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the Einstein-Cartan theory over
a principal fibre bundle
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Richard KERNER

Département de Mécanique, Université Pierre-et-Marie Curie,
4, Place Jussieu, 75005 Paris, France

ABSTRACT. — The gauge and Lorentz invariant interactions of spinors,
vectors, scalar multiplets and gauge fields are constructed using the Einstein-
Cartan theory with torsion over a principal fibre bundle. This generaliza-
tion enables us to get rid of the un-renormalizable terms which are present
in the purely Riemannian version of this theory. The decomposition of the
generalized spinors over the fibre bundle into the multiplets of Lorentz
spinors can provide the theory with the rich mass spectrum.

REsUME. — Nous construisons les interactions invariantes sous I’action
d’un groupe de jauge et du groupe de Lorentz, comprenant les champs
spinoriels, vectoriels, multiplets scalaires et les champs de jauge. La cons-
truction se base sur l'utilisation de la théorie d’Einstein-Cartan avec tor-
sion au-dessus d’un fibré principal. Cette généralisation nous permet
de supprimer des termes non-rénormalisables qui apparaissaient dans
la version Riemannienne de cette théorie.

La décomposition des spineurs généralisés au-dessus du fibré en des
multiplets de spineurs lorentziens peut aboutir a 'obtention d’un spectre
de masse intéressant.

Annales de I'Institut Henri Poincaré-Section A-Vol. XXXIV, 0020-2339/1981/437/8 5 0()/
© Gauthier-Villars



438 R. KERNER

1. INTRODUCTION

One of the most important problems in the elementary particle physics
is to identify the known particles or their hypothetical components (quarks)
with the irreducible representations of some Lie group containing both
the Lorentz group and what is called the internal symmetry group, or the
gauge group. The assignement of well-defined particle properties to the
type of the representation of the Lorentz group is well understood: that
is how we distinguish the scalar particles, spin 1/2 particles, vector bosons,
etc. The situation is less clear when it comes to the symmetries between
the different particles of the same family. First of all we are uncertain even
as to the choice of the group itself, except that we know that it has to contain
at least a U(1) subgroup for the conservation of the electric charge, and
a SU(2) subgroup for the isospin conservation; the conservation of the
baryonic or leptonic number may come from SU(2) or some larger group.

Even when the group is chosen, the ambiguity persists in the way it
mixes with the Lorentz group. The situation is similar to what happens
with the spectral lines of the hydrogen atom. We know that this spectrum
is invariant under the group O(4) = O(3) x O(3), but this does not mean
at all that the physical system evolves in a 4-dimensional Euclidean space.
It just happens that the kinematical and dynamical symmetries of the
system mix up in such a curious way. The same may be true with respect
to the elementary particles or their constituents.

Now, to describe the vector multiplets of bosons as well as the electro-
magnetic field, the theory of gauge fields, i. e. the connections on a fibre
bundle, has provided an ideal mathematical tool. However the spinor fields
are not incorporated into this theory on equal footing; the multiplets of
spinors interact with the gauge field via the minimal interaction which is
constructed by analogy with the electromagnetic interaction. Moreover,
the representation of the gauge group to which such a multiplet belongs
is arbitrary. The only leading principle is to obtain the system of equations
invariant both under the Lorentz group and the gauge group.

To obtain such an invariant system of equations two complementary
approaches are currently in use:

a) the variational one, which consists in finding out a Lagrangian density
invariant under the symmetry group we have chosen, and then deriving
the equations of motion, which will be invariant under the aforementioned
symmetry group.

b) To define some differential operators invariant under the chosen
symmetry group, and then apply them to the local sections of the appro-
priate fibre bundles. In what follows, we shall consider only two types of
invariant operators: the Dirac operator and the Laplace-Beltrami operator.
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GEOMETRICAL BACKGROUND FOR UNIFIED FIELD THEORIES 439

Both approaches have some inconvenience. E. g. in the first case the
Lagrangian density is a 4-form over the Minkowski space-time, but we
have to know what are the building blocks it was supposed to be construc-
ted with: spinor fields, vector fields, scalar multiplets, tensors, and all
other possible cases. There are many ways ( « interactions » ) in which such a
4-form can be constructed.

In the second case the invariance is built in into the differential operator,
but as a rule, the local section of the fibre bundle belongs to a represen-
tation of some large group, containing both the Lorentz group and the
internal symmetry group, and we have to decompose it into the multiplets
of the irreducible representations of the Lorentz group in order to give
it an intrinsic physical meaning.

What we propose here is to take the best out of these two approaches
and try to construct the invariant models of interactions in a synthetic
way. The most important feature of our approach is that the choice of group
determines also the choice of its representation, and therefore the exact
form of spinor and vector multiplets permitted by the model.

2. GAUGE FIELDS ON A PRINCIPAL FIBRE BUNDLE

Let us remind the fibre bundle formulation of the gauge field theory. Let
M, be the Minkowskian space-time with the metric form gy. Let G be
a compact, semi-simple Lie group of dimension N. The Cartan-Killing
metric form on G will be designed by gg.

We form a principal fibre bundle P(M,, G) with the base space M, and
the structural group G.

The group G acts on the right on P(M,, G), generating the left-invariant
vector fields. The N-dimensional subspace of the tangent space TP(M,, G)
spanned by these fields is called vertical subspace.

The connection on P(M,, G) is a distribution of 4-dimensional subspaces
which are invariant under the group action on P(M,, G). It is equivalent
with defining a left invariant 1-form on P(M,, G) with values in the Lie
algebra of G.

This form is called A; a vector field at the point pe P(M,, G) is called
horizontal if A(X) = 0. The 1-form A is left-invariant, which means that

Ay = ad(h™ M)A, (2-1)

where ad means the adjoint representation of G in its Lie algebra and ph is
the image of p € P(M,, G) under the right action of he G.

