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ABSTRACT. - It is shown that the pseudo scalar Yukawa model 03BB03C8i03B3503C803C6
of quantum field theory in two space-time dimensions possesses a massive
phase with spontaneous breakdown of the ~ -~ 2014 qJ symmetry. The
phase is analyzed in the Euclidean region by means of combined convergent
Peierls and cluster expansions.

RESUME. - On demontre que le modele de Yukawa 03BB03C8i03B3503C803C6 de théorie
quantique des champs en deux dimensions d’espace-temps possede une
phase massive avec brisure spontanee de la symmetric cp - - cpo La

phase est analysée dans la region euclidienne par un développement conver-
gent qui combine le developpement de Peierls avec un développement
en « clusters ».

(*) Supported in part by the National Science Foundation under Grant No. PHY 79-
16812.
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CHAPTER I

INTRODUCTION

The recent years have witnessed a fast development of the theory of
superrenormalizable quantum field models in two and three space-time
dimensions. We have learnt not only how to construct models but also
how to investigate their basic properties. Here special attention was
attracted by the phenomenon of phase transition [12 ] [13 ] [4 ] [5 ] [6 ] [7] ]
[2] ] [1 ] [8 ] [20 ]. In the present paper we study the problem of phase tran-
sitions for pseudo-scalar two-dimensional Yukawa model. This model,
but not the scalar one, possesses the boson field ~p --~ - qJ symmetry.
Existence of a phase transition accompanied by the spontaneous breakdown
of this symmetry was noticed in [4 ]. Here, by the appropriate choice of
boundary conditions, we construct two different phases for the model,
coexisting in the region of broken symmetry. All Wightman axioms are
proven for each of the phases. Our work is a continuation of the main
stream of papers applying Euclidean methods to the Yukawa model [23 ]
[24] ] [25] ] [26] ] [17] ] [18] ] [21 ] which culminated in the high temperature
cluster expansion providing a rich information about the one-phase
region [3 ] [16 ] [22 ]. Inspired by the paper [13 ] by Glimm-Jaffe-Spencer
on the two-phase region (~2 model we extend their low temperature
expansion to the present case.
On the formal level the Schwinger functions for the pseudoscalar Yukawa
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273PSEUDOSCALAR YUKAWA MODEL OF QUANTUM FIELDS

model are given by the Matthews-Salam formula with the fermion field
integrated out

(1)

where Z is the normalization factor,

(2)

(3)

is the infinite boson mass counterterm, ATr (S039303C6) is the fermion Wick

ordering counterterm (it vanishes in fact), r = iys, /12 &#x3E; 0, compare [23 ].
To get the insight into the problem of phase transitions we compute

the effective potential V in the one-loop approximation. Explicit compu-
tation gives

The shape of V is sketched on fig. 1

Vol. XXXVI, n° 4-1982.
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m 
2

m 

( 
21t112 

)2V has two symmetric minima at 03BE 1: = :t I e - 1 separated

by a barrier whose height is given by |V(03BE±) |, where

The minima get deeper and more separated when m - oo . The curvature

at the minima (classical mass squared) m2c :=V"(03BE±) = 20141 - e )

does not depend on m. The conventional wisdom about phase transitions
suggests existence of two pure phases interrelated by the qJ - - q symme-
try for large m. Our method allows for showing this to be true provided
that additionally A is taken large and m  m0(03BB). The restriction on 03BB seems
to be a technical one connected with the way in which we do the low-

temperature expansion.
Before a rigorous form of (1) is stated, let us perform some heuristic

transformations expanding the action in (1) around the minimal value q = ~+.
For Jf being a linear mapping from functions to operators write

(5)
where

(6)

and

(7)

If we choose = sr qJ then it is easy to check that formally

and

(8)
. is the effective boson field action for (1).

We have

(9)

where
(10)

Annales de l’lnstitut Henri Poincaré-Section A



275PSEUDOSCALAR YUKAWA MODEL OF QUANTUM FIELDS

Thus

(11)
since

Now let D:=(P2 + m2)2. With x(cp) = = : K(03C6) rather
than which is equivalent to considering the latter as an operator in

1
the Sobolev space H2, not in L2, we shall use cp) rather than ’Y( ~) as
the action in (1) (subtraction of the classical energy of the ground state).
To make things well defined we introduce a volume cut-off substituting
cp ~ 

A is the volume cut-off function. The ~+(1 - A) tail will agree with the
boundary condition which will press cp to stay near the 03BE + minimum outside
the support of A. For the sake of definiteness we choose A to be of the form

(12)

where k E Co (~2), 0  k  1, k = 1, is a fixed spherically symmetric
N

function and A is any arbitrarily situated square in (~2.
After the formal operations described above our effective action becomes

(13)
where

( 14)

Exposing the second order terms in cp, we may represent ( 13) as

(15)

Next using the notation of [3 ] we write

Vol. XXXVI, n° 4-1982.
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as

( 16)

where
(17)

and

(18)

The appropriate boundary condition which, as mentioned above, makes (~
stay near the 03BE + minimum outside the support of A, is chosen as in [13 ]
by using

(19)

with mean 03BE+ and covariance (- 0394 + m2c)-1.
The final step in our formal derivation of the formula defining the volume

cut-off Schwinger functions of the considered model is the Wick ordering
with respect to square mass m; of the terms quadratic in cp appearing under
the exponential function in the version of (1) obtained by performing all
the transformations described previously. This way we arrive at the following
expression for the unnormalized Schwinger functions

(20)

This formal expression may be easily given a precise meaning essentially
the same way as in [17] ] [18] ] [23] ] [24] ] [25].

K~((~) - ~+)A) may be considered as a random variable with values
in operators in L 2(~2) possesing trace with the power 2+8, see the estimates
of Appendices I and II. Thus the first line under the integral in (20) is a well
defined random variable (we consider TJ and det3 jointly, see [27]). The
Wick ordered quadratic form in the exponent is again a well defined random
variable, when considered jointly. The existence of the integral in (20)
(together with detailed bounds on it) follows from the estimates of Chap-
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277PSEUDOSCALAR YUKAWA MODEL OF QUANTUM FIELDS

ter V. In the future we shall be slightly careless in transforming the Wick
ordered quadratic terms of the action. These transformations may be
easily substantiated once all the quadratic terms are put together.
Our main result is contained in the following.

THEOREM 1.1. - There exists Ào &#x3E; 0 such that for all 03BB  Ao and
all m &#x3E; mo().,) the finite volume Schwinger functions S~ := ZSAlZA converge
in the space D’ when A -~ 1 and the limiting infinite volume Schwinger
functions satisfy all the Osterwalder-Schrader axioms [19 ] with exponential
clustering included.
As we mentioned above this result is obtained by a low temperature

expansion patterned on that worked out by Glimm, Jaffe and Spencer
in [13 ]. The main difficulty in applying their method to our case is the
non-locality of the effective action ~(~), which makes the separation
of low-momentum part of the action from the high-momentum fluctua-
tions technically more difficult.
The phase we construct developes a non-zero expectation of the boson

field qJ which is easily seen from the estimates we prove. Thus a spontaneous
breakdown of the cp - - cp symmetry is realized. The other phase is
obtained by replacing ~ + in (20). For definiteness we consider the
case of ~ + only. Moreover we assume £ and m to be positive and bounded
away from zero.
The paper consists of six chapters. After Introduction we describe

a general formalism of the low temperature expansion patterned on [13 ],
but adapted to our model, with improvements along the ideas of Kunz
and Souillard [15 ]. Chapter II contains also statements of the main theo-
rems. Their proofs are reduced to proof of estimates for a general term
of the low temperature expansion. Chapter III contains a combinatoric
analysis of such a general term. There it is shown that the needed estimates
result from three technical theorems stating bounds which we call a gaussian
integration estimate, a lower linear bound and an upper bound respectively.
These theorems are proven in the last three chapters. Some technical
estimates used throughout the body of the paper were gathered in two
Appendices.
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CHAPTER II

THE EXPANSION

The method applied to prove Theorem I .1 is a combination of the low
temperature expansion in phase separation contours and of the high tem-
perature cluster expansion, as used by Glimm-Jaffe-Spencer (G-J-S) in [13 ]
to prove similar statements for [ .~ 2014 - ~p + (64i) ~ ~ ~ field which also
possesses the cp - - cp symmetry. Let us remind the main ideas of the

G-J-S expansion. The classical potential 03BB03C64 - 1 403C62 + (6403BB)-1 had two
minima + (803BB)-1 2 with value zero and a maximum at zero with
value (64i ) -1, hence had two symmetric wells getting deeper and more
separated when /. - 0, with the curvature at the minima (classical mass
squared) being constant. The first step in the expansion for unnormalized
Schwinger functions in volume A ZS~ was to insert into the interacting
Euclidean measure a partition of unity. Each function of the partition
restricted the averages of the field over squares of the unit lattice to stay
within a definite (+ or -) potential well. This way ZS~ was expressed
as a sum of terms each connected with an Ising configuration E.
E assigned to each square of the unit lattice inside A plus or minus sign
and plus sign to each square outside A. Each L could also be labeled by
the contour made up of lattice bounds separating the plus and minus
sign regions. Within the plus or minus sea the term of the partitioned inter-
acting measure was close to a Gaussian of positive mass centered around
cp == (~ with deviations getting small when À went to zero. Across the
contour the field was forced to change its average by an amount of order 2ç +

and the non-local gradient term ex p - 1 2 together with the local

potential term providing the barrier between the minima conspired pro-
ducing a damping factor exp ( - C . contour length), with C growing to
infinity for g getting small. This damping effect was exhibited via trans-
lation of cp by its approximate mean g being close within the + region
of the Ising configuration. After translation each term of the interacting
measure became close to a mean zero positive mass Gaussian in the regions
far from the phase separation contours and in the next step its relatively
mild non-locality, all the time due to the gradient term, was coped by
use of an expansion step-wise introducing Dirichlet bonds similarly as
in the standard high temperature cluster expansion of G-J-S [11 ]. Across
a closed Dirichlet line introduced into a measure term the cluster

Annales de l’lnstitut Henri Poincaré-Section A
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expansion for ZS~,~ factored, each factor depending only on the Ising
variables within its respective region. Thus for a fixed closed Dirichlet
line the sum over the Ising configurations also factored across the line.
This was very important since it enabled a partial resummation of the
expansions and finally the proof of uniform in A convergence of the resulting
expansion for the normalized Schwinger functions.
We would like to stress that the G-J-S method was based on an interplay

between the shape of . local potential and the short range (gradient type)
non-locality provided by the kinetic term of the action. The field liked
to sit around one of the minima of the potential. The non-locality damped
strongly the possibility that it fluctuated much between the two minima

having the term where qJ was sitting in the potential well determined by
the boundary condition dominant. Once the field was made to stay in
prescribed wells and the damping effect was taken into account other
effects of non-locality were small and could be handled by the standard
cluster expansion.
The situation we encounter in the pseudo-scalar (Y)2 model is very

similar to that of the model considered by G-J-S. The one-loop potential
has a similar shape to the classical potential of the pure boson case : two
wells get deeper and more separated when m - oo, the curvature at the
minima being 0(1). There is also a gradient non-local term in the measure
coming from the kinetic boson term of the action. A new factor is an addi-
tional non-locality in the effective action which moreover has a long dis-
tance tail.

The first step in the expansion is similar as in [13 ]. Write

(1)

where E maps the set of A squares of a lattice whose diameter d will be
chosen later independently of A and m into { +, - }, S == + for squares
not meeting the support of A

(2)

X:t are smeared indicator functions of [0, ± oo [ respectively, whose
exact shape (differing from that chosen in [13 ]) will be specified later.

(3)

Vol. XXXVI, n° 4-1982.
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We shall also assume that each of functions £ , is localized in a d-lattice

square.
Let us have a more careful look at the nature of the effective action

non-locality. Note that (formally)

(4)

It is easy to see that

(5)

where Freg is the inverse Fourier transform of The latter is computed
in [23 ], formula (A. 4) and satisfies 

. 

(6)

Thus the non-local term in 1/( 03C6) up to the second order is positive and

can be estimated from above by 0(1) 2 (VqJ)2. If 2 is small this is domi-m m

nated by term and we should hope that the damping of long

contours is uneffected by the fermion determinant non-locality. Thus it

seems that the contour expansion of the interacting measure and the trans-
lation of each term of the latter into the mean zero regime should work
as in the pure boson case, the next step being a cluster expansion within
the + and - regions. This is where we shall be confronted with the effec-
tive action non-locality for the second time. Breaking step-wise this non-
locality we shall have to make sure that

I. the fully decoupled terms depend on spin variables only within their
respective regions,

so that not only the cluster expansion but also the contour one factors
across the decoupling line (this was almost automatic in the pure boson
case since the gradient non-locality was of - infinitesimally - short range).
Moreover we should make sure that

II. the fermionic action decoupling does not break the cp - - asymmetry,
i. e. that for each fully decoupled term of the interacting measure (inside
the volume of interaction) there exists a term corresponding to the opposite
values of the spin variables and related by the change of sign of the non-
translated cp.

In order to fulfil I and II we shall introduce the fermion decoupling before

Annales de l’lnstitut Henri Poincaré-Section A



281PSEUDOSCALAR YUKAWA MODEL OF QUANTUM FIELDS

the translation of the measure terms into the mean zero regime. This will
be done by changing functional (1.8) to ’Y(s, where s parametrizes
the degree of decoupling. If ~(.s, cp) = ~"(~ 2014 cp) then I and II will hold.
We take ’Y(s, qJ) to be defined by (1.5) but with x( cp) equal to K(s, ~),
which is a partially decoupled version Because the source of non-

locality of ’Y( qJ) is the non-locality of the fermion propagator in 
which gets weak when m - oo it is not difficult to choose K(s, cp) so that
~’{ cp) - ~p) gets small for m large and 0(1) ~p, see [3] ] [16 ]. However cp
sits around ~ ± and after translation by the (decoupling independent)

O(m) inside the + regions, + ~p) - ~(s, g + ~p)
could be large if no special care were taken. Our choice of cp) mini-
mizes this un-wanted effect since in the Taylor expansion of ~( rp) - ~p)
around cp == ç + there is no first order term and the zeroth order term

disappears when we pass from V to Yo subtracting the values at cp = 03BE+.
Because of that there is a bigger chance that ~o(~±+~)"~o(~ ~±+~)
is small for 0(1) cpo Then + ~p) - g + ~p) should also be small
except for the contributions from the regions where g jumps between ~ +
and ç -, which hopefully will be over-powered by the damping factor
connected with the phase-separation contours.

