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SumMARY. — We study the classification of dynamical systems (under
the weak equivalence) introduced by H. A. Dye and developped by W. Krie-
ger by a method similar to that of the classification of von Neumann
algebras. We study the properties of finite, semi-finite, properly infinite,
purely infinite, discrete, continuous, type I,, ..., I, II;, II, III systems.
We also introduce the notion of induced systems generalizing a construc-
tion of Kakutani for conservative automorphisms and prove that the
classification of measurable subsets (under Hopf’s equivalence relation)
is closely related to the classification of induced systems. Finally we give
a complete description of the structure of « separable » discrete systems
and some properties of the products of dynamical systems.

I. INTRODUCTION AND NOTATIONS

The aim of this paper is to study the classification of general dynamical
systems (under the weak equivalence) initiated by H. A. Dye (cf. [8], [9])
and developped by W. Krieger (cf. [24], [25]). Dye studied particularly
dynamical systems admitting a finite invariant measure, W. Krieger

(*) Equipe de Recherche n° 1 « Processus stochastiques et applications » dépendant
de la Section n° 1 « Mathématiques, Informatique » associée au C. N. R. S. (France).
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398 DANG -NGOC -NGHIEM

succeeded in the search of an infinite number of non isomorphie « hyper-
finite » ergodic systems that do not admit any invariant measure (finite
of o-finite). Furthermore, Krieger introduced an important construction
which establishes a very close connection between the classification of
ergodic systems and the classification of factors in the W *-category;
Krieger’s construction generalizes Von Neumann’s (cf. [26]).

We use a method very similar to that of the classification of Von Neumann
algebras and provide some definitions that are invariant under the weak
equivalence: discrete, continuous, type I,, type II;, type II_, type-III-
systems; in a subsequent paper we shall show that these definitions are
closely related to that of Von Neumann algebras via Krieger’s construc-
tion.

In the part IV, we study systematically some important properties of
induced systems, particularly the relations between the types of induced
systems and that of the global system.

In the part V, we study the comparison of measurable subsets under
the action of the group of automorphisms (See also [21] [34] [35]).

In the part VI, we investigate the classification of measurable subsets
by using the classification of corresponding induced systems, we also
reproduce the Hopf’s theorem on the characterization of finite systems
and give some of its important consequences.

In the part VII, we give a complete description of discrete systems:
decomposition into homogeneous systems.

In the part VIII, we study the products of dynamical systems.

Certain results obtained in this paper will be generalized to « non-
commutative dynamical systems » (i. e. groups acting on Von Neumann
algebras by *-automorphisms) but we prefer to keep the paper independent
of the von Neumann algebra context.

Throughout this note we shall use the following notations: let (M, %, m)
be a o-finite measure space i. e. M is a set, # a o-algebra of subsets of M,
m a o-finite measure on M, 4 is supposed to be complete with respect to m;
by automorphism of (M, &, m) we shall mean an invertible bi-measurable
transformation T of (M, 4, m) that is non-singular (i. e. m(B) = 0 implies
m(TB) = m(T~'B) = 0). We shall denote by Aut (M, %, m) (or simply
Aut (m)) the group of all automorphisms of (M, 4, m).

Let G be a subgroup of Aut (M, 4%, m), let [G] be the full group (cf. [8])
of G i. e. the set of automorphisms k such that there exist a sequence g, € G
and a partition (M,,) of M such that

h 'My" = &n |Mgn
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ON THE CLASSIFICATION OF DYNAMICAL SYSTEMS 399

where hly, denotes the restriction of h on M, . It is easy to see that [G]
is a group and [[G]] = [G].

Let u be a measure absolutely continuous with respect to m(u « m),
T € Aut (m); we define

(Tu)(B) = w(T"'B)  VBe 4.

The measure u is said to be G-invariant if Tu= u for all Te G.
If 4 is G-invariant then u is [G]-invariant (by definition of [G]).

DEFINITION 1. — We call dynamical system (or simply system) a couple
M, £, m; G) where (M, 4, m) is a o-finite measure space and G is a group
of automorphisms of (M, %, m).

Let F =M, 8,m; G)and &' = (M’, &', m’; G’) be two systems by weak
morphism of & into &’ we mean a measurable mapping ¢ of (M, £, m)
into (M’, #’, m’) such that

o) ¢pm < m',

B) Vh' € [G'] there exists a he[G] such that ¢goh = h'o ¢,

y) Vhe[G], we have h¢p™ (#’) = ¢~ }(#’) and, there exists i’ € [G’] such
that ¢goh = I’ o ¢.

If ¢ is an isomorphism of (M, #, m) on (M’, #’, m’), the conditions «
and f mean that

¢~ '[G'l¢ < [G]

If furthemore we suppose that ¢~ ![G']¢ = [G], ¢ is said a weak iso-
morphism of & into &’ and we say that the systems & and F’ are weakly
isomorphic (or weakly equivalent) (cf. [8] [9] [23] [24]).

We have also a category called the &-category whose objects are dyna-
mical systems and whose morphisms are weak morphisms of dynamical
systems.

A system & = (M, %, m; G) is said separable if (M, B, m) is a Lebesgue-
space (cf. [24] [25]) and G is countable, we define also a full subcategory
(called the Z-category) whose objects are separable systems.

If #=M,%,m;G) and ' =M, B, m’, ') are two separable
systems then (cf. [24])

@) [G] = { he Aut (m)/hx € Orbg x for almost all xeM } where
Orbg x = {gx/geG }.

B) Let ¢ be a isomorphism of (M, &, m) or (M’, B, m’); ¢ is a weak
isomorphism of & or &’ if and only if

Orbg x) = Orbg:
(of. [24), $(Orbg x) = Orbg: ¢px
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We denote by (&) or simply .# the g-algebra of G-invariant elements
of B. Let F = M, 8, m; G) be a dynamical system, let E be a non null
subset of M invariant under the action of G, E is provided with the induced
o-algebra 4, the induced measure mg and the induced action Gg, the
canonical system (E, &g, mg, Gg) will be called a subsystem of & and
noted % of M, 8, m; G)g.