Any vector field on P(M,, G) can be now decomposed into its horizontal
and vertical parts relative to the connection A:

X =horX + ver X. (2-2)
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440 R. KERNER

This enables us to define the metric on P(M,, G) as follows: for any two
vectors X, Y we define

(X, Y) = gu(dn(X), dn(Y)) + g(AX), AY)). (2-3)

where dr is the differential of the canonical projection 7 : PM,, G) - M,.
The connection form A defines also the covariant differentiation of
forms on P(M,, G). Let w be such a form; then, if its degree is I, then

Dw(Xl, Xz, . "Xl+1) = d(,O (hOI‘ Xl’ hOI‘ Xz, e ey hOI‘ Xl+1) (2-4)

We define the curvature form of A:

1
F=DA=dA + 3 (A, A] -5

where the bracket means the Lie algebra skew product.
Obviously:
DF =0 (2-6)

Finally, let ¢ be a tensorial 1-form of type adG. Then we can define its
covariant differential

1 | ‘
Do(X, Y) = dp(X, Y) + 5 [@(X) AY)] + 5 [AX), oY)l (27

The metric forms on G and on M, define the scalar product not only
for vectors belonging to the horizontal or vertical subspaces of P(My, G),
but also, in a canonical way, the scalar product of two forms of the same
degree. Therefore we can define the scalar product of F with itself, symbo-

lically F-F. When multiplied by \/g’,, it gives an invariant Lagrangian
density. When integrated over P(M,, G) with a measure which is the pro-
duct of the invariant Haar measure on G and the usual volume element
on M,, it will give

J Jlgp| F-Fd*xdG = VGJ F-Fd*x (2-8)
P(Ma4,G) My

where Vj; is a constant (volume of G).

The principal bundle P(My, G) endowed with the canonical metric gp is
a Riemannian space. In a usual way we can introduce the Christoffel
connection, which defines the parallel transport and the covariant diffe-
rentiation of forms and vector fields over P(M,, G). Let us denote this
Christoffel connection by I'c. It is a 1-form over P(M,, G) with values
in the Lie algebra of the orthogonal group in 4 + N dimensions preser-
ving the metric gp. This connection is torsionless.

It can be calculated that the Riemann scalar of this new connection,
which we note R, is equal to the Lagrangian density of the gauge field F-F
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plus the scalar curvature K of the base space M, (in our case K = 0) plus

a constant:
R=FF+K + gug® (2-9)

In the case when K = 0, the Einsteinian variational principle applied
to the Riemannian space P(M,, G) gives once more

J R/|gp| dGd*x = VG‘[ J|&u, | F-Fd*x + Const (2-10)
PMaG) | Ma

The equations resulting from this Lagrangian density are the well-
known Yang-Mills field equations:

DF* =0. (2-11)

Here F* means the dual 2-form of F. The duality of forms is defined by
the usual Hodge procedure, i. e. by the invariant totally antisymmetric

4-form on M, numerically equal to the \/| gy, | .

If K # 0, then the supplementary set of equations gives the definition
of the energy-momentum tensor of the Yang-Mills field via Einsteins
equations

1
K — Egin = — xT;(F) (2-12)
where x is the gravitational constant, i, j = 0, 1,2, 3, and T;{(F) means the
energy-momentum tensor of the field F.

3. SPINORS OVER THE BUNDLE

Our next task is to describe the interaction of the gauge field with other
fields, namely spinor, scalar or vector fields. Following the suggestions
formulated in (1), (2), (3) we shall define spinor fields directly on the fibre
bundle P(M,, G) endowed with the connection form A. Let us remind
briefly how the spinor fields are constructed over the Minkowskian space-
time M, (4), (5), (6). The isometry group of M, is SO(3, 1). Construct now
the principal fiber bundle P(M,, SO(3, 1)); for simplicity we will assume
that it is globally trivial: P(M,, SO(3, 1)) = M, x SO(3, 1). Let C* denote
the 4-dimensional linear complex space. The associated spinor bundle is
defined as follows:

P(M,, SO(3,1)) x C*

SO, 1)

(3-1)

In order to give an explicit meaning to this formula, we have to define the
action of the group SO(3, 1) on the linear complex space C*, i. e. to define
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442 R. KERNER

the representation. The spinor representation, which is in fact a represen-
tation not only of SO(3, 1) but of its covering group Spin (3, 1), is constructed
as follows. For a given metric tensor g;; we define the generators of the
associated Clifford algebra as follows:

Y+ vy = 2g5ld (3-2)

where Id means the identity operator in the representation space. The lowest
&l
faithful representation of the matrices y; has the dimension m =2~ = |
where i = 1,2, ...,n, and [k] means the entire part of k. In the case of
M, n = 4and m = 2% = 4; that is why we take C*. It is easy to verify now
that the matrices

(Vi?‘j -7 jVi) (3-3)

QO | =

aij=

generate the Lie algebra of SO(3, 1). Let o/ = — o' be the generators of
an infinitesimal Lorentz rotation. Then a spinor , which has its values
in C*%, transforms under an infinitesimal Lorentz rotation as follows:

Define a matrix f by requiring for any i =0, 1, 2, 3
P A (3-5)
The Dirac-conjugate spinor y will be defined then as:
U=y"B, (3-6)
and it transforms under the conjugate transformation law:
o = — Yoo (-7

Therefore, the scalar product Y/ is manifestly invariant under Lorentz
transformations.

