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Complex Scaling Technique
in Non-relativistic Massive QED

T. OKAMOTO and K. YAJIMA

Department of Pure and Applied Sciences, University of Tokyo,
3-8-1 Komaba, Meguro-ku, Tokyo, 153 Japan

Ann. Poincaré,

Vol. 42, n° 3 , 1985, Physique theorique

ABSTRACT. 2014 We study the resonance problem for Hamiltonians of
non-relativistic massive quantum electrodynamics. Applying the complex
scaling technique of Balslev-Combes, we shall prove that for generic
potentials all the embeeded eigenvalues off thresholds of non-interacting
systems will dissolve into continuum, forming resonance poles in the
unphysical Riemann sheets and that the imaginary parts of the poles may
be computed by Fermi’s Golden rule.

RESUME. - On etudie Ie probleme des resonances pour des hamilto-
niens d’électrodynamique quantique non relativiste. En appliquant la
methode de dilatation complexe de Balslev-Combes, on montre que pour
des potentiels generiques, toutes les valeurs propres plongees dans Ie
continu et diSerentes des seuils des systemes sans interaction se dissolvent
dans Ie continu, formant des poles de resonances dans les feuillets de Rie-
mann non physiques, et que les parties imaginaires des poles peuvent
etre calculees par la regle d’or de Fermi.

1. INTRODUCTION

We consider a non-relativistic spinless electron in a potential V(x)
interacting with the quantized massive electromagnetic field. We adopt
the Coulomb gauge for the field with the ultraviolet cut-off and
describe the states of the system by elements of the Hilbert space
H = L 2(1R3) (8) L 2(1R3) for the electron and FeM = Fb @ Fb for
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312 T. OKAMOTO AND K. YAJIMA

« photons », ~b the boson Fock space. When we regard an element of Jf
as an FeM-valued square integrable function of x E we denote it as .).
The dynamics of the system is governed by the Hamiltonian H(~,) which
is formally given (after mass renormalization) as

in terms of the field operator A(x) = (A1(x), ... , A3(x)) and the free energy
operator Ho of the « photons »; m &#x3E; 0 and M &#x3E; 0 are masses of the
electron and the « photon », respectively, and ~, is the coupling para-
meter. When p(k) denotes the momentum cut-off function of the inter-
action, A(x) and Ho are given in conventional forms

and

using the creation (and annihilation) operator ~(~7) (and ~~’)) of
the « photon » of momentum k and polarization e(k, j) ~ R3 ( j = 1, 2)
(see [7]).

is the mass renormalization constant. Here the normalization is made so
that /)(~) = (5(~-) corresponds to the field without cut-off. The spectral
property of the Hamiltonian H(~), in particular, the resonance problem
associated with it is the objet of the study in this paper. Technically we wish
to present another application of the complex scaling technique which
has been very successful in the quantum mechanics of finitely many degrees
of freedom ([1] ] [77] ] [12 ]. See also [5 ]).
We fix our assumption on the potential V(x) and the cut-off function p(k)

first and record some of the known results. A = + + 
with the domain D(A) = H2(f~3), the Sobolev space of second order.
For a &#x3E; 0, ~a = { z E ~ : ~ Im z ~  a ~ is an open strip in the complex
plane. For Banach spaces X and Y, Y) is the Banach space of all
bounded (linear) operators from X to Y.
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313COMPLEX SCALING TECHNIQUE IN NON-RELATIVISTIC MASSIVE QED

ASSUMPTION (A). - 1) V(x) is a real-valued measurable function of

2) For each e E IR, the multiplication operator Ve by the function 
is a compact operator from H2([R3) to L 2(1R3). Moreover there exists a &#x3E; 0

such that the functions VB can be extended to Ca as a B(H2(R3), L2(R3))-
valued analytic function.