Repeating the transformations leading to (I.11) we get

(7)

where

and
(8)

(9)

For the difference ~(~) 2014 ~) to be small for ~ around the mini-
mal values it is necessary that KÇ+(s, ~) be close to K4+( q~) in appropriate
sense. Exact estimates of Chapter IV will show that for this to hold we
shall need not only /LK(~ ~) to be close to in some trace norm for 0(1)
(~ but also that (1 - ~K(s, ~+))’~ be close to identity in the operator norm.

However [ ) 03BBK(s, ç +) II = 0() and if this is smaller than, say, - then

~(1 - 03BBK(s, 03BE+))-1 - 1~=0(03BB03BE+ m)=0((e203C0 2 03BB2 - 1)1 2). Hencetherequi-

rement that m be large must be supplemented with that for £ being large.
if the expansion is to converge. /12 will be held constant since then the
classical mass square 2/~ is 0(1).
Now we shall specify the form of K(s, We shall follow [16] with

slight modifications. For a prescribed value E of the Ising variables denote
by E3(£) the set of [-lattice bonds within distance L of which E is constant,
Vol. XXXVI, n° 4-1982.
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/ 1B
 = 0 (ln ~j, , L = 0((ln~) (L x&#x3E; / in the regime we shall consider).
Let s = Sb ~ [0, 1] be interpolating parameters. Let A be an ope-
rator on L2(~2). Define

(10)

where for I-lattice squares A, A’

(11)

(12)

(13)
and 4D is the Laplace operator with Dirichlet boundary conditions on y [11 ].
Notice that AS decouples across any closed line on which s = 0.

Put

(14)
Notice that

where
(15)

(16)

A(s, qJ) is skew-adjoint and B(s, qJ) is self-adjoint and there exists an anti-
unitary operator U such that

( 17)
and

(18)
U may be chosen the same way as in [23 ], pages 167-168. Now

Hence

( 19)
which is the source of the cp - - cp symmetry

(20)
With the use of K(s, cp) instead of K( cp) and of

(21)

Annales de l’Institut Henri Poincaré-Section A



283PSEUDOSCALAR YUKAWA MODEL OF QUANTUM FIELDS

instead of P~ we arrive at the expression for which is given by the
same formula as (2) except that K( . ), K~(.), BÇ+ and P~ are changed for
K(s, . .), K4+(s, . .), and Pis) respectively.
Having introduced the partial decoupling of the fermionic non-locality

we proceed with the translation of the measure by g which is an appropriately
smeared version of the function h,

(22)
The exact form of g is copied from [13] (formula (1 . 44)). After this operation
we end up with the following expression :

(23)

where dJ1mc is the Gaussian measure with mean zero and covariance
~_ 4 + rn~~_~.
The partial decoupling of the Gaussian measure is introduced in

a standard way [11 ] [13 ] via step-wice insertion of the Dirichlet boundary
conditions along bonds of the l-lattice. Thus for the set r = (03C4b)b~B(03A3),
zb E [0, 1 ] of the interpolating parameters put

(24)

Denote by the Gaussian measure with mean zero and covariance
and by: ;, the Wick ordering with respect to this measure. Changing

in (23) to and the Wick ordering : : to : : we obtain the expression
for 
Note that factors across an 5, T = 0 closed line (composed of

[-lattice bonds) :
(25)

Vol. XXXVI, n° 4-1982.
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where Z is the region encircled by the line and

(26)

In the above formula ia are those i E I for which suppt £ c Z, Iz being
their number. Pz,p(s) = 0 if the numbers s and of gj - s with sup-
port in Z are not equal,

(27)

if the latter numbers are equal ( = Jz), and gj’03B2 being just those hj - s
and supported in Z. To(.) is always taken to be 1. The ± sign in (25)
must be included because functions gj and hj can appear on the right hand
side in different effective order than on the left hand_side.

depends only on L, sand r restricted to Z, so that (25) gives
the desired decoupling. Of course = 

The cluster expansion consists in writing (see [11 ])

(28)

where r and II are finite,

(29)

(30)

and similarly for Tn and a~ .

Annales de l’lnstitut Henri Poincaré-Section A
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(28) holds provided that is regular at infinity (see [11 ]), i. e. that

(31)

which easily follows from the estimates we shall prove.
For given E, r, II call b E £3(£) a decoupling bond if b ~ r u II. Label

by Z x the closures of the connected components of [R2 with the decoupling
bonds taken out.

(32)

and each depends only on the restriction of L, sr and Tn
to Zx denoted by Ex, srx, inx respectively. Hence we can write

(33)

Denote by ~Z±h the set of I- lattice lines of OZx which run inside the + regions
of the Ising configuration specified by ~. We shall reorder the sum

¿ by first fixing (Zx, ~Z-x):=ZH and then summing over

all 03A3, r and II which lead to the set {Zx }. This yields

(34)

The is admissible if it corresponds to at least one (E, r, II). ~ x run
over all mappings of the d-lattice squares in Zx into { +, 2014 } taking the
constant value + within distance L of ~Z±H and the value + on squares
outside the support of A.

£3(£~, Zx) is composed of the I-lattice bonds in Z x within distance L

of which L" is constant. The sums I are constrained by the
requirements that 

i) and IIx do not contain the bonds of azx and

Vol. XXXVI, n° 4-1982.
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ii) no proper subset of Zx with boundary composed of decoupling
bonds exists.

Inserting (34) into (33) we obtain

(35)

where

(36)

(Sr x and Tnx are viewed as defined for bonds of Zx)).
We still have to perform a partial resummation in (35). We shall do

this following an elegant method of Kunz and Souillard [15 ].
Since r and II in (33) are finite, all Zx except a finite number are t-lattice

squares which do not contain supports of functions fi, gj and hj’ Call such
squares vacuum ones. We shall eliminate their contributions to (35).
Denote by p~ the p~ function for the case I = J = 0, that is for the case
of the pure partition function. Of course for a vacuum square

(37)
and also

(38)

whenever the latter appears in (35), by virtue of the cp - - cp symmetry.
Moreover

(39)

We shall also see that li, 0) # 0. Define

(40) .

From (35) we get

(41)

where

(42)

In I’ we sum over the sets of those Z03C3 which are neither 0) nor

(A, 0, with vacuum A but which can be supplemented by these to

Annales de l’Institut Henri Poincaré-Section A
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form an admissible set. Hence in an allowed set { ~Q ~ each Z(1 is different
from single vacuum square, closed set built out of a finite number of I-lattice
squares and cannot be devided into two nonempty parts by taking a finite
numbers of points out of it. is composed of closed loops some of them
entering the other ones Call any such set with specified signs
of the boundary loops a cluster. Thus each Z~ is a cluster and different
Z(1 - s can at most touch (cannot overlap). Their boundary signs must
agree on the loops being not separated by other Z6 - s. Each non-vaccum
square must sit in one of Z(1 - s. We can allow all such sets of clusters in

03A3’, provided that for clusters Z03C3 for which there are no La - s which

enter the sum in (36) we put = = 0. Since the notion of a
vacuum square depends on the particular Schwinger function we consider,
so do the notions of a cluster and of an allowed set of clusters.

Call a boundary loop of lEa inner if it is of other sign than that of the
external loop of ~6.

Notice that for a leading to a non-zero term of (41) we can
recollect the boundary signs if we know only the relative signs of the
boundary loops, since the most external loops .must have the + sign.
Call Z03C3 positive if its external boundary loop is positive. Call ?L(1 a vacuum
cluster if it is built of vacuum squares only. Label non-vacuum ~~ - s
as Xi, ..., Xk and the other ones as Yi, ..., ~~ .

Following Kunz and Souillard we shall rewrite (41) putting most
of the compatibility conditions among X - s and Y - s into the summand.
To this end introduce operations U acting on functions of clusters Xr - s

(43)

(44)

(45)

Vol. XXXVI, n° 4-1982.
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Now we can rewrite (41) as

(46)

. k

In (46) s are positive non-vacuum clusters and ~Xr must contain
r=1

all non-vacuum squares. s are vacuum clusters with no further res-

trictions exc e p t positivity. 1 u comes from the fact that we sum over orderedt!

families s. In arriving at (46) we used the fact that whenever a vacuum
cluster ~’r in a non-zero term of (41) is surrounded by a negative boundary
loop of another cluster then in virtue of the c~ - - ~p symmetry

(47)

since Yr is inside the region where A = 1 and does not feel the (non-sym-
metric) boundary conditions.

Since each vacuum cluster for a Schwinger function is also a vacuum
cluster for the partition function we can relax the conditions for s

in (46) taking all partition function clusters and replacing

This does not change the value of the right hand side of (46) since the extra
terms give only zero contributions. In the sequel we assume that this modi-
fication of (46) has been done.
Now we shall partly rewrite (46) in terms of operations A = U - 1 using

(48)

This yields

(49)
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where G(aMayer graph) is any set of unordered pairs { or J
(called lines 2). Each graph G contains a part Gc composed of the lines
directly or indirectly connected to one of s. The disconnected lines
form a complementary graph Go. G is said to be connected with respect
to { Xl, ... , if Go = 0.

Label all S entering in the lines of Gc as Y’1, ... , Y’lc and all the

other ones as Yl’, ... , Y"lo, 10 + lc = 1. The sum ¿ 1 l! ¿ 03A3 in (49)can be rewrItten as . (VI,.... V) G
where G~ is any graph connected w. r. 1. {X 1, ..., composed of
lines between Xr -’s and Y~ - ~ and between Y~ - ~ with all ~s - s
involved. Go is any graph composed of lines between Y~2014 s. Now (49)
becomes

(50)

By (49) the second factor on the right hand side of (50) corresponds to ZS~
with no non-vacuum cluster Xn i. e. to the partition function ZA’ Extrac-
tion of full ZA out of the expansion for ZS^ is the main virtue of the Kunz-
Souillard method of resummation.

Dividing by ZA we get expressions for normalized volume cut-off Schwin-
ger functions S~ :

(51 )

This is the final form of our expansion. We recall that the sum over
{ Xi, ..., is over the sets of (non-overlapping) positive non-vacuum

clusters such that contains supports of functions fi, gj and hj entering
r~ 1
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the Schwinger function The sign ( ± 1) is determined by the set

{ Xi, ..., Xj~}. (Yi, ..., Yi) runs through all ordered families of posi-
tive partition-function-clusters and G~ through all graphs connected w. r. t.
{ Xi, ..., involving all Y - s.

It should be mentioned that going from (28) to (51) we were slightly
carelessly transforming infinite sums about whose convergence we do
not know much yet. However if we introduced another cut-off restricting
ourselves in (28) to the sum over r and II inside a large volume V (well
bigger than suppt A) then all the sums would be finite, the resulting sum-
mation in (51) being over clusters Xr - s and V. When we remove
this cut-off the Schwinger functions go to their original versions in virtue
of the « regularity at infinity ». Since on the right hand side of (51) the first
four sums converge absolutely, as we show beneath, on the right hand side
of (51) we recover infinite sums when V tends to infinity.
Now we shall state the main estimates on and yielding

the convergence of (51) and consequently Theorem 1.1. For a d-lattice
square A denote by I(A) the number of i, i = 1, ..., I, such that A supports f .

PROPOSITION II .1. - For each C &#x3E; 0 there exists ~,o &#x3E; 0 and constants

0( 1 ) such that for all /L ~ /),o, m &#x3E; mo(~,) and arbitrary A

I I

(52)
(53)

_1
where 1 II D 2,f 

PROPOSITION II.2. - There exists v &#x3E; 0, ~,o &#x3E; 0 and a constant 0(1)
such that for all £ a ~.o , m &#x3E; mo(~,~ and arbitrary A I

(54)

for each [-lattice square 0.
Propositions II. 1 and 2 will be proven in the subsequent chapters. They

immediately give
COROLLARY II.3. - Under the assumptions of Proposition II.1 (52)

and (53) hold also for and 

Thus we see that and pXCV s) become exponentially small for
large XJ YS I. This is one of the sources of convergence of (51). The

. other one is that the n A(2") operations in (51) eliminate the terms
in which clusters V s are not « grouped » around clusters Xr.
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To prove the convergence of (51) with use of Corollary II.3 we shall
use a Kirkwood-Salzburg type equations elaborated by Kunz and Souillard.
We shall obtain them now.

Let for k &#x3E; 1, t &#x3E; 0, Zi, ...,Z~ be any non-vacuum clusters for the
given Schwinger function or partition function clusters and let V 1, ..., VI
be any partition function clusters. Define

(55)

so that

(56)

Given Gc in (55) for k &#x3E; 2, let Q be the set of ~e {1, ...,} such that
~ ~ 1, E Gc. Denote by G~ the part of Gc composed of lines { V,, 
and E Q, r = 2, ..., k. Let G~ be composed of all other
lines except those of the form, ~ ~1, We shall reorder the sum over Gc
in (55) first fixing Q and summing over G~ and G~ and then summing over Q.
It is easy to see that for fixed Q G~ is arbitrary but G~ must be a graph
connected w. r. t. ~ 7 2, ..., Using moreover the relation

(57)

we can rewrite (55) as

(58)
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Thus

(59)

This is the Kirkwood-Salzburg type equation we searched for. It also

holds for k = 1 if we put ~’1, ... , 
Now

(60)

where by C(Zr) we have denoted the right hand side of (52) or of (53). Consider
the I &#x3E; 0 case.

LEMMA 11.4. - For each C &#x3E; 0 there exists ~,o &#x3E; 0 and constants 0( 1 )
such that for all /t. ~ ~ ~ ~ mo(À), arbitrary A and N ~ 1

(61)

Proof - We proceed by induction over k + l. For k + 1 = 2 we have
k = = 1. For a function f of clusters Z~ put

(62)
since A(Zi, Yi) which appears in 1, is zero if V 1 does not overlap
nor surround Z 1 and the number of clusters 12N, overlapping
or surrounding Zl is bounded by 1-21 Now for any k + 1 ~ 2,
k &#x3E; 1, 1 ~ 1 (59) gives r.

(63)
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and on the right hand side we restrict Vs, S E Q to clusters overlapping or
intersecting Zi. Using the inductive hypothesis we obtain
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(56), (60) and (61) give

(64)

Fix for each Xr a non-vacuum square A~ in X~. With A,. fixed the number

of choices of s of volume 1- 2(1r is bounded by exp (0(1) ¿ (1r). But
since s are non-ovelapping for non-zero terms of (56), the number

of choices of k A~ - s is bounded by (I + 2J). Using also definitionsof we obtain ~

(65)

This way we have proven.