Let us define the collection of 1-forms spanning a basis at any point
of My :{ 6}, i=0,1,2,3. Usually, in holonomic coordinates, one can
choose simply ' = dx’. Let the matrices E} form the basis of the Lie algebra
of orthogonal transformations of frames. The connection in the bundle
of orthogonal frames is a left-invariant 1-form with values in the Lie algebra
of orthogonal transformations of frames:

w = ofEL = ', ELo™ (3-3)
Defining wy; = .0, it is easy to see that for the orthogonal frames one
must have

W = — Wy (3-9)
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With the connection on the bundle of frames thus defined, we can intro-
duce the covariant derivative in the associated spinor bundle:

Dy = dy + oo = (Vih)o, (3-10)
Therefore
Vb = 0 + Tiagla,, (3-11)
if 6% = dx*. ‘
The covariant derivative of a conjugate spinor is given by
Dy = dy — Yoo (3-12)

In a general case of a Riemannian space V, replacing M,, let us define
the density 77,4, a totally antisymmetric tensor such that ., ,; = | det g;; |!/.
Next, we define the associate forms

1

Nije = 0Mijua » nij = 59" A i (3-13)
1 . 1.
n = 30’ A Nij, = 29‘ AR (3-14)
We can also introduce their dual forms:
n* =g, n’ = g"gny, etc. (3-15)

Finally, we define the Clifford algebra-valued forms: the 1-form y = y,6%,
and its dual 3-form y = y#*. Then the Dirac Lagrangian density for the
spinor field can be written in the following concise form:

%y = 3(u n D+ DJ A ) + mniy (-16)

which is manifestly hermitian and does not depend on the choice of coordi-
nates.
The corresponding equations can be written in the form

#DY + D(uy) = 2imnys (3-17)

which in the case of Dy = 0, (what we assume), explicitly takes on the

familiar form
YV + my =0 (3-18)

and coincides with the Dirac equation in curved space-time.

The conserved current is given by j = yuy, with dj = 0 by virtue of
the Dirac equation.

The generalization of the Dirac equation that we propose now means
that we should repeat the same construction over the Riemannian manifold
P(V,, G; g). In this notation g means the Riemannian metric (2-3). Thus
instead of working with the direct product of the Lorentz group and the
internal symmetry group we imbed the two in the isometry group of the
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metric gp, and then try to decompose the corresponding spinorial repre-
sentation.

The spinors will be constructed now as the sections of the associated
fiber bundle
P(P(Vy, G;gp), SOB + N, 1)) x C

SO3 + N, 1)
[Nf‘S]
wherer=2" "~ -.

The generalization of the construction of Lorentz spinors to the spinors
defined over P(P(M, x G), SO(3 + N, 1)) is obvious. Any Clifford algebra
can be decomposed into a tensor product of the four elementary Clifford
algebras:

C(0,1) = C' = the complex manifold

C(1,0) = R @ R = sum of the two real lines

C(0,2) = H = quaternions

C(1,1) = Mat,R = 2 x 2real matrices

Here C(p, q) means the Clifford algebra corresponding to the diagonal
metric with the signature (p +, q —).
We have also the reduction formulae:

Cp+1Lqg+1)=CQ11)®C(p,q)
Clp+ 2,9 = C(22,0)® C(q, p)
Cp.g+2) = C(0,2) ® C(q, p)

To give an example, if G = SU(2), N = 3 and we have to construct:
C(3+ N, 1) = C(6,1)
C6,1)=[C31H®H]® [CE,1)® H]. (3-19)

The lowest-dimensional faithful representation of C(6,1) is given by
16 x 16 matrices; it is easy to construct it explicitly. If we want to define

== {7} wherei =0,1,2,3;a=1,2,3
then (up to an equivalence) one of the possible realizations is:
=9 071,
r=1,1°Q1
Where 7' are the usual 4 x 4 Dirac matrices, t° are the 2 x 2 Pauli matrices,
and 1, or 1, means 2 x 2 or 4 x 4 identity matrix; if we omit the 1 matrix

in the first definition, we would have a representation still, but not a faithful
one-it will be realized in 8 dimensions:

MN=y@¢, M=r'@7>®1, (3-21)

In what follows we shall always suppose that the faithful representation
is taken. The only thing left now is to generalize the density tensor # for

(3-20)
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our bundle. For the base space M, we take 5,3, for the group G we shall
take the tensor #,,,,. a for the direct product M, x G we shall take the
product tensor 7o;23Ma,a,..an and for the fibre bundle P(M,, G) we will
define

N123..N+4 = No123%asaz...an 0 (3-22)

and other components by antisymmetrization.
The new Lagrangian is analogous to the Dirac Lagrangian on My, i. e.

% = A DY+ DJ A ) + (3-23)

and the corresponding generalized Dirac equation can be written as:
YV —impy =0 a=(@Ga=12... ,N+4 (3-24)

Now we shall proceed to explicit calculus of this equation, expressed in
local coordinates. The easiest way to do it is by introducing the anholo-
nomic coordinate systems.

4. THE GENERALIZED DIRAC EQUATION

Let us remind that in our notation the indices i, j take on the values 0, 1,
2, 3; the indices a, b take on the values 1, 2, ..., N = dim G, and the Greek
indices «, f§ take on the values 1,2, ..., N + 4, and we write symbolically
a = {i, a }, meaning that the index « means both i and a. Let us take an
open subset of P(M,, G), which is isomorphic to a product of the open
subsets of M, and G:

Ux~V x W, where Uc PM,, G), Ve M, WcG.

Without loss in generality we can assume that W is a neighborhood of
unity of G. We denote the local coordinates in V by x', the local coordi-
nates in W by £ and the local coordinates in U by p* = { p/, p* } .
Let us choose a basis in the Lie algebra &/ such that for any vector
Yes Y = YL, with
[Lo Lyl = CopLe 5 (4-1)

The structure constants Cg, satisfy C, = — C;, and the Jacobi identity
CaCaa + CCi, + C3,Co = 0. The bracket above means the skew pro-
duct in /. The action of the group on P(M,, G) defines N left-invariant
wector fields on the bundle, which span a Lie algebra isomorphic to .o/,
with the operation being the Lie bracket of vector fields. Let us denote
these N vector fields isomorphic to L, by S,, a =1,2,...,N. In local
coordinates we can write:

S, = SIp) - 4-2)
a = O\ D apﬂ
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The S, should satisfy [S,, S,] = C;,S,, therefore
$90,S} — $80,81 = C5,S! 4-3)

We call S, the vertical vector fields.