ASSUMPTION (B). - 1) is the Fourier transform of a real-valued

spherically symmetric function p(x) E L2((~3).
2) The L2-valued function [R30 -~ can be extended

to ~a as an analytic function of 8 E Ca.
We shall regard H(~,) as a perturbed operator Ho and we write

Under the Assumption (A), the operator Hel with D(Hel) = H2(~3) is

selfadjoint and is bounded from below; the essential spectrum
[0, (0) and the discrete spectrum ... 0}

with 0 as the only possible accumulation point. Ho is selfadjoint with its
natural domain (see Sect. 2) and ~-(Ho ) _ ~ 0 ~ ~ [M, oo). Thus Ho is

selfadjoint and bounded from below in ~f with the domain

and its spectrum is given as

We note that if M &#x3E; 0 is small, all the eigenvalues of Ho but Eo appear
as embedded eigenvalues and they are expected to be very sensitive to
perturbations. On the other hand, the perturbation H1(À) is

Ho-bounded ( [3 ]) so that for sufficiently small ~,, H(~,) with D(H(~,)) = D(Ho)
is selfadjoint on J~ and H(/)) has an isolated eigenvalue Eo(~,) at the bottom
of the spectrum. Furthermore, by virtue of the existence of the asymptotic
field 2 ~61), but under a little stronger assumption, we know

However these seem to be almost all we know about ~(H(~,)) and many
interesting questions are left open.
Among those we wish to study here the problem of perturbation of the

embedded eigenvalues. We shall show, applying the complex scaling
technique and the perturbation theory, that (under a suitable implicit
assumption on the potential V(x)) all the eigenvalues Ej (/ ~ 1) embedded
in the continuum of will after perturbation turn into resonances,
the poles of the resolvent of the scaled Hamiltonian H(~, 0) in the unphysical
Riemann sheet and there will be no embedded eigenvalues near Ej for H(/L).

Vol. 42, n° 3-1985. 11 *



314 T. OKAMOTO AND K. YAJIMA

Moreover the location of the poles can be computed by means of the pertur-
bation series. This, of course, is accounted for, in physics language, the
spontaneous emission of light and the Lamb shift of the spectral line of
the atom ( [4] [7]). We should remark here that the implicit assumption
on V(x) mentioned above seems to be satisfied by most potentials though
no proofs exist. We also remark that we always assume M &#x3E; 0 and for
M = 0 our method does not apply. Nonetheless the resonances are uni-
formly away from the real line as M ~ 0 and this suggests the existence
of such resonance poles also for the massless field.
Thus this model (1.1) ~ (1.4), which is obtained from the nonrelativis-

tic QED by placing the ultraviolet cut off p and by replacing the energy |k|
by the massive (k~ + M2)1/2, is mathematically tractable and gives some
insight into the resonance phenomena in the nonrelativistic QED. However
we should warn the reader that this model as it stands is not physical
because besides the ultraviolet cut off it has the gauge condition (the
Coulomb gauge) which is not compatible with the massive field equation.
We also remark here that, as we shall not try to remove the cut off in this
paper, the mass renormalization term is irrelevant to our theory and
replacing bm(~,) by some other C~,2 term (C may be equal to zero) or including
higher order terms will not change our mathematics at all. This term is
chosen as in ( 1. 4) only for the later convenience where one may try to
remove the cut off.
The content of this paper is as follows. In Sect. 2, we introduce the dila-

tion group in the Hilbert space ~f and examine the dilation analyticity
of the free Hamiltonian Ho. The dilation analyticity of the total Hamil-
tonian H(~,) will be shown in Sect. 3 where also the embedded eigenvalues
of H(~,) near E~ are identified with real eigenvalues of the scaled Hamil-
tonian H(~,, 8). In § 4, we study o-(H(/)., 8)) by means of perturbation theory.

