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Properties of extended bodies
in spacetimes admitting isometries

by

Ruprecht SCHATTNER and Michael STREUBEL

Max-Planck-Institut fiir Physik und Astrophysik
Institut fiir Astrophysik, Karl-Schwarzschild-Strasse 1
D-8046 Garching b. Miinchen, FRG

ABSTRACT. — Dixon’s centre-of-mass description of extended bodies is
analyzed for spacetimes admitting isometries. In particular, we treat sta-
tionary, axisymmetric and stationary and axisymmetric spacetimes. In the
last case, a new coordinate system is constructed which is based on the centre-
of-mass world line /, and we obtain in the case that /, is a geodesic (a suffi-
cient condition for this is given) a new restriction on the energy-momentum
tensor.

RESUME. — On analyse la description des corps étendus selon W. G. Dixon
pour des espaces-temps admettant des isométries. On considére particulié-
rement des espaces-temps stationnaires, axisymétriques ainsi que station-
naires et axisymétriques. Dans ce dernier cas on construit un nouveau sys-
téme de coordonnées fondé sur la ligne d’univers du centre de masse /, et on
trouve une nouvelle restriction sur le tenseur d’énergie-impulsion si /, est
géodésique (une condition suffisante pour cela est obtenue).

§ 1. INTRODUCTION

In [I], we started a programme aimed at establishing an energy-momen-
tum balance between material sources and the gravitational radiation field
for isolated systems of extended bodies in General Relativity. Our approach
uses only covariantly defined concepts so as to render possible going beyond
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118 R. SCHATTNER, M. STREUBEL

merely formal approximations. One such exact framework employed in our
approach is Dixon’s theory of the local structure and dynamics of extended
bodies [2]. A review of its basic structures will be given in this paper.

By principal reasons, in [/] we were also led to consider stationary as well
as axisymmetric spacetimes representing isolated bodies within Dixon’s
framework. In this first of a series of papers we complete and extend these
investigations to spacetimes which are both stationary and axisymmetric,
representing e. g., isolated rotating stars. In the second part, these results
will be applied to such spacetimes which are also asymptotically flat to
obtain a connection between the asymptotic and the local description of
isolated symmetrical bodies.

As far as this paper is concerned, besides several new local results presented
in the following sections, in Section 7 we obtain a global condition res-
tricting the multipole structure of objects of the type considered here if
their center-of-mass moves on a geodesic. Up to this point no field equations
are used, all results follow from the local balance equation V-T = 0 for the
matter distribution together with several technical assumptions.

To be more precise, in Section 3 we present a short review of Dixon’s
theory. In Section 4, we state our assumptions in detail and prove local
geometrical properties of an isolated system in a spacetime admitting a
group of motions. In the following three sections, these results are then
applied to the special cases of spacetimes which are stationary, axisymmetric
and both stationary and axisymmetric, respectively. In addition, Section 7
contains the geometrical construction of a new coordinate system based on
the centre-of-mass world line of the body. In particular, there is a canonical
time function in these spacetimes (up to the choice of origin).

Finally, the last section treats « dynamical » properties of such bodies,
starting from the introduction of one further assumption which ensures the
centre-of-mass world line to be geodesic. We first show that force and torque
(in the sense of Dixon) exerted on the body vanish and then derive an inte-
gral condition on the energy-momentum tensor which would have been
hard to obtain without the use of Dixon’s description of isolated bodies.

§ 2. NOTATION AND CONVENTIONS

We put ¢ = 1 = G. Signature of the metric g : (+, —, —, —). Round
and square brackets stand for symmetrization and antisymmetrization,
respectively. V denotes the covariant derivative. The curvature tensors of
Riemann and Ricci are defined by

2V VyV¢ = : R%.V%, Ryt = RE

ach’

Naca denotes the completely antisymmetric tensor (volume form) satisfying
No123 = 1 in an oriented orthonormal tetrad.
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PROPERTIES OF EXTENDED BODIES IN SPACETIMES ADMITTING ISOMETRIES 119

The Dixon theory uses bitensors (two point tensors) extensively. For a
bitensor function of the pair of points (x, z) one must distinguish indices
at x and those at z. We shall use a, b, ¢, ... for indices at x and i, j, k, ...
for indices at z, also with respect to ordinary tensors.

§ 3. SHORT REVIEW OF DIXON’S THEORY

A detailed account of the theory is given in [2]. We will be very concise
here.