Let © be the canonical projection from P(M,, G) onto M,, let dn be
its differential. Then in local coordinates we can write dn(Y) = X when
Y e TP(M,, G) and X e TM,. If in local coordinates X = X'0;, Y = Y%0,,
then

dn(Y*) = dnlY* = X! (4-4)

We get also the condition of verticality in local coordinates:
dniSi =0  foralli b. 4-5)

Because any fibre is transformed into a point in M, by =, any vertical
vector will be transformed into 0 by dn. With no less in generality we can
choose such local coordinates in U, in which dr} =}, dn} = 0. This
implies that S, = 0, and

S20,S¢ — Sb,S4 = CL. St 4-14)
The horizontal subspaces are defined by the connection form
A = Adp* = AL dp*.

The image of a vertical vector field should be the corresponding element
in o/ ; therefore A(S,) = L,; this means that in local coordinates

Angdp“(Sga,,) = AZé‘}}SaﬂLb = AL, = L, (4-15)
Therefore A2S? = 6% If S| = 0, we have
AbS¢ = b therefore also SjAY = & (4-16)

(the matrix Aj is at every point inverse of S).
The components A% p*) are still arbitrary. It is easy to see that the matrices
Aj satisfy
d,Ab — 0, Ab + ChARA = 0 4-17)

A vector Y e TP(M,, G) is horizontal if A(Y) = 0. In local coordinates
it means that ASY*=0foranya=1,2,...,N.

0
Let Ye TP(M,, G), Y = Y* —..
ap

The vertical and horizontal parts of Y are given by:

verY = So A(Y), hor=Y —verY. (4-6)
In local coordinates we have
(ver Y)* = S;ALY? (hor Y)* = (8% — SZAL;)Y” 4-7)
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In our coordinates, where dn} = &%, dnf = 0, we have
(verY) =0, (ver Y)* = Y + SA%Y! (4-8)
(horY) =Y,  (horY)* = — S!A’Y! (4-9)

.0
Finally, let X = XlF be a vector from TM,. We define the horizontal
x
lift of X as the vector 7(X) defined at any point of P(M,, G) by

@X)' =X, (X)) = — SIAX (4-10)
Therefore, )
(X)) = X', (4-11)
where
i = 84, = — SIAb (4-12)

We have the following relations satisfied:
AL =0  for any b, i; tldn = & (4-13)

The form A has a remarkable property of being left-invariant of
type ad (2-1).

If we take a 1-parameter subgroup of G, h(f), which generates a left-
invariant vector field X, the same property can be written infinitesimally:

;E(A = Ad(— X)A (4-18)

where Ad is the adjoint representation of .7, £ is the Lie derivative with

respect to the field X. The structure constants C‘,, can be regarded upon
as N matrices [C,]; which provide us with the Ad representation of the N
left-invariant vector fields: [C,, C,] = C¢,C,, which is nothing else than
Jacobi identity. Therefore:

éEA = - [C,]A (4-19)
or, in local coordinates
SEA” = — CbAC, (4-20)
and finally:
£AL = — CPAS 4-21)
Sa
SPZAQ = S,’,’&,,A;’ + A}0,SF = — Cb A 4-22)

Because of S; = 0, and A’S§ = 65 we can write
SedAy — Si0,Al = — ChAS (4-23)
Multiplying both sides by A% we get
0,AL — 0,AL = — CbAAS (4-24)
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Now, for « = g we obtain the relation which we have got already

0,Ab — 0,Ah + ChLAIA; =0 (4-25)
whereas for o = i we get

0,AY = — CbAIAS = CLATAG (4-26)

because we assume the coordinate system in which §;Af = 0.
The last two formulae, i. e. (4-25) and (4-26) can be interpreted in another
way by telling that the curvature form of the connection A is horizontal:

F =DA, and F(X,Y) = O whenever

one of the two vectors is vertical.
In local coordinates we have:

F = FL, = FyLdp* A dp? (4-27)
and
Fip = 0,A% — 0pA; + CiALA; (4-28)

If F has to vanish on vertical vectors, its only non-vanishing components
will be
F{; = ;A7 — 0,AT + ChAYAS (4-29)

The formulae (4-25) and (4-26) define the derivatives of Aj with respect
to the group parameters.

The canonical metric on the principal bundle, introduced in §.2 by (2-3)
will give in local coordinates:

2(X,Y) = g, XY = g, XX + g,(X°AL + AIX) YA + A%YY) (4-30)
B J J

which can be written in a matrix form:

(.Qij + §abA?A? E §¢1hAZA?>

galf ={--—— -

: (4-31)
gabA(clAIi’ i gabA?AZ

The inverse matrix to (4-31) is given by:
§ij ' _ g?ijAd-
g = « if—d‘-}'“" (4-32)
— gUSIAS | g + gUSISIAIA]

With the help of the formulae of derivation (4-25) and (4-26) we can proceed
to compute the Christoffel symbols corresponding to our metric:

: 1
{ gy} = 387085 + 0,85 — 0apy) (4-33)
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o
The non-vanishing components of { 8 } are then:
Y

{ } _Sd(abAd + 9.AY)
1,0

{ } { } 78" %A,

a 1, FHASSIALS L e eah

bj b =28 AISiALge Fi; + 5 CuStATAL (4-34)
1

l 1 o o
{,k} {k]} i e+ A

The calculus of the Riemann tensor is even more complicated. It is much
easier to use the anholonomic coordinate system. As a matter of fact,
we can interpret the metric tensor g,; as an image of the diagonal matrix

gl 0
B = () (4-35)
O 8ab

under a local change of basis in the tangent space:

