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An explicit determination of the space-times
on which the conformally invariant scalar wave equation

satisfies Huygens’ principle.
Part III: Petrov type III space-times

J. CARMINATI and R. G. McLENAGHAN (*)
School of Mathematics and Computing, Curtin University of Technology,

Bentley, Western Australia, Australia

Inst. Henri Poincaré,

Vol. 48, 1988, Physique theorique

ABSTRACT. 2014 It is shown that the validity of Huygens’ principle for the
conformally invariant scalar wave equation, Maxwell’s equations or Weyl’s
neutrino equation on a Petrov type III space-time, implies that the space-
time is conformally related to one on which the repeated principal null
vector field of the Weyl tensor, is recurrent. Further, it is proven that if a
certain mild assumption which is shown to be suggested by the necessary
conditions, is imposed on the covariant derivative of the Weyl tensor,
then there are no Petrov type III space-times on which any of the above
equations satisfies Huygens’ principle.

RESUME. - Nous prouvons que la validite du principe de Huygens
pour 1’equation d’onde scalaire invariante conforme, les equations de
Maxwell ou 1’equation de Weyl pour les neutrinos sur un espace-temps
de Petrov de type III impliquent que cet espace-temps est conformement
relie a un espace ou Ie noyau principal repete du tenseur de Weyl est recur-
rent. Nous montrons de plus sous une hypothese faible sur la derivee
covariante du tenseur de Weyl suggeree par la condition necessaire qu’il
n’existe pas d’espace-temps de Petrov de type III ou les equations ci-dessus
satisfont Ie principe de Huygens.

(*) On leave of absence from the Department of Applied Mathematics, University of
Waterloo, Waterloo, Ontario, Canada.
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78 J. CARMINATI AND R. G. MCLENAGHAN

1. INTRODUCTION

This paper is the third in a series devoted to the solution of Hadamard’s

problem for the conformally invariant scalar wave equation, Maxwell’s
equations and Weyl’s neutrino equation on a curved space-time. These
equations may be written respectively as

where D denotes the Laplace-Beltranli operator corresponding to the
metric gab of the space-time V4, u the unknown scalar function, R the curva-
ture scalar, d the exterior derivative, ~ the exterior co-derivative, OJ the
Maxwell 2-form, the covariant derivative on 2-spinors, and 
1-spinor. Our conventions are those of McLenaghan [18 ]. All considera-
tions in this paper are entirely local.

According to Hadamard [14] Huygens’ principle (in the strict sense) is
valid for Eq. ( 1.1 ) if and only if for every Cauchy initial value problem
and every xo E V4, the solution depends only on the Cauchy data in an
arbitrarily small neighbourhood of S n C-(xo) where S denotes the initial
surface and C-(xo) denotes the past null conoid from j:o. Analogous defi-
nitions of the validity of the principle for Maxwell’s equations (1.2) and
Weyl’s equation (1. 3) have been given by Gunther [72] and Wunsch [2~] ]
respectively, in terms of the appropriate formulations of the initial value
problems for these equations. Hadamard’s problem for Eqs. (1.1), (1.2) or
(1.3), originally posed only for scalar equations, is that of determining all
space-times for which Huygens’ principle is valid for a particular equation.
As a consequence of the conformal invariance of the validity of Huygens’
principle, the determination may only be effected up to a conformal trans-
formation of the metric

where 03C6 is an arbitrary function.
Huygens’ principle is valid for (1.1), (1.2) and (1.3) on any conformally

flat space-time and also on any space-time conformally related to the
exact plane wave space-time [77] ] [15] ] [29], the metric of which has the
form _

. in a special co-ordinate " system, where " D and e ’ are 
" arbitrary functions.

These ’ are 
’ the only known space-times on which Huygens’ principle is
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79PART III: PETROV TYPE III SPACE-TIMES

valid for these equations. Furthermore, it has been shown [76] [7~] [29]
that these are the only conformally empty space-times on which Huygens’
principle is valid.
More recently, the authors have outlined a program [2 ] for the solution

of Hadamard’s problem based on the conformally invariant Petrov classi-
fication [22 ] [9 ], of the Weyl conformal curvature tensor. This involves
the consideration of five disjoint cases which exhaust all the possibilities 

