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1. INTRODUCTION

Let Q c n _&#x3E; 3, n odd, be an open connected domain with C~ smooth
boundary ~SZ and bounded complement

The scattering kernel s (t, 8, 0) related to the wave equation in R x Q with
Dirichlet boundary conditions on !R x ~SZ has the form (see [8])

Here (8, o) E sn - 1 x S" -1, w (r, x; co) is the solution of the problem

v is the interior unit normal to aS2 pointing into S2, dSx is the measure
induced on 3Q, C~=(-l)~~~~2’"7r~’~ and ( , ) is the inner product
in (Rn.
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446 F. CARDOSO, V. PETKOV AND L. STOYANOV

For fixed o, e we have s (t, 8, ~’ The analysis of the singulari-
ties of s (t, 6, o) for fixed co, e is important for some inverse scattering
problems.
The aim of this paper is to study sing supp s {t, 8, co) for general

(nonconvex) obstacles.
By a reflecting (0), 0)-ray in Q we mean a continuous curve in 03A9 formed

by a finite number of linear segments and two infinite linear segments - an
incoming one with direction o and an outgoing one with direction 8 (cf
section 2 for a precise definition). If a reflecting (co, 9)-ray y in Q has no
segments tangent to then y will be called ordinary.
By a generalized (00, 0)-ray we mean an infinite continuous curve y in ~

incoming with direction ~ and outgoing with direction e which is a

projection on Q of a generalized bicharacteristic of the wave operator
D = a; - A (cf [9]) and which contains at least one gliding segment which
is a geodesic on a~2 with respect to the standard Riemannian metric.
Finally, by a (co, 8)-ray we mean either a reflecting or a generalized (o, 0)-
ray. Throughout this paper we consider only null bicharacteristics of D,
i. e. bicharacteristics lying in the characteristic set E of D (see [9]).
For fixed co, e we denote by 2 ro, 9 the set of all (co, For 

consider the sojourn time T y of y (see section 2 for a definition). As it was
suggested in [4], [1 1], the singularities of s (t, ~, c~) are related to the

sojourn times of the 8)-rays. In [1 1], [16], [17] for some special classes
of obstacles all singularities of s (t, 8, have been examined.

According to the geometry of the generalized bicharacteristics of D (see
[5], [22]), there could be some points on T* IR) such that there are
more than one generalized bicharacteristic passing through them. We shall
say that a generalized bicharacteristic ð of D is uniquelly extendible if for
every z E Õ the only generalized bicharacteristic of D passing through z is
ð. A (D, 8)-ray y in Q will be called uniquelly extendible if y is a projection
on Q of a uniquelly extendible bicharacteristic.
Note that if K is convex or K has a real analytic boundary, then every
e)-ray in Q is uniquelly extendible. The same is true if a~ has no

points where the curvature of SQ vanishes of infinite order along some
direction. Another example is the case when K is a finite union of disjoint
convex obstacles. We refer to [22] for an example when there exists a
bicharacteristic which is not uniquelly extendible.

Let Zi 1 be a hyperplane in [FT orthogonal to o and such that the open
halfspace, determined by Z~ and having o as an inward normal, contains
SQ. Given u E Z1, put Denote by Ct (u)
the set of those zeT* (R x Q) such that there exists a generalized bicharac-
teristic of D with Y (t) = z. For V c Z i set

Annales de l’Institut Henri Poincaré - Physique théorique



447SINGULARITIES OF THE SCATTERING KERNEL

Our first result is the following.

THEOREM 1~ - Let be fixed. Assume that every (c~., 8)-ray in ~2 is

uniquelly extendible. Then

Remark 1. l. - The assumption of Theorem I concerns only the e)-
rays. Thus for fixed o the relation ( 1. 3) shows that if K is connected,
then the shadow of K with respect to (D does not contribute to

sing supp s (t, e, if we make some observations with rays incoming with
direction co. Note that some bicharacteristics of D which are not related
to 8)-rays can be not uniquelly extendible.