Basic auxiliary quantities of the framework are the world function
biscalar o(z, x) and the Jacobi propagators K and H%. The world function
is defined as follows: let x(u) be a geodesic joining the points x(0) = z and
x(u) = x. Then

o(z, x): = %u f :g,,,,(x(u'))aé‘sé”du'.

Covariant derivatives of ¢ are denoted by the corresponding suffixes,
€. 8 O = ViV, V,0. Itis easy to see that

0%z, x) = ux’(u), 4z, x) = — ux*(0).
The Jacobi propagators arise by considering solutions of the equation
of geodesic deviation (Jacobi equation) along x(u):
Dféa _ Rade);b);cgd =0

where D, = )E“Va is absolute differentiation along x(#). The solutions of
this differential equation are determined by the values of ¢ and D¢ at the
point z. Since the equation is linear, the dependence of the solution on the
data is linear. Therefore there exist bitensors K and H such that

Ex(w)) = K%z, x(u))E(z) + uH%(z, x())D, & (2).
It can be shown (see e. g. [2]) that they satisfy
H(z, X)o*y(z, x) = — 84(x)
K%z, x) = H%(z, x)a"(z, x).

Geometrically, H represents the differential of the exponential map

0 a a
é‘g( (expz X) =H k(za €Xp, X)

where X € T,M.
All these bitensors are well defined in a neighbourhood N of the diagonal

set of M x M such that (x, y) € N iff there is a unique geodesic joining x
and y.
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120 R. SCHATTNER, M. STREUBEL
Now, it is easy to see that

£(x) : = K%z, x)A* — H'(z, x)o'(z, x)BY, 3.1

defines the unique vector field which is a Jacobi field along all geodesics
emanating from z and satisfies

£4z2) = A%, ViE2) = BY,.

If the spacetime M admits an isometry generated by a Killing vector
field &%, then &° is a fortiori a Jacobi field along all geodesics and satisfies
therefore (3.1) with respect to all ze M.

Next consider a system of isolated (*) bodies in a spacetime admitting an
isometry generated by a Killing vector field &, Let X be a spacelike hyper-
surface and dS, the vector element of volume on . T* denotes the energy
momentum tensor of the matter satisfying Tl*®) = 0 = V,T*. Then

Ey(&): = LofaT“"’dS,, 3.2)

is independent of the hypersurface X. In view of (3.1) we rewrite E; as a
bilinear functional on the (Jacobi) data of the Killing field in a point ze Z
(the « generators of the isometry group »):

Ex(&) = EP* + %vkc,s“ (3.3)
where
P¥z, X): = j K T%dS, (3.4
and *
Sz, ) =2 J.zHa[ka’]T“”dSb. (3.5)

In analogy with flat spacetime P* and S are called (Dixon’s) momentum
and angular momentum. The essential point is that these quantities are inde-
pendent of the existence of a Killing field £* and may therefore be chosen as
definitions of momentum and angular momentum in a general spacetime
where no symmetries are present. The quantities defined by (3.4) and (3.5)
depend on both the hypersurface £ and the point z€ X. Given a point
z € M and a timelike future directed unit vector u* € T,M, we define momen-
tum and angular momentum with respect to (z, ) by choosing X to be the
geodesic hypersurface orthogonal to u, i. e.

T:=Xzu):={xeM|usz,x) =0}.

(*) By this we mean supp (Tab) N S is compact for all spacelike hypersurfaces S.
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PROPERTIES OF EXTENDED BODIES IN SPACETIMES ADMITTING ISOMETRIES 121

Now, to reduce arbitrariness further, we impose the condition
Pk, = 0. (3.6)

It has been shown in [3] that an energy condition together with weak
conditions on the curvature of spacetime and the size of the bodies ensure
the existence of an unique timelike future directed «* satisfying (3.6) in a
neighbourhood of supp (T). These conditions are also sufficient to show
(see [3]) that there exists exactly one timelike curve /, = z(s), the centre-
of-mass, such that the mass dipole moment m*, defined by

mk = uS* 3.7
vanishes. If we introduce a spin vector S* by
Sk = %n“"‘"S,mu,,, 3.8)

we find from the centre-of-mass condition that
skl = nklmnu S
m~n-*
We normalize the parametrization of /, by
ukZ.k = 1

In virtue of (3.6) there exists of course a scalar function Mp, the Dixon
mass, along /, such that
P* = Mpu*.