LEMMA II. 5. - There exists ~,o &#x3E; 0 such that for ~,o and
m &#x3E; the first four sums on the right hand side of (51) converge abso-
lutely uniformely in A. Moreover (65) holds with constant 0(1) independent
of £, m and A.

Let us notice that and are independent of A if supp A is
large enough. Introduce

(66)

and the same for p and Just each term on the right hand side of (51)
converges in A. Together with Lemma 5 this gives.

PROPOSITION II.6. - There exists Ào &#x3E; 0 such that for all £ # Ao
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and m  mo(À) SA converge with 11 -&#x3E; 1 to S given by

(67)

with the first four sums converging absolutely. Moreover

(68)

From Proposition 6 it follows at once that volume cut-off Schwinger
functions converge in qø’ and that their limits are tempered distributions
satisfying all Osterwalder-Schrader axioms [19] ] but clustering. Showing
clustering we shall complete Proof of Theorem 1.1.

PROPOSITION II.7. - Consider a Schwinger function S dependent on
two groups of functions supported in disjoint regions. Let S’ and S" be
the Schwinger functions dependent on the first group and the second group
of functions respectively. For each C &#x3E; 0 there exists ~,o such that for all
03BB  03BB0, m  m0(03BB) and test functions and hj supported in d-lattice
squares

(69)

where d is the shortest distance between supports of functions of the two
groups.

Proof - Notice that the result of multiplication of the expansions (67)
for S’ and S" may be written as

(70)
are non-vacuum clusters for S’(S")

containing all supports of the first (second) group of the test functions
and in ~ we sum over graphs connected with respect ..., X~ }

Gc
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but for which no path built up of graph lines joins ~ ..., X~ } with
~ ~k’+1~ . . .~ ~k ~.
Comparing (67) and (70) it is easy to see that the terms of both with

where qJ = lim qJA is given by (55) provided we erase the subscript A
A

at PA and Of course cp satisfies (59) and (61) provided the same change
is done. Using (61) and repeating the transformations which led us to (65)
we obtain

(72)
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Now with the use of (72) we obtain

(73)

which ends the proof.

PROPOSITION II . 8. - Implies immediately the last Osterwalder-Schra-
der axiom: clustering. Thus the proof of Theorem 1.1, with Proposi-
tions II.1 and 2 assumed, has been completed. D

CHAPTER III

THE COMBINATORICS

In this chapter we shall perform an analysis of a general term occuring
in the cluster expansion and reduce the proof of fundamental Proposi-
tion II. 1 to the proof of a « linear lower bound » for the interaction measure
and to estimates of gaussian integrals.
The general term is where is given by

(II.26). It is necessary to rewrite (II.26) expanding the effective potential
in each d-lattice square A around ~ + according to the value of ~(~). It
means that we make the next shift of the external field in the fermion pro-
pagators with the help of the formula

(1)
where

(2)

(3)

and h is given by (11.22).
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After lengthy but simple transformations we get the formula

(4)

where
(5)

(6)

(7)

(8)

(9)

( 10)

(11)

(12)

(13)
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ang gc (as well as g) is copied from [13 ] (formula (4.3)). ~ is a number
between 0 and m~ , and will be fixed later.
Now we shall analyze the effect of differentiations in (4). Together with

this analysis we shall count the number of terms appearing during these
differentiations. This counting will be done by the method of « combina-
toric coefficients » (see [9 ] [10 ]).

Is is simply an estimate of the form

( 14)

It means that instead of estimating a sum, we have to estimate « a general
term » in the sum multiplied by a proper coefficient. We will loosely speak
that we fix a term in the sum by the choice of a combinatoric coefficient.

Let us now perform the differentiations. We fix some, arbitrary, order
in the set of bonds b c Z and we do the differentiations in this order.

In the sequel we shall use widely the notations and results of the paper [3 ]
by A. Cooper and L. Rosen, so our presentation will be sometimes sketchy.
At first let us consider the differentiations with respect to variables sr.

They occur in fermion propagators only. Denoting an operator

and the determinant with the exponential functions in (4) by p(sr), we have
a formula :

where
(15)

(16)

(17)

and B(sr) is an expression occuring in the exponents of the exponential
functions in (4). We write it as a sum of five elementary expressions (cor-
responding to different exponents). A choice of one of the terms on the
right hand side of (15), respecting the decomposition of B(sr) into five
Vol. XXXVI, n° 4-1982.



300 T. BALABAN AND K. GAW~DZKI

terms, the decomposition of E(sr, b) into two terms, and a choice of one
term in a decomposition

in A and E terms, leads to a combinatoric factor 0(1), so it leads to a combi-
natoric factor after all differentiations.
We shall call an elementary expression each term occuring in (16), (17),

B(sr) and sr), also after the transformations described further in

this Chapter.
The next operation will be a preliminary localization of the expressions

of type A or E (given by (16) or (17)) appearing after a differentiation 2014.C’5~
We localize in the squares of the d-lattice, it means we have

(18)

A localization is fixed according to (14), that is a pair of squares A, A’ is
chosen with the help of the combinatoric factor 0(~)~’~~~ attached
to the considered expression.

By 0394 we denote the square of the t-lattice containing A. The inequality

(19)

was used in this fixing, as well as the fact that a square of I-lattice contains

0(l2) squares of the d-lattice. We shall also assume that ~  1. We localize

the operators sr) also in the d-squares, and we fix a localization

/A sr)x z, with the help of the factor where A~
Ai are the squares of the localizations of the functions gjfj’ see (5)
and (1.27). Here the inequality

(20)

was used. 
The choice of the next combinatoric factor is connected with the choice

of terms in the sums Q(sr)dAME(sr, b), which occur in the final expression
obtained after all fermion differentiations.

We have
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and

(21 )

Every operator Qisr) is a product of the operators sr), A(sr, b’),
b"). Let us denote the number of terms of type E left-localized

in d-square A by ~(A). When distributed these terms can meet terms of
type P, A or E right localized in A. Denote respective numbers of such
terms by aR(~) and eR(~). The number of possible distributions is
bounded by

(22)

(23)

where the product is the product over differentiations producing
k

E-terms, and ~k is the left localization square of E(sr, bk). The second
inequality of (23) follows as in Proof of Lemma 10. 2 of [11 ]. Thus we
can fix one term produced by the distribution of E factors attaching to
each such factor the coefficient °k~ and addimg a global coefficient

Consider now the derivatives acting on the Q-term according
to (15). Fix those acting on sr) terms, undifferentiated so far, by
means of the overall combinatoric factor 2~. Suppose there are r such
derivatives (r ~ Jz). The considered derivatives act on arbitrary set R
of r P-terms and in arbitrary order. We shall fix the set by the combinatoric
factor 0(1)JZ. Factor of the same type determines whether the bra or the
ket part of each P-term of R is differentiated. Now we shall fix the order
in which the derivatives act on the chosen set of the P-terms. To this end
consider

(24)

where 03C0 is a one-to-one mapping from {1, ..., r } to R and is either
right (bra) or left (ket) localization of the term of R, according to the
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choice made before. Denote by r(A) the number of P-terms in R with loca-
lization A in A. Then

(25)

Copying the argument of Proof of Lemma 10 . 3 [11 ] we can estimate

(26)

hence

(27)

Thus we can fix the first derivatives bk acting on the P-terms together with
the order of action by combinatoric factors or and an overall
factor 
The results of action of all the other derivatives can be described as a

sum of terms in which these derivatives act on elementary expressions
produced earlier. This sum can be written as a sum over a set ~’(F) of
partitions of r. Each element of the partition groups the bonds corres-
ponding to the derivatives acting on one elementary expression.
Thus we get an estimate :

(28)
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where

(?9)

(30)

and each operator Qisr) is a product of the operators sr) or
and some number of the operators The

lowest upper bound in (28) is taken with respect to all choices of the type
of term for each differentiation (or bond b E F), of the places occupied by
the elementary expressions of the type E, of the localizations and of places
for first derivatives of the P-terms.
Now we shall analyze the elementary expressions b~), ...,

occuring in G(sr) or Q(sr) more exactly.
Let us fix the convention that by « a fermion propagator » we mean

any of the operators ((f + m)D -1 ~S, (D-1)s, ( 1 - h)) -1 or

( 1 - ÀK(sr, ç +))-1 occuring in the definition of Kh(sr, ~) or 
In each elementary expression there are at most 0(1) fermion propagators
and each differentiation acts on one of them. It can be chosen with the help
of a combinatoric factor 0(1), and this choice made for every differentiation
gives us a factor Thus we fix a partition = r; u r;’ u ... and
now every differentiation ..., acts on a fixed propagator. It acts
on a factor H(s, A, ii’) with the exception of the propagator (1 -/LK(~ h))-1.
For this we have

(31)

and iterating the above formula and introducing the localizations we get

(32)

Arguing as when proving (27) we fix one term in the sum over permutations
by a combinatoric factor

(33)

where bk E y~.
Finally, each differentiation in 1§~ acts on one of the three propagators
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occuring in K(sr, h) and it can be chosen by the factor 3, so we can fix a
partition of y~ into at most three subsets, corresponding to the differentia-
tions of propagator, with the help of the factor 
Summation over the partitions of 1~ considered above, together with

summation over the partitions { E &#x26;&#x3E;’(r), give us the sum over a cer-
tain class of partitions { y J ~ of r. We will denote this class by again.
Now each differentiation ~s~ acts on a definite fermion propagator, obviously
with the exception of the propagators ( 1 - ~,K(sr, f )) -1, f = h or ~ + .
The last step will consist of complete localization of the under-integral

expression, that is of localization of every fermion propagator. It is done
with the help of combinatoric factors 0(1)?~~. 

’

We decompose the combinatoric factors attached to some elementary
expression into the factors attached to propagators and vertices occuring
in this expression. We do this the following way: if a square of localiza-
tion A is connected with a propagator differentiated with respect to sb
by a chain of propagators localized successively in ..., ~b then

(34)

and we attach the localization factors + d, to the corresponding
propagators. We will have at most 0(1) factors of this type for one propa-
gator. The factors will be attached to the Yukawa vertices ~r.

This way the following inequality is obtained

(35)

where G, R, Q and p have the same structure as previously, only the ele-
mentary expressions have a more complicated one. Nevertheless we shall
keep denoting them by the same symbols as b~) and so on.
Since the number of factors e°~~~, 0([4) and 0(1) per single vertex was bounded,
we have gathered all of them into a single e°~I~ coefficient.

Annales de l’lnstitut Henri Poincaré-Section A



305PSEUDOSCALAR YUKAWA MODEL OF QUANTUM FIELDS

Now let us analyze the effect of differentiations ~n. We have the formula

(36)

At first let us notice that applying the operation in the square bracket
on the right hand side of (36) to a Wick polynomial of the second order

8
in the field ~p we get 0. Thus the only new term appearing in - Rtr) is

. :

(37)

and the differentiation - can act also on the terms having appeared
earlier, so either on the term of the form

(38)

or on the propagator coming from the second part of the ope-
ration in (36). 

_

Hence the effect of differentiation a?j can be written in the form

(39)

where denotes the set of incomplete partitions, it means that c II

only, an operator of functional differentiation of the second order for a
given j does not act on Wick polynomials of second order (obviously
it can act with one differentiation on each such polynomial), and a diffe-
rentiation for b E either generates a new term of the form (37),
or acts on the old term of the form (38).
A combinatoric factor 31111 fixes a partition of FI into three subsets:

n = FT u II" u II"’, where rr = Unj, II" corresponds to differentiations
acting on the new terms (37), and FT" to differentiations acting on the old
terms (38) which were produced by fermion differentiations. The effect
of the differentiation can be written in the form
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The differentiation ~" generates a slightly more complicated situation.
Together with the sum over partitions {vc,} of FT" there is a sum over all
choices of the differentiated terms, or, which is the same, over all choices
of the corresponding { rj. We can fix one such choice. If bi E 03C0i and b’i E ri,
then we make a choice with the help of a combinatoric factor

(41)

which is next divided similarly as in (34), into factors attached to propa-
gators and vertices of the corresponding expression. Thus we are left with
the summation over partitions of II"’. We will write these three summations
over the partitions of the sets FT, II", II"’ as summation over the cor-
responding set Ø"(II) of partitions of II. For a functional differentiation

~ 03B403C6(x) 
we have the formula analogous to (15), (16) and (17), so the types

and number of terms appearing after the differentiations is controlled by
similar combinatoric factors as in (28). Thus we localize the propagators

in the squares A, ~’ of the t-lattice by a factor 
b E 7L Next, if the differentiation - produces a new elementary expres-
sion of the type A, E or B, then we localize the propagator additionally
in the squares of the d-lattice with the help of a factor 0(14). We localize
also the whole expression (every propagator in it) by the localization fac-
tors with the exception of the expressions of type B obtained
by the differentiation of the Wick polynomial of second order in the expo-
nential (the term in the first exponential). The localization for this expres-
sion will be analyzed in Chapter IV. Further, the type of a term is fixed
by a factor Applying similar combinatoric factors as for fermion
differentiations we fix the position of E-operators as well as elementary

expression differentiated by 201420142014 in the case when it acts on C or G.p y 

As in (34) we divide these factors into the corresponding factors attached
to propagators and vertices. Each elementary expression is a polynomial
of an order at most 3 with respect to cp, so the above procedure will enlarge
a power of the combinatoric factors by 3. The only new types of terms are
these, in which differentiations act on

or on e-F{Z~~}. A choice of the differentiated function or
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+ is made by a factor with an additional overall fac-
tor arguments similar to that used in (22)-(27).