8 = UU}E,,
and -1 -1 (4-36)
¢ = UsUlg

-1
where the matrices Uj and Uj are given by the following formulae:

Ui=¢6i, U,=0, Uf=A? Ui=A;] 4-37)
and the inverse matrix:
-1, ) -1 -1 -1
U;=0;, U, =0, U= —-SA;, Uj=S (4-38)
It is useful to introduce a « non-holonomic » derivative by:
-1
D, = Uboy ; (4-39)
of course,

D9y # 9,9, .
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The connection transforms as usually and in new basis we get

a 1 i I
=-C¢ = — impb
{ bC} 2 be {a]} zgabg jm
{ il _lp il 1
ij Bl 2 N .l } = —gabgimF?m
Jja

(4-40)

2

and all other components vanish.
In this local basis, the components of the Riemann tensor are the
following:

~ 1
Rcdab = chd be

D a 1 a e 1 a e SkiS 1 a e S Skl
R =3 E 3 iE 1€ &b +5 kX 1i8cb8

~ ~ 1 (o} (o)
R, = — ijai = 4_1 [Cngfj - FZjF?zgklgdb]

~ 1 1
Rjk i = EDinj = EDiF?k
~ ~ 1 . o oj O 0§jO0pmO
Ryfa = —Rp'u=— Z(Cg“ fcjgacgk - szFﬁngadgl gk gfb) (4-41)
D i 1. b Oil
Rjk a = igabDlejg
n i 1 o Sim[pa a
Ry = 2 { a8 [ijle + kaF?j = anzej] }
n i 1 ¢ rd Skil 1°°°im°l ¢ d ¢ d
Rabj = Ecaijkg 8 T+ Zgacgbdg gk [kath - thka]
D i D i 1 b Ol
Ry'; = — Ru'; = 5 Dy Fjigang
Here
D;F = 0,F% + C?,CA?Fj-, (4-42)
The invariant scalar curvature is equal to
1 e} e} 1 o 04 O &
R=— Zg“”gab - Zgabg”‘g”F?,-Fil (4-43)

It is easy to write down explicitly the generalized Dirac equation: in our
basis it will be:

51(91 + { fy } §,,5575>¢ + imy =0 (4-44)
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where .

The superscript means that the Clifford algebra generators correspond
to the diagonal metric g,z in which

= ';j)" R = (4-45)
Therefore (4-45) becomes

o o o 1 c,0 1 o o
[Vlai — V'AISh0, + 7S50, + iczbgcd‘yao-bd - z?agabFZIO'kl"‘ im:llp=0 (4-46)

The equation (4-46) can not be used unless we know what means d,y.
In other words, we have to fix the geometrical properties of y with respect
to the group transformations on P(M,, G). The other problem we face now

1 o )
is the presence of a Pauli-type term Ey,,Fz,a"’ which makes our theory

unrenormalizable after quantization.

5. METRIC THEORY WITH TORSION OVER THE BUNDLE

Let us return to physics for a while and remind that we are describing
an invariant interaction between the gauge field A and the generalized
spinor . We know how does the Lie-algebra valued 1-form A transform
under the action of the structural group G on the bundle: if X is a left-
invariant vector field on P(M,, G) generated by the corresponding element
in o/ (which we denote by the same letter X) then

£A = Ad(— X)A (4-18)

or, if we choose a basis of N left-invariant fields S,, we have in local coordi-
nates
éEA” = — CbAC (4-20)

It seems natural, in order to make everything invariant and in order to
give an intrinsic meaning to the equation (4-46), to postulate that the
spinor Y transforms in the same way as the form A. This means that
satisfies L

£y =Ad(+S)y;  and :SEal// = yAd(—S,) (5-1)

Spinors satisfying the relation (5-1) will be called left-invariant spinors
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of type Ad. We can also introduce another type of spinors on P(M,, G),
namely the spinors satisfying the relation

=0 (5-2)

The first assumption (5-1), makes our theory entirely covariant, whereas
the condition (5-2) breaks the symmetry.

The most general definition of the Lie derivative of a spinor field has been
elaborated by A. Lichnerowicz [5, 6] and Y. Kosmann [4]. If X is a vector

field over a manifold, and if ¢, is a 1-parameter group of transformations
generating X, then ’

o) - o) 53

(EY)(x) = lim

On a manifold, with a metric connection (non necessarily riemannian),
when expressed in local coordinates, this gives

1
£ = XV — 5 (VX — VX0 (5-4)

Finally, if the linear connection form can be written in a coordinate
system as I',?,, and if we introduce the notation I',,; = I',, g5 then we
can write explicitly

1
£) = X0 — 50X, — 9X )™y

1
- EXa(FaﬂY - Fa)’ﬂ + Fﬂya - ija)dﬂy!ﬁ (5"5)

Here we denote g;;0,X’ by 9,X;.
Let us remind that the Ad representation of .« acts on spinors as

AdS ) = 5 Cune™ (56)

where C,,, = g,,C% and is totally anti-symmetric for any compact and
semi-simple Lie group.

What we are interested in is, in fact, the behaviour of ¥ under an infini-
tesimal Lie group transformation, i. e. when X is a left-invariant vector
field on P(M,, G).