M,, is positive. Note that #* is not necessarily tangent to /.
As a consequence of the local law of motion,
v, T =0, (3.9)

P* and S* have to satisfy (ordinary) differential equations along /,, Dixon’s
integral laws of motion:

. 1 . . .
DSPI — z lelslmzk + F! (3 . 10)
D,S¥ = 2Ptz 4 LV, (3.11)

The form of equations (3.10) and (3.11) does not depend on the particular
choice of /, and X(s), but F’ and L" do. They are well defined only if the
world-line, its parametrization and the family of hypersurfaces are specified.
Therefore we will in the future always adopt the above choices of I, = z(s)
and X(s), i. e. a centre-of-mass description.

In order to evaluate the gravitational force F* and torque L* explicitly,
one needs another structure, the so-called « energy momentum skeleton ».
Together with P* and S*! it provides a complete description of the bodies
(i. e. it is equivalent with T¢%) but it is not subject to any differential equations
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122 R. SCHATTNER, M. STREUBEL

along l, as a consequence of (3.9). The details are as follows: T is comple-
tely determined knowing the linear functional

bus—> f T,

for all smooth symmetric tensor fields of compact support. Dixon has
shown that for any smooth T** with spatially compact support satisfying (3.9)

there exists a tensor distribution on the tangent space T k the energy
momentum skeleton, such that

fT“”qbaW = fds

P2 (0)uulz(s)) + 2"V pin(2(5))

+ J‘ T4 (@, + GIA)DX |, (3.12)
Tz(s)M

T"’ is zero unless z € l0 and has compact support contained in the hyper-
surface orthogonal to #* in T,(M).

DX =1/ = g(2)dX° A dX* A dX*> A dX? is the volume element on
T.(M), @y, is the pull back of ¢,, to T (M) by the exponential map, i. e.

®,(z, X) = HYH ¢ (exp, X). (3.13)
Gy, is the pull back of the linear connexion, i. e.
Gii(z, X) = akHbzomab(Za exp, X) (3.14)

and A,, is the pull back of the two point co-vector field A,(z, x) which satisfies

DZ'{ bcax xc}'d = ';Cb;cc(vb(bac - vad’cb + vcd)ba) (3 15)

along all affinely parametrized geodesics x(«) through z. It is fully determined
by imposing the initial conditions

liml, =0 , lim (V4 — ¢,) = 0. (3.16)

Xz Xz

It has been proven by Dixon that T is unique if one imposes the further
conditions

éai’?’;’ =0 , (uXHXUTmingr = o, (3.17)

One may define an extended skeleton by

\T/zkli — P(kZ.l)a(X) Sm(k l)a 5(X) + Tkl

and the 2"-pole moments at z(s) € [,

Iml"'m"kl(s) c = f X'"lX"'"T (g)(X)DX
T

z(s)M
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PROPERTIES OF EXTENDED BODIES IN SPACETIMES ADMITTING ISOMETRIES 123

It can be shown that

M, = f\"[/'k'u,‘u,DX
S¥ =2 J XUTHm, DX.

T* contains only quadrupole and higher order information about the body.

Using the energy momentum skeleton, Dixon gave explicit formulae
for F¥ and L*: given a Jacobi field £, the conventions being as in (3.1),
these representations of F¥ and L* are in fact equivalent with

f T %,G,DX = 25, F + v, £ LM (3.18)
for all initial values &, V&, = — V&. Gy, is the pull back of the metric,
Gz, X) = HYHigg(exp. X). (3.19)

It is important to note that these explicit expressions do not contain z* so
that, surprising as it may seem, (3.10) and (3.11) together with (3.6) can

be solved with respect to z algebraically. This has been achieved by Ehlers
and Rudolph [4]. Finally we quote a theorem which shows that there are

no further restrictions on (P, S, ?) in view of (3.9):

THEOREM (Dixon [2]). — If a smooth (*) symmetric tensor field satis-
fies (3.12) for some choice of (P, S, /"f) satisfying (3.17), then
V,T% = 0. 3.9)

In other words, one has succeeded in finding variables describing the bodies
completely, which are such that they satisfy ten ordinary differential equa-
tions being equivalent to the four partial differential equations V,T°® = 0!
Thus the situation for a given spacetime metric is very similar (*) to Newto-
nian dynamics: momentum and angular momentum have to be given at an
instant of time, the higher order moments at all times (i. e. in general know-
ledge about the internal structure of the bodies is required in addition).
These data determine the motion.

For the following it will be useful to have a formula which expresses
integrals of T*® over the hypersurfaces Z(s) by the skeleton. To obtain it, we
define a time function # by

tH(x) = s<xeX(s) (3.20)

(®) This condition may be weakened, cf. [2] and [5]. For the question of existence of
such a T see [5].