2. DILATION ANALYTICITY

In this section we examine the dilation analyticity of the operators to be
used in the following sections. We define the dilation group { Ug(0): () E ~1 }
on L 2 ~~ by

THEOREM 2.1 

D(He1(03B8)) = H2(R3) for 03B8 ~ Ca. Then is a selfadjoint
holomorphic family of type (A) in the sense of Kato and satisfies the fol-
lowing properties:

Poincaré - Physique théorique
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1) FOr e E ~~ Ue(8)HelUe(e) 1 - Hel(8).
2) 6ess(Hel(8)) - e- 28~+.
3) 6d(He 1 (e)) is invariant in 8 : 6d(He 1 (8)) _ U . 6d(He 1 (e’)).

and

5) The eigenfunction 03C6(x) of He1 with eigenvalue E  0 is dilation

analytic, i. e. 03C603B8(x) = 0 E tR can be extended to Ca as an L 2(!R3)-
valued analytic function of e. 03C603B8(x) is the eigenfunction of with the

same eigenvalue E : = 0 E Cae
6) Each eigenvalue of in [R is semi-simple.
We also define unitary group of dilation (and on the Boson

Fock space Fb = C (and FeM = Fb 0 as follows :
n=0 

’

for all cr E ~(n), n-th symmetric group }

and

and

For a measurable function g(k) on the conjugate space (~k 0 we write

for 03B8 ~ R

The operator dT(g) generated by g on ~b is defined as

with its natural domain. We obviously see that

Vol. 42, n° 3-1985.
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The free photon energy operator Ho may be written as

with = k2 + M2. By (2. 7) and (2. 8) we have for 

which will be written as Now the function of 03B8
for fixed k, has an analytic extension to (:1[/2 which has Im coe(k)  0 for
Im 0 &#x3E; 0. Using this fact, we have the following

LEMMA 2 . 2. - Define for 0e (:1[/2 = ~) 1! + 1! Q 
with the domain = Then

1) {H~(0) : 0 E C~/2 } is a selfadjoint holomorphic family of type (A).
2) Ho (8) is strictly m-sectorial with the semi-angle Im 0!.

"- 

~7=1 
.

4) 6d(Hp (8)) = {0} is the unique eigenvalue of with the corres-

ponding simple eigenfunction Qo @ 00 being the Fock vacuum.

Proof Since the other case may be proved similarly, we prove the
case 0 ~ Im 8  ~c/4 only. For these 8, we have

with constants Ci(0) and c2(8) which are independent of k and are taken
uniformly on every compact set of 0 e ~~~4. All the statements but the
analyticity obviously follow from (2. 8), (2.9) and the definition 
For proving the analyticity, we first note that FeM = Fb ~ Fb = 3

(L2s(R3n) 0 L2s(R3m)) and for any T e D(HeM0(03B8)), T = @ the sequence
~~eD(H~(0)) defined as "’" 

’

satisfies as l ~ 00

uniformly in e on every compact subset of ([1[/4’ Thus by Weierstrass
theorem, it sufficies to show that is analytic for 03A8 E 
with = 0 except for finite (n, m). But the analyticity for such 03A8 follows

Poincaré - Physique theorique



317COMPLEX SCALING TECHNIQUE IN NON-RELATIVISTIC MASSIVE QED

from the following estimates : For any fixed and sufficiently small
~ &#x3E; 0. We have for all |h|  ~,

This completes the proof of Lemma 2.3.
Using on L2(~~) and on we define the dilation

group on ~f = L2(~3) (8) .

LEMMA 2. 3. - For let Ho(8) = 8&#x3E; ~ + ~ 8&#x3E; Ho (8) with
D(Ho(8)) = D(( - Ll) (x) 1) n D(H 8&#x3E; H~). Suppose Hel has the eigenvalues
Eo  E 1  ... with the eigenfunctions as in Lemma 2.1. Then

0) For 03B8’ ~ R, U(03B8’)H0(03B8)U(03B8’) = Ho(6 + 8’).
1) { Ho(0): 9 E is a selfadjoint holomorphic family of type (A) on ~f.

2 H 8 is maximal sectorial and

3) For ~(Ho(0))n~=~(Ho)B~ E= {O~M,E,+~M:~=1~...
~=0,1,2,...} is the threshold. Each is a semisimple
eigenvalue of Ho(0).