In order to write the underintegral expression after all differentiations
in a compact form, and for the estimation of it, it is convenient to intro-
duce integrations with respect to additional gaussian measures instead
of propagators The problem is that these propagators, for I n &#x3E; 1,
are not positive operators. We will proceed further in the exactly same
manner as L. Rosen, A. Cooper in their paper [3 ], and will use extensively
their results concerning propagators. Thus a propagator may
be written in two ways as a linear combination of positive operators.
The first representation is connected with the necessity to obtain estimates
with exponential localization factors. We have

(42)

where = 

onp, on Each is a posi-
tive operator, hence if defines a Gaussian measure, and we can write an
expression containing as a sum of 21nl-1 terms, in which the cor-
responding propagators are replaced by the integrals

(43)

A bond b can be chosen in such a way, that

(44)
and

(45)
for some 5 &#x3E; 0 (which can be made arbitrarily close to 1). A second repre-
sentation will be used for containing the estimates with exponentially
sentation will be used for obtaining the estimates with exponentially small
factors for |03C0| large. Precisely: for each q  + oo there exists two non-
negative operators on the space L2(R2), such that

(46)

(47)
for some 6 &#x3E; 0, where G1 has the property

(48)

(49)

The decomposition (46) can be constructed by the method described in
Section VI. 8 of [3 ] and the above estimates can be obtained from Corol-
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lary VI. 2 of this paper by scaling. The factor G1 and its properties are
described in Section IV of [3 ], (IV. 23-26).
The operators define Gaussian measures and we have a repre-

sentation similar to (43) :

(50)

We can now replace all propagators appearing after the diffe-
rentiations by the right hand sides of the formulae (43) and (50). This way
we get two expressions depending on the formula used. In the first case
there is an integral with respect to the measure

(51)

in the second case with respect to the measure

(52)
T20142014r

A term in the sum (51) is fixed by a combinatoric factor 2’"’.

Similarly a term in (52) is fixed by n 2 ~ 2lnl.j
j j

Each of the two expressions obtained this way will be estimated sepa-
rately and the final estimation will be the geometric mean of both.
Denote any of the measures and d~’~T) by ~~(r), similarly

for the fields and 
Thus we obtain the inequality:

(53)
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where

(54)

The meaning of the remaining symbols in (53) should be clear from the
previous discussion.
The combinatoric factors in (53) are naturally divided into groups cor-

responding to elementary expressions (except the overall ones).
Now we can formulate the inequalities necessary for proof of Propo-

sition II .1. We estimate at first the integral on the right hand side of (53)
using the Holder inequality:

(55)

This inequality will be used next for p close to 1 and then q can be chosen
as an integer divisible by 4.
The central technical results of the paper are contained in two theorems

below.

THEOREM III. 1. - (« Linear lower bound »). If the diameter d of
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the d-lattice is sufficiently small then there exists p &#x3E; 1 such that

(56)

for some v &#x3E; 0 and every a &#x3E; 0, provided m  m0(03BB, a), with constants 0(1)
independent of À and m.
Z° is the set of d-squares in Z such that with in distance L E is not constant.
Z’ is the set of d-squares A in Z such that X1:(A) is differentiated at least

once.

THEOREM III.2. - (« Gaussian integration estimate »). For every
expression of the class to which the lowest upper bound in (53) applies,
the following inequality holds :

(57)

for some 5o &#x3E; 0, 8 &#x3E; 0 and for /).o and m  m0(03BB).
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II ’ denotes the geometric mean of the corresponding norms for two
possible choices of the measures (51), (52).

These two theorems and the inequalities (54), (55) imply

(58)

Our aim is estimation of given by (II. 36). For given E the derivation
bonds of r and n are « dense » in Z ~ Z° which results in the estimate

O(1)(Irl I + I n I + Iz + Jz). (59)
Thus the sum over rand n of exp [ - 0(l)m~ ! I ZO I - r I + ]

may be estimated by I]
which after summation over choices of Z° and of 03A3 rzo (Z° together with

L fzo determine L) is bounded in turn by .

This together with (II . 36) and (58) yields Proposition II. 1 if we notice that
0(~)~ ~ O(m).

CHAPTER IV

GAUSSIAN INTEGRATION ESTIMATE

In this chapter we shall prove Theorem III.2. The proof will proceed
in several steps.

1. At first let us estimate the norms of the products of fields qJ and

cp1ti occuring on the left hand side of (III.57). The estimate of the first
factor is standard. We use the checkerboard estimate for (uniform
in r) which can be easily obtained by adapting the version proven in [14 ],
the Holder inequality and the hypercontractivity :
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In the future the following remark will be very useful: for arbitrary 1rj
the field occurs only twice in the whole expression in (III. 53).
Hence every such field occurs at most twice in the second, third and

fourth norms in (III. 57), so making use of the Fubini theorem and Schwartz
inequality we can factorize completely these norms:

(2)

The following inequality holds for G1-factors:

(3)
It follows from (III .48) and will be systematically used. From (1), (2) and (3)
we obtain

(4)

A similar estimation of the third factor gives us

(5)

Let us denote further d(x, A) := A, A).
The fourth norm will be estimated together with the factors 0(1) :

(6)

Annales de l’lnstitut Henri Poincaré-Section A



313PSEUDOSCALAR YUKAWA MODEL OF QUANTUM FIELDS

The functions under the are not identically equal to 0 only

if dist (0394i’, Z - Z°) &#x3E; - L. Then &#x3E; - L for bt. E ?Li. and

for arbitrary K and m sufficiently large. Because the norm II ... ~ + ),
so for m large we have

(7)

The number 1 03B4 was replaced by 03B4 in this inequality, and we will also do
that in the future. The only important thing are some generic properties
of the constants and their inter-relation.

2. Next we will estimate the coefficients with no in (III. 57) (5). We will
use the localization factors in a manner similar to that used in (III.24)-
(111.27). As in Proof of Lemma 10. 2 of [77] ] one shows that

(8)

b~ E Hence

and finally we have

(9)

(10)

Let us notice also that obviously

(11)

3. Thus we need to estimate the last two norms on the left hand side

of (III. 57). The operators Qisr) and the polynomial G(sr, Tn) occuring
under these norms are built of the fermion elementary expressions only.
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The coefficients H(s, A, ~’) and ~, 1B’), connected with the localized
fermion propagators, occur multiplicatively in these expressions, so we
can exclude them from the norms and estimate using the inequalities:

(12)

( 13)

For each vertex there are at most 3 factors ~B so we can attach them
to this vertex, with the exception of factors connected with the operators P.If A, A’ are the localization squares of the corresponding fermion propa-
gator, then of course A’) ~ A’). It follows that for every partition
{~,}e~(r) we have

(14)

Let us denote by "G(~Tn)~ ..., the
expressions obtained from 

..., after
the exclusion of the coefficients H(s, ~, ~’). We shall formulate the missing
inequality for the norms of " " and " G(sr, Tn) ".

PROPOSITION IV , I. - The following inequality

(15)

holds for £ a Ao and m &#x3E; 
Now we can finish Proof of Theorem III.2. If the inequalities (4), (5),
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(7), (10), (11), (14), (15) are combined, the left hand side of (III.57) can be
estimated by its right hand side times the expression

(16)

Taking m so large, that 0(1) - 80m S 0, 8 fixing so small, that 0(1)~ - 0,
and using (III . 49) for the sums over partitions, we can estimate (16) by

(17)

We fix 5o &#x3E; 0 such that b2 - 60 &#x3E; 0. Then for 1 sufficiently large, what
means A large’, the first two factors in (17) can be estimated by 1. Finally,
because 1 = 

Thus Theorem 111.2 is proven. 
’_AU--~

In the rest of the Chapter we shall be occupied with the proof of Propo-
sition IV .1. Let us make some comments about it. The products on the
right hand side of (15) can be factorized in a natural way into products
corresponding to the elementary expressions occuring under the norms
on the left hand side, so Proof of Proposition IV. 1 can be obtained as a
consequence of a set of sub-propositions: each elementary expression
on the left hand side of (15) gives rise, after all estimations are made, to
the corresponding product on the right hand side.

Unfortunately it is impossible to factorize the left hand side into the
product of the corresponding norms of the elementary expressions, because
the norms are defined by the gaussian integration with respect to the field q,
which can occur in all expressions. Nevertheless in the proof which follows
we make some preliminary analysis and estimation for each elementary
expression, and we obtain this way some factors on the right hand side
of (15). The final estimate is produced by considering the Gaussian integrals
of some simple expressions in the fields cp, cp1t. ,
Some general remarks can be made concerning the structure of arbitrary
elementary expressions except the first of the B-terms, which will be analyzed
Vol. XXXVI, n° 4-1982.
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later. These are operators, or traces of operators, each consisting of at
most 3 operators of the form

(19)

where f is equal to cpA, or (~-/t)A + (~+ - ~)(1 - A), and also
of at most 3 chains of operators of the form

(20)

or of the same form but with h replaced by ç + (h -~ ~+). These chains
appeared after the differentiations of the operators ( 1 - ÀK(sr, 
or ( 1 - ÀK(sr, ç +)) -1 according to the formula (III . 32). In all considera-
tions in the sequel we shall isolate and estimate chains of the operators (20)
at first and then consider the remaining operators of the type (19).

K

4. Let us now consider the norm . At the begining
j=1

we estimate the According to the structure of the
operators " Q/sr) 

" 

we estimate ~ " " 

111 by the product of the norm
I " or II" and of the norms

of all operators of the type E.
Using the operator Holder inequality the of an expression

of type A can be estimated by the product of three norms

and a product of the of the chains (20). The of
an expression of type E is estimated by the product of the same norm of
the operators (19) and of the chains (20). Next, using the inequality

1 oo, the norm of the operators (19) is bounded
again by the norm ~.~3. Finally, an expression "~0393SjPZ,03B2(h, sr) " is the

product of one chain (20) and of an operator and we estimate
the norm 11’111 1 by the norm 11’1100 of the chain and !! 1110 For the
last norm we have 

(21)
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Now the norm H of a chain (20) will be estimated. Using Corollary A . I . 1
and Proposition A.I. 1 and II Àç + we obtain

(22)

(23)

and it is easily seen that this estimate is of the form required for (15), with
the exception of the overall factor 0(1). This factor is attached to an operator
of the form (19) occuring after the chain in a given expression, or to the
operator and then occurs on the right side of (15) in the factor 

K

Thus after the estimations of !! " 
" 

II [ i, performed above we are
left with an expression ~~

(24)

where fk are equal to qJA, or (g - h)A + (~ + - h)( 1 - A). The norms
~ ~ 113 in (24) can be estimated further using Proposition A. I . 1 which gives
for some v 1 &#x3E; 0 and {3 &#x3E; 0

where
(25)

(26)

This gives us for m &#x3E; mo(~,)

’ 

(27)

The inequalities (21), (23) and (27) give all localization 
for fermion propagators and the factors À -1 for vertices, needed in (15)
and coming from " Q(sr) ".

Let us now consider the terms in the product over k on the right hand
side of (27), for which h = (g - h)A + (~ + - h)(1 - A). If such a term
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is not cqual to 0, then dist (0394"k, Z - Z0)  1 2 L and
(28)

This term occurs in some elementary expression appearing after a fermion
or boson differentiation corresponding to some bond b. Hence there is
a sequence of fermion propagators in this expression localized in the
squares ak - Ai, ~2, ..., A~ and the square A, is connected with the
bond b either by a boson propagator, or by a differentiation of a fermion
propagator with respect to sb. In both cases we have the factors e + 1&#x3E;
i = 1,... r -1, to our disposal. Of course d(b, = d(b, L

and

Let us remind that  == 0(log 03BB) and L = 0((log m)2), so for m large  is

much smaller than L, and we can assume for example ~/2 ~ 2014 L. We will
consider now two cases depending on the magnitude ofr 

then 1 4~L  ~d(b, 0394r) + r-1 d(A,, A;+j), and 
’ 

20 ’

f=i

for arbitrary Nand m sufficiently large. We will need at most N = 3.
1 1 1If r a - L, then in the elementary expression there are at least - r a - L20 1 4 80

vertices and the factors 03BB-1 2 can be used:

for arbitrary N and m large.
It is obvious that the above reasoning is quite general and it leads to

the following.

LEMMA IV 1. - If an elementary expression (e. e.) has two localization
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squares, or a localization square and a bond of differentiation, with a
distance of order L at least, then for arbitrary N

(29)

for m sufficiently large. D
This lemma will be used frequently in the future. The localization factors

and the power of i2 are included to the factors on the right hand side of (15).
The additional power m - N is used to cancel some powers of m appearing
in the estimation of the elementary expression.

In our case we have at most 3 expressions of the type occuring in (28)
in one elementary expression, so at most ~ +  0(m3) and it is sufficient
to take N = 3 to obtain the cancelation. Finally we are left with the norm

(30)

where for the all k, he = cp or 
Using the remark from the beginning of this chapter about fields cp1t

and the Holder inequality we can factorize (30) into a product of similar
expressions, but depending on one fixed field y) or 
We have to estimate two types of integrals:

(31)

(32)

Let us notice that

(33)

and, as it follows from Proof of Lemma A. II. 2

(34)
We have the following lemmas giving the estimates of (31), (32)

, LEMMA IV. 2.

(35)
Vol. XXXVI, n° 4-1982.
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Proof - For q divisible by 4 we have

(36)

We estimate this integral, using the Holder inequality, by

(37)
and (35) follows. D

LEMMA IV. 3.

(38)

the products II’ are over the factors attached to the elementary expressions,
which gave rise to 

Proof - An elementary expression giving rise to appears
after the differentiation with respect to a bond b~. Let r(A) be a number
of indices k such that ~k = A, and let R(A) be the set of the corresponding
bonds bk. The checkerboard estimate and Lemma A. II. 2 give us

(39)

Estimating now the last expression the same way as in (9)-( 11 ) we get

(40)
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The factors can be divided into the combinatoric factors attached

to the given elementary expressions according to (III.34) and we obtain
finally (38). We used the fact that a given elementary expression gives rise
to at most 3 expressions Sa. The inequalities (35) and (38) terminate the

K

estimation of the norm 03A0 II " " 

I I 1 Lq - 0

Now we pass to the estimation The functional
" 

G(sr, Tn)" is a product of the elementary expressions of type B coming
from the differentiations of the exponentials in (III.4). There are 5 types
of such expressions. Some of them do not depend on the fields ~ and

can be excluded from the norm ~.~*Lq. We will consider them at the beginning
and next we will consider the norm of the remaining expressions depending
on ~ 

5. The first expression we shall consider is

(41)

Localisation, differentiation and exclusion of the coefficients H(s, A, A’)
leads to an expression of the form

(42)

It vanishes ifL(Ll3) = and then the term - (h - j + )
is equal to the first term. Thus we have to consider only the first term in (42)
with E(43) ~ which implies of course Ag 5~ Thus one of the

operators under the trace (42) has two different localization squares. Let
it be the first operator. Then the trace (42) can be bounded by

(43)

where xi, X2 are positive and sufficiently small, 2014201420142014 + 2014201420142014 = 1.
2 - Xl 2+~~

(43) can be estimated further, using Proposition A . I , I, by

(44)
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and the product over vertices for m large. The estimation
vertices

has the required form to fit (1 5), except for the factor ~ +. We have to analyze
now the condition E{43) ~ ~{~6) more exactly. The following cases can
occdr:

1 ° dist (1Bh Z0)  1 2 L for i = 3,6 and 03943, d 6 belong to different

domains Z*, &#x3E; where Z:t = U 4 2° dist (A;, Z ’" ZO) &#x3E; 1 L for one or
both i. 1:(d) = :t 2

In all these cases either the distance between a3 and 46 is larger than L,
or the distance between 43 and a bond of differentiation b E is larger

than 1 L, and we can apply Lemma IV . I and get an additional power m-K
together with additional localization and other factors on the right hand
side of (29). This finishes the estimation of (42).