Let #’ be a sub-g-algebra of # and let

G ={gecGle® = )

Let m’ be the restriction of m to %’ (if the restriction of m to 4’ is not
o-finite we replace m by a finite equivalent measure), the dynamical system
M, #', m'; G’') will be called a quotient of &.

Let (B,),q be a partition of M, B; € 4, m(B,) > 0 (I is necessarily countable
by the o-finiteness of m), and we suppose that each B; is G-invariant, in
this case, we say that & is the direct sum of the %3, and we write

(9'- = vcg'-B
i€l
‘We can verify that all these definitions agree (up to a weak isomorphism)
with the usual definitions in a category (namely the &-category).

II. FIRST CLASSIFICATION OF DYNAMICAL SYSTEMS

DEFINITION 1. — (See also [21] [24] [35)).

Let & = (M, 4, m; G) be a dynamical system

®) & is said to be finite if for every E e # with m(E) > 0, there exists
a finite G-invariant measure u(< m) such that u(E) > 0.

B) & is said to be semi-finite if for every Ee # with m(E) > O there
exists a o-finite G-invariant measure u(<« m) such that u(E) > 0.

y) & is said to be properly infinite (resp. purely infinite) if -there exists
no finite (resp. o-finite) G-invariant measure absolutely continuous with
respect to m other than the null-measure.

0) & is said to be infinite if it is not finite.

Let x4 be a measure on (M, %), u < m, let supp u be the support of u;
then y and m are equivalent on supp p and supp u is G-invariant if yu is
G-invariant.

PropPosITION 1 (Classical). — The system £ is finite (resp. semi-finite)
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ON THE CLASSIFICATION OF DYNAMICAL SYSTEMS 401

if and only if there exists a finite (resp. o-finite) G-invariant measure y equi-
valent to m.

THEOREM 1 (Classical). — Any dynamical system & = (M, 4, m; G)
splits uniquely as the direct sum of three systems:

F =Fy, + Fu, + Fu,
where M, M,, M;e %, M, = M, each M; is G-invariant and:
— Fy, is finite,
— Fu, is semi-finite properly infinite,

— %y, is purely infinite.

THEOREM 2. — Let & = (M, &, m; G) be an ergodic system and let H
be a group of conservative automorphisms (e. g. (M, £, m; H) finite) such
that hGh~! < [G] for all he H. If u(~ m) is a o-finite G-invariant measure
then u is also H-invariant. It follows that:

o) If the system (M, #, m; H) is purely infinite, so is the system %.

B) If M, #, m; H) is ergodic and finite (resp. semi-finite infinite) then
the system & is either finite (resp. semi-finite infinite) or purely infinite.

— Proof : Let u(~ m) be a o-finite G-invariant measure, y is [G]-inva-
riant; let he H, g € G, there exists g’ € [G] such that gh = hg’, hence

glhp) = hg'w)
= hu

Therefore hu is G-invariant, as G is ergodic
hu = A(h)u with AMh)eR*

By the « Jacobian theorem » (cf. [/5], p. 89) A(h) = 1, hence u is H-inva-
riant. q. e.d. i}

Remark : This theorem provides a very short proof that the systems
constructed in [32] [2] [I] [24] are purely infinite (consider H the group
generated by the shift on the product space).

III. SECOND CLASSIFICATION OF DYNAMICAL SYSTEMS

We shall continue in this paragraph the study of the classification of
dynamical systems by defining invariants similar to that used in the classifi-
cation of W*-algebras.

Vol. IX, n° 4-1973.
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DErFINITION 1. — o) Let & = (M, 4, m; G) be a dynamical system,
F(&F) (or #) the sub-c-algebra of invariant elements of #; let Be 4, we
shall call the G-support of B, that we note suppg B, the least element of ¥
containing B. We verify immediately

suppg B = esEse}nf E
E-B
= esgegup gB
f) An element Be Z is said to be a G-atom (or £-atom (cf. Neveu-
Hanen [31])) or a #-abelian subset fo M (cf. [§] [10]) if 5 = S5, where By
and #5 denote the traces of # and .# on B.
Let B be a G-atom and let E e 4, E = B, we can write E = B n F with
Fe 4, we can take F = suppg E, then:

E = B n Suppg E if E < B.

Then B is minimal among the elements of # which have the same G-sup-
port as E; the converse is true (cf. [10]).

It is clear that an atom is a G-atom, and if # isergodic (i.e. # = { $,M }),
these two notions are equivalent.

If B is a G-atom, then gB is a G-atom for all ge[G]: let Ee 4,
gBNE=gBng 'E)=g(BNF) with a Fe# then gBNE =gBnF.

Every subset of a G-atom is a G-atom.

Remark. — For separable systems, the notion of G-atom coincides
with that of « orbit-section » (cf. Prop. VII-2).

DEFINITION 2. — A system & = (M, 4, m, G) is said to be discrete if
every non null subset of # contains a non null G-atom.
F is said to be continuous if M does not contain any non null G-atom.

THEOREM 1 (See also [3]]). — Let & = (M, &, m; G) be a dynamical
system, the following conditions are equivalent:

(i) & is discrete.
(ii) There exists a G-atom B whose G-support is the whole space M.
(iii) The space M is a disjoint union of a sequence of G-atoms.

Proof. — (i) = (ii) Let (B;),; be a maximal family of G-atoms such
that suppg B; are disjoint; by the maximality of the family we have:

M = ess sup (suppg B;)
iel
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ON THE CLASSIFICATION OF DYNAMICAL SYSTEMS 403

As the measure m is o-finite, we can suppose I = N; let F =UF,,;
B is a G-atom (the G-supports of F, are disjoint) and neN

suppg B = U suppgs, = M.

(i) = (i) is immediate by remarking that gF is a G-atom.

(i) = (iii) is an immediate consequence of Zorn’s lemma and the
o-finiteness of m.