’

for non-conformally flat space-times. This program has now been completed
in the cases of Petrov types N and D. In the former case we proved that
every Petrov type N space-time on which the conformally invariant scalar
wave equation (1.1 ) satisfies Huygens’ principle is conformally related to
an exact plane wave space-time (1. 5), ([3] and Theorem 2 of [4] denoted
by CMl in the sequel). This result when combined with Gunthers [77] ]
solves Hadamard’s problem in this case. In the latter case we proved that
there exist no Petrov type D space-times on which the conformally invariant
scalar wave equation (1.1 ) satisfies Huygens’ principle (Theorem 1 of [5] ]
and Theorem 6 of [6] denoted by CM2 in the sequel).
The proof of the above theorems was obtained by solving the following

sequence of necessary conditions for the validity of Huygens’ principle for
the equations (1.1), (1. 2) and (1. 3) [l o ] [2~] ] [18 ] [77] ] [76] ] [28 ] :

where

In the above Cabcd denotes the Weyl tensor, Rab the Ricci tensor and TS [ ]
the operator which takes the trace free symmetric part of the enclosed
tensor. The quantities k 1 and k2 appearing in Eq. ( 1. 7) are constants
whose values are given in the following table :

Vol. 48, n° 1-1988.



80 J. CARMINATI AND R. G. MCLENAGHAN

It was also necessary to invoke the further necessary Condition VII,
valid only for the scalar case, derived by Rinke and Wunsch [24 ], to com-
plete the proofs. Some partial results for Maxwell’s equations (1.2) and
Weyl’s equation (1. 3) for both type N and type D are given in Theorem 1
of CM 1 and Theorems 1, 2, 4 and 5 of CM2. However, Hadamard’s problem
still remains open for these equations on space-times of types N and D.
The derivation of the analogue of Condition VII for these equations might
settle the question as it did in the scalar case.
Our analysis has now been extended to include the case of Petrov type III

space-times. We recall that such space-times are characterized by the
existence of a null vector field satisfying the following conditions [9 ] :

Such a vector field, called a repeated principal null vector field of the Weyl
tensor, is determined by Cabcd uh to an arbitrary variable factor. Let 03A8ABCD
denote the symmetric 4-spinor, called the Weyl spin or, equivalent to Cabcd.
The spinor equivalents of (1.11) and (1.12) are then given by

where oA denotes a 1-spinor field corresponding to la. Such a spinor field
is called a repeated principal spinor of the Weyl spinor and is determined
by the latter up to an arbitrary variable complex factor. Finally, let iA be
any spinor field satisfying

The ordered set { oA, tA }, called a dyad, defines a basis for the 1-spinor
fields on V4.
The main results of this paper may now be stated as follows:

THEOREM 1. - The validity of Huygens’ principle for the conformally
invariant scalar wave equation (1.1 ), or Maxwell’s equations (1.2), or
Weyl’s neutrino equation (1.3) on any Petrov type III space-time implies
that the space-time is conformally , related to one in which every repeated
principal spinor field oA of the Weyl spinor is recurrent, that is

where , IDB is a , 2-spinor, and ,
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81PART III: PETROV TYPE III SPACE-TIMES

Since the equation (1.16) is equivalent to the equation

where pb is equivalent to IBB, it follows that every repeated principal null
vector field of the Weyl tensor is recurrent. This is the form in which Theo-
rem 1 was stated without proof in [5 ].

THEOREM 2. - If any one of the following three conditions

is satisfied, then there exist no Petrov type III space-times on which the
conformally invariant scalar wave equation (1.1 ) or Maxwell’s equa-
tions (1.2), or Weyl’s equation (1. 3) satisfies
There is considerable evidence to suggest that the conditions (1.20)

to (1.22) imposed in Theorem 2 are superfluous in that they themselves
are consequences of the necessary conditions III’, V’ and VII in the scalar
case. Indeed the invariant quantities appearing in Eqs. ( 1. 20) to ( 1. 22)
satisfy, in a special spinor dyad { 0~ iA }, a system of at least the equivalent
of three complex polynomial equations. It appears that this system combined
with the other equations of the problem have only the null solution. How-
ever, we have been unable to prove this. Attempts to use the Grobner
basis methods [1] ] which were successfully employed in the case of Petrov
type D, have to date been unsuccessful due to the size and complexity
of the system. It should also be noted that the Eqs. (1.16) to (1.18) have
the same form in any spinor dyad { where oA satisfies Eqs. (1.13)
and (1.14) and vA satisfies (1.15).

The-results obtained thus far for the Petrov types N, D and III lend
weight to the conjecture that every space-time on which the conformally
invariant scalar wave equation satisfies Huygens’ principle, is conformally
related to the plane wave space-time (1. 5) or is conformally fiat [2] ] [3] ] [4 ].
The plan of the remainder of the paper is as follows. In Section 2, the

formalisms used are briefly described. The proofs of the theorems are
given in Sections 3 and 4 and some concluding remarks are given in Sec-
tion 5.