Remark 1.2. - The assumption. of Theorem 1 is satisfied also for

( - 6, 2014 (D)-rays. This agrees with the relation s (t, - o, - e) = s (t, e, co).
Remark 1. 3. - Under stronger assumptions concerning the rays incom-

ing with directions ± 0), the relation (1 . 3) was examined in [11]..
The inclusion (1.3) is similar to the Poisson relation for the distribution

oc

~(~)~ ~ cos.Àj t, whe~re ~ 7~3 ~~° 1 is the spectrum of the Laplace operator
i

in a bounded domain with smooth boundary (see [I ], [13]).
From physical point of view it is more interesting to study the obstacles

for which ( ~ ~. 3}. becomes an equality. This- makes it possible to recover all
singularities of s (t, 6, eo) and to consider them as scattering data (see [16]
for a result in this direction). One way t.o attack this problem is to fix

and to consider generic obstacles. We follow this way in the present
paper and show that generically for some ordinary (o, 9)-rays y we have

- Ty E sing supp s (t, 6, co). (1. 4)

Recently, one of the authors [21] proved that for generic obstacles in tR~
(1.4) holds for any (co, 0)-ray y. The proof of this result is based on
Theorem 2 stated below and the fact that for fixed 03C9 ~ 03B8 and. generic
obstacles K in 1R3 there are no generalized (co, 8)-rays in. the complement
ofK.
Another way to study ( 1 . 3) is to fix K and 03C9 and to consider generic

directions e. For some obstacles K it is known (see [16], [12]) that for
every fixed there exists a residual subset ?(00) of such that
for every all (co, e)-rays in are ordinary. For such direc-
tions we can apply Theorem 1 and obtain (1.4) for all (0), 6)-rays. We
conjecture that for each obstacle and each fixed 03C9 it is possible to find a
residual subset 9t (co) with the properties mentioned above.

To. state our second result we need some notations.
Let X = ðfl and let Coo (X, be the space of all Coo maps of X into f~n

endowed with the Whitney topology (cf [3], ch. II). The subspace

Vol. 53, n° 4-1990.



448 F. CARDOSO, V. PETKOV AND L. STOYANOV

C:mb (X, of all C °° embeddings is open in C* (X, hence it is Baire
space. A subset R of a topological space Z is called residual if 9t is a
countable intersection of open dense subsets of Z.
GivenfE C:mb (X, denote by the unbounded domain with boundary

f(X) and by 2 eo, e, f the set of all (m, 03B8)-rays in Let 9, f (resp.
9, f) be the set of all ordinary (resp. generalized) (0), 9)-rays in n f. The

results of section 4, combined with those in [14], [1 5], imply the existence
of a residual subset R of C:mb (X, such that for each f ~ R we have

In particular, if e, f = 0, then every (co, e)-ray is an ordinary one.
If y is an ordinary (o, 6)-ray, we denote by x (resp. Yy) the first (resp.

the last) reflection point of y. Let my be the number of reflections of y
and let dJY (uy) be the differential of the map J~ introduced in section 2.
Here Uy is the orthogonal projection of x on Zl’ Finally, set

Our second result is the following.
THEOREM 2. - Let 8 ~ ~ be fixed. Then there exists a residual subset ~

of (X, R) such that for each f ~ A

holds, where s f (t, 0, (0) is the scattering kernel related to Moreover, for
t sufficiently close to - TY with ~y E Leo, 9, f, T,~ ~ (~ f, we have

where C = (203C0)(1 - n)/2 (-1)m03B3-1 fv and 6Y related to a Maslov index.
For the proof of Theorem 1 we use the results in [9] for propagation of

Coo singularities. The crucial point is the application of Proposition 3.1,
where we generalize an idea used previously in [ 11 ] .