6. Now let us consider a term obtained by the differentiation of

(45)

To see the cancellations which make this term small we have to transform

the above expression. The set Z can be written as a union of three sets

Z +, Z -, Z°. The sets Z + and Z - are composed of d-squares A c Z with
~(A) = + and E(4) _ - respectively and with distances to Z ~ Z°

smaller than 1 2 L. ZO is defined as Z ~ (2+ w Z - ). Obviously ZO c Z°.

(45) can be written now as a sum of three expressions

(46)

and now we shall analyze them separately. For the expression with Z+
we have

(47)

We choose one of the above expressions with the overall factor 21r1.
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Differentiafion, localization and exclusion of the coefficients H(s, A, A’)
(or their derivatives) gives

(48)

or

(49)

In (48) A~ c Z~, and if this term is not equal 0, then ~(A~) = - and by
the definition of Z~ d(Ai, A~) ~ ~L. Similarly in (49) A~ c: Z~ and, by
the same reasons as for (42), E(As) 5~ ~(Ag), so one of the squares A~ Ag,

let it be for example A~ has ~(A~) = -. Then ~(A~ As) a - 2 L again. Thus
for both elementary expressions (48), (49) there are two localization squares

with d(A, A’) ~ - L and we may apply Lemma IV. 1. The expressions (48),
(49) can be estimated as usually using the Holder inequality for traces,
with norm ~.~~ for the chains .~3 for the operators K. Next, using
(23), (25), (27) we estimate these norms by the corresponding factors on the
right side of (15) times ~. We use Lemma IV. 1 to cancel this additional
factor. 

_

Let us now consider a term in the sum (46) with Z’. At first notice that

(50)

This equality is a consequence of the equality

(51)

which follows as the cp - - qJ symmetry, see (II.19). The equality (50)
implies that the term with Z - can be written as

(52)

Vol. XXXVI, n° 4-1982.



324 T. BALABAN AND K. GAW~DZKI

and now the set Z - plays the same role for the function ( - h) as the set Z +
for h, so all further transformations and estimation are the same as in the
case of Z + .
The term in (46) with ZO gives rise to an expression

(53)
with Ag c Z°. This expression appears after some differentiation with
respect to a bond 

-- 1
According to the definition of Z°, d(b, 4) &#x3E; - L and we can apply

Lemma IV. 1 again. Estimating (53) similarly as in previous cases we get
the required part of the inequality (15).

7. Now we consider a term obtained by the differentiation of

(54)

with respect to or both.
The trace occuring in (54) can be transformed into the following form:

(55)

where the same definitions are used as in point 6) and f is equal
pA or 
We have an equality regularizing the trace above

(56)

By the same reasons as for (50) we have moreover

(57)
and an analogous equality for the second trace in (56). This implies

(58)
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Using (58) we obtain after some transformations

(59)

Differentiation of (59) with respect to s, localization and exclusion of

H’s produces either a term of the form

Tr { [(chain (20) with h - Ao, A~, ~ - h)
. (second chain (20)) f)(chain (20),

with h - ç£ eventually)K(03942, 0394’2, 0394"2, f ) } , (60)

where ~7, 1B~ c ZE, 8 = + or a term

Tr { Ao, ~~, ç + or h)(chain (20) with h - j + eventually)
. ~1~ ~3~ 1B~, ç +

or h)(chain (20) with ~ -~ ~+ eventually)
these factors may be absent ]K(~2’ ~2, 1B~, /)}, (61)

where 0394"1 ~ ZE or Z°, 42 c Z - or 2°. 
In the first case (60) we have 03A3(0394"0) = ~, so of course 0394"1)  1 2 L.

In the second case (61) either 1B7 c ZE, 0394"2 c Z - £, and then 0394"2)  L,
or one of these squares, for example is contained in Z°, and then

d(b, 0394"1)  1 2 L, where b E r. or b E In both cases we can apply Lemma IV.1.

The expressions (60), (61) contain at least 3 operators K, so we can esti-
mate them in the same way, as in point 6). Using Lemma IV .1 and the
inequality (25) we obtain all factors needed in ( 15), with possible exception
of boson factors, and a product

(62)

Thus finally we need to bound the integral of (62) with respect to d/1mc(T)
or Using the Holder inequality and Lemma IV. 3, or Lemma IV. 2,
the estimation is finished.
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8. We pass now to an analysis of the most important terms of type B :

(63)

(64)

Let us remind the definition of z)i

(65)

Every elementary expression obtained from (63) by differentiation and
localization belongs to one of the following types of expressions, in which
f, f ’, f " denote, as usually, one of the fields or

(66)

(67)

(68)

(69)

At least one of the functions f ’, f " is equal in (68) and is equal
(g - h)A + (ç + - h)(l - A) in (69). It is convenient to get rid of the Wick
ordering in (66). This term can be written as a difference of two terms

(70)

and an integral of (69) with respect to A combinatoric factor 2,
thus at most 21rl after all operations, allows a choice of one of these terms.
If it is the integral, then it can be excluded from the norm ~.~*Lq and, by
the Holder inequality, estimated by II (70) IILq. This norm is of the same
type G(sr, ~n) " Iliq so an estimate of the latter will produce a bound
for it. We have the Wick ordering in (67).

(68) is not localized further, i. e. its propagators are not localized.
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Let us analyze the expressions coming from (70) and (67). (70) gives
rise to

- - Tr

[(chain {20))K(A~ 02, A’, I’)(second chain (20))K(A~ ~2, A", f ") ] . (71)

We will consider two cases. A simpler one is if there are two different

squares in one of the sequences (A~ ~2’ A’), (d7, ~2, A"). Let the first

sequence have two different squares. Then we estimate, similarly as in

point 5., the trace (70) by the of the chains and by

(72)

with xl, H2 positive and sufficiently small, _201420142014 + 1 = 1. Using (23)
and Proposition A. I .1 we can estimate these norms by the corresponding
factors in (15) and by

(73)

The second case is a little bit more complicated. There = ~~ = A’,
~~ = A" and either A’ # A", or r~ 0 and then for some ~ ~ 0

the differentiation ~ acts on a propagator in (70) with a localization 1’ ~2.
Because H(s, ~, A) = 1 and ~, ~) = 0, so OZ and the propa-
gator occurs in one of the chains in (71). Thus in this case there is a propa-
gator with different squares of localization in one of the chains. It occurs

either in 0~’, A~ 1 
or in xa,(I - ÀK(sr, h)) -1 xe2. In this case

we estimate (71) using II ’ I13 for the operators

or

and I 1100 for all the other ones. The use of Proposition A. I , 1 (point 2 . b) for
II 1 113 and of Proposition A. I . 2 for

produces the same estimate as in the previous case.
In the case when one of the functions f ’, f" is equal

we use (28) and Lemma IV. 1.
For the expression (67) the situation is very similar, because it can be

written in the form

(74)
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After differentiation, localization, and so on we obtain

(75)

Reasoning the same way as for (71) we obtain the factors of the right hand
side of ( 15) and

(76)
Now let us consider the expression (68). We have

(77)

where ~ + or ~ _ is chosen according to the value Using the following
two equalities:

(78)

(79)
we estimate the right hand side of (77) using Proposition A. 1.4 and Propo-
sition A. I . 1. This gives

(80)
for some positive v and f3. One term on the right hand side of the above
inequality can be chosen by a combinatoric factor 3, thus 31111 for the
whole expression.
As far as the terms (69) are concerned we separate the product of them

using the Holder inequality and bound the resulting norm combining the
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methods of point 1 with Lemma IV 1. The result matches the right hand
side of (15).

Finally we consider the expression (64). At first write

(81)
Now if differentiation and localization is performed we obtain expressions
of the types considered before, in points 5. -7. There are either two squares
Ai, A~ with A~) ~ L or a square A and a bond b of a differentiation

creating this expression with d(b, 0) &#x3E; 2 L, so Lemma IV. 1 can be applied
and we may estimate the right hand side of (81) by the factors of (15) and

9. After the estimations of point 8 we finally need a bound on the
norm !!’ of a product of the expressions :

(82)
(83)
(84)

(85)

where f, f ’, f" are equal cpA, qJ1CjA or (g - h)A + (~ + - h)( 1 - A) and
at least one of the functions f’, f " in (85) is equal we can assume for

example f" = Using the Holder inequality we can separate the four
types of factors. The factors (82) can be further separated and we obtain
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the norms (31), (32), estimated in Lemmas IV. 2, 3, and the factors with
f = (g - h)A + (~+ - h)(1 - A) which are estimated by (28) and
Lemma IV .1. We can separate also the factors (83) for which one of the
functions f’, f" is equal cp, and the second is equal (~ - ~)A + (~+ - ~)(1 - A),
and estimate the norm of a product of these factors by an obvious modi-
fication of Lemma IV. 3, and Lemma IV .1.
A very similar situation occurs for factors (84). We have

LEMMA IV. 4.

(86)

The products are over factors attached to elementary expressions giving
rise to Sa( . 03C62 :03C403A0~0394k), k = I, ..., K.

Proof of this lemma is identical to the proof of Lemma IV. 3. D
The situation with the factors (83), (85) is a little more complicated.

We have to estimate two norms :

(87)

(88)

where fk = qJA, or (g - h)A + (~ + - h)( 1 - A).
We can separate further the factors in (87), (88) with

and the norms II S03B2(fk03C603C0k^~0394k) ~*Lq can be estimated by an obvious modi-
fication of Lemma IV. 2, and Lemma IV 1. The norms

(89)
will be considered later.
Thus we can assume that in (87), (88), fk = cpA or The needed

estimations of (87), (88) are now contained in the following two lemmas.
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LEMMA’ IV. 5.

(90)

and the last product above can be omitted for m sufficiently large.
To prove the lemma we begin with a representation of the power q

of (87), similar to the representation (36) for (31):

(91 )

where the summation over double pairings is understood as the summation
over sets of pairs such, that every index j = 1, ..., Kq occurs exactly
in two pairs (obviously not over all such sets) and denotes the cor-

responding propagator or depending on a pair j. Applying
the Holder inequality with exponents pi, qi, and next Schwartz inequality
to the product of propagators, we obtain

(92)

where k(j) denote this index k, for which the variable Xj occurs in w~. We
fix now one term in the sum over double pairings with the help of a proper
combinatoric factor. Let We have

(93)
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hence the corresponding factor is

(94)

Thus, using (92)-(94) and (34), the following inequality is obtained

(95)

Further, if for some j = then the corresponding factor in the
4

product over pairs can be estimated by O~t2q1)  e°~~}. If = Cm~(2),
then the geometric mean of the two choices of covariances for this factor
can be estimated by

Using these estimations we obtain (90). D

LEMMA IV. 6.

(96)

and the last product can be omitted for m large.
We use a representation

(97)

where F(k) is given in (V. 280) in Chapter V and F is its inverse Fourier
transform.
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For (88) raised to the power q we have the formula

(98)

where the same notation is used as in Proof of Lemma V. 5. Let us notice

that the indices in a given pair cannot occur in one function F, so each
pair connects two such functions.
A pairing in the above sum can be fixed, identically as in Proof of

Lemma IV . 5, by the factor on the right hand side of (94), only i changes
from 1 to 2Kq. This factor will be estimated next the same way as there,
we need only to extract the usual factors for the propagators 
Now let us consider a term in (98) with fixed pairings. This pairing can be

decomposed into disjoint chains of pairs {j1, j2 }, {j3, j4}, ... , {j2r-
with the property that each pair {j2, j3 }, {j4, j5 }, ..., {j2r, j1} occurs in
one function F. Then the term in (98) factorizes into a product of terms
corresponding to the chains. It suffices to estimate a term for one chain.
It is easily seen that this may be interpreted as the trace of a product of
operators Y

(99)

This expression will be transformed now. If equals to one of the
propagators C~(r), then we insert on its both sides the operators D~D~,

Dc = (P2 + m~ 2. If is one of the propagators 
then we insert on its both sides the operators where

on supp is contained in sufficiently small neighbourhood of A~ is
the localization of the neighbouring operator F(P). The expression obtained
this way is estimated next by the corresponding product of norms

(100)

(101)

(102)
In this place we use the estimates of the propagators contained in [3] ]
Corollary VI. 2, Lemma VI.11.

(103)

(104)
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and holding for a properly chosen, for example for a = 3 These estimates
provide all the necessary factors connected with the fields 03C603C0 occuring
in (88).

Finally, let us consider the norm (102). By the result of [25 ], Lemma 2 . 3,
see also Lemma A. 1.4.,

(105)

3 1
Hence taking for example a = -, v = - we obtain

4 8

(106)

But

(107)

where we have used the estimate (V . 281) to be proven in Chapter V. This
ends Proof of Lemma IV.6. D

. Now it is easily seen, that the norms (89) can be estimated by the methods
used in the proof of the above lemma, and by Lemma IV .1 of course,
and we get the needed combinatoric factors for the fields 

Gathering together all estimations obtained up to this point we obtain
all necessary factors on the right hand side of (15). This completes Proof
of Proposition IV. 1. D

CHAPTER V

LOWER LINEAR BOUND

The present chapter is devoted to the proof of Theorem III.1. To this
K

end we shall estimate an --_ Lp(z) norm of / 
j= 1
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for random variables Q~ with values in trace-class operators on L2(Z).

(1)

s and T vanish along aZ. z~ is a random variable with values in B(AKL2(Z)).
The first idea of the proof is to compare the partially decoupled action

entering in z~ with the completely decoupled one based on operators Kå
acting in L2(4), 0 running through squares of the d-lattice. We shall define
Ka using periodic boundary conditions. This choice leaves computation
of traces we have to perform still manageable.