2. FORMALISMS

We use the two-component spinor formalism of Penrose [27] ] [23]
and the spin coefficient formalism of Newman and Penrose (NP) [20] ]
whose conventions we follow. In the spinor formalism, tensor and spinor
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82 J. CARMINATI AND R. G. MCLENAGHAN

indices are related by the complex connection quantities (a = 1, ..., 4 ;
A = 0,1) which are Hermitian in the spinor indices AA. Spinor indices
are lowered by the skew symmetric spinors BAB and BÁB defined by
~01 == ~01 = 1, according to the convention

where 03BEA is an arbitrary 1-spinor. Spinor indices are raised by the respec-
tive inverses of these spinors denoted by BAB and The spinor equivalents
of the Weyl tensor (1.8) and the tensor Lab defined by (1.9) are given
respectively by

where (AB)(AB) denotes the Hermitian trace-free Ricci spinor and
where

The covariant derivative of spinors is denoted by « ; » and satisfies

It will be necessary in the sequel to express spinor equations in terms of
a spinor dyad {OA, defined in Sec. 1. Associated to the spinor dyad
is a null tetrad { l, n, m, m ~ defined by

whose only non-zero inner products are

The metric tensor may be expressed in terms of the null tetrad by

The NP spin coefficients associated with the dyad are defined by the
equations

where

Annales de l’Institut Henri Poincaré - Physique theorique
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The NP components of the Weyl spinor and trace-free Ricci spinor are
defined as follows :

The NP differential operators are defined by

The equations relating the curvature components to the spin coefficients,
the commutation relations satisfied by the above differential operators,
and the Bianchi identities may be found in NP and [23 ].
The subgroup of the proper orthochronous Lorentz group L~ preserving

the direction of the vector l is given by

where a and b are real-valued and q is complex valued. The corresponding
transformation of the spinor dyad is given by

where w = a + ib. These transformations induce the following transfor-
mations :

, from which one may deduce via Eqs. (2.11) to (2.13) and (2.18) the trans-
formation laws for the spin coefficients. The NP components of the Weyl
tensor transform as follows :

Vol. 48, n° 1-1988.



84 J. CARMINATI AND R. G. MCLENAGHAN

We shall also need the following transformation of the null tetrad

which induces by (2.8) the conformal transformation of the metric (1.4).
Some of the transformation formulas for the spin coefficients induced
by (2 . 22) are as follows :

3. PROOF OF THEOREM 1

We recall from CMl that the spinor equivalent of the conditions (1.6)
and ( 1. 7) are given by

We now make the hypothesis that the space-time is of Petrov type III.
These space-times are characterized by the existence of a spinor oA satis-
fying ( 1.13) and ( 1.14). The Weyl spinor of a type III space-time also admits
a second principal spinor iA satisfying (1.15) and

where the notation ZAt ... lAp, has been used. If oA and lA are
appropriately rescaled using (2.18), the Weyl spinor may be expressed as

which implies

In view of the transformation formulas (2.21) the choice (3.6) uniquely
determines the spinor dyad {0~~}. It is important to note that the
conformal transformation (2.22) preserves (3.6) for any choice of the
function 4&#x3E;.

Annales de l’Institut Henri Poincare - Physique theorique
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We proceed by substituting for 03A8ABCD in Eqs. (3 .1) and (3.2) from (3 . 5).
The covariant derivatives of oA and lA that appear are eliminated using
Eqs. (2 . 9) and (2.10) respectively. The dyad form of the resulting equations
is obtained by contracting them with appropriate products of oA and iA
and their complex conjugates. In view of the conformal invariance of
conditions III’s and V’s [18] [27 ], it follows that each dyad equation must
be individually invariant under the conformal transformations (2.22).
The first contraction to consider is oABClDABCD with Condition V’s which
yields the equation

and consequently

since k 1 ~ 0, by assumption, while the oABCDABCD contraction with Condi-
tion V’s implies

The conditions (3 . 8) and (3 .9), which are invariant under general dyad
transformations (2.17) and conformal transformations (2.22), imply that
the repeated principal null congruence of Cabcd defined by the principal
null vector field la, is geodesic and 

Before proceeding with the derivation of further dyad equations from
III’s and V’s we employ the conformal transformation (2 . 22) to set (dropping
tildes)

This condition may always be imposed since the differential equation

always has a solution.
The next contractions to consider are with V’s and oAlBAB

with III’s which yield respectively the equations

Eliminating the quantity D(8 - p) between these equations, we obtain an
equation that may be written in the following form, by completing the
square :

Vol. 48, n° 1-1988.
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where

The expression on the left-hand side of (3.14) will be negative definite
provided that