Then we can put X* = (X 0)X! = 0), a vertical, left-invariant field, and
take any of the fields S,. In this case the only thing left in (5-5) will be

£ = SioW (5-7)
Sa

(in non-holonomic coordinates, using the properties of Sj and Al esta-
blished in §.4). The formula (5-7) is so simple because the fields S} are left-

Annales de I'Institut Henri Poincaré-Section A



GEOMETRICAL BACKGROUND FOR UNIFIED FIELD THEORIES 453

invariant and transform into each other under the ad action of the group.
It is easy to check [£, £] = C,£.
Sa Sp S

Finally, if SE‘IJ = Ad(+ S,)¥, it will mean
1
Seop = ) Cupd™Y (5-8)
and

1
Ot = EAadCabcabc'// (5-9)

whereas £ = 0 means just d,iy = 0 in our coordinate system. The equa-
S

tion (4-47) becomes now:

i 1 Sb Lopo b Skl

P 0 — —2'A?Cabc0. ‘- Ey“gaka,a +im =0 (5-10)
in the case when éﬁaw = Ad(+ Sy, and

o 1 0,0 10 o
(ylai + Ecabc’y O-bc - Eyaga Fglakl + lm>'/’ =0 (5'11)

in the case when £lﬁ = 0, 1. e. when the symmetry is broken.
Let us remark that the Pauli term — Fk,a will be present also in the

abelian case when G = S and the gauge field is identified with the electro-
magnetic field. Now the equations (5-10) and (5-11) are operational, but
still describe an unrenormalizable theory because of the Pauli-type term

°aS b Cki
V°8apF o’ .

N =

It is obvious that in this theory only the change of the geometry of the
fibre bundle P(M,, G) can modify the interaction and suppress the Pauli
term. We propose to enlarge our theory and to include torsion. This means
that now, in general, for any vector fields on the bundle, say X, Y, the
quantity

WY - V,X - [X,Y]=20(X,Y) # 0 (5-12)
is not null.

The (vector-valued) 2-form @ is called the torsion form; in local coordi-
nates we use the notation:

20%(X, Y) = S,X°Y? (5-13)
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. . od . . .
The new connection will be now ({ﬂ } being the riemannian connec-
Y

tion):
“—{d}+S°‘ (5-14)
By ﬁ,y By

In general, this connection is not metric; but there exists a unique connec-
tion which has the same torsion (the antisymmetric part) and which is
metric. That is precisely the connection we want to have. The torsion will
be completely defined by the following requirements:

1 .
V“nggp«so Y= 5 Y8 F o™ (5-15)

because we want to get rid of the Pauli term in the generalized Dirac equa-
tion; moreover we want

S5:8xs + Shagay = 0 (5-16)

which will make the new connection metric. This is important if we want
to be able to define the spinorial connection and a covariant derivative
of a spinor.

It is easy to see that the only independent equations in (5-15) are

(Scizdéij + Zssagbd) =0 (5-17)

and .
(Siéab + 2wa§ij) = EéabFij (5-18)
¢ =0, S;; arbitrary (5-19)

Combining (5-15) and (5-16) we find easily

1o o,
S?a = 07 S'c(rb = O’ Ska = - Sllw = ggabgﬂsz
and (5-20)
1,
Sll:j = ggabFlL:,j = - S?k

The new connection, which has torsion but is metric an gives Dirac’s
equation without Pauli-type term is, in the non-holonomic coordinate
system introduced in §.4, the following

1 26 o
gc = 5 gc l—‘Lk = ggabgUFij
) ! (5-21)
l—‘;ca = 3§ab§UFﬁj r‘i]j = - gFZ
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The new curvature scalar is changed very slightly:

R = — % — 5 bl SFIFL (5-22)
which amounts to a change of the scale in the Lagrangian. Thus we are
naturally led to the Einstein-Cartan theory, which can be found in a modern
version in the works of Trautman, Hehl and Kopczynski [8] to [/2]. In
this theory, the energy-momentum tensor is the source of curvature,
whereas the spin-density tensor is the source of torsion: in proper units,

Ski = (Ski — GiSmt + Jismi) (5-23)
where by definition . o .
Sk = W(ou + oy W (5-24)
In our version only the space-time components S}; are to be determined;
it is easy to see that s} = 0, therefore

Sk = W(ou + aur W (5-25)
other components of Sj, being determined by (5-20).

The Dirac equation for the left-invariant spinors of Ad type reduces
to a usual one

o 1 5
y"(é‘k - EA?Cachbc)l/I +imp =0 (5-26)

whereas the spinors constant under group action do not interact at all
with the gauge field:

o 1 0,0
o + 3 Ca’c™y + imp = 0 (5-27)

6. INTERACTION WITH A VECTOR FIELD

To complete our theory, which includes already the generalized spinors
and the gauge fields, we want to introduce the equivalent of the Klein-
Gordon equation for massive vector fields. The existence of the metric
on the fibre bundle P(M,, G) gives us immediately the natural operator,
which is the Laplace-Beltrami operator, and which is introduced as follows:

Define first the Hodge duality operator, which for any p-form w over
an n-dimensional manifold gives an n—p-form *w which has the same
volume as the former one. It is easy to see that * is an isomorphism of the
corresponding vector spaces. Then we define the derivation § = *~ !dx*; it
is easy to see that ¢ : p-forms into p— 1-forms. Finally, as 66 = 0 (because
dd = 0) we can define a self-adjoint operator of second order:

A=+ d)(o +d)=6bd+ db (6-1)
acting on any p-form and preserving its type.
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The generalized Klein-Gordon equation will be written as

(A+MH)p=0 (6-2)

We are interested in the explicit expression for a 1-form over P(M,, G);
let us remind that the metric structure over our fibre bundle gives a one-to-
one correspondance between the 1-forms and the vectors.

A 1-form ¢ is decomposed in a local frame é* as ¢ = ¢,é* The ope-
rator A, when expressed in local coordinates, will give

(A9), = V.V, — V.V, 6, + gVV, 0, (6-3)
where % means the covariant derivative with respect to the Christoffel
connection {; }deﬁned in (4-33).