4) Ho(0) has eigenvalues Eo  E1  ...  0 with the eigenfunction
~.(0) = 4J j8 (8) Qo (8) 00 and they are the only eigenvalues which are possibly
isolated.

Proof 2014 We set for 0 E ~a

with D(Hoo(8)) = D(( - A) (8) ~) n D(~ Q9 H~). Since (- ~ ~/2~)A is uni-
tarily equivalent to the multiplication operator by e - 2ep2/2m on 
via Fourier transform, an argument similar to that of the proof of Lemma 2 . 2
shows that {H00(03B8)} is a selfadjoint holomorphic family of type (A) and
that Hoo( 8) is m-sectorial. Since V8 is (- A + ’0 )-compact in L 2(~3),
Ho(8) = Hoo(e) + Ve (x) 1! is also m-sectorial for each 8 E ~a and

{Ho(0): 8 E is a selfadjoint holomorphic family of type (A) (see,
Kato [8 ], p. 338). Now we may regard Ho(8) = Q9 ~ + ~ Q9 
Then it follows from Ichinose’s lemma (see, Reed-Simon [70]) that

Vol. 42, n° 3-1985.



318 T. OKAMOTO AND K. YAJIMA

This proves the statements (1), (2) and the first half of (3). The semi-simplicity
of the real eigenvalues ,u E 6d(H(8)) may be proved along the line of
the well-known argument of Aguilar-Combes [1] ] and we omit its proof
here.
Now we look at how Ub(9) acts on the creation and annihilation opera-

PROPOSITION 2. 4. Let f E L2(~3) and let be the dilation group
on the Fock space ~ b defined by (2 . 2). Then

- Let ’P = with ~ E Y(1R3n). Then

Similarly

Since is unitary, (2.17), (2.18) and the standard limiting argument
imply (2.16).

PROPOSITION 2 . 5. - Suppose that fe and g03B8 (03B8 ~ R) can be extended

to ~a as analytic functions of0 such that ~ fe, 
Then for 

and are Fb-valued analytic functions of 8 E Ca
and are bounded in norm by (II ~f03B8~ + ~03C9-1 f03B8~ + ~03C9f03B8~)

(1 + !! + + /I )( II 

Proo f. - By standard estimates on creation-annihilation operators,

Annales de ’ l’Institut Henri Poincare - Physique " theoriquc
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On the other hand the estimates

and

imply

(2.18) ~ (2.21) obviously imply the statement about the estimate of the
norms. Once one gets these estimates, it suffices to show the analyticity
for C = EÐ such that = 0 for ~ no for some no E 

For such C, however, the analyticity of the vectors a( fe)~, etc. is obvious
and we omit the proof.

Vol. 42, n° 3-1985.
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3. DILATION ANALYTICITY _

OF THE TOTAL HAMILTONIAN

Being prepared with the lemmas of the previous section, we study in
this section analyticity of the Hamiltonian H(/)J. We assume Assump-
tion (B) in this section and consider for 9 E Ca,

LEMMA 3.1. - Then for 03B8 ~ Ca

Here the constants Ci(p), are dependent only on p. Moreover the
functions 03B8 ~ A(03B8, x)e-03B8~03A6 and 03B8 ~ A(03B8, x)203A6 are H-valued analytic func-
tions of 8 E Ca and satisfy for e E IR

Proof. 2014 Since e~ I I ~ _ ~ e - 2 e ~ ( - 0~, ~), it is clear that
~ D(! I 1 ~2) with

Thus by Proposition 2.5, we have (3.2). (3.3) follows similarly and its

proof is omitted. Note that !! are independent
of Re 8 and hence are bounded for Im 0 ~ a.
The equations (3.4) and (3.5) follows from the definition of ~(8) and

Proposition 2.4. The analyticity of the operators are also clear from

Proposition 2.4 and the estimates (3.2) and (3.3).
By Lemma 3.1, the operator

Henri Poincare - Physique ’ theorique
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is well-defined on D(Hoo(e)) = D(Ho(9)) and is Ho(0)-bounded with
bound dependent only on p and cos (Im 0). Therefore there exists a cons-
tant /).o depending only on p such that the operator H(e, /)) = Ho(0) + Hi(~, 0)

. 

with domain ~)) = D(Ho(e)) = D(Hoo(e)) = D(Hoo) is a well-
defined closed operator for 0 E ~a, [ ~.  ~,o.