These inequalities will hold if d satisfies the inequality

A number d exists for which (3.17) holds since the inequality

holds for each of the three possible pairs of values of kl and k2 given in
Table 1. Thus Eq . (3 .14) implies

for each of the three cases. We observe that the condition (3 .19) is invariant
under a general tetrad transformation (2.17) but not under a general
conformal transformation (2.22). However, it is clear from the transfor-
mations (2.23) that the condition

is invariant under (2.22) and that this is the form that (3.19) must take
in an arbitrary conformal gauge. Turning our attention to (3.20), we note
that it is not invariant under (2.17) since

From the transformation formula

which is a consequence of (2.19), (2.21) and (3.22), it follows that the

form of the condition (3.20) invariant under (2~.17) is

This form of the condition is not invariant under a general conformal
transformation (2.22).

Annales de l’Institut Henri Poincare - Physique theorique .
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An important consequence of the conditions (3.8), (3.9) and (3.19) is

which follow from NP Eqs. (4.2).
We are now able to use some of the remaining conformal freedom (2 . 22)

preserving (3.19) and (3.20) to set

This is possible since there exists a solution of the following system of
partial differential equations

The proof that the integrability conditions for the above system are satisfied
is identical to that given in CM 1 and will be omitted here.
We complete the proof of (1.16) by noting that (3.8), (3.9), (3.19) and

(3.26) are equivalent to

which by (2. 20) is clearly invariant under a general tetrad transformation
(2.18). The Eq. ( 1.16) now follows from (2 . 9). The conditions ( 1.18) are
a direct consequence of (3.28) and NP Eqs. (4.2).

In order to establish (1.17), we express the covariant derivative of 03A8ABCD
with respect to any dyad { oA, where oA is any repeated principal spinor
satisfying (1.13) and (1.14). Using (2.14) with (3.28) we obtain

The Eq. (1.17) follows from the above and (3.24). This completes the proof
of Theorem 1.

4. PROOF OF THEOREM 2

The results established in Sec. 3 may be summarized as follows : Condi-
tions III’s and V’s imply that there exists a dyad { and a conformal

transformation 4&#x3E; such that

Vol. 48, n° 1-1988.
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We recall that the conditions (4.2) uniquely determine the dyad. In
contrast, the conditions (4.1) are preserved by any conformal transforma-
tion satisfying , . _,

which does not completely determine the functional dependence of 03C6 on
the co-ordinates. This remaining conformal freedom is used to set

where c is constant. This is achieved by the use of the following transfor-
mation law for On, induced by (2 . 22) subject to (4 . 5) :

The existence of a function ~ for which (4.6) holds is guaranteed by the
equations 

_ _ ~ _ .. i ~ w

which arise from the Bianchi identities [23 ].
As the first step in the proof of Theorem 2, we establish the following :

LEMMA. The Conditions III’ imply that, with respect to the dyad
defined by (4.2) and conformal gauge defined by (4.6), the vanishing of
any one of the spin coefficients 03B1,03B2 or 7r implies the vanishing of the remaining
two and ~11.

Proof. - We begin the proof by deriving the required equations from III’
and V’ in dyad form, together with the Bianchi identities and their inte-
grability conditions. The first equation to consider is the oABlCDABCD
contraction with V’s which yields

This equation may also be obtained by the contraction lABAB with 111’s.
The remaining Bianchi identities may be written as

The integrability conditions for the above identities, obtained from the
NP commutation relations, are

Annales de l’Institut Henri Poincare - Physique ’ theorique ’
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The next step is to extract the remaining conditions from 111’s. The

contractions oAlBAB and lABAB yield respectively

The first of these equations and Eq. (4.15) may be rewritten as

where use has been made of NP Eqs. (4.2). Similarly, (4.16) and (4.18)
may be combined to yield

We now turn our attention to Condition V. The contractions lABCDABCD
and oAlBCDABCD give respectively,

where

and ~~3 has been removed with the use of (4.19), and

where NP Eqs. (4.2) have been used. The following additional condition
may be generated from the [5,5] commutator applied to a + 27r:

We proceed with the proof of the lemma by assuming

Eliminating ~~3 and b~3 from (4.26), using NP Eq. (4.21), we obtain

If D11 = 0, Eq. (4.25) takes the form

Vol. 48, n° 1-1988.
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This equation implies /~ = ~c = 0, for all three cases. On the other hand, if

Eq. (4.28) implies

Comparison of (4.19) and (4.22) now yields (ql - 2)~c2 - 0, which implies
~11 - 0, by (4.20), contradicting (4. 30).
We next assume

which by (4.26) implies

If 1&#x3E;11 = 0, Eq. (4.25) may be written as

which implies a = 7r = 0, in each of the three cases. If ~11 ~ 0, Eq. (4.33)
implies

Subtracting twice (4.20) from NP Eq. (4.21), we obtain ~11 - 0, which
is a contradiction.