The same fo}r)mula can be written as
(Ad), = £7V.Vs8, + 87Roy"ps (6-4)

where R,,’; is the Riemann tensor of the Christoffel connection. Remark
that the existence of torsion does not modzfy the definition of the Laplace-
Beltrami operator, which is introduced in a unique way by the metric
structure only. In order to find out the explicit expression for (6-2) we shall
work once more in our non-holonomic system of frames. Our 1-form can
be written symbolically as

b2 = (00 W) (6-5)

where ¢, is the vertical part of ¢,, W; its horizontal part. Correspondingly,
we shall obtain two independent systems of equations.

In order to make them operational, we have to define the behaviour of
our form under the action of the structural group G. We are interested in
the form of ad type, such that

Doy = Si0u¢. = Cipa (6-6)
therefore
Dip. = 0. — AiCia (6-7)
As for the horizontal part W;, we assume that

2.W; = 0,W;, and 2,W;=0 (6-8)

After some calculus, we get the following two sets of equations:
A + M)¢, = 8922, + M*, — g ¢"Fha, W, (6-9)
(A + MW, = g79,9 W + M2W, + g”@ (Fhs) (6-10)

The first two terms in each of these equations describe an invariant
interaction of the scalar multiplet ¢, with the gauge field, and the Klein-
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Gordon equation for the massive vector field. Moreover, next terms
describe a very ugly non-minimal couplings which are unrenormalizable.
Let us write down the Lagrangian giving rise to these equations:

1,. 1...
L= — Eg gD NP D) — Egugk DW)2 W)
M? y 1 N (6-11)
- —Z_gab¢a¢b + gg¥ o, Fh2 W — 5 MZgUWin

Remark that even if ¢, had to be vertical, i. e. if W, = 0, the equation (6-10)
would give a strange constraint. We shall see that the symmetry between ¢,
and W, can be restored and the non-minimal couplings can be removed
once more if we introduce an appropriate terms with torsion Sj..

The Pauli-term representing the non-minimal coupling in the Dirac
equation was removed by introducing the torsion term into the Lagrangian:

U1*Slsg,50"% (6-12)

Let us try to add to the Lagrangian of the vector field on the bundle
a similar term including the torsion. If we look closer at our Lagrangian
and the corresponding Laplace-Beltrami equation, we see that the Lagran-
gian can be written as

1 ~ ~ 1~
Ly = Eg“”g“’(Va%)(Vg%) +58 "R, 58" bpbo (6-13)

(The tilda means that everything is taken with respect to the Christoffel
connection).

Let us prove that we can obtain a new Lagrangian with minimal coupling
if we suppress the second term in (6-13) and add instead the term of the
following form:

3 3 ~ ~
1S = 3878080V, — V9 (6-14)

As a matter of fact, we have:
1 s s ~ 1
Eg g (Va¢y)(vﬂ¢6) =

5?}‘?"(9@‘.)(9,-%)

1 oo, Loior
+ Eg 'E(DWINZ,;W) + Eg g Fo(D ;W)
1.6 -1
+ Zg ke (2 FRIW, + 3 Ci.Clg™od r
1...0
+ gg”gk ’F‘iikF?j(bqud (6-15)
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whereas a simple calculus gives us
3 3 B b QP (Y Y
ZS = Zga g ¢¢Ssya(vﬂ¢p - Vpd)ﬁ)
1s..0 15..0
= Zg”gk "o kD W+ Zgugk 'WF,2 fo
1,.,
+ §g”8k ‘o FrFhd, (6-16)

The sum of these two expressions gives a Lagrangian with the minimal
coupling:

1 ~ ~ 3 ~ ~
Eg“”g“"’(Va%)(Vp(ba) + Zg“”gy"¢as‘y’u(Vp¢p = V,0p)

0;:0 1 0::0
g82:0.) D bs) + 3 282 W)2,;W)

N o=

1 o0
+ 2 CaClig™ ¢, + Zg,(g”g"'%F?sz) (6-17)

oo | =

The last term, being a pure divergence, does not modify the equations
of motion. We can write therefore, together with the mass term:

> L s Vv M? ap
o =38V ) Vi) = - 2708,
3 o . o
+ Zga g)' ¢éssa(vﬁ¢p - Vp¢ﬁ)

1oo : 1,..6
=38 8D BND i3) + Eg”g"'(@ W2, W)
M? 1 M2,
- (7 o + £ Cich ”)df¢>; - SEWW, (618)
In physical applications the structure constants are rescaled and multi-
plied by some coupling parameter, characterizing the interaction force
with the gauge field: C;, — ACS,. We remind that C4,Cf,g® = 6/ for any
compact and semi-simple Lie group. We see then that the masses of the
vector field W, and the scalar multiplet ¢, are different: if the vector field W,

3
/ A
has the mass M, the scalar multiplet will have the mass [M? + ) where 4

is the coupling constant. The asymmetry in masses is due to the fact that
our operator is no longer conformally invariant with respect to the global
metric on the fibre bundle. Remark that even if M = 0, the scalar field will
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A
not be massless anymore and will have the mass of order 3 The only

massless scalar particles could exist if there was an abelian subgroup in
the structural group G.

It seems that this scheme is an argument to take seriously the Einstein-
Cartan theory with torsion as a good tool for the unified theories of inter-
actions. In that case there should also exist an interaction of the vector
field W, with the space-time torsion:

gIMWST(VW,, — VW) (6-19)
(cf. also [I5], [16], [I7)).

7. THE REDUCTION OF THE GENERALIZED SPINORS

If we consider the left-invariant generalized spinors on the bundle
P(M,, G), we can calculate in principle the value of the spinor  at any
point of a fibre if we know this value at another point of the same fibre.
Remind that, in our coordinates.