(iii) = (i) is immediate. q.e. d. [l

THEOREM 2. — Any dynamical system splits uniquely as the direct sum
of a discrete system and a continuous system.

Proof. — Let & = (M, %8, m; G) be a dynamical system, let M._ym,
and M, = ess sup { B/B G-atom }. It is clear that M, and M_ are G-inva-
riant and F = %, + Fy, with F,, discrete and F, . continuous; the
uniqueness of the decomposition is clear. q. e d. |l

IV. INDUCED SYSTEMS
§ 1. Induced automorphisms

We shall give a definition of induced automorphism generalizing that
of Kakutani (cf. [20]) for conservative automorphisms. For this purpose
we shall need some special notions.

Let (M, 8, m) be a o-finite measure space, let T be an automorphism of
(M, 8, m). Let xe M we denote :

Orby x = { T"X/pez }
Orbf x = {T"/p»0}  (or x¥)
Orb x = {T"/,50}  (or x7)
Orb; x is ordered in the natural way if x is not periodic. Let E € 4,
m(E) > 0. Let
E,=EnT™'E

E, = (En T'"E)\( LJ Ek>

1<k<n

E,=E\|_JE, = {xeE/T"x¢E, vn21}

n>1

(1) E,=E n( T‘"(E‘)) with E¢ = M\E.

nx1

Vol. IX, n° 4-1973.
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Let F =UT”E, the restriction of T to F has the following classical

n>0

form: Kakutani’s skyscraper (here with an infinite column)

We define similarly E_,, E_,, ..., E__ with the automorphism T~ !.
We have

2) E_,=En (ﬂ)TE
Let nz!

E. .t = { x€ E/x* N E finite and x non periodic }
E_s = {xeE/x™ nE finite and x non periodic }
E.f = { x€ E/x™ n E infinite or x periodic }
E_s = { x€E/x~ n E infinite or x periodic }

We obtain immediately the following lemma

Eismn =En (UT‘"EGO>

nz1

E g =En (UT"E_OO>
nz1

LEMMA 1.

E, = En (QT*"(E;))
E=En (QT"(E‘_ w))

DEFINITION 1. — We can define now the induced automorphism Tg of T
.on M:

@) On E 4 N E_g, : we define Tgx = T"®x where n(x) is the first entry
time of x (as in the Kakutani’s definition).

Annales de I’Institut Henri Poincaré - Section B



ON THE CLASSIFICATION OF DYNAMICAL SYSTEMS 405

B) On E, o nE_g :let xeE 5 NnE 4,
Orbr x NE = {X_,, X_pisqs s Xo =X, oo ey Xy }

We define
T { T®x  if  n(x) < o0

X_p if n(x) =

y) OnE_; NnE_g :let xeE 4 nE_;

ENOrbr x = {X_,X_pi1s «-e» Xo = X, Xq, .. }
We define
X, if n=0
Tex = { x_, if n even, n#0.
Xy if n odd
— /\/\/\’,4 """" ~’. |
EﬁOrbT X } } } } } } 1 t T 1
_3 X_; X_{ Xo=X X; X 3 e
~_ — ~_— -

0) On E 4 nE_g, : let xeE g nE_

EnOrbrx={...,x_,Xo=2x, X1, ..., X, }

We define
X_, if n even
Tex = x4 if n=1
X, if n odd, n#1
ooTTT /—\
. . i /—\/\ (—\ OrbT R E

.o ”,’\-/x_a x 2 x 1 xo—x xl X2
- N~ — ~— \_/

¢) On M\E, we define Tgx = x.

PROPOSITION 1.

1) (T_I)E = (TE)_I

2) Tgel[T]

3) EnOrby x = Orbr_x, VxeE
4) Tegx = x, VYxe M\E.

Proof. — Properties 1), 3) and 4), result immediately form the definition
of Tg; it is easy to verify that Tz and Tg! and Tg! are measurable, and

Vol. IX, n°® 4-1973.
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Tg € Aut (E, By, mg) (in fact, we can find a countable partition of E on
each element of which T is simply defined); 2) results from 3) and the
lemma (2-1) of Krieger [24]. q.e. d. |

§ 2. Induced systems

Let # = (M, 8, m; G) be a dynamical system, Ee %, m(E) > 0; let
[Gle = {he[G)/hE = E, hx = x Vxe M\E }

Then [G]g is a subgroup of [G] and [G]g = { hg/h€ [G] } we can also
identify [G]g to a subgroup of Aut (E, #g, mg) and [G]g is full i e.

[[Gle] = [Gle

DEFINITION 2. — The system % = (E, B, mg, [G]g) is called the induced-
system of # on E (cf. Dye [8]). Following proposition 1, if he[G] then
hg € [G]g. Consider G the group generated by { g }ee We have:

Gg < [Glg
Let xe€E, geG, g’eG

grgrx € gg Orbg x = Orbg x

It is also true that gggp ... gfxeOrbg x, Vx€E, g, g’ ... g"€G;
the proposition 1 implies

Orbg, x = Orbg x N E Vx eE.
Let he[G], there exists a partition (M, ) of M such that
2.€G
h |Mgn = &ulm,,
Let G’ be the countable group generated by {g, }.. As we have

hx € Orbg. x VxeM
this implies
hgx € Orbg, x = E N Orbg. x VxeM.

Hence, by the lemma 2.1 of ([24]) (since Gf is countable).
hg € (Gg)
We have shown that: if he[G] then hge[Gg], i e.
[Gle = [Gg)

Annales de I’Institut Henri Poincaré - Section B



ON THE CLASSIFICATION OF DYNAMICAL SYSTEMS 407

As [Gg] is clearly inclued in [G]; we obtain
[Gle = [Gel

We can write without any ambiguity % = (E, #g, mg; Gg); we have
proved:

PROPOSITION 2. — Let & = (M, 4, m; G) be a dynamical system,
Ee %, m(E) > 0; the induced system %y = (E, $g, m; Gg) possesses
following properties:

1) [Ge] = [Gle

2) Orbg, x = ENn Orbg x, Vxe E

3) If G is countable then so is Gg; if & is separable so is Fg.

