51)
v{Ey} < qu”zP%{Eo }.

Again (3.24) follows for all large q for the v-measure. We merely have to

decrease C, somewhat. Of course, once (3.24) holds for all large g we get
it for all g by raising C,.
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