First some notation. By Pi0394 we shall denote the operator - - on 
(or C2 (x) L2(0394)) with periodic boundary conditions. We shall also write

F(P å) for a function F of two variables. F(P)A will be also considered
as an operator on L2((1~2) giving zero on L2( ~ A), or as an operator on
~2 @ L2(~2). With D~ := (P2 + m2)~/2 put

(2)

(3)
Let

(4)

Similarly as in [13 ] the proof of the linear lower bound will follow in
steps. First we shall obtain a bound with exp [0(1)~,3 ~ I Z ] instead of
exp I Z I] ] but uniform in parameters t = (t(4)) being superficial
coupling constants introduced for d-squares A. The final result follows
via expansion in parameters t.
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Thus for each d-lattice square A c Z introduce t(A) E [0, 1 ]. Assume
additionally that t(A) = 1 for A c ZO u Z’. Write

(5)

where

(6)

(7)

(8)

and we have written E2 = E~ + E2, see (III.7) and (111.8). Note that for
~ 4) - 1, = ZK. ,

Put

(9)

where on the right hand side we have the operator norm in 
We shall prove

PROPOSITION V.I. - There exist’ 11, 0  11  -m~ ~ &#x3E; 1, d &#x3E; 0 and

constants 0(1) such that for all A, K, 03BB, t, (x &#x3E; 0 and m  m0(03BB, a)

where

(10)

(11)
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and

(12)

To obtain (10) we follow the general idea of G - J - S [13 ]. In each
square of the d-lattice the field will be decomposed into its average and
quantum fluctuations around the average. The terms involving a 1-loop
effective potential of the average factor out in each square and are easily
estimated with our knowledge of the shape of the potential. The terms
with fluctuations are estimated basically as in the standard proof of the
linear lower bound for (YU)2 [25 ]. The only complication is that the terms
with fluctuations involve also the averages of the field.
Thus divide into two parts:

(13)

where 03C80394 := d-203C8 and 03B4 is the fluctuation operator on defined by
~~ := ~ - ~ on A. (14)

Again easy transformations give 
’

(15)
where

(16)
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and

(17)

In some expressions above it will be more convenient to use operators

(18)
and

(19)

(20)

Introduce the notation:

(21)

(22)

(23)

where
(24)

(25)

With some more transformations we obtain

(26)

(27)

where

(28)
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(29)

(30)

(3 1 )

(32)

(33)

(34)
(35)
(36)
(37)
(38)

(39)

(40)

(41)

with (42)

) F denotes the Lq(!) norm of either F or of the function F’,

(43)

We choose qli and qi~ to be equal oo. Estimating 
we shall fix ~. With ~ fixed is finite for q13 close to 1. We
choose q13 sufficiently close to 1, p between 1 and q13 and qb for b = 3, 4, 5,
Vol. XXXVI, n° 4-1982.
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6, 7, 8,10,12 equal to q being sufficiently large. For given q we fix d estimating
II ~6~~) and I 

Let us start which, as many other terms is in fact t-independent.
First we specify the shape of Let ,

(44)

x is smooth, suppt x c [ - I, I ], Jx = 1. Put
(45)

x ± are smooth, 0 ~ 1, x + + x- = 1,~+ = 0 on ]- oo, - 1] ] and
X - = 0 on [ 1, + oo [.

(46)

Proof. - For x  1 - /(jc) can be expressed as a sum of termsProof. o ~ x ~ ~ 
dxn 

x( ) p

each of which is created by a differentiation of either xk or ( 1 - x2) - ~

or exp [ - ( 1 - ~) ~] ] in a term corresponding to x. Thus the

number of terms is smaller than 3n -1, 2n. Notice that I a  4nn !
which follows easily by induction. Moreover for y ~ 0

(47)
Hence

(48)

By definition of x ± (48) yields (46). D
Now we pass to estimation of

(49)

where

(50)
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Boundedness of is guarantied by the shape of the effective potential,
which can be bounded below by a quadratic term around each of its minima..

Define the 1-loop effective potential in A with periodic boundary condi-
tions by

(51)

The same proof as for K( f ) and K(s, f ) shows that Tr KA(f)2n+ 1 = 0
and, consequently, that = Va( - x).

(52)

With use of we can rewrite (50) as

(53)

The information on the shape of V0394 which we need is gathered in Lemmas V.2
and 3.

LEMMA V . 2..

(54)

Proof - From (51) and (52) it follows that

(55)

(56)

But since

(57)

We sum over the spectrum of the periodic boundary conditions momentum
operator and tr denotes the trace over the spinor indices. Hence

(58)
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Moreover

(59)

Thus Va has a local maximum at zero and two local minima 

We shall prove that for m &#x3E; mo(d) Va’ is positive for x &#x3E; 0. This shows

that those are the only local extrema, minima being the global ones.

(60)

When d -~ oo we obtain in the limit

(61 &#x3E;

But by the mean value theorem

(62)
We put

(63)
so that

(64)

for m &#x3E; mo(d). Hence

(65)

for x &#x3E; 0 and m &#x3E; mo(d). In the sequel we shall consider only those m
for which (65) holds. Since Vf,o(x) grows for x &#x3E; 0 it follows that

(66)

for ~ ~ ~+. Moreover
for

(67)
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if and only if

From (1.4) it is easy to see that there exists 1], 0  1]  - 1 m2 such that for
m &#x3E; 

~ T / n. / ~ ~, ~ 

4

Taking slightly smaller 11 we also see that there exist ~, a &#x3E; 0 such that

(68)
Now we have to compare Vo and Va,o. But for m &#x3E; mo(d)

(69)
Indeed,

(70)
and (69) follows by (62).

(68) and (69) give

Thus (67) holds. But since

(71)

for m # d), (54) holds too, see (66). D
We shall also need

LEMMA V. 3.

(72)
Proo, f: By (54)

for m  m0(03BB, d). D
Now we arc ready to estimate 

LEMMA V.4. 2014 There exists ~ 0  ~  -~, such that for all ~ /L,
~ ~ ~) 4

(73)
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Proof - In virtue of (49) it is enough to estimate given by (53)
at points for which 0. If A fA --_ 0 or Zu then = 1.

Suppose that A ~ ~ 0 and A qi Z". For to be non-zero it is necessary
that (~p +g)~ - 1, (~p + g)e  1 or both if A c Z’ or A c Z’ respec-
tively. But comparing (II. 3) and (III. 2) we obtain

Hence if 0 then

and

(74)

But

(75)

compare (71).
Moreover

(76)

(49), (74) and (76) give (73) (constants 0(1) depend on d but not on À nor m).
This ends Proof of Lemma V. 4. D
Next term which we shall estimate is see (29). The general idea

is taken from [23 ] [24 ] [25 ]. Let us start with a determinant inequality.

LEMMA V. 5. - For sufficiently regular operators A and B

(77)

where
(78)

(~A are its positive and negative parts (W Ã ~ 0), a, c &#x3E; 0.
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Proof - (77) can be easily obtained from Theorem 4 .1 of [25 ] :

(79)

we get (compare Proof of Proposition 1 of Appendix of [24 ])

(80)

(80) gives

(81)

which is easily seen to coincide with (77). D
In virtue of (29) and Lemma V. 5

(82)
where

(83)

(84)

Vol. XXXVI, n° 4-1982.



346 T. BALABAN AND K. GAW9DZKI

From (20), (25) and (23) it is easy to see that

(85)
Also

(86)

where are given by (83) but with A and A’ replaced by A~ and
A~. By the checkerboard estimate for the measures dJimc(!) (uniform in r)

(87)

for r = r( q, d). 
~ ..... ~

ll will be bounded by using the standard Nelson argument.
First we consider the expressions obtained from by
replacing ~ == ((~p + g - h)A + (~+ 2014 h)(1 - A))xz with its ultraviolet
cut-off version + (g - h)A + (~+ - h)(l - A))xz. The detailed
description and the properties of the cut-off which we use are inclosed
in Appendix II. Here let us remind that depends on only and that

= The bound on ] ) follows from two estimates which
hold for all À and sufficiently large m : 

’

(88)

(89)

where e &#x3E; 0 and 1 00.

Now

(90)

since

(91)
Hence (88) follows from

Annales de l’lnstitut Henri Poincaré-Section A



347PSEUDOSCALAR YUKAWA MODEL OF QUANTUM FIELDS

LEMMA V. 6.

(92)

for m &#x3E; mo(d).

Proof - Using (22) and computing the traces we obtain

(93)

where

(94)

In the limit d - oo we obtain the function given by (94) with (2~~2d - 2
replaced by dq. This can be explicitely computed. ~ 

’

(95)
where

(96)

Since a is uniformly bounded (A is bounded away from zero)

(97)

(98)

Thus I(k) is bounded uniformly in)" and nz. Using (6?) we also get for large m

(99)
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Hence also Ia(k) is bounded uniformly in ~, and m &#x3E; mo(d). Now using
(A. 11.1) we obtain

(100)

(93) and (100) give (92). D
The proof of (89) is slightly more complicated. We write

(101)
where

(102)

(103)

(104)

(105)

As follows from formulae (2 . 23) and (2 . 25) of [24 ]

(106)
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Notice that

(107)

where oc is given by (96). Hence by the min-max principle the trace q-norms
of are bounded by the trace q-norms of + l2

and analogically for Hence, denoting gA := gA + ~+(1 2014 A),
we have 

~ 

(108)

(109)

Z°, m5 on the right hand side of (108) may be omitted. In virtue
of Lemma A. I I . 2 ( 108) gives

(110)
and again m5 may be omitted for Z°.
Next we estimate the M 2 term. Since (see(16))

(111)
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(112)

(113)

M3 is estimated the same way yielding

(114)

In both cases m2 can be omitted for A W Z°.
For M4 we obtain

(115)
with

(116)

Lx,x- is the operator on L2(f~2) given by (see (93) and (94))

(117)

(118)

where we have used the uniform boundedness of see Proof of
Lemma V. 6, and Lemma A. II 1. The hypercontractivity allows to extend
(118) to

(119)
For M4 we have the representation

(120)
with

(121)
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Hence

( 122)

Again the hypercontractivity yields
(123)

(101), (110), (113)-(115), (119) and (123) give (89).
With (88) and (89) given, the estimation of ~L’3,0394(t)~Lr(03C4) follows in a

standard way, see Proof of Lemma 11.3.2.6 in [13 ] :

LEMMA V. 7. - For any r  oo and m sufficiently large

(124)

Proof The case 4 c Zv is trivial. So take the case A c Zr. By (88)
and (89)

(125)

provided xj  m10/~ for A c Z°. Choosing

(126)
we obtain

which gives ( 124). 0
To end the estimation of ~L3(t)~Lq(03C4) we have to bound ~ L"3(t)

see (84). This is done again by following [25 ] and bounding by product
of exponentials of the square roots of the fourth order non-linear mono-
mials in ~. The integrability of such terms follows as in [25 ]. We start
with technical
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16
LEMMA V . 8. - For any r, 2014 

 r  2, and a &#x3E; 0 there exist 03B2, e &#x3E; 0

such that for all d-squares A, ~’, A"

(127)

Proof - By Proposition A. 1.4 and Corollary A. 1.4

(128)

Now notice that

(129)

The last step in proving Lemma V. 8 consist in estimating

It is easy to see that if H(x - y) is the kernel of f (P) then XA(x)HA(x - Y)XA(Y)
is the kernel of f(P)a, where

Thus

(130)

where Tz is the translation by z in L 2(~2).
Hence

(131)

as in ( 129), ( 128), ( 129) and ( 131 ) give ( 127). D
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LEMMA V. 9. - For q  oo, a &#x3E; 0 and m sufficiently large

(132)

Proof. - Denote

(133)
We have (see (4))

(134)

Moreover by (17)-(21), (24) and (25)

where we have used the relation

Straightforward estimates

(135)

give

(136)

We choose s  2 but close to 2. Then si &#x3E; 4 but is close to 4 and for

small ~8

(137)

where we have used (130), Lemma 2.1 of [25 ] and Lemma A. 1.5. From
Lemma V. 8 we get

(138)
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(136)-(138) give (compare formula (5.18) of [25 ])

(139)

for any oc &#x3E; 0 provided f3 is sufficiently small and m sufficiently large. Since

(140)

Now in virtue of (140), the checkerboard estimate, the Holder inequality
and Lemma A . II . 5 

for f3 sufficiently small and m sufficiently large (À 2 has been swallowed by
a small power of m). D

LEMMA V 10. - For q  oo, oc &#x3E; 0 and m sufficiently large

(141)

Proof - Similarly as in Proof of Lemma V. 9 one shows that

(142)

( 142) yields ( 141) as ( 140) did ( 132). D
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(82)-(85), (87) and Lemmas V. 7, 9, 10 give

LEMMA V. .11. 2014 For each q  oo, oc &#x3E; 0 and I

(143)

provided m is large enough. D
Similarly as in Proof Lemma V. 9 we also show

LEMMA V 12. - For each q  oo, a &#x3E; 0 and À

(144)

for b = 4,5 and for m sufficiently large. D
Estimation ~6(t) ~ ( ~.,(t) are the steps which introduce

restrictions on the lattice diameter d. Because of that we shall trace more

carefully the d-dependence of the appearing constants. The reason for
these restrictions is that q In !!Z6(t) and q In are essentially quadratic
forms in fluctuation field 6q. For small d the 6q~ field has a high effective

mass and the - 1 2 (03B403C6|Cmc(03C4)-103B403C6) term of the Gaussian measure dominates

the other quadratic terms rendering the integral finite.
Let us start with the purely Gaussian term Z6(t). Conditioning with

respect to Neumann boundary conditions on the boundaries see

[14 ] [13 ], we obtain (in self-explanatory notation)

(145)

by explicite computation of traces.

( 146)
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In the limit d ~ oo we obtain

(147)
see formulae (A. 6) and (A 12) of [23 (p and a are given by (96)).

(148)

when p - oo, see formula (A. 14) of [23],

(149)

By standard estimating procedure using (62) and the Hausdorff-Yang
theorem

(150)
with d-dependent 0(1), compare (99).

In virtue of (147)-(150) there exists f3 &#x3E; 0 such that for each d and

(151)
and

(152)

By (145)

(153)

where

(154)

By explicite Gaussian integration

(155)

provided
(156)

Cmc(N) is the covariance corresponding to mass m, and Neumann boundary
conditions on a, g~ = gA + ~+(1 2014 A).

(157)
’ 
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~ 

Hence to prove that

(158)

for sufficiently small d, it is sufficient to show that

(159)
But

We have

Moreover

Hence (159) and consequently (158) hold if d is small enough. This is one
of the restrictions on d we shall encounter.
When (158) holds then

( 160)

1/ L~ I b will be estimated also with taking care of d-dependence. We shall

consider 0  d  1 2 and, until otherwise specified, 0(1) will usually denote
constants independent of and d.