Let #(F) (resp. F(FE)) be the sub-c-algebra of invariant elements
of # (resp. %Bg).

Then, the above proposition implies immediately:

ProprosITION 3 (See also [8], Lemma 3.5). — The invariant sub-c-algebra
of the induced system % is the trace on E of the invariant sub-g-algebra
of the global system #.

COROLLARY. — Let Ee€ &, m(E) > 0; the induced system % is ergodic
if and only Fy, g is ergodic.

Proof. — The condition is clearly sufficient. Now suppose that % is
ergodic, we can also suppose without restricting the generality that
M = suppg E; let Be # be an invariant subset of M, m(B) > 0. As
M =es§£}ung if B# M we must have BNE # 0, BN E # E and as

B N E is Gg-invariant that contradicts the ergodicity of #g. q.e. d. [}

DErFINITION 3. — Let # =M, %4, m;G) and ' =M, &', m'; G')
be two dynamical systems; we shall call partial isomorphism a triple (E, E’, h)
where E€ 4, E' € #’, m(E) > 0, m'(E’) > 0 and h weak isomorphism of ¢
onto L.

If G and G’ are countable then h is a weak isomorphism of % onto .
of and only if:

— h is a isomorphism of measure space (E, mg) onto (E’, my.),

— h(E n Orbg x) = E’ n Orbg. hx for almost all x in M.

Let E, Fe #m(E) > 0, m(F) > 0; let h be an isomorphism of (E, mg)
onto (F, mg) such that:

Vol. IX, n° 4-1973. 29
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— there exist a sequence (g,),n &, € G, and a partition (E, ) of E such
that
h IEg" = gnIEg"

The triple (E, F, h) is called a partial G-isomorphism; if two elements
E,F € 8, m(E) > 0, m(F) > 0, are such that there exists a mappingh: E - F
giving a partial G-isomorphism (E, F, h), we say that E and F are G-equi-
valent (or simply equivalent) and we note E 3 F (or E ~ F); we can verify

easily that ~ is an equivalence.

LEMME 2. — Any partial G-isomorphism is a partial isomorphism.

Proof. — We use the preceding notations: let g’ € [Gg] and let E;, (g,€G)
be a partition of E such that

’ a—
g IE,',;, =g |E;,;,

and let E, . =E, nE} g7 E,); (E,nmniens form a partition
of E, let F, 4 = 8u(Epni)s (Fun dinniens form a partition of F.

9n

9k

We have
hogoh™ g . =8°8vo&r Ik u
Therefore
hog'oh™'e[Gg] Vg’ e[Gg]
It follows that
h[Gelh™! =[Gyl

and (E, F, h) is a partial isomorphism. q.e. d. |

LEmMME 3. — Let & = (M, 4, m; G) be a dynamical system, Be 4,
m(B) > 0, let E = B, F c« B. The following conditions are equivalent:

(i) E and F are G-equivalent.
(ii) E and F are Gg-equivalent.
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ON THE CLASSIFICATION OF DYNAMICAL SYSTEMS 409

Proof. — (i) = (ii) Let h : E — F such that (E, F, h) is a partial G-iso-
morphism. Let

E = ZE,, such that hlg = g,lg,, 8.€G
n<1

Let G’ be the (countable) group generated by (g,),.n and G the induced
group generated by (g);ec ; by Prop. 2.2

hx € Orbg, x Vx e E.

Let
G;S= {gl,gZ’ }
E:, ={xeE/hx =g,x}
H, = E}
H, = Ei.\(y Ek)
<n—1
We have
and o
hly, = &nlu, with g,€ G = Gg
Hence

Ea;F'

The converse is trivial since G = [G]. q.e. d. I}

§ 3. Induced systems and invariant measures

THEOREM 3. — Let & = (M, 4, m; G) be a dynamical system, let
Ee %, mE) > 0. If u(« m) is an invariant measure for & then the restric-
tion ug of 4 on E is invariant for #¢. Conversely let v(« mg) be an invariant
measure for %, then there exists a unique G-invariant 4 « m on M such
that v = pg, and

supp (u) = suppg (supp v)

Proof. — It is clear, by definition of induced system, that if u is G-inva-
riant then ug is Gg-invariant. Conversely let v(«, mg) be a Gg-invariant
measure on E, as supp vis Gg-invariant; using Prop. 3 we can shall construct
a G-invariant measure yu ~ m such that ug = v.

As M = ess %up gE and m is o-finite, there exists a sequence g,e G,

ge

go = idy such that
M-l s

n>0

Vol. IX, n° 4-1973.



410 DANG -NGOC -NGHIEM

let My =E, M, = g,,E\( U ng), we have

O0<ks<n-—-1

M= )M,

n20

Let M;, = g, 'M,, we define py_ = g vy, and p is completely defined
on M.

Let ge G, F e # a non null subset, we have to show that u(g™'F) = u(F),

as M = ) M, and g is an automorphism, we can suppose F < M, for
nz0

a certain k. Let F, = M, n g~ 'F, F, = gF’, we have g 'F = ZF:, and

n>0
F= zF", we can finally suppose that F = M,, g”'F =« M, for cer-
nz0
tain k, n.

Let F, =g, 'F, F,=g,'! (g"'F); F,cE, F,cE and the triple
(Fo, Fis 80 ogog,lg,) is a partial Gg-isomorphism of % (Lemma 3),
as v is Gg-invariant, we have:

w(F,) = v(Fy)
Therefore

g™ 'F) = v(F,) = v(Fy) = u(F)

We have proved that u is G-invariant, the uniqueness of p is imme-
diate. q.e.d.

PROPOSITION 4 (See also [34]). — A discrete system is semi-finite.