(®) In fact in this regard they are the same. All preceeding theorems may be proven
using only structures common to both theories ([6]).
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124 R. SCHATTNER, M. STREUBEL

and a vector field v* the local flow of which maps the hypersurfaces Z(s)
onto other such hypersurfaces,

v0,t = 1.
Then
dS : = vdS,
is a scalar 3-form (volume element) associated with the foliation {Z(s) },and
dS, = 0,dS.

We shall use the auxiliary fields ¢, v, dS throughout this paper.

In particular, it has been shown that there exist tensor valued distribu-
tions A‘(’f:)(s), v =1, 2, 3, on the hypersurfaces Z(s) depending upon T
and g*® only such that

f TpdS = P*2'e(2(s))
Z(s)

+ s"'z'"'vk¢,,,.+f T4 (@ + GRADX  (3.21)

Tz(s)M

¥ z(%) (A, fa)

v=1
for all smooth tensor fields ¢,, with compact support.

We shall finish this section with a discussion of angular velocity and the
relativistic inertia tensor.

Fi1G. 0.

Let (v, E) be an orthonormal tetrad along /,. Then the tensor

22

DY : = k! — SE*E!

aa a

obeys the equation
(&% — v*u)E' = D*E' (3.22)
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and is characterized by it. D* is, from (3.22), the angular velocity of (E¥)

with respect to any quasiparallel base, quasiparallelity being defined by

& - u"u,)].E’ =0.
a

(3.1) Lemma. — D* is antisymmetric and spacelike, i. e.

D* =0
Dklul = 0.

Proof. — Since (u, E) is an orthonormal tetrad along /,

gkl — ukul _ ZEkEl
ax a
Therefore
0= 1V.g“ = u%y) — TECED
2 =z aa a i

which proves the first assertion. Furthermore

D"y, = v*u'u; — TE*E'y, = 0.
a a [ 4

Using the relativistic inertia tensor M*, defined by

MY = J' [X*X' — (g% — XX, TuuDX,

(3.23)

(3.24)

a dynamical angular velocity of the body may be introduced as follows:
it can be shown under conditions similar to those guaranteeing existence

and uniqueness of the centre-of-mass line that

M* = TOEE!

and
MME, = — 0E*

with

gklEkEp’ = - 5aﬁ
and
wE=0 for a=1,2,3,
and

6> 0.

a

Therefore, M* has matrix rank 3 and a solution QF of
sk = MHQ, Qut = 0

Vol. XXXIV, n° 2 - 1981.
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126 R. SCHATTNER, M. STREUBEL

always exists. Q, will be called the dynamical angular velocity vector. The
dynamical angular velocity is then defined by

le = nklmnumgn'
Now, we may define an orthonormal tetrad (u*, e¥) along /, whose timelike

vector is the dynamical velocity »* and whose spatial vectors rotate with
the dynamical angular velocity Q*'. A body is said to be dynamically rigid
(quasirigid in the sense of [4]) if its multipole moments of order n > 2
have constant components w. r. t. such a tetrad field. Formally, this may be
expressed as follows: the motion is quasirigid, iff there exists a vector
field Y satisfying
Yo(x) = KAa(s), 0)24(s) + Hz(5), ¥)a(z(s), x)2uu" — Q)

for x € £(s) and

2,4 = 0. (3.27)
If the body is quasirigid, the principal moments of inertia (E¥) can be chosen
to rotate with the dynamical velocity Q, if the 6 are mutually distinct, the (E)*

are unique (except for enumeration) and rotate with the dynamical velocity

§ 4. PROPERTIES OF AN ISOLATED SYSTEM
IN A SPACETIME ADMITTING A GROUP OF MOTIONS

Now, as in the following chapters, we consider a spacetime (M, g,,) and
a symmetric energy-momentum tensor T°® with the following properties:

(A1) M is a connected Hausdorff C*-manifold which is spatially and tem-
porally-oriented ;

(A2) (g, T*) are such that a unique centre-of-mass line /, : z(s) exists
and the (Dixon-) momentum P is timelike ().

In addition we assume throughout this chapter:

(S1) There exists a group of local motions G leaving (M, g) invariant,
which is generated by a vector field Z* on M such that £ ,g = 0.
(S2) T?® possesses the same symmetry as (M, g), i. e. Z,T = 0.

If (M, g, T) is a solution of Einstein’s equation, then (S2) is of course a
consequence of (S1).