In virtue of (156), (154) and (152)

(161)

(162)
But

Hence

(164)

LEMMA V 13. - For any a &#x3E; 0

(165)
&#x3E; uniformly in A.
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Proof

(166)

and since only A ta counts we may assume that we take A with bounded
diameter of the support. Then

(167)

uniformly in A. Hence

(168)
But

(168)

(169)

Now we estimate the second term on the right hand side of ( 162).

(170)

LEMMA V . 14.

(171)

uniformly in A.
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Proof. - Notice that in the basis composed of periodic momentum
eigenvectors 

. 

- ,- ’" ,",L. r-. ,- ’"’ ,, ,_ _

has matrix elements equal

(172)

for p, q e 2014 Z2, p ~ 0, q ~ 0 and vanishing for p = 0 or q = 0. We repeat
d

the arguments used in Proof of Lemma 2.3 of [2~] by adapting them to
the discrete case. To this end notice that since

(173)

for p # 0, p E 203C0 d Z2, we may account for the d-dependence by bounding
the matrix elements by functions of pd and extracting an overall d power.
When we sum over the discrete momenta using (165), only the overall d
power survives yielding (171). D
Using Lemma V 14 we estimate

(174)
We shall also need

(175)

The eigenfunctions ep corresponding to p are given by
(176)

where sin or cos is choosen forpi being and odd or even multiplicity of nd-1
respectively. Explicite computation gives for

(177)
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and

Here for given p, p runs through points obtained from p via reflec-d
tions in coordinate axes. Similarly for q. 

a(p, q) is an integer. Using the Schwartz inequality for we obtain

( 178)

Now it is easy to see that

(179)
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Hence

(180)

where we have used the discrete version of the Hausdorff-Yang theorem.
We conclude that

(181)
which gives (175). D
Gathering (161), (162), (169), (170), (174) and (175) gives

and
(182)

(183)

(160) and (183) bound the second factor on the right hand side of (155).
To estimate the first factor notice that in virtue of ( 151 ) and ( 154)

(184)

By (158)

(185)
since

in virtue of (154), (152) and (182).
Inserting (160), (183), (184) and (185) to (155) we obtain

(186)

for d sufficiently small and m &#x3E; d ).
Now on A

(187)
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where we have used the mean value theorem and uniform boundedness
of A and its first derivatives. term appears only if A is not
constant on A. Hence

(188)

But

(189)

Indeed, for x e A

(190)

and (190) yields (189).
(145), (186), (188) and (189) give

(191)

where

Now

(192)

where E n Z I is the length of countours in Z separating the + and -
regions. This is the second inequality of Proposition 2 . 4 .1 of [13 ] adapted
to the d-scale. Since the number of d-squares in Z- on which A is neither
identically zero nor 1 is bounded by 0(1)~~ !E n Z I, ,

where we have also used (192).
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With (193), (191) reads

(194)

Summarizing, we have proven.

(195)
a

(188), (189) and (193) also prove

LEMMA V . 17.

(196)
D

We pass to estimation of the term, see (33).This term is not pure
Gaussian but we shall reduce estimation of it to estimation of a Gaussian
term..

Suppose that 03BE +  1 (which holds for m  m0(03BB)) and denote by
thecharacteristicfunctionsofthesets [=+= ç~2, OJ, [+2~+, =+= ç~2[,

]~ 00, ~203BE+[~]0, :t ~[ respectively. Write

(197)

where

(198)

(199)
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Since on the support of x3 ~t(0)~a) ~ ± - ~ ±  0,

(200)

On the support of 

(201 )
see (16).
On the support of 

(202)
and

(203)
Moreover

(204)
where

(205)

LEMMA V .18. - There exists (3 &#x3E; 0 such that for each d and m &#x3E; mo(d )

(206)

(207)

Now

and by the mean value theorem (see (62))

(208)
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Hence

for m &#x3E; mo(d). D
With use of (206) it follows that

(209)

(198), (199), (201), (204) and (209) yield

(210)

In obtaining (210) we also used the fact that À4ç;m-2 is bounded uni-
formly in A and m. In turn (198), (199), (202)-(204), (209) give

(211)

In virtue of (197) we obtain with use of (200), (210) and (211 )

(212)

for m &#x3E; d).
This bound reduces estimation of II IILq(t) to estimation of Gaus-

sian integrals. To separate different squares we Wick order the expressions
in the exponent and bound them by conditioning with respect to the Gaus-
sian measure with Neumann boundary conditions on ad. With the Wick
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ordering redone and the Gaussian integrals obtained this way explicitely
computed this yields

(213)

provided the operators under the determinants are positive. This holds
if for example 1

(214)
But (see (206) and ( 159))

(215)
Using the fact that ~,4~ + m - 2 is uniformly bounded we conclude that (214)
holds for sufficiently small d. Similarly as in (160) we can bound the deter-
minants in negative powers by exponential of the trace norms, provided (214)
holds. Thus

(216)
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Using Lemma V 18 it is easy to bound the trace norms and the traces.
Together with Lemma V .17 this gives

(217)

In other terms which we shall estimate now, d will be fixed to meet the

requirements stated above and we shall not trace the d-dependence of
the constants.
The next term is Zg(t), see (6) and (34).

(218)

But

where we have taken p  2 but close to 2 and used Proposition A. 1.3,
Corollaries A. 1.3,4, Lemma V. 8 and the relations

(219)

which easily follow in virtue of (130).
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Hence

(220)

But

(221 )

(222)

Using the checkerboard estimate to separate fields in different squares A
and Lemma A. II . 5 we obtain from (220)-(222).

(223)

provided m a D
Z9(t) term, see (7) and (35), is field independent

(224)

where we have used (219), Corollary A. 1.4 and Lemma V. 8. In virtue
of Lemma A. II . 3, (224) yields

(225)
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We have proven

(226)

provided m  m0(03BB’). D
The terms with E1 and E2, see (III.6-8), (36) and (37) are estimated

essentially the same way as their s-derivatives, see Chapter 4, except that
we must be more careful in choosing the trace norms when applying the
Holder inequality in order to obtain the right powers of m, which were
not traced for in the estimation of the s-derivatives.
We start with the Ei 1 term

(227)

where we have used the ~ -~ - ~ symmetry.
Thus

(228)

The first term on the right hand side of (228) is equal to

(229)

Inserting localizations, using the Holder inequality with Pi = 2, p2 = 4,
p3 - 4 where pl trace-norm bounds the operator K with non-coinciding
localizations we obtain for the term in question the bound

(230)
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The same way we show that the second and the third term on the right
hand side of (228) are also bounded by (230). Hence

(231 )

In obtaining the fourth inequality we have used the fact that for A c Z +
and A c Z’ - Z° d(A, A’) &#x3E; L = (In m)2. (231) given, Lemma A. II. 5
yields immediately

(232)
a

LEMMA V. 23. - Given

(233)

Proof - We proceed as when estimating Z 1 o(t)-
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First write for A :_ ,~’~, -1

(234)

where in the first step we have used the cp - - p symmetry and to obtain
the last bound we proceeded as when bounding the right hand side of (228)
by (230).
Now

which together with (234) gives the right bound for the first factor of

exp [ - E2 ]. 

[ 
1 ]The second term is Tr (K(s, and is

still simpler to estimate along the same lines. D
To end Proof of Proposition V .1 we still have to estimate the F terms,

see (III.9-13). As far as  12( t) is concerned, see (38), we repeat the argu-
ments of Proof of Proposition 2 . 5 .1 of [13] and obtain

LEMMA V. 24. - Given q  oo,

(236)

for m &#x3E; mo . 0
For L13(t), ~L13(t)~Lq13(03C4) is finite provided q13  q013(~) ( q° 3 is inde-
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pendent of d ). Indeed, conditioning with respect to the free Gaussian measure
and performing explicitely the integration we obtain

(237)
where

(238)
and

(239)

which
gives

The argument used in (160) gives

(240)Moreover

(241)

Hence

(242)
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The factor on the right hand side of (242) corresponding to A c Z + is

since q13(1 - 2)  1. 
-I

For A c Z - the estimation is slightly more complicated. The A factor is

(244)

for

(245)

Indeed, for this choice of q 13 and 8

(246)

which substantiates (244). 4
Gathering (237), (240), (242)-(244) and noting that G  - ~ since

, . 11
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- LEMMA V . 25. - Given 0  - 1 m2 there exists ~3 &#x3E; 1 such that
for all d, À, m ’

(247)
D

This way we have estimated the appropriate norms of all terms

except Gathering Lemmas V .1, 4, 11, 16, 19-22, 24, 25 we obtain

(248)

But since 0(1)F1 &#x3E; (In m)-4ç~ !Z~!, see Proposition 2 . 4 .1 of [13], (10)
follows immediately from (248). This completes Proof of Proposition V.1.

D
With Proposition V. 1 proven, Theorem III. 1 follows by a cluster expan-

sion argument. Namely we write for z~ (see (1) and (5))

(249)

where Z 1 is built of d-lattice squares,

(250)

(251 )

(252)

The t-dependent part of is (see (5))

-exp [ - ~ (t) ] , (253)
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where

(254)

(255)

3
We apply the derivatives - 

in a fixed order. Each derivative produces
either 

(256)

or

(257)

or

or

differentiates an term produced earlier, compare (111.15).
Denote by and the subsets giving the decompo-

sition of Zi 1 corresponding to the choice of one of the described above
types of action for each derivative. For given decomposition put

We have

(258)
where

(259)

(260)

(261)
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and (258) holds but the restrictions on the right hand side imposed by the
order convention which are of no importance for us.

In the next step we introduce the d-lattice localizations into dA and 
terms writing (see (134))

After localization we distribute the derivatives of ~ ~ among the 
terms (these are the only ones that may receive them). Next we distribute
the terms according to the definition of For given A c Z
denote by K(A) the number of Qj terms right-localized in A and by 
the number terms left-localized in A. Distributing the latter among
the Qj - ~ and (at most one) or factors we generate at

most ( "" + I ) e(A) ! - x terms. Thus the distributions of
B 7

the terms produces at most

(264)

expressions of the form

localized exterior monomial),

where the localized exterior monomials are exterior products of Q~, 

factors, each possibly multiplied from the left by a chain~~lo~ ~ p Y p Y

operators. After all these steps (258) becomes

. 

sup sup localized exterior monomial)
localized fz~ 1
monomials

. (265 ) &#x3E;

In estimating the right hand side of (265) we use the combinatoric factors
technic. The factor will take care of the sum over decompositions
of Zl’ The sum over localizations is controlled by the 0(1) exp A) ]
factor introduced for each localization square Lli in each or 

and the sum over distributions of derivatives of by the factor 2a cor-
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responding to the choice of the differentiated terms. Moreover,
as in Proof of Lemma 10 . 2 of [11 ] one shows that

(266)

Hence

’1 localized exterior monomial) . Z 1, ~ ) ~ , (267)
where Sup denotes the supremum over decompositions of Zl, localiza-
tions, distributions derivatives, localized exterior monomials and
parameters t. But

localized exterior monomial) I

(268)

where # in indicates that the term may be differentiated.

LEMMA V. 26. - For any a &#x3E; 0 and C &#x3E; 0 there exists f3 &#x3E; 0 and

constant 0(1) such that for all t, A and m  m0(03BB, 03B1 C)

(269)

(270)

Proof - By (262)

(271)
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where we have used (219), Corollary A . I . 4 and Lemma V . 8. We have
replaced the terms SP«~ - 0(m) by 1 since they appear only
when d(Di, 4) is large i. e. when one can extract an extra e - Em term. The

’ 

a
same bound holds also for 

at(o2) 
,

(272)

Hence (269) and (270) follow. D
By (268) and Lemma V. 26

(273)

where denotes either S~ or 1 and the sum over the respective choices
is cared for by an additional 0(1)"+e combinatoric factor.
With help of (267) and (273) we obtain for p close to 1

(274)

We have chosen q large and p &#x3E; p but close to 1 so that Proposition v .1
applies.
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For each A c Z denote by y(A) the number of A c such

that A is one of the localization squares corresponding to A. Then

(275)

where in the second step we used the checkerboard estimate and in the
first and the third one the Holder inequality. But in virtue of Corollary
A.II.2

Thus

(276)

As far as the ~ terms are concerned

(277)

by the checkerboard estimate.
But

(278)

where

(279)

see (94) and (146). In the limit d - oo F(k), where

(280)

see (95) and (147).
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From (97), (98), (148) and (149) it follows that

(281)

for 0  v  1. By (99) and (150) also

(282)

Since by (278)

(283)
it follows that

(284)

where we have included the operator b since (1 - ð)FA(P)A = 0 as Få(O)=O.
1

Choosing v = - and using (182) we obtain for m &#x3E; 
30

(285)

Now the hypercontractivity implies for q  o0

(286)
and

(287)

Using (276) and (287) we may rewrite (274) as

(288)
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where we have used the inequality ~ ~ - ~ + - r and
(289)

compare (266).
We apply Proposition V .1 to (288) obtaining

(290)

provided . m # mo(À). Indeed,

and

(290) completes Proof of Theorem III.1. D

CHAPTER V I

UPPER BOUND

The last chapter consists of Proof of Proposition II.2. This will be
obtained by adapting Proof of Lemma II . 4 . 2 . 2 of [13 ]. To this end notice
that

(1)
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where z° is defined by (V .1) and we have to take Z = = 0 on aa
and E = + (which implies g - h == ç+) for ( 1 ) to hold. We introduce the
interpolating parameters t as in Chapter V, see (V. 5). By (V. 249)

(2)

Estimating the right hand side of (2) as in (V. 290) we obtain

(3)
for some v &#x3E; 0 and ho, m &#x3E; 

By (V. 5)

(4)

Interpolating again define for t E [0, 1 ]

(5)

Then

(6)
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Hence

(7)

where the last inequality is obtained with the help of Lemma V. 5 (with
A = 0 and B := B").
Now

(8)

Proceeding as in Proofs of Lemmas V. 9, 10, 20 and 21 we obtain

(9)

for some v &#x3E; 0 and all ~ ~ 

But

( 10)

and

(11)
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Thus

(12)

for some v &#x3E; 0 and all m &#x3E; Mo(/).).
Now (1), (3), (9) and (12) yield

(13)
which gives (II. 54). D
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APPENDIX I

In this section the information about operators K which was needed in the main text
is given. Our operators will be localized in lattice squares and we use various lattices.
When the diameter of the lattice does not depend on :~ nor m we shall speak of an 0(1)-lattice.

We shall also use an o( 2014 j-lattice in the present section. The lattices, as always, are supposed
to be compatible in the sense that of any two, one is a refinement of the other.