Proof. — Let B be a G-atom such that suppg B = M (Th. III.1), we can
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ON THE CLASSIFICATION OF DYNAMICAL SYSTEMS 411

suppose 0 < m(B) < co0; by Proposition 3 and the definition of a G-atom,
every measurable subset of B is invariant for the induced system Fp,
the measure v = my is Gg-invariant and the theorem 3 gives a measure
u(~ m) G-invariant, so & is semi-finite (Proposition 1I.1). q.e.d. Il

§ 4. Types and induced systems

THEOREM 4. — Let & = (M, #, m; G) be a dynamical system, E € 4,
m(E) > 0. If & is semi-finite (resp. purely infinite, discrete, contizuous)
then induced system % is of the same type. The converse is true if the
G-support of E is the whole space M.

Proof. — We remark first that by Proposition IV.3, for measurable
subsets of E the notions of G-atom and Gg-atom concide; the theorem
follows from Theorem 3, Proposition II.1,and Theorem III.1. q.e.d. [l

Remark. — 1t is clear that if & is finite then so is &g ; but the converse
is not true, as one can easily see: if & is semi-finite there always exists
Ee % such that & is finite and suppg E = M.

V. COMPARISON OF MEASURABLE SUBSETS

DEerINITION 1 (cf. [21] [34] [35]). — Let & = (M, 4, m; G) be a dynamical
system, E, Fe # we say that E is G-bounded by F and we write E < F
G
(or simply E < F) if there exists F;, = F such that E 3 F,.

For the convenience of the reader, we summarize some important
results on the relation <.

Lemma 1 (cf. [21] [34] [35)).

a) E < F implies suppg E < suppg F.

b) If EXF and Be.# then EnB<FnB.

c¢) If (E);q (resp. (Fj);) is a measurable partition of E (resp. F) such
that E; < F; then E <F.

Proof (cf. [21] [34] [35)).

PROPOSITION 1 (cf. [34] [35]). — Let E, F € 4. The following conditions
are equivalent:

(i) E~F.
(ii) E<F and F < E.
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Proof (cf. [34] [35]).

THEOREM 1 (comparability theorem) (cf. [34] [35]). — Let E and F ne two
measurable subsets of M. Then there exists an invariant measurable
subset B such that

FAB<EnNnB
E n(M\B) < F n (M\B)

Proof (cf. [34] [35)).

COROLLARY 1. — Let & = (M, 84, m; G) be an ergodic system, let
E, Fe 4. Then Eé F or FéE.

Proof. — Imfnediate B=@orM I

COROLLARY 2. — Let # = (M, &, m; G) be a dynamical system, (E,),, be
a family of disjoint G-equivalent measurable subsets of M. There exist
an invariant non null subset Be .# and a family (F,),« of disjoint equi-
valent non null subsets of B such that.

HIcKk.

2) Vkel, F, ~ E, nB.

3) Let F, = B\ esi ls(up F,.

Then F, < F; and F, # F,. If furthermore we suppose that I is infinite
then we can suppose F, = @.

Proof. — Let (E,),x be a maximal family of disjoint G-equivalent subsets
of M completing the family (E;),; (I = K) and let E = M\ (ess sup E,)
and let Be .# such that ket

EonB<E nB
E,.NnB<E;nB.

(The choice of ke K has no consequence since E;s are equivalent). Let
F, = E; n B, F, =E,nB, keK.

The relation F,'< Fy would imply E, < E;, a contradiction with the
maximality of the family (E,),.x. Therefore

F, # 9, keK.
Fo <F, Fo ~F,
Fo=E;nB=B\esssup E, "B = B\esi Is(up F,
keK €
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If I is infinite; K is infinite, let K’ = K — { ko }, K’ is equipotent ot K

and we have:
B=F0+EF,,~F0+ZFk<ZFkgB
keK’ keK

keK

Then G ~ ) F,; replacing F, by disjoint equivalent subsets, we can

keK

suppose G = EFk. ge.d. H

keK

COROLLARY 3 (Characterization of continuous systems). — Let
F =M, #,m; G) be a dynamical system. Then & is continuous of
and only if every measurable subset of M is a sum of two disjoint equivalent
measurable subsets.

Proof. — The condition is sufficient, for if E€ 4 is a non null G-atom
of M, let E =E, + E, h a partial G-isomorphism from E; on E,. We
define h’ € Aut (M, 4, m) by

X if x e M\E
h’x =4 hx if xeE,
h~! if xeE,

It is easy to see that h’e[Gg] and WE, = E,; by Proposition IV.3,
WE, = E; # E,; this contradiction proves that & is continuous.

Suppose now that & is continuous, let Ee %, m(E) > 0; by Zorn’s
lemma and the lemma 1; it suffices to show that there exist E,, E, < E,
E, 7 E; and m(E;) > 0; by the lemma IV.3 and theorem IV.4, we can

replace & by % and suppose E = M. Since M is not a G-atom, there
exist F < M, m(F) > 0, and ge G such that gF\F # @, let E, = (gF)\F
and E, = g7 'E,, we have E, ~E,,E,nE, #@. qed B

VI. CLASSIFICATION OF MEASURABLE SUBSETS

§ 1. Classification of measurable subsets

DEFINITION 1. — Let & = (M, %, m; G) be a dynamical system, E € 8,
we say that E is finite (resp. semi-finite, properly infinite, purely infinite,
discrete, continuous) if the induced system & possesses the corresponding
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property. If there is any risk of confusion we write « G-finite », « G-semi-
finite », etc. instead of finite, semi-finite, etc.

LEMMA 1. —Let & = (M, %, m; G) be a dynamical system, let (E,),.; be
a family of measurable subsets of M such that the G-supports of E are

disjoint and let E = ZEi(z (ess sup E;)). Then E is finite (resp. semi-
iel
iel
finite, properly infinite, purely infinite discrete, continuous if and only
if each E; possesses the corresponding property.

Proof. — 1t is clear that ¥ = zg‘*’&, and the lemma follows from the
iel

lemma II.1 and theorem III.1. q.e.d. |

LEMMA 2. — Let Ee€# be a finite (resp. semi-finite, purely infinite,
discrete continuous) measurable subset of M and let Fe 4, F é E. Then

F is finite (resp. semi-finite, purely infinite, discrete continuous).