(% For a definition of these quantities see § 3. Sufficient conditions for (A2) to be valid
may be found in [3].
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PROPERTIES OF EXTENDED BODIES IN SPACETIMES ADMITTING ISOMETRIES 127

(4.1) LeMmMA. — Suppose condition (3.6), but not (3.7) holds, i. e. we
have specified the moments completely apart from choosing the centre-of-
mass description. This means that momentum P* and angular momentum S*!
may be considered as tensor fields in a neighbourhood of the support of
T, Then

FPr=0= 2, “.1)

Proof. — The assertion follows immediately from the fact that P* and S*
are geometric objects constructed from g, and T, O

(4.2) LemMA. — The centre-of-mass line z(s) is a group orbit or a line of
fixed points of the group action, i. e. there exists a constant x such that

ZF = iz* (4.2)
and
K = uZk, 4.3

Proof. — Let ¢, be the local flow of Z. The images ¢,(z(s)) of the centre-of-
mass line /, : z(s) are again timelike curves which can be used as reference
lines to construct P¥, S*! along each of them (confer Lemma 4.1). On the
other side we get, using (4.1),

Z,(P,SH =0
which is equivalent to
Vm* = m"V,Z*,
Therefore
Vg (m*my) = 2m*m'V,Z, = 0,

i. e. m*my is constant along ¢(z(s)) for fixed s. Since ¢y(z(s)) = z(s) and
(m*m)(z(s)) = 0 for all s, we find that (m*m,)(¢,(z(s))) = O for all ¢ and s,

hence
m¥(@(z(s))) = 0,

i. e. for fixed but arbitrary ¢ the curve ¢(z(s)) is a centre-of-mass line. By
uniqueness it must coincide with /,. This implies (4.2) and (4.3). It follows
from Lemma 4.1 that

hence, in view of (4.3),
Z(k) = Lk = 0.
(4.2) yields now
4 ®)?* = 21c—é K =2Z(k)=0
ds ds ’
k being continuous this implies ¥ = const. 0O

Since the curve z(s) is timelike, one immediately has

(4.3) CorOLLARY. — A spacetime containing an isolated body does not
admit any everywhere spacelike (« translational ») isometry. O
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128 R. SCHATTNER, M. STREUBEL

(4.4) LeMMA. — The image of the geodesic hypersurface 2(s) under the
local flow of the Killing field Z, ¢,, is again a member of the family of hyper-
surfaces { 3(s) | s € R }. Furthermore one finds

Z(t) =« 4.4
and
0. (2(s)) = Z(s + xr) 4.5
Proof. — Lemmata (4.1) and (4.2) imply
¢lo) = I,

Du(2)) = u($/(2)).

¢, is an isometry and maps therefore geodesics orthogonal to u(z) into
geodesics orthogonal to u(¢,(z)). This completes the first part of the proof.
This, together with (4.2) and (4.3), yields

Z(t) |xEE(s) = Z(t) |z(s) = szakt |z(s) =K.
Finally, (4.2) tells us, that

¢(z(s)) = 2(s + xr)
which implies (4.5). O
This is as far as we can get without further assumptions concerning the
nature of the isometry group. In the following chapters we will treat some
physically significant special cases.

§ 5. PROPERTIES OF AN ISOLATED SYSTEM
IN A STATIONARY SPACETIME

We assume again (Al), (A2), (S1) and (S2). In addition we require the
following:

(S3) (M, g) is invariant under an action ¢ : R(1) x M — M of the one
parameter group R(1), such that the trajectories are timelike curves.

The corresponding Killing vector field shall be denoted by &, i. e. the results
of § 4 apply for Z = ¢&.
The following are simple corollaries of Lemmata (4.1) and (4.2):

(5.1) CoroLLARY. — The centre-of-mass line /, is an integral curve of £&. [

(5.2) CoroLLARY. — The Dixon-mass My and the parameter

k:=ult#£0
are constant along /. a
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(5.3) ProposITION. — If the eigenvalues of the inertia tensor M*' are
mutually distinct, then
3
,lzv’*g’ = vhul - ZE"E‘ (5.1)

a=1

where the E* are the eigendirections of the inertia tensor, as defined in (3.24).
Proof. — Since ¢ is an isometry, £, M* = 0.
Applying &, to (3.26) yields
M*Z,E, = — 02 ,E" — £0)E" (5.2)

Transvection with E, yields
{0 = 0.