Given p (t + to) E (!R") with support in a small neighbourhood of - to,
we need to examine the asymptotic of

The results for propagation of singularities of the solution of ( 1. 2) are
not sufficient since some critical points of the phase of I (~,) make contribu-
tions which must be cancelled from physical point of view. Thus we are
going to use a stationary approach connected with the (i X)-outgoing Green
function.
The proof of Theorem 2 is based essentially on some generic properties

of 9)-rays with linear segments. These properties are obtained in section
4 following the approach in [13], [19]. Some of these properties have been

Annales de l’Institut Henri Poincaré - Physique théorique



449SINGULARITIES OF THE SCATTERING KERNEL

previously announced in [20], [ 15] . The formula ( 1. 6) has been obtained
in [11].
The paper is organized as follows. In section 2 we collect some notations

and definitions. Theorem 1 is proved in section 3. In section 4 we consider
several generic properties of reflecting e)-rays and prove Theorem 2.

2. PRELIMINARIES

2.1. By a segment in ~n we mean either a finite segment [x, y] or an
infinite one, that is a straightline ray starting at some point and having a
given direction.

Let X be a smooth compact (n - 1 )-dimensional submanifold of f~n,
n &#x3E;_ 2. If ll and l2 are two segments in (Rn with a common end XEX, we
say that II and l2 satisfy the law of reflection at x (with respect to X) if h
and l2 make equal acute angles with a normal vector to X at x and

and v~ lie in a common two-dimensional plane.
2.2. DEFINITION. - Let o and e be two fixed unit vectors in (Rn.

k

Consider a curve y = where ] are finite segments for

i =1, ...,~-1(~1), for all i, lo (resp. lk) is the infinite segment
starting at xi (resp. xk) and having direction - o (resp. e). Then the curve
y is called a reflecting (0), 8)-ray on X if the following conditions are
satisfied:

(i) the open segments Ii do not intersect transversally X;
(ii) either li (~ li + 1= ~ xI + 1 ~ for every ~=0,1,...~-1 or

~=2~+1(~=0,1,...), for ~=0,1, ...,~ and
... , m~ ,

(iii) for every i the segments /, and h + 1 satisfy the law of reflection at
~+1 with respect to X.
The points x~, ... , x~ will be called reflection points of y. If y is of the

same form and has the above properties except (i) for i = k, we shall say
that y is a (00, 9)-trajectory on X. Note that every reflecting (0), 0)-ray is a
(o, 9)-trajectory, but the converse is not true in general since the last
segment (which is infinite and has direction 8) of a (o), 03B8)-trajectory could
intersect X. Mention also that the second part of (ii) is only possible for
6= -co.

2 . 3. IRn) and is a sequence of open
subsets of IRn with U Uk= (~" and X for every k. Assume in addition

K

that 9l contains a residual subset of C:mb(X, Uk) for every k. Then it is
easily seen that ? contains a residual subset of C:mb (X, 

Vol. 53, n° 4-1990.
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2 . 4. Let co, o E ~’~ -1 be fixed and Uo be an open ball with radii a- &#x3E; 0

containing X. Let Zl and Z2 be the hyperplanes tangent to Uo such that
Zl (resp. Zz) is orthogonal to 03C9 (resp. 8) and the halfspace H1 (resp.. H2),
determined by Zl and 03C9 (resp. by 22, and - 8) contains UQ. Given a
reflecting (e), 6)-ray y on X with successive reflection points xl, ... , x~,
the sojou .rn time T~ of y (cf. Guillemin [4]) is defined by

where - ~i are the orthogonal projections. Clearly, T y + 2 a is the
length of this- part of y which lies in HI Pt H. We define TY when y is a

03B8)-trajectory or a generalized e)-ray so that T03B3 + 2a is. the length
of this part of y which lies in H1 n H2. It is known [4] that the definition
of Ty does not depend on the choice of the ball Uo. Set and

assume that y is a (co, 8)-trajectory which has. no segments. tangent to X.
Then there exists a neighbourhood W~ of Uy in Z~ such that for every
U E W y there are unique and points ..., xk (u) E X which
are the successive reflection points of a (o, e (u))-trajectory on X with
TTi (Xl (M))==M. We set thus obtaining a map

This map was also introduced by Guillemin [4].
Given a set A and an integer s &#x3E;_ 2, we set