Proof. — By the lemma IV.3 we can suppose F < E and the lemma
follows from theorem IV.4. q.e.d.

LEMMA 3. — Let Ee %, Fe # be such that suppg E < suppg F. If E
is a G-atom, then E é F.

Proof. — We can suppose suppg F = M ; by the comparability theorem,
let Be .# such that
ENnB<FnB
FNnB <EnB*

Let h be a partial G-isomorphism from F n B¢ onto a subset of E n B¢,
then suppg WF N BY) = suppg (F n B) = B° (Lemma V.1 a) and
suppg F = M.

Since E n B¢ is a G-atom, and h(F n B°) = E n B we have

hF A B) = (suppg WF N B)) n (E n BY) (Def. II1.1)
=EnB°

Therefore FA B~ E N B, hence E<XF. q.e.d. W
G G
PRroPOSITION 1 (Characterization of continuous semi-finite systems). —
Let # = (M, %, m; G) be a semi-finite system. Then & is continuous
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ifand only if there exists a decreasing sequence (E,),y of G-finite measurable
subsets of M, such that suppg E, = M and (E,\E, ) 3 E,.;, VneN.

Proof. — The condition is necessary following the corollary 3 of
theorem V.1. Now suppose that there exists such a sequence (E,).cn;
replacing & by the induced system &, and using the lemma IV.3, we
can suppose that E; = M and m is a finite invariant measure; let Fe #
be a G-atom, by the lemma 3 we have

F<E, for all neN.
Therefore

m(F) < m(E,) < %m(M) - 0, n — oo.

Hence u(F) = 0 and the system & is continuous. q.e.d.

§ 2. Hopf’s theorem and its consequences

In [/7] E. Hopf gave a characterization of the finiteness of a system
generated by one automorphism, but the proof is valid for a general system
if we replace the sentence « E is an image by division of F » by « E is G-equi-
valent to F » for E, Fe %.

THEOREM 1 (Hopf’s Theorem). — Let # = (M, %, m; G) be a dynamical
system. Then & is finite if and only if every subset of M that is G-equivalent
to ‘M coincides with M.

Let E e #; applying the theorem to the induced system g and using
the lemma IV.3 we obtain:

COROLLARY 1. — Let & = (M, 4, m; G) be a dynamical system, E € 4.
Then E is finite if and only if every subset of E that is G-equivalent to E
coincides with E.

COROLLARY 2. — Let & = (M, &, m; G) be a dynamical system, E € 4.
Then E is properly infinite if and only if E is the sum of a sequence { E, } ,..x
of disjoint measurable subsets G-equivalent to E.

Proof. — Using the induced system % and the lemma IV.3 we can
suppose E = M.

The condition is sufficient: suppose M = ZE,,, to show that & is

n>0
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properly infinite it is sufficient (and necessary) to prove that for all Be .#,
Fy is infinite (consequence of theorem II.1), since

B=MnB~E,NB (Lemma V.1)
We have (Lemma V.1

)
B = E(E"mB) ~ Z(E,,m B)

n>0 n21
and the corollary 1 implies that B is infinite.

Now suppose that # is properly infinite, it is sufficient to show that
there exist two disjoint measurable subsets F,, F, of M such that
M =F,UF,and M ~ F, ~ F, (for we can take E, = F, and we apply
the result to F, that is properly infinite, etc.); using Zorn’s lemma, it suffices
to prove that there exist Be #, F, e %, F, e 8, mB)>0,F nF, =0,
B=F,UF, and B~ F, ~ F,. Since & is infinite, let M, =« M = M,

M; ~M; and h be a partial G-isomorphism form M, orqléto M,, let
H, =M,\M,, H, =hH,, H, = hH,_,, we have @ # H, ~ H,~H;~ ...,
by the corollary 2 of theorem V. 1, there exist B € .#, m(B) > 0 and {K, }
¢ #K,e®B,K,nK, =@ of n#n’, such that

K,~H,nB, neN, and hence K,~K,, Vn neN.

B=ZK,,

n20

neN»

Let
F1=K0+K2+K4+...
F,=K, +K;+K;+ ...

It is clear, by lemma V.1, that B~ F, ~F,. q.e.d. i}
COROLLARY 3. — Let # = (M, #, m; G) be a dynamical system, let E,

F € # such that suppg E < suppg F. If F is properly infinite then E < F.
In particular if & is ergodic, two infinite measurable subsets are equivalent.

Proof. — Let (E)),, be a maximal family of non null disjoint measurable.
subsets of E such that E;, < F;as E o ess sup E; is in the G-support of F,

the maximality of the family (E;),, implies that E = ess sup E, by the

o-finiteness of m, I must be countable, we can suppose I = N, by the
corollary 2, F = XF, F~F, ~F, ~ ..., hence

E=ZE,-<ZF,,=F. ged W

iel neN
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VII. STRUCTURE OF DISCRETE SYSTEMS

§ 1. Homogeneous systems

DEFINITION 1. — Let & = M, %4, m; G) be a dynamical system, we
say that & is homogeneous if M is the sum of a family of non null disjoint
equivalent G-atoms (cf. [5] [8]).

LEMMA 1. — Let & = (M, 8, m; G) be a homogeneous system, let
(Edia (resp. (F;)cy) be a partition of M into a family of equivalent G-atoms.
Then card I = card J.

Proof. — If I is finite, the system & is finite and consequently J is finite.
Therefore I and J are finite or infinite at the same time. If I and J are infinite,
they are infinite countable, hence card I = card J.

Now suppose that I and J are finite. As the G-supports of E; and E;
are M, by the lemma VI.3 we have E; ~ F, i€, jeJ; we can suppose
that card I = card J' with J' < J.