LEMMA 3.2.2014 For any fixed ~, E IR with ~,  /).o the operator H(8, ~,)
(0 E CJ is a selfadjoint holomorphic family of type (A). Moreover for
8 real,

Proof The first part of the lemma is obvious by Lemma 3.1. The
equation (3 . 7) is clear for 0 real by (3 . 4) and (3 . 5). Since both sides of (3 . 7)
are analytic in 0 on D(Hoo), (3 . 7) holds for all 0 E Ca.
As a small perturbation of a maximal sectorial operator H(o, ~,) is also

a quasi-maximal sectorial operator in ~f and the spectrum of ~,) may
be analyzed by the bounded perturbation theory, although our complex
scaling may not isolate all the singular spectrum and there may be eigen-
values which remain embedded after scaling, in contrast to the usual
case where the perturbations are relatively compact (cf. [1 ]).

4. APPEARANCE OF THE RESONANCES

We know the structure of the spectrum of the non-interacting system Ho
very well 6(Ho) _ [Eo + M,  E1  ... }
is embedded in the continuum [Eo + M, oo) except for the lowest Eo. As
was mentioned at the introduction much is not known about the structure

of the spectrum of H(~,) and what we intend to show here is that for most
potentials these embedded eigenvalues will disappear after the interaction
is switched on and they will form resonances in the usual sense of the

complex dilation theory. Let us first recall what is known : Since the inter-
action HI(À) is Ho-bounded the isolated eigenvalue Eo of Ho is stable, i. e.
there exists E &#x3E; 0 such that for ~, ~  E, there exists an eigenvalue Eo(~,)
of H(~,) such that Eo(~,) -~ Eo as ~, ~ 0. (Note that Eo is simple under
our assumption on V, see Reed-Simon [10 ]). On the other hand the exis-
tence of the asymptotic field yields

Vol. 42, n° 3-1985.
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In the following discussions, we assume that He1 has negative eigen-
values Eo  El  E2  ... with multiplicity mj (j= 0, 1, 2, ...) and the
mass M of the « photon » satisfies the conditions

Note that E n ( - oo, 0] is a discrete set of ( - oo, 0] and there are plenty
of M which satisfy (4.2) and (4.3). We also assume

since the other case can be treated by a similar method. We first prove the
following theorem which shows that for proving the disappearance of the
eigenvalues, it suffices to work with H(~ 8) with Im o ~ 0, in place of H(~).

THEOREM 4.1. For each j, there exists ~j &#x3E; 0 such that for |03BB|  ~j
there exist eigenvalues E~(~), ~ = 1, ..., of H(~,, 8) such that E~(/L) --+ E~
as ~, --+ 0. Moreover E~k~(~,) is independent of 8 as long as it does not touch
other parts of the spectrum of H(~,, 0). If Im E~(/L) ~ 0 for all k = 1, ..., m~,
there are no eigenvalues for H(/).) near E~.

Proof Since (7(Ho(0)) is as is given by Lemma 2. 3 and E~ is an isolated
eigenvalue of Ho(0), hence by the standard perturbation theory there exist
exactly m~ eigenvalues E~(~), ~ = 1, ..., m~, with E~k~(~,) -~ E~ as ~, --+ 0.

Since they are the eigenvalues of type (A) holomorphic family {H(~, 0)}
and are independent of Re 0, E(k)j(03BB) is 03B8-independent (remember the standard
dilation analyticity argument). Moreover the well-known Aguilar-Combes’
proof for the identification 6p(H) = 6d(H(o)) n  also implies
(7p(H(~)) == ~d(H(~,, 0)) under our assumption (4.3). This proves the
theorem.