3~. SINGULARITIES OF THE SCATTERING KERNEL

where is fixed. Here with some

sO and F = Or for t  i. By ~’ (R x Q) we. denote the space of all
distributions in R x Q admitting extensions as distributions on IRt x 

de l’Institut Henri Poincaré - Physique théorique



451SINGULARITIES OF THE SCATTERING KERNEL

Consider the integral

For the proof of Theorem 1 we need the following

PROPOSITION 3 1. - Assume that for ~, 0  E ~ 1, we have

Proof - .Choose two functions E (R), fi (x) such that:

For the distribution we obtain the problem

with

By .a finite speed of propagation argument we conclude that for

~Ti+28, ~j~T~+TB+2s. This shows that P :is singular only for

T 1 + c  + 2 e. Then the assumption (3.1) implies

Since

VoL 53, .n° -4-1 990.



452 F. CARDOSO, V. PETKOV AND L. STOYANOV

by a standard argument we deduce that for each m&#x3E;O there exists s(m)O
so that -

We can take the partial Fourier transformation with respect to t of v
and F. Put

The existence of the Fourier transformation of h (t, x) follows from the
fact that is contained in the set of hyperbolic and glancing
points of D (see [5], [9]). We obtain the problem

V is a i ~,-outgoing solution.
The latter condition means that for x ~ -. co we have the representation

Here the integrals are taken in the sense of distributions and G~ (x) is
the (~-outgoing Green function of the operator ¿B + À 2 (cf [7]). More
precisely,

Notice that for ) x ) - co we have

We set in (3 . 3) and multiply (3 . 3) by r~n -1 »2 Taking
the limit as r - oo, we get

where the integrals are taken in the sense of distributions. The condition
(3 . 2) shows that the right-hand side of (3 . 4) can be estimated by O () À /- m)

Annales de l’Institut Henri Poincaré - Physique théorique
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for all Thus we deduce

Next,

The left-hand side can be estimated by O (I À "") and this completes the
proof of Proposition 3 . 1.

Proof of Theorem 1. - We shall recall some properties of the generalized
Hamiltonian flow established by Melrose and Sjostrand [9]. Our assump-
tion implies that if there exists a e)-ray y passing through pu, then

Cf(M)=y(~), where y (t) is the generalized bicharacteristic the projection
of which on Q is y.

Consider the map Zl x - Cr (u). Melrose and Sjöstrand proved
(cf Theorem 3 . 22 in [9], II) that is continuous with respect to the
metric D (p, Jl) (cl section 3 in [9], II for the definition of D (p, In

particular, for fixed 8&#x3E;0 and T &#x3E; 0 there exists a neighbourhood U of uo
in Z~ such that for each u E U and each t E [ - Po, T] we have

Let - to be fixed so that

Choose T &#x3E; 0 with I to  T. Since the set

is closed, we can find Eo &#x3E; 0 such that

Vol. 53, n° 4-1990.
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k = 0; the analysis of the others is completely analoguous.
Obviously, we have to study the singularities of w for 

Without loss of generality we may assume that eo=(0, ...~0,1). Consider
the hyperplane

where ’t  -.p.o is fixed . For E ~o ~L~n-1), x’ = (xl, ... ~.xn_ 1), con-
sider the Cauchy problem

where ~T = ~ t E ~ : t &#x3E; i ~, and the mixed problem

Clearly, there exists a compact set Fic such that if

supp (p; n 0, then

Then we obtain

Set For Fo denote by / the straight-
line ray issued from uo in direction co. Let has a direction 03C9 for

Assume that

that is I (uo) meets 3K only at points, where I(uo) is tangent to ~K. Then
I (uo) is the projection on Q of a uniquelly extendible bicharacteristic yo (t)
of D which is determined uniquelly by the Hamiltonian flow of D.
Consequently,Ct(uo)=.Yo(t). Choosing a small neighbourhood W (uo) of
uo and cp J with supp tp J (uo), the results on propagation of singularities
[9] and the continuity of the discussed above, imply (3.7) for I t _ T.
Thus for such W~ we have (3.8).