E; ~ F;

i J
iel Jjey

As Z is finite, the Hopf’s theorem implies ZFj =Mand J=1J or
card I =card J. q.e.d. B ey

DEFINITION 2. — The above lemma proves that n = card I is an algebraic
invariance of the homogeneous system &#. We say that & is a type-I,-system,
n=12, ...,/ or a n-homogeneous system.

A type-I,-system is finite if and only if n is finite, a type I,-system is
semi-finite properly infinite (proposition IV.4 and corollary 2 of
theorem VI.1).

§ 2. Structure of discrete systems

PROPOSITION 1. — A discrete system & = (M, &, m; G) splits canoni-
cally as the direct sum of type-I,-systems, n =1,2, ..., #/. % is finite
if and only if its type-I ,-subsystem is null.

Proof. — We can apply the corollary 2 of theorem V.1 to the family
(Ei)ie; reduced to one non null G-atom; using the same notations, (F ).,
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are non null disjoint G-equivalent G-atoms, F, is also a G-atoms (since
Fo <F;). By the lemma 1 suppg F, # suppg F » there exists Ce #,C = B
such that

CnF;#0 Vjel

Jel
C= Y CnF,

Jel

As CnF;~C F; (j,j/el) (lemma V.1). The induced system Fg
is homogeneous and non-null and we apply the infinite recurrence and
the proposition follows. q.e.d. i

PRODUCT OF DYNAMICAL SYSTEMS

DEFINITION 3. — Let &#; = (M,, %, m;; G,);; be a family of dynamical

systems, let M = HMi, 74 =®QZ,., m =®mi let geG;, jel we
I I I

define g on M by :

- = x, if i
M3 () = (X)) = 2((x)) with { X=a o 1)
xi=gx; if i=]j.

It is clear that ge Aut (M, 4, m); let G be the group generated by the
set of g, geG, iel; we say that the system & = (M, #, m; G) is the

1

product of the systems &, and we write & n?_ i
I

PERMUTATION SYSTEMS

Let n=12, ...,/ M,=[l,n+ 1], o, =PM,) (the set of all
subsets of M,), m, the discrete measure with unit mass at each point of M,,
G, the permutation group at finite distance of M,, the canonical dynamical
system &, = M,, &, m,; G,) is called the n-permutation system. It is
clear that &, is an ergodic semi-finite discrete system, and 2, is finite if
and only if n is firite ; conversely it is easy to see that any ergodic discrete
system is weakly isomorphic to a n-permutation system (since for ergodic
system a G-atom is an atom).
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CHARACTERIZATION OF THE G-ATOMS OF A SEPARABLE SYSTEM

PROPOSITION 2. — Let & = (M, &, m; G) be a separable system, let Ee %.
The following conditions are equivalent :

i) E is a G-atom.
ii) Gg = {idg }.
iii) For almost all x of M, the intersection of Orbg x and E is reduced
to an one-point set or an empty set.

Proof. — It is an immediate consequence of the proposition 1V.1, 3),
proposition IV.2, 2), proposition IV.3 the definition of a G-atom and the
properties of Lebesgue spaces. q.e.d.

DEFINITION 4. — A system J =M, &, m; G) with G = {idy} is
called a motionless system.

THEOREM 1. — A separable n-homogeneous system & is weakly iso-
morphic to the product of the n-permutation system £, by a separable
motionless system.

Proof. — Let F =M, B, m; G), M = Z E, E,~E, 1Zk<n,
1<k=zn
E, a G-atom. Let 7, = (E,, %,, m, ; G,) be the induced system, J, is
a motionless system (cf. Prop. 2).

Let hy be a G-partial isomorphism from E, onto E,, h; = idg,. Consider
the mapping ¢ : (M,,, E,)e(k, x) — h,x; it is easy to see that ¢ is a weak
isomorphism from &, x 7, onto #. q.e.d.

This theorem and the proposition 1 imply :

CoOROLLARY 1. — A separable discrete system & is weakly isomorphic
to a system of the form

P x T,

n n

1sngH
where £, is the n-permutation system and J, is a motionless system.
COROLLARY 2. — Let & = (M, &, m; G) be a separable discrete system,

let # be the invariant sub-c-algebra of 4. Any automorphism of (M, &, m)
leaving fixed the elements of # belongs to the full group of G.
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Proof. — 1t is easy to see that the corollary is true for a system of the
form 2, x 7,, where 7, is a separable motionless system (properties of
Lebesgue spaces), the general case follows from the corollary 2. [l

We summarize some important notions of type in the following defi-
nition.

DEFINITION 5 :

— A type-I,-system is a n-homogeneous system n = 1,2, ..., 4.

— A type-II;-system is a finite continuous system.

— A type-II . -system is a semi-finite properly infinite continuous system.

— A type-Ill-system is a purely infinite system (it is automatically
continuous).

A general dynamical system splits uniquely as the direct sum of these
different systems.

Remarks. — Consider a dynamical system & = (M, 4, m; G), we sup-
pose that G is a separable topological group and there exists a continuous
unitary representation U of G into L?(M, 4%, m) such that

(e)h=U,fU¥h Nfe ™M, B, m), VhelL*M, 8, m), VgeG.
Let K be a countable dense subgroup of G,
J(K)={Be®|kB =B, VkeK},

then #(K) = #(G). Applying the above results to (M, %, m; K) and using
the density of K in G, we can see that the theorem 1 and its corollaries
remain valid for separable group G.

VIII. PRODUCTS OF DYNAMICAL SYSTEMS

We summarize in this paragraph some important properties concerning
the products of dynamical systems.

Let # =M, %, m;; G), i = 1,2 be two dynamical systems and let,
F =F xFp,F =M, B, m; G) let #(F) (resp. £(F,), #(F,)) be the
sub-g-algebra of invariant elements of £ (resp. %,, %,).