Finally, we assume

Solving (4.20) and NP Eq. (4.20 for 03B403B2, we obtain

The [5,5] ] commutator of 03B2 now yields

The case {3 = 0 has already been considered, so we assume ~11 - 0. It

then follows that (4.25) may be written as

This equation implies a = ~3 = 0, for all three cases and thus we conclude
that ~11 - 0, and the proof of the lemma is complete.
We now proceed to the proof of Theorem 2. We first observe that by

(3 . 29) the conditions ( 1. 20), ( 1. 21 ) and ( 1. 22) may be expressed, respec-
tively, as follows :

in any dyad 0 for which oA satisfies (1.13) and 0 (1.14). The above 
" conditions

are 
’ form invariant under a general dyad 0 transformation (2.18) provided 0

Annales de l’Institut Henri Poincare - Physique " theorique ’



91PART III: PETROV TYPE III SPACE-TIMES

that IIAA = 0, and (3 . 24) is satisfied. In the canonical dyad for which (4. 2)
holds, the conditions (4.40) to (4.42) reduce to

Invoking the Lemma, we conclude that the hypothesis of Theorem 2
implies

It follows from NP Eqs. (4.2) that the D derivative of all the remaining
spin coefficients except v vanish while the 5 and ~ derivatives are given by

From Eq. (4 . 21 ), we find

The oAlBCDABCD contraction with V’s yields

where

It then follows from (4.48) that

where

It also follows from (4.46) that the Bianchi identities reduce to

The last condition from V’s is given by

From this point on, it is more convenient to consider each case separately.
We shall present the proof only in the scalar case. The proof in the two

Vol. 48, n° 1-1988.
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remaining cases is essentially identical. The Eq. (4.56) with k1 = 3 and
k2 = 4 reads

By applying 5 to the above equation and subsequently employing the
[~A] ] and [~A] ] commutators of y + 2,u and the Eqs. (4 . 47) to (4.55),
we obtain the following integrability condition :

If/L=0, Eq. (4. 52) implies

while (4. 58) reduces to

A 5 derivative of this equation yields an immediate contradiction.
We now consider the case ~, 7~ 0. This assumption allows the solution

of (4 . 58) for U. The next step is to compute the [~ ~] commutator of ~,,
and a further integrability condition obtained by taking ð of this equation.
Due to their length, these conditions are given in the Appendix as Eqs. (A. 1)
and (A. 2). They were computed with the aid of the computer algebra
system MAPLE [7] ] and the incorporated NP package [8 ]. When the
quantities A1&#x3E;12 and are eliminated between (A .1 ) and (A. 2), we
obtain

where it has been assumed that

essential for the elimination process. The case when (4.62) does not hold
requires a separate treatment. The first factor of Eq. (4.61) which we
shall denote by F, may be expressed as

which is always greater than zero. The second factor, G, also has this pro-
perty. To see this, we rewrite G, as follows, in terms of the real and ima-
ginary parts of denoted by x and y respectively :

Annales de l’Institut Henri Poincaré - Physique theorique
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Next, we determine the roots of the equation G = 0, for y2. By an ele-
mentary analysis, it may be shown that these roots are both negative for
all x. We conclude as a result of this contradiction that (4 . 62) is impossible.
Thus, necessarily 1&#x3E;12 is constant. 

_

Finally, we turn our attention to this case. The [5, 5] commutator applied
to I yields, by virtue of (4. 58), the equation

But this is also impossible since F, as shown in (4. 63), is always greater than
zero. This completes the proof of Theorem 2.

5. DISCUSSION

To complete the proof of the conjecture for Petrov type III requires
consideration of the case when none of a, j6, and 7r vanish. Our analysis
of this case has not yet led to a definite result. By a study of Conditions III’
and V’ and their integrability conditions we have been able to show that
a, ~3 and 7T satisfy a system of at least three complex polynomial equations
not involving the remaining spin coefficients y, ~u, ~, and v. This suggests
that either an inconsistency occurs or that the system has at most finitely
many solutions for oc, ~8 and 7L In the latter case, it may be shown that these
spin coefficients must all vanish, in which case the proof of the conjecture
is completed by applying Theorem 2.
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work was supported in part by a Natural Sciences and Engineering Research
Council of Canada Operating Grant (R. G. McLenaghan).
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