Annales de l’Institut Henri Poincaré - Physique théorique



455SINGULARITIES OF THE SCATTERING KERNEL

If the case described above does not occur, then has common

points with the interior of K. Denote by .x~ (uo) the point on such
that the seg.ment (uo)] is the maximal one which has no common
points with the interior of K. There .are two possibilities:

(1) /(Mo) meets transversally oK at x~ 
(2) 1 (uo) is tangential to oK at xl (uo) and 03C9 is an asymptotic direction

for aI~ at xl (uo).

In the case ( 1 ) we modify vj in the interior of K in a small neighbourhood
of xi (uo), provided supp is sufficiently small. We denote the modified
v~ by Vj and arrange for + E1, where t1 (u) : 
while .(9 (uo) and ~1 are chosen sufficiently small. In the case (2) we repeat
the same procedure modifying vj in the interior of K. This is possible
since I (uo) enters the interior of K.

Clearly, for t sufficiently close to T. Extending hj as 0
for t T, denote by wj the solution of the problem

It is easy to see that

Indeed, observe that for small E &#x3E; ~0 we have v; = 0; for 
Then 8 ~ ~ yields

Choose a function cx~ {t) ~ such that

Then we .obtain (3 ..-10) applying the argument of the proof of Proposition

Vol. 53, n° 4-1990.
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Thus it remains to study (X). Next, for each uo E Fo, satisfying (1)
or (2), we introduce a sufficiently small neighbourhood (~ (uo) c Z1, and
we take supp (uo). Thus the singularities of w~ are localized along
the generalized rays y (uo) issued from u0 ~ F0 in direction co.

There are two cases.

Then for all t ~ T we obtain

Indeed, assume that for some i _ t we can find a generalized bicharacteristic
y (î; uo) c such that

Then y (6; uo) has direction e for and we obtain a contradiction

with (3 .11 ).
By using the continuity of Cr (uo) with respect to t and uo, we can find

a small neighbourhood so that for all and all

Now let 03B2 (x) E C~0(Rn) be a function such that

Applying the results for propagation of singularities and (3. 12), we con-
clude that

It is easy to see that the Fourier transform

exists. To check this it is sufficient to use the (i ~,)-outgoing condition and
to prove that the solution of the problem

is a tempered distribution with respect to A.

de l’Institut Henri Poincaré - Physique théorique
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Setting À) = Ft -+). (F~), as in the proof of Proposition 3.1 we obtain

SINGULARITIES OF THE SCATTERING KERNEL

Then the relation (3.13) leads to

Case B. - For some 1 we have

Then there exists a generalized bicharacteristic y (t; uo) issued from uo in
direction 03C9 passing through some point y for t = po, with direction
e. The projection of y (t; uo) on Q is a (m, e)-ray y, and our assumption
yields Ct (uo) = y (t; uo). Let TY be the sojourn time of y and let

Introduce the numbers

Notice that T 2 ~ T 3’ Then

where s  T2 will be chosen below. A simple geometrical argument yields
for T2~t~T3. By (3 . 5) we obtain

For small (uo), supp 03C6j c (P (uo) T3 the singularities of wj are
contained in a small neighbourhood of y (t; uo). This makes it possible to
choose O (uo) and T2 - s so small that

and

Vol. 53, n° 4-1990.
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Moreover, we take so that either ~)~K E ~~ and 
is a glancing point for D. In the latter case (3 .14) implies

Fixing s, we conclude that

since So/2 ~ Õ and p§ (( ~ 6 ) - ~ + to) = 0 for (t, y) satisfying (3.15).
To deal with I~g~), we take sufficiently small and arrange

To do this, we exploit (3.14) and the continuity of Cs (u) for u E W (uo).
Since WF{wj) is closed, we can choose £&#x3E;0 so that

Similarly, we use (3.16) .to arrange

Next, we take ..a function (X2 (t) E (R) such that

By applying (3.19), for we get

On the other hand, for Wj we can apply the arguments .of the proof o.f
Proposition 3.1, since D satisfies (3 .. 2) as a consequence of (3.18)
and the fini.te speed of propagation of singularities. Finally, we conclude
that

In this way for each u0 ~ F0 we have chosen a neighbourhood 
We obtain a covering { {9 (uo) : uo e F.o } .of Fo, .and w.e may assume

Annales de l’Institut Henri Poincaré - Physique théorique
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Let for j= 1, ...,N, N~M, the points satisfy the assump.tions in
( 1 ) o.r (2). Choose a partition of of Z1 so that

supp c W (u{o ~)~ for j= 1, ... , N and (supp n ~o = 0 for j &#x3E; M . Set

SINGULARITIES OF THE SCATTERING KERNEL

Then

Consequently, in  03A9 and we can replace w by 5 in J(03BB). The:
by (3.8), (3.10), (3.17), (3.20) we conclude that - to ~ sing supp s (t, 0, M
This completes the proof of Theorem 1. ..