W(p*) = Y(x', &) (7-1)

where x' are the coordinates of a point in My, and £ are the coordinates
of a point in G (or in a fibre over x € My). For the left-invariant spinor
a1
= — C, A" 5-9
85“ 2 abc ¥ a0 l// ( )
If we know the value of  at ee G, we can have it at g € G. The same is
true along the fibres; we can get the value of y at (x, g) if we know it at (x, e).
The Lie algebra .o/ acts on the fibre bundle spinors through its adjoint
representation and via its embedding into the Lie algebra of SO(N + 3, 1)

N+5
represented in the K-dimensional space (K = 2[ ? ]) :

Ag = addg = Ason+3ny > GLK)

The action of a finite translation along a fibre can be obtained by expo-
nentiating the infinitesimal action given by (5-9), because

exp [Ad(g)]X = gexp(X)g ™' (7-2)
for ge G. Xe o ;. We can write, for pe P(M,, G),
W(p) = Y(x, g) = D(gW(x, e) = D(gy(x) (7-3)

where we put for the sake of simplicity y(x, €) = y(x). The explicit calculus
of the representation D(g) may be quite difficult in general.
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The same procedure can be applied for the action of the Lorentz group
on Y. If o, are the infinitesimal parameters of a Lorentz transformation,
then the formula

3 = a0y (7-4)

defines a reducible representation of the Lie algebra of the Lorentz group
in a K-dimensional space. This representation can be decomposed into
a sum of irreducible representations. In other words, the generalized spinor
over the fibre bundle can be represented as a linear combination of the
Lorentz spinors. The spinor terms in the Lagrangian density shall represent
a sum of Dirac terms with different masses and different charges. This
comes out after the integration over the group space (a fibre) with respect
to the invariant Haar measure: for example, according to (7-3) we can write
the mass term as:

myy = mD(P(D(gW(x)
= mj(x)D(g)D(gW(x) (7-5)

A\ -
= zm<B>uAD(g)D(g)uB
A,B

Here u, are the multiplets of Dirac spinirs; the nature of the indices A, B

A .
depend on the representation; the decomposition coefficients ( ) are, in
simplest case the 3 — j Racah symbols (when G = SO(3)).

Remark thatD(g) does not mean the Hermitian conjugate in the sense
of matrices, but the conjugate in the spinor sense:

D(g) = p~'D*(g)p (7-6)
The same decomposition has to be performed with the interaction term

1- o 1 B\_ - °
- ’iwA?szbgcdabdw == EZ <C>HBD(g)A?CZbgmG”"D(g)uc (7-7)
B,C

Here the integration over the group space will yield the generalized
charges corresponding to each multiplet of Dirac spinors.

Such a program has been performed by G. Domokos and S. Kovesi-
Domokos [2] for the case when G = SU(2). For simplicity, they have
used an unfaithful representation of C(6, 1) in eight-dimensional space,
i. e. realized as a product H ® C(3, 1).

In this representation the generators of C(6, 1) are chosen to be:

P= ey, '®1, 2®1, Q)
here x = 0,1, ...,6, and y° = y%y'92%93, ¢!, 7% and t> are the usual 2 x 2
Pauli matrices, y' are the usual Dirac matrices, and 1 means 4 x 4 identity
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matrlx Then, if we introduce the projection operators ~(1l +2®1)

and — (11 — > ® 1), and denote
b=30+ 2@
-1
In this case y, and y, are the Lorentz spinors embedded in 8-dimensional

space. If we denote /4, Y/, by ¥/, (A, B) = 1, 2), then y,(x, g) can be expan-
ded into irreducible representations of the group SO(3) as follows:

Yalx, g) = z A5 (8)Dom(&WE™(x)

B,l,m
121 j 121 j .
- Z Qi+ 1)( N A>(1/3 . __’M)(— DM AD4u( A0
1,m,B,j,M
12j—¢2 j .
- 2(21 + 1)”2(2 e A)(— 1M~ ADiu()tjeul)
JsM,l

Wheree = + 1, |I|,|m| <2j+ 1, and

121 j
Liem(x) = (2j + D2 Z( ]/3 m _jM)éz,j—a/zlpg"(x)

B,I,m

We shall not write down the similar expansion for other terms in the
Dirac Lagrangian. Instead we give the final result of averaging

UV + Vi
over the group G, in absence of mass m, and of the field A{. We get the
following expression:

& | + i
G

- _ 3
= Z [Zje(’))lai)Xj.s] + Z I:stoﬁ(a ,yS + O-a(:abco.bc + y503C3bcabc>st:|

Js& Js€

Here x;, is a 4(2j + 1)-column belonging to the irreducible subspace (j)
of the gauge group SU(2), i. e. a column of 2j + 1 Dirac spinors. Let us
define new multiplets of Dirac spinors u;, by putting :

17[0’

—[(1+?5)+6’2(1—V5)]

17[0' (L 1)’}4’
je
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This ansatz eliminates the negative-mass (ghost) terms. As a matter of
fact, we get

L[ = ' L_ o1 e\
V;J'('//y Vaw + Val//’y l//)dG = Z I:E ujey aiuje + (] + 5 - Z)ujeujf::I

J.Ee
The most important result is therefore the fact that the mass term is
. . : A .
given by linear family (] + 7~ Z)’ depending on the representation

index j. This is similar to the well-known Regge trajectories, whose origin
is of course different (here we have the representations of the internal sym-
metry group instead of the kinematical group in Regge’s formalism).
Averaging the interaction term over the group

= j I AIC 35 dG

Vo

will also give the decomposition into irreducible representations, and the
coefficients can be regarded upon as the generalized charges.

The comparison with the experimental data seems to be precarious; any-
way, the true symmetry of the theory should be at least SU(2) x SU(1) or
SU(3), in order to describe weak and electromagnetic, or the strong inter-
actions. -
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