Since E~ is isolated, the usual perturbation theory provides the way to
compute E~(/L). It is particularly simple when E J is a simple eigenvalue.

COROLLARY 4 . 2. Suppose that Ej is a simple eigenvalue of He1 with
the eigenfunction (normalized). Then

and Ej,2 is given as

l’Institut Henri Poincaré - Physique theorique
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in terms of the function Q9 Qo 0 00, the perturbations

and Pj the projection in J~ onto the space spanned by 

Proof. The standard computation shows (cf. Kato [8 ], p. 78) that

with

where P;(0), Tl(8) and T2(e) are obvious correspondings to Pj, Tl and T2
given by (4.7) ~ (4.8) for H(A, 8), 5(8) is the reduced resolvent of Ho(8)
at Ej and Pj(03B8) = 03A6j,03B8~ 03A6j,03B8 I Then by the 8-independence of the following
inner products, we have

(4.9) ~ (4.13) obviously prove (4. 5).
The expression (4 . 5) and (4. 6) can be used to compute the Fermi-Golden

rule :

COROLLARY 4 . 3. Suppose that E j is a simple eigenvalue of He1. Then

(4 .14) 

with ,u = E j - Em. Here ~~(x, v k) = e-lvk.x ea( k, and ( , )L2 is

a= 1

is the inner product of ~m and ~~(x, v k) w. r. t. x.

Vol. 42, n° 3-1985.
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Proof 2014 Taking the imaginary parts in (4.5) and (4.6), we see that

To compute the inner product in the RHS of (4 .15) we first note that

contains only one photon state ~ of I-polarization. Hence ~ (1 - P~) in the
inner product may be omitted and we obtain, writing the spectral measure 

"

for He 1 as 

and we see that the inner product of (4.15) may be written as

We write

where is the ~-directional derivative of ~~(x), and

rewrite (4.17) as

Annales de l’Institut Henri Physique - theorique .
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When ,u &#x3E; (1 - 5)M, ~ I E/~(~ + + M2 - + E2~ ~ ~ e/5M,
and we see

On the other hand for   ( 1 - 5)M, He1 has only point spectrum
and (4.20) is written as

(4.21) obviously implies the desired expression (4.14).
It follows from the expression (4.14) that if Im E,~(~,) = 0,

for all eigenfunction of Hel with eigenvalue Em  M, all k E S2
and all the directional derivative of in the direction orthogonal
to k. Note that the LHS of (4.22) is a real analytic function of 6 &#x3E; 0 for

any fixed k and vk. In fact,

Vol. 42, n° 3-1985.
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and the analyticity and imply the
analyticity of the LHS of (4.22). Thus it can not be zero except for coun-
table 6’s, except for the case when it is identically zero, in which case,
however, by Plancherel’s inversion formula, we have

Summing up, we have the following

COROLLARY 4 . 4. Suppose that for some Em  S2 and some

A ~ R3 ~-~ 03C6m(k03C1 + x ~03C6j ~03C1 k x d 0. Then for almost all small

M &#x3E; 0, there exists 03BB0 &#x3E; 0 such that for all 1,1  03BB0, Im Ej(03BB)  0 and

H(~,) has no eigenvalues near Ej.
Finally the case when Ej is degenerated.

COROLLARY 4.5. - Suppose that Ej has multiplicity mj and

(~(x), ...,~~(~) are the orthonormalized eigenfunctions of Hel 
1 with

the eigenvalue E~. We set 0~ = ~~k~ @ Qo @ Then E~k~(~,), ~=1,2...~,
are asymptotically

where: are the eigenvalues of the m; x m --matrix

Proof The proof may be carried out in a way similar to that of Corol-
lary 4.2 by using the standard perturbation theory and the invariance of
the inner product in 8. We omit the detail here.
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