4. SOME GENERIC PROPERTIES O.F (co, 0)-TRAJECTORIES

In this section we will use several times the following result of [15}.

be a smo.oth- map. such that for every i =1 ? ..., s there exists ri, 1 ~ ri ~ p,
with Hri (y) ~ 0 for all y E U, y = ... , Let L : U - Rq be a
smooth map such that dL (y) ~ 0. for every y E U with L (y): = 0’. Denote by T’
the set of those (X, such that , f or every critical point x of H  fs

we have Then T contains a residual subset of
. 0

This is Theorem 3.1 (B). of [13], where the assumption for L is stronger,.
namely, it is- required that ~L(y)~0 for every y in U. However, the proof
in [15] holds without any changes if we assume only for those
YE U with L (y) = 0.

k

Let y = U /, be a (D, e)-trajectory on X with k ~ 2. Then lo and lk
;.=o

cannot be orthogonal to X at their end points. If in addition for every
i = I, ... , k -1, li = [xi, 1 is not orthogonal to X at xi and xi + 1, then y
will be called a non-symmetric (m, 03B8)-trajectory on. X. In this case we set
d (Y) = k - s (the defect of y), where s is the number of all different reflection
points o.f y. If some Ii is orthogonal to X at xt or then we must

Vol. 53, n° 4-1990.
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m

have e = - co, the second part of (ii) in 2. 2 is satisfied, and y = where
t=0

lm is orthogonal to X at In this case y is a reflecting 9)-ray, it
will be called a symmetric on X, and we set d (y) = m - s + 1. Note
that if y is a non-symmetric (o, 03B8)-trajectory, then d (y) = 0 means that y
passes only once through each of its reflection points. For symmetric y,
d(y)=0 means that y passes exactly twice through each of its reflection
points excluding that of them at which y is orthogonal to X.
The first main result in this section is the following.

THEOREM 4 . 2. - Let  be the set of those fE (X, such that

every (00, e)-trajectory on f(X) has zero defect. Then ~ contains a residual
subset of (X, 

This theorem can be proved using arguments similar to those in the
proof of Theorem A in [19]. Here we proceed in a different way applying
Theorem 4.1 above. This way is simpler and shorter, and can also be
used to simplify the proofs in [19] and [ 15] .
We begin with a combinatorical classification of 8)-trajectories, simi-

lar to that used in [ 13], [19] for periodic reflecting rays.
Let k &#x3E;_ s &#x3E;_ 2 be integers and let

be a map with

If

holds whenever then a will be called a ns-map. If

k = 2 m + 1, (4.2) holds for 1~’/~~ and

then a will be called a s-map.
In this section we will always assume that a is a ns-map or a s-map,

and by definition we set

So a will be considered as a map

As in [ 13], [19] we will use the notation

Annales de l’Institut Henri Poincaré - Physique théorique
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Fix an open ball Uo in !R" containing X, and let ZI and x; be as in
subsection 2 . 4. For y = (y l , ..., y~) we set yo and

ys+ ~ - 1tz ~x~)- Denote by Vex the set of those y E Uo} which satisfy the
following two conditions:

and
for every i =1, ..., s if m, j, r, t are distinct elements of I~ (a), then
either yI, or y~, Yr, Yt are not collinear.