Now equation (5.2) implies that & gli," is an eigenvector of M to the eigen-
value 9 The non-degeneracy entails
g’{g" oc Ek'
But E* is normalized. Therefore
) Z:E =0.

a

Next we recall from (3.23) that
3

g =M — ZE"E’. ' (5.3)

a=1

Lk =0 = Zgli" together with (4.2) are equivalent with
xE'E* = E'E"V,,¢*
a @ a a
k't = um, &
Therefore
k(u'u* — TE'EY) = (u'u™ — TE'E™MV, & = Vg, m)
aa o axx a

(5.4) ProposITION. — If the eigenvalues of M* are mutually distinct and
the motion is dynamically rigid (cf. § 3), then
i vEE = 24yl — QM. (5.4)

Proof. — (3.27) implies
gyM’d = 0,

Vol. XXXIV, n° 2 - 1981.



130 R. SCHATTNER, M. STREUBEL

therefrom we deduce as in the proof of Proposition (5.3) that

3
VEY! = 2ui - QY = ot — ZE"E’ (5.5)

a a
a=1

(5.1) yields now (5.4). |

(5.5) REMARK. — (5.5) is equivalent to the relation
3
oM = — W+ ZE"E’. (5.6)
a=1

We may use (5. 6) as definition of a « geometrical angular velocity » in general

(in non-dynamically rigid non-stationary situations). This suggests the
following definition:

(5.6) DerINITION. — If the eigenvalues of the inertia tensor are mutually
distinct we define the geometrical mean angular velocity by

WA = — ul* + SEEL
aa a

We know from § 3 that W*! is a « reasonable » angular velocity satisfying
the properties of Lemma (3.1). Propositions (5.3) and (5.4) may be refor-
mulated in the following way:

(5.7) ProposiTION. — If the eigenvalues of the inertia tensor are mutually
distinct, then

ivkél — 2u[kl.ll] —WH 0O

(5.8) ProposiTION. — If the eigenvalues of the inertia tensor are mutually
distinct and if the motion is dynamically rigid, then dynamical and geome-
trical angular velocity are equal,

Wkl = le' 0

§ 6. PROPERTIES OF AN ISOLATED SYSTEM
IN AN AXISYMMETRIC SPACETIME

We assume again (Al), (A2), (S1) and (S2). In addition we require the
following:

(S4) (M, g) is invariant under an effective action ¥ : SO(2) x M — M
of the one parameter cyclic group SO(2).
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The Killing vector field corresponding to the action ¥ shall be denoted
by #. We normalize # such that ¥,,(x) = x, i. e. we describe the elements
of SO(2) by an angular coordinate running from 0 to 27 in the usual way.

(6.1) ProPOSITION. — The centre-of-mass line /, is a set of fixed points
of Y.
Proof. — Putting Z = n in Lemma (4.2) we find that for some constant x*
nH(z(5)) = K2,
But #* is spacelike and z is timelike. Therefore
k =0. O

(6.2) ProPoSITION. — There is an imbedded 2-surface A, the axis of ¥,
which is the fixed point set of .

Proof. — Carter [7] has shown, that (S4) implies Proposition (6.2), if
the action y has fixed points, but this is guaranteed by Proposition (6.1). O

(6.3) PrROPOSITION. — A is timelike and totally geodesic.

Proof. — A proof of the first assertion is given in [7]. For the second part,
we proceed as follows: let z € A and V € T, (M), such that V is tangent to A.
Then ..V = V for all 6 € SO(2). Let V be such that exp, V is well defined.
Then

Yo(exp, V) = €XPyo(z) VeV = exp, V,
i. e. all geodesics starting from a point z € A. tangentially to A remain
within A.
(6.4) PrROPOSITION. — There is a unit vector w* orthogonal to u* such that
Vit = M w,. 6.1
Proof. — From Lemma (4.1) it follows in view of Proposition (6.1) that
Lyt = —u'Vn* =0.
Therefore there exists a unique vector w* satisfying

Wkuk = 0
such that (6.1) holds, namely

1 mn
Wk = —2_ ’1“ vl"mun‘
Now, let x%(r, s) be a geodesic emanating from z(s) € /, such that
x*0, 5) = z(s), 6.2)
x*0, s)w, = 0 6.3)
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and
x%0, s)u, = 0 6.4
where * = % and r being the arc-length. Then for all 8 € [0, 2x]
'//O(x(r> S)) = x(r, 9, S)

is also a geodesic satisfying (6.2), (6.3) and (6.4). For fixed (v, s)
€0, ©) x R,
0— x(r, 0, )

describes a circle of « radius » r. Its length is given by

2n
L(r, s) = J
[}
But, by definition,

1/2

0 a 0 b
gaba_gx(r’ 0, x)a—gx(r’ 0, S) do'

a%x"(r, 8, s) = n°(x(r, 6, s)).