§ 1. Products and invariant sub-c-algebras

PROPOSITION 1. — We have #(F, x F,) = #(F,) ® #(F,); in parti-
cular, & is ergodic if and only if %, and %, are both ergodic.
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Proof. — As (M, 4, m) is the product of (M,, %#,, m,) and (M,, %,, m,)
we can identify canonically
LM, 2, m) = LZ(MD By, my) ® Lz(Mz, By, m,).
Let U’ the canonical representation of G; into L2(M,, &, m,), i = 1, 2,
defined by (cf. [5], p. 134),

. dg™'m\'
U;f:( o ') o VgeG, feL*M, %, m)

where (,/)(x) = f(g”'x), Vxe M,
We define the representation U of G into L*(M, %, m) by the same
way.
We identify canonically :
L*(%,) = L*(%,) ® 1.24,.m,
L*(%#,) ~ 1124, m,) ® L(%,)
Uzg1 ~U; ® 1,_2(9,2,,,,22, Vge G,
U ~ 112, m) ® Ug Vg' e G,.
L2(A(F)) = LHA(F1) @ LLyaymy
L2(I(F,) = 1@, m,) ® LI (F,))
Let
oy = (L*(%,) v UYG,)"
o, = (L*(%,) v UX(G,))”
o = (L>#) o UG)”

By the proposition 6, p. 26 of [5], we have

A = o, ® s,
It follows that (cf. [37] [38))
A = ol @ )

As o' = LY(I(F)), o = L2(I(F)), i = 1, 2; we have:

Lo(JI(F, x F,)) = L*(F(F})) ® L*(H(F),))
Hence
I(F, x F,) = F(F)) Q@ H(F,).
g.e.d. B

§ 2. Products and induced systems

PROPOSITION 2. — Let & = &, x &,, let E, e %,, E, € %,. Then
(F1 X Fg,xp, = Fi5, X P,y
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Proof. — We have

(Z1 X F)e, x5, = (E; X Ey, (8, ® By, x (M1 @ Mg, x g, Gg, xE,)
(F1 X F)g, x5, = (Ey x Ey, B, E QB g, Mg, @My, ; Gy e VG2g)

as one can easily verify from the definition VII.3 and the definition of
induced systems. Hence

(F1 X e, xe, = F1E, X Py
qg.e.d. B
§ 3. Products and discrete systems

ProPOsITION 3. — If &, and &, are discrete, then so is #, x Z,. If &,
isoftypeI,,i=1,2;then #, x &, is of type |

ny X ny*

Proof. — Let E; is a Giatom of #; such that suppg E, = M;
(cf. theorem III.1), i = 1, 2. We have:

H(F1 X FRe xp, = H(F 1), @ HA(F))g,
=~@1£,®~@252
=(~%1 ®'@2)E,x52

Therefore, E; x E, is a G-atom of #, x &,, and one can verify imme-
diately that suppg (E; x E,) = M; x M,; the theorem III.1 implies
that #, x &, is discrete. The second part of the proposition is immediate.

g-e.d I

§ 4. Products and semi-finite systems

PROPOSITION 4. — The product system &%, x &, is finite if and only
if both of #, and %, are finite. #, x &, is semi-finite if both of ¥, and &,
are semi-finite.

Proof. — The proposition results immediately from the definitions and
the proposition II.1. q.e.d. |

§ 5. Products and type-II-systems

PROPOSITION 5. — The product &#; x &, is of type II if both of &,
and &, are semi-finite and one of them is of type II.

Proof. — It follows from proposition 4 that &, x &, is semi-finite,
we have to show that it is continuous ; suppose that &, is of type II, it
follows from proposition VI.1 that there exists a decreasing sequence
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{ Ep }sen of G,-finite measurable subsets of M, such that suppg, E! = M,
and (E,}\E,}H)a— El..; let E, = E! x M,, it is clear that the sequence

(Ennen satisfies the conditions of proposition VI.1, that implies that
F, x F, is continuous. q.e.d.

§ 6. Products and type-III-systems

ProrosITION 6. — If the product #, x &, is of type III, then one of #,
and %, is of type IIL

Proof. — The proposition results from the definition a type-III-systems
(cf. Def. VII.S), the theorem II.1 and the proposition 4. q.e.d. |l

§ 7. Products and continuous systems

ProPOSITION 7. — If the product &#, x &, is continuous, then one of &,
and &, is continuous.

Proof. — The proposition follows from theorem III.2 and proposition 2.
qged B

Remark. — In a subsequent paper, we shall show that the converse of
proposition 6 an proposition 7 is true if G is a separable topological group
acting continuously on L*, for the topology a(L*®, L!).

§ 8. Factorization of a type-II_-system

PROPOSITION 8. — Let # = (M, &, m; G) be a properly infinite system ;
then there exists a non null measurable subset E of M such that # is weakly
isomorphic to #¢ and F; x 2,; in particular, # is weakly isomorphic
to F x 2,.

Proof. — By the corollary 2 of theorem VI.1, M is the disjoint union
of a sequence (E,),.n of measurable subsets such that E, 3 M, VneN;

let E = E,, by the lemma IV .3, & is weakly isomorphic to #;. By a method
similar to that of the proof of theorem VII.1, we can see that & is weakly
isomorphic to ¥y x Z,. q.e.d.

PROPOSITION 9. — Let # = (M, &, m; G) be a type II_-system ; then
there exists a non null measurable subset E of M such that :

Vol. IX, n° 4-1973. 30



424 DANG -NGOC - NGHIEM

— g is a type-II,-system.
— & is weakly isomorphic to F¢ x 2,.

Proof. — By the corollary 2 of theorem VI.1, M is a disjoint union of a
sequence (E,),.n of measurable subsets such that E, S Ew n,n'eN; as

each E, is semi-finite, there exists a sequence (F,),n. of non-null G-finite
measurable subsets such that :

F F,, Vn, n’ e N.

~
"G

By the corollary 2 of theorem V.1, the corollary 2 of theorem VI.1
and an exhaustive induction, we can suppose that M is the disjoint union
of the Fis; let E = F,, %5 is of type II,; a proof similar to that of
theorem VII.1 shows that # is weakly isomorphic to %y x 2,.

qe.d B
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