Let us start with

(1) 1

Proof - First notice that

(2)
and

(3)
see (II.10) and (II.11).
For touching A, A’

(4)

(5)

If A, A’ are not touching then are given by kernels

~)XA’(~’)) where the function H(x) (H’(x))
have exponential fall-off: 

- - 

’

(6)
see Appendix II.

Since if the operator L is given by its kernel L(x, y) then

(7)

(6) yields for non-touching A, A’

(8)

(9)

using (2)-(5), (8) and (9) we obtain
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LEMMA A. I . 2.

where 0(1) and 8’ do not depend on n.
With Lemma A. 1.2 given, (1) easily follows from (10) completing Proof of Lemma A . I .1.

o
Proof of Lemma A .1. 2. - For xeA, x’ E 4’

(12)

Hence

(13)

where F is a function of one variable,

(14)
Direct calculation gives

(15)

Thus

( 16)

are defined by the following recurence relations

(17)

We have the following bound

(18)
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Indeed, it holds for a1,0 and if it holds for for all then

(19)

and

(20)

Thus

(21 )

Inserting (21) to (13) we obtain

COROLLARY A . I . 1.

(22)
and

(23)

for 0(l)-lattice squares A, A’.

Proof - By a slight modification of (7)

The second assertion of Corollary follows from the first for touching A, A’ and from
Lemma A.1.1 for non-touching ones. D

(24)

(25)
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Proof - (24) follows from Corollary A . I .1 since = (exp [2T~2,u2~, - 2 ~ - 111 /2.
To prove (25) we use the Neumann series and Lemmas A. I. and 2 : l:

for A sufficiently large. D

COROLLARY and A is large enough
then

(26)

Proof - This follows immediately from (24) for touching squares and from (25) for non-
touching ones. 0
The next thing we shall be occupied with is the trace properties of K operators. For

0(1)-lattice squares A, A’, A" define

(27)
Notice that

(28)

Denote

(29)

(30)

(31)

(32)

(33)

(34)
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(35)

(36)

(37)

since
(38)

(39)

where the last has been obtained with use of Lemma 2.1 of [25 ].

(40)

(41)

(38) and (41) together with (40) give (31).

2 . a) Since

(42)

LEMMA A. 1.4. - (Slightly refined version of Lemma 2 . 3 of [25]). Let A be an 0(1)-lattice
1 1

square. If 0 ~ v  - 4 and À - 2v &#x3E; - 4 then

(43)

(44)

(45)

(46)

The same is true if D - ~ is replaced by (P + m)D -’‘ -1.

Proof - By mimicking Proof of Lemma 2.3 of [25] with tracing powers of m. D
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But
(47)

(48)

(49)

Similarly
(50)

under the same assumptions.
Moreover

(51)
and

(52)

to (49) we obtain

(53)

2
Choosing v close to - - 1 and 03B2 small we obtain (33).

p
Next consider the case of non-coinciding ~’ and /)". Then

where we have used (49) and (51). This implies (33).
If A", A"’ are non-coinciding then

where we used (49) and (52) as before.
(54) yields again (33). 

1 1 1
2. c) For non-coinciding A, A’ and - = - - -

PI P 4
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see (47). Using Lemma 2.1 of [25] and Lemma A. 1.4 we obtain

For non-coinciding A’, A" or A~ 0"’ (34) is proven similarly.

3 . a) Again follows from 3. b) in virtue of (42).

3. b) We shall need

LEMMA A. 1.5. - (Essentially Lemma 2 . 2 of [25]). Let A, A’ be non-touching squares
of an 0( 1 )-lattice. Then

(56)

where k is non-negative integer. The same holds if D - z is replaced by (P + m)D - ~ -1.

Proof - As in [25 ]. 0
If ~, ð.’ are non-touching then in virtue of Lemma A. I . 5

(57)

If both A’, A" and A", A"’ are touching then we estimate

(58)
But

(59)

where we have used Lemma A. 1.5 and Lemma 2.1 of [25].
Hence for A, A’ non-touching and A’, A" and A", !1’" touching we obtain

(60)

For other cases we proceed analogically using Lemma A. 1.5 to separate non-touching

squares.
This completes Proof of Proposition A. I. 1. 0

COROLLARY A. 1.3. - Proposition A . I .1 holds provided A = A’ and K(A, A’, A", f )
is replaced by xaK(s, //A")-

Proof - Notice that

(61)

(squares A, A’, A" and A"’ are all contained in the I-lattice squares). We choose Ai from

the lattice of diameter by  2 less then that of A, A" and ~"’ and use Proposition 1 in slightly
modified form admitting squares of two lattices to 

Summation over Ai 1 gives the assertion. 0
We also need trace properties of /))’~A’-
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. 

PROPOSITION A. 1.2. - Let A, A’ be 0(1) lattice squares. Suppose that )) f j~ ~ ~+
and a is large enough. Let a &#x3E; 0. ~ ~ &#x3E; 0. Then for non-coinciding A, A’

(62)

(63)
For non-touching A, A’

(64)

- 1’0 prove (62) and (63) it is enough to estimate II [xe, (1 - )wK(s, f))-1 
16

But for 
- 

 p  2

(65)

where ~i, i = 1, 2, ..., 6 are taken from the lattice of diameter by 7 less than that of
1 1

A, A’ . - + - - 1. Now
PI P2

Â 1 0(1) exp [ - dl) + A~))] ]

by Corollary A. 1.3. Similarly we bound 03BB2 I f~03941)~0394~p1. II by
exp [- Ai) + ~(4~l&#x3E; 4~2) + ~(4~2, 43) + d(~3, 4’))] ] choosing pl = 2, p2 = oo if

either A, A or Ai, A~ are not touching and p = oo, p2 = 2 otherwise (then either ~2, Ag
or A3, A’ are not touching). Finally, the last term on the right hand side of (65) is bounded by
0(1) exp [ - + d(41, ~2) + ... + d(~6, ~’)) ] by Corollaries A. I . 2 and 3

(we have absorbed powers of m into exp [ 2014 ~ ... ] taking smaller s). Summation over
A; yields (64). D
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COROLLARY A . 1.4. - Proposition A .1.1 I holds provided A = A’ and K(A, A’, A", f )
is replaced by f~xo..), where

(66)

with additional assumption that )) f’ ~ (L~  ~ + and )v is large enough.

Proof - We have

1 1 1
where - + - a -. To prove 1. a) and 1. b) case we put and use Corol-

Pi P2 P
laries A. 1.2 and 3. To prove 2. a) we put pi = ~, p2 = p and use Corollaries A. 1.2 and 3
unless Ai = A" = A"’. In this case we put Pi 1 = p and p2 and use Proposition A. 1.2
and Corollary A.1.3 (1. a) for II 2. c) is proven as 2 . a). To prove 2. b)
we again take pi = p~ = p and use Corollaries A. 1.2, 3 unless Ai = A" = 4"’. In the
latter case we take p2 = 4 and use Corollary A. 1.3 (1. b ) for ~~03941K(s, f~0394")~0394’’’ 11) and
Proposition A. 1.2 ((63), (64)). Finally to prove 3. a), b ) we choose ð.1 from the lattice of

diameter by 2 less than that of A, A" and A"’. A" or A", A"’ are not touching then

we take pi = oo and use Corollaries A. 1.2 and 3 (or rather their easy modifications
admitting squares of two lattices) to get the bound. If ð., A" and A", A"’ are touching then
A, Ai are not and we take pi = 1, p~ = 4 using Proposition A. 1.2 and Corollary A. 1.3
(l.a) or l.b) for II 114)’ 0
The last information about trace properties of K operators concerns differences

K(s, f ) - K( f ), where K( f ) = K(s --_ 1, f ).

PROPOSITION A. 1.3. - Let A, A", 4"’ be 0(1)-lattice squares. Let a &#x3E; 0, ~ = &#x3E; 0.
16

Then for 
- 

 p  2

(68)

(69)

(70)

Finally we need

PROPOSITION A. 1.4. - Let A, A’, A", A"’ be 0(1)-lattice squares. Let h be a function

on (F82, h = ç + I with E(4’) _ ± . Suppose that /. is large enough. Then
A’

(71)
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Proof

(72)

where 0394i are choosen from the lattice of diameter by 1 5 less than that of A, 0", 0394’’’ and

- + - = - and - + - = -. If A~ c A" = ~"’ in the first sum then for non-zero terms ~1
P~ P2 P P3 4 P 
cannot coincide with 03942 since 03941 ~ A". We put p2 = 4 and pi = p3 and use Corollary A.1.4
(2 . c) (h - E(0")~+)xei)xe2 ~ ~p3 and 1.~) or rather its easy modification with
squares from two lattices //~)XA-h4). Otherwise we take pi = oo,
p2 = p and use again (modified) Corollary A. 1.4. The second and the third sum is estimated
with use of Corollaries A. 1.2, 3 and Proposition A. 1.3. D
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APPENDIX II

Now let us consider the facts about the ultra-violet cut-off operator R~ used in the text.
We repeat the definition of [13 ] with the only modification that we adapt it to the squares A
of the d-lattice :

(1)

where px is the usual smearing function and x~ denotes either x or its subsequent reflections
in two nearest walls of A.
We have an estimate:

lLJ

It follows by applying the Holder inequality to the integral in (1) :

hence

Let us denote the kernel of the operator by

(3)
We have then

(4)

LEMMA A. II. 1. - There exists C(q)  oo, 1  q  oo, such that for each r

Proof - We shall prove 1. and 2. Their modifications may be obtained the same way.
1. is obvious by (2) and the estimates of 
2. Suppose first that 2  q  4. Let’ E ((x) = 0 when d(x, min (x, x’)-1,

((x) = 1 when d(x, 2 min (x, x’)-1, 0 ~ , ~ 1.

We have

(5)
but

(6)
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hence

(7)
Furthermore we have

so (7) implies

(8)

. 4 w
But, since q’ &#x3E; 3, II (1 + p2)~/2(03B6Cmc(03C4)03B6)(.,.)~Lq’ is bounded uniformly in T for 8 small

enough by Proposition 7.4 of [11 ]. Similarly the second term on the right hand side of (5)
can be estimated by 0(1) min (x, ~’)’ ~~ and finally we get 2. for 1 ~ ~  4. For 4 ~ ~  00

we write

(9)

The first factor on the right side above has been estimated already, and the second one
can be bounded by (811 IIL2q)1-Ø ~ C(q), and this gives 2 . in the general
case. D

Next we pass to examination of operator valued random variables of the type
(P~ + + mZ) - À and their trace properties. We shall prove some estimates
which are slight refinements of the ones obtained in [24 ] [25]. To prove these we need a
good control over the functions given by

(10)

y) is the kernel of the operator ( - A + 
We have to estimate also

(11)

y) is the kernel of the operator (p2 + on L2(d). We have

(12)
which is easily seen from the expression

(13~
Also

hence
(14)

(15)

Moreover for x E A, A centered at the origin,

( 16)
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Applying this estimate and scaling we get
(17)

and ð. centered at the origin. The same inequality holds also for 
Let now A be an operator valued random variable on « a support » of We shall

denote 
/ p i i ip

(18)

(compare [23 ]).

(19)

(20)

There exist C &#x3E; 0 and Vi &#x3E; 0 (independent of m, x and i) such that for p  2q

(21)

(22)

~ # denotes either dx or d;.
The same holds if we replace q by with f smooth, ~ f 

II V f 0(1), or finally (~ by an arbitrary Wick ordered polynomial : ~(~) :r 
or

Proof - Mimicking Proof of Theorem 3.4 of [25] we consider first the cases q 
= 2,

q = 4 and p = 2q. Take for example the case of j~.

(23)

Similarly
(24)

and we use Lemma A. II 1, point 2. For q = 2 and p &#x3E; 4 we obtain additionally factor

using the Nelson’s hypercontractive bound [28].
Similarly for q = 4, p = 8

(25)
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.. , , 
2r 2r 1

if we can choose ri, r2 such that ri~r&#x3E;l,?-2~r,2014+2014-3=0 and - &#x3E; 1 - 2/L
1 ri r~ ri
- &#x3E; 1 - 2v, which is possible if 4(v + A) &#x3E; 1.
r~ .

In the inequality (25) * denotes the convolution on A with periodic boundary conditions
and we have used the periodic version of the Hausdorff-Yang theorem. Again in the case
of general p the hypercontractivity gives the factor 

~’ 114,p,t is estimated analogically, as also the expressions with dx instead of
A’* and with 03C6 changed for 03B4(f03C6) or (we use a version of Lemma A. II. 2 with

replaced by 
The case of general q follows by interpolation as in proof of Theorem 3.4 in [25]. The

idea of the proof for a Wick polynomial : is essentially the same, with the obvious
modifications of the formulae (23), (25), so we omit the proof. 0

LEMMA A. II. 3. - The operator norm limit lim := d # exists almost everywhere
and is an operator valued random variable with values in Lq and with norm

finite and bounded as in (21), q &#x3E; (v + ~,)-1, p  oo. The same is true if we put 6( fq),
or a Wick polynomial instead of q in d #. D 

LEMMA A. II. 4. - Operator norm limit lim K(A, A’, A", =: K(A, A’, A", exists

almost everywhere and is an operator valued random variable with values in Lq,
16

q &#x3E; 2 if A = A’ = A", q &#x3E; 2014 if both A, A’ and A’, A" are touching but either A, A’ or A’, A"
do not coincide, q  1 if either A, A’ or A’, A" are not touching. Operator norm limit
lim exists almost everywhere and is an operator valued random variable
with values in &#x3E; 2.

Proof of this Lemma is straightforward by Proposition A. I . 1 and Lemma A. II. 2. 0

LEMMA A. II. 5. - In the notation of Lemma A. II. 2 and under the assumptions listed
there

(26)

for |t| x a and m sufficiently large. The same holds if we replace 03C6 by 
f smooth with ~ f~L~ x 0(1), ) 0(1). Also if 03C6 is replaced by : :. or f : i 
and ~ A#~Q by II A#~q, (26) remains true.

Proof - Integrability of exp ~ # ~ for ) t ~ a and large m together with the
uniform bound

(27)

where C does not depend on m, r or i, follows for q = 2, 4 from Theorem 3.1 of [25] and
its proof and for 2  q  4 by interpolation.
Now

(28)
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for m sufficiently large by the inequality |ex - 1|  |x| (ex + 1), the Holder inequality,
Lemma A. II . 3 and (27).
Hence

The other cases are proven the same way. 0
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