Then U0152 is an open subset of and the map

defined by

is smooth. If yl, ..., ys are all different reflection points of a (o, 8)-
trajectory y on X such that ya (1)’ ..., ya (k) are the successive reflection
points of y, then y will be called a (o, 8)-trajectory of type a. In this case
we have ~=(~1, ..., E and F (y) is just the length of this part of y
which lies in HI n H2. Moreover, y is a critical point of the map

It is also clear that for every (co, 8)-trajectory y there exists a surjective
map a which is either a ns-map or a s-map such that y is of type a.

Proof of Theorem 4. 2. - Fix an arbitrary surjective ns-map (4. 1)
extended by (4 . 3), and suppose k &#x3E; s. Denote by the set of those

fe (X, Uo) such that there are no (0), 03B8)-trajectories of type a on f (X).
We are going to prove that contains a residual subset of (X, Uo).
To this end we will use Theorem 4.1 for U = = 1, and H = F : R.
As in the proof of Lemma 4. 3 in [ 13], one can easily verify that for every

and every i =1 s ..., s there exists j=1, ... , n such that (y) # 0.

Here are the components of the vector yt E [R".
Since k &#x3E; s, there exists i =1, ..., s such that ~’~(/)~&#x3E;1. Take two

distinct elements ji , j2 of oc -1 (i). Then m = a ( j 1-1 ), j = a ( j 1 + I ),
r= a U2 - 1), t = a (j2 + 1) are distinct elements of Ii (a). Clearly,
{~j}~{0~+ 1 }, so either m or j is not contained 1}. We may
assume ~~{0,~+1} (otherwise we can exchange the notation:

Similarly, we may assume Y ~ ~ 0, s + 1}. Set
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We have to check that if for some then 

Suppose y ~ U03B1 and L(y) = 0. If ~L1 (y) = 0 for every /= 1, ..., n, by direct
~

calculations we find that is collinear with

+ Note that y U03B1 implies v ~ 0. Since 1 M==0

and ym-yi ~ym-yi~ and yj-yi ~yj-yi~ 
are unit vectors, we obtain that is

also collinear with v. Therefore the points yi, ym and yj are collinear.

Suppose also that for every /= 1, ... , n. Then in the same wayW
one gets that and 3~~ are collinear which is a contradiction with

Hence 

Finally, note that if y1, ..., ys are the reflection points of a (0), 8)-
trajectory of type a, then for y=(y1, ..., ys) ~ U03B1 we have L(y)=0. Now,
applying Theorem 4.1, we find that qø0153 contains a residual subset of

’

If e = - co and a is a surjective s-map- (4.1) with k&#x3E; 2 s - 1, the argument
above with minor changes shows that ~ again contains a residual subset
of Uo). We omit the details in this case.

Finally, mention that ~ = Pt !!fi 0153’ where ex runs over the surjective maps
a

(4.1) which are either ~-maps with k&#x3E;s or s-maps with ~&#x3E;2~-1.
Therefo..re £&#x26; contains a residual subset of (X, UJ which proves the
theorem.

THEOREM 4.3. - Let  be the set of those R") such that
every two different (co, 03B8)-trajectories on f(X) have no common reflection
points. Then  contains a residual subset tR").

Proof - We have to consider pairs of ns- or s-maps. We deal in details
only with the case of two /M-maps. The other cases are quite similar.

Let Uo, Z, and ~(~=1,2) be as above. For a given Y=/(X),
Uo), suppose yi and Yz are two different non-symmetric (0), H)-

trajectories on Y, and let ..., ys be all reflection points of yi and Y 2
taken together. Then there exist integers k, /~ 1 and ns-maps (4.1) and

such that
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y03B1(1),...,y03B1(k) are the successive reflection points ofyi and y03B2(1), ..., y03B2 (l)

are the successive reflection points of y2. In this case we will say that
(1’1’ y2) is a pair of type (a, fl) . Set 03B2 (0) = - 1 and 03B2 (I + 1) = s + 2, thus
extending 03B2 to a map

We will use the notation y _ 1= ~ 1 (y~ t 1 &#x3E;~, YS + 2 - ~2 ~Ya ~~~) ~ Define F by
(4 . 4) and (4. 5) and G : U~ ~ f~ by

Then and y is a critical point for both
and G 0 fS.