Furthermore it follows from (3.1) and Proposition (6.1) that

1°(x, (r, 6, 5)) = FHYX,0, 0, )1 Wiyt
therefore
gabﬂa'lb =r 2Gkt;Cm;C"’Tkiji“j'llmsWrus
where Gy, has been defined in (3.19). It may be shown, cf. [3], that there
exists a regular bitensor field y,; depending on the curvature, such that

Gu = &u + r*7u
whence
g’ = r’ww(1 + ry),

y being some regular function of » and s. Therefore

L(r, 5) = 2V | wiw, | (1 + riy)V/2.

- Lr8) T
11_1?; - —\/Iwkw |

Finally we get

Since (M, g) is locally euclidean this equals unity. O

(6.5) PROPOSITION. — Let
= Boln) = [ T,
z
be the (conserved) angular momentum. Then
Sk = Lw*
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Proof. — From the definition of Dixon’s angular momentum tensor S it
follows that

1
L= VinSH. (6.5)

In view of (6.1) and (3.8) this is equivalent with
L = - Wksk.
On the other hand, we also have

Ew=2LS=2Lu=0
or
lezﬂk = Slvlnk = ulvz'lk- (6.6)

n, is a Killing field, i. e. V n, is antisymmetric. Looked at as a linear map it
has therefore either rank 4 or rank 2 or rank 0. The first case is ruled out
by (6.6), the last case cannot apply, since # # 0. Therefore V,n, has rank 2,
which means that w, S, and u are linearly dependent. Since both w and S are
orthogonal to », we find for o 5 0

Sk = awk.
Transvection with w, yields
— o= wSk O

§ 7. PROPERTIES OF AN ISOLATED SYSTEM
IN A STATIONARY AND AXISYMMETRIC SPACETIME

Now we assume (A1), (A2), (S1), (S2), (S3) and (S4). We also assume the
two Killing fields to commute which is no restriction of generality as shown
by Carter [7]. For the rest of this chapter we also assume

(S5) The action of G, is orthogonally transitive.

This means that the two-dimensional cylindrical (R x S!) group orbits
are orthogonal to two-surfaces in M. It has been shown by Carter [8] and
Schmidt [9] that (S5) is equivalent with

(S5') There exists a discrete isometry ¢ which

i) maps each orbit of G, onto itself;

ii) satisfies gog = o for all g e G,;

iii) has a fixed point on each orbit 0 of G,.

Kundt and Triimper [/0] have shown that for a wide class of field equa-
tions the orbits of the isometry group defining axial symmetry and statio-

narity admit orthogonal 2-surfaces. The field equations covered by this
result include those of a perfect fluid.
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(7.1) ProOPOSITION. — The 4-velocity u"<= ML P") is tangent to the
D

centre-of-mass line /.

Proof. — On the orbit /,, let z(0) be a fixed point of the discrete isometry o.
Then, since in view of Lemma (4.4)

ZKS = ¢szo’
we find
G o ¢S(EO) = ¢—s ° G(EO) = ¢_s(20) = Z—KS
and also
go ¢s(20) = G(st)’
hence

o) =X

-5

Next we notice that because of the presence of the axisymmetry, u* has to
be tangent to the 2-dimensional axis being a timelike 2-surface. Otherwise
there would be a preferred spacelike direction not tangent to the axis.
Finally, since, under o, normal directions of X, are mapped into those of
¥ _,, we have o, : u* — — u*. From this it follows that

k k
ua Ip =—u akla(p)
where a* is tangent to the « spatial axes » being the intersections of ortho-

gonal 2-surfaces with the 2-dimensional axis.

c.om. -linelg

ak

axis

Fi1G. 1.

If p = z(0) (the fixed point of ¢), we obtain

u'ay |20y = 0.
On the other hand,

0= gz(O)(u’ a) = g¢s(z(0))(¢s*u, a) = g¢s(z(0))(u’ a)
for all s € R. This shows that u*g, = 0 everywhere on /. |
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(7.2) CoroLLARY. — The vector w introduced in Proposition (6.4) is
tangent to the intersections of orthogonal 2-surfaces with the axis A. ]

(7.3) CoroLLARY. — The hypersurfaces Z; contain the spacelike 2-sur-
faces which are orthogonal to the group orbits of G,.

Proof. — Let V be any of the geodesic vector fields spanning Z.. The
functions g(&, V) and g(n, V) are constant along V. They even have to be
zero, since they vanish at /, by propositions (6.1) and (7.1). Hence V is
orthogonal to all group orbits 0 of G,. Therefore all geodesics starting
orthogonal to ¢ at a point of /, remain in orthogonal 2-surfaces. O

Another consequence of more general interest is

(7.4) Lemma. — If the unit 4-velocity V* of the matter stream (i. e. the
unit timelike eigenvector of T%) is tangent to the group orbits and invariant
under the group action, then V¥ = u* at /,, whence /, is a streamline.