Let (a, P) be a pair of maps (4 . 1 ) and (4 . 7) with (4 . 8), (4 . 9) and

Denote by ~a, ~ the set of those fe (X, Uo) for which there is no pair
of (0), 03B8)-trajectories on f(X) of type (a, To prove that 03B1, 03B2

contains a residual subset of (X, Uo), we proceed exactly as in the
proof of Theorem 4. 2. We omit the details.
Denote by  the set of those f E (X, such that Ts for every

two different (co, 03B8)-trajectories y and 8 on . f’(X), and the set of those
such that if y is a non-symmetric (m, 03B8)-trajectory on f (X ),

then any two different segments of y are not parallel, and if y is a

symmetric (o, 8)-trajectory on f(X), then there are no different parallel
segments among the first half of the segments of y.
The following generic properties of (o, 03B8)-trajectories will be important.

THEOREM 4 . 4. - Each of the sets !7 contains a residual subset of
(X, 

Proof - We deal again with the intersections of  and P with

C mb (X, Uo). where Uo is a fixed open ball containing X.
If for two different (03C9,03B8)-trajectories y and Ö on Y = f’(X),
n ~. there exist different elements such that yl, ... , Yk

are the successive reflection points of y for some k  s, while 
are the successive reflection points of 8. Moreover, F (y) = G (y), where F,
G : U - R are defined by
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Here U is the set of those such that for all
i = 2, ... , k - 1 and i = k + 1, ... , s - l , yk ~ [yk-1, 1t2 

Yk + 2~ ~ and Applying Theorem 3 . 1 for
H = (F, G) and L:U-~[R, L (y) = F (y) - G (y), we obtain that

contains a residual subset of (X, Uo). Since

we deduce that ~ contains a residual subset of (X, Uo).
To deal with # we define F by (4 .11 ) with k = s, exchanging U suitably.

For fixed i and j with 1 ~ i  j _ s we use the function L : U -~ R",

where and to express the fact that

yL+ 1] and 1] are parallel. We omit the details.

Proof of Theorem 2. - Denote by ff the set of those f E (X, 0~‘~)
such that every 03B8)-trajectory of f(X) has no segments tangent to I(X)
and det dJy # 0 (cf subsection 2 . 4). It follows by [14], [ 15] that if we define
ff’ in the same way by means of reflecting (co, 8)-rays instead of (co, 6)-
trajectories, then J ’ contains a residual subset of (X, Rn). The same
argument shows that ff has this property, too.

Next, denote by X the set of those f E (X, such that for every
YEf(X) there are no directions 0 ~ such that the curvature
of f(X) at y with respect to v vanishes of order 2 n - 3. It can be derived
from the results of Landis [6] that Jf contains a residual subset of

(X, contains a residual subset of

(X, R~). We will show that the inclusion (1 4) holds for provided
fEd.

Denote by 200, e the set of all 8)-ray in Note that the set
is closed. Instead, assume that for every m~N and

To. By a standard argument we deduce the existence of a (co, 8)-ray
Yo with sojourn time To. Moreover, the starting point of Yo is a
limit point of the set of starting of the rays ym. If yo is
formed only by linear segments, then all these segments are not tangent
to I(X), since f ~ J. On the other hand, if Yo is ordinary, then f ~ J shows
that the rays starting in a small neighbourhood of z o in Zi with direction
(D are not (co, 8)-rays. Thus Yo E g03C9, e f and f is closed.

Let y E e (S2 f) be an ordinary reflecting (0), 0)-ray with sojourn time
Ty. Since f ~  ~ P ~ J and a continuity argument implies that
for some Eo &#x3E;0 we have [Ty - Eo, TY + Eo] for all Ö E e y ~ .
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465SINGULARITIES OF THE SCATTERING KERNEL

Then we can repeat the localization procedure in the proof of Theorem 1.
This procedure shows that the singularities of s (t, 8, co) in a small neigh-
bourhood of - TY depend only on the ray y. Since y is an ordinary (co, 6)-
ray with a non-vanishing differential cross section, we can repeat the

arguments in [11], [16] to finish the proof of Theorem 2. -
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