Remark. — For a perfect fluid distribution it can be deduced from the
orthogonal transitivity assumption that V* does satisfy these conditions.
Thus the centre-of-mass line is a streamline of the fluid.

Proof of Lemma (7.4). — The assumptions imply that V* is of the form
V= A" + Qn%)
with functions A, Q being constant on the group orbits. Since V*V, = 1,

and u* = z¥ u*u, = 1, the result follows. O
Next, we turn to the introduction of coordinate functions.

(7.5) LeMMA. — The time function ¢ satisfies

t,[aﬁbﬂc] =0,
tan" =0, (7.1)
t L= k.
Locally, there exists also a function ¢ satisfying

? 1alolcy = 0,
$,.8° =0, (7.2)

" =1
Proof. —t n* = Oand ¢ ,£* = xfollow from Lemma (4.4). Corollary (7.3)
implies that ¢ &, = 0. Secondly, dragging orthogonal 2-surfaces along ¢
yields timelike hypersurfaces which are chosen to be ¢ = const. Then it
follows analogously that ¢ satisfies the properties stated above. O

(7.6) REMARK. — The functions ¢ and ¢ are determined uniquely up to
arbitrary additive constants.
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Another two coordinate functions being constant on the group orbits
are constructed as follows.

Let pely. Then peZX,,. We first construct a coordinate system
(x*) = (x, y, z) in Z,,) around p. For this purpose, we define an ortho-

. . @
normal triad of spacelike vectors E* at p:
3)
E* : = wk, the unit vector tangent to the geodesic I, » N A (cf. Lemma

6.3) 1).

Q)
E* : is tangent to the geodesic through p which starts orthogonal to w*
and lies in the orthogonal 2-surface ¢ = 0 in Z,,, (cf. Corollary (7.3) !).

(3)
gk

F1G. 2. — Orthogonal 2-surfaces in Zy(p). Fi1G. 3. — The axis A.

Let N, be a normal neighbourhood of p and let g € N, N £,(,,,. Then we
define

. (a) -1 @,
x(q): = g,(E, exp, * (9)) = — E’0y(p, ),

so x” are normal coordinates.
By repeating the construction in each slice X, it is immediately clear that

(@
the triad field E obtained that way along /, satisfies

(@)
g:E = 0-

Since, in particular, £ is a Jacobi field, we have

.0, = 0 (see [2], p. 184) and therefore.
Zx* = 0. It then follows together with assumption (A2) that the system
(1, x%) is well-defined within supp (T*®).

We are now ready to prove

(7.7) LeMMA. — i) Define the function p : = +\/ x2 + y*. The functions
p and z are constant on the group orbits O of G,.

i) The inverse transformation is
= pcos ¢,y = p sin ¢.
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Proof. — i) We want to show

ZLep=0=ZLz
and

ZLyp =0=Z,z.
The first two equations are obvious from the construction of (x*). By the
same reason as above, we also have

g,,dk = 0.
Furthermore,

3) 3)
(Z,B = —E'V* = — wn" ™ u,w, = 0.

Hence we also have
&z = 0.
Finally,

(1), (1) (2).(2)
p* = x* + y> = (E*E' + E*E"a,0,.

(1 (2
Since the geodesic 2-surface spanned by the bivector E™* E 7 is invariant
under the action generated by # and since

(1) (1) (2) (2) (1) (2)
g(E’ E) =—1= g(E3 E)9 g(E, E) =0,

it follows that
), (2),(2) 1),
\Z,E) = — E*E(Z,E)",
(2) 1), (1) (2)
(£,BE) = — E¥E(<Z,E)".

From this it is easily deduced that

(1.3)

(l)ku)l 2) (2)b
(Z(E*E' + EFE?) = 0,

whence
ZL,p = 0.
ii) Equations (7.3) can be written as
. fx=—yy and Z,y=yx
with
@, 1)
y: = EXZ,E).

From Lemma (7.5), n = 9, with ¢ € [0, 2n]. Therefore the above system
of differential equations has the solutions

X = p cos yp, y = p sin y¢.

Since ¢ has to be periodic, we must have y = 1. This completes the proof. [
Altogether we have shown that the metric can be written in the form

e2di? — p*e™(dp — wdt)? — (e**dp® + €*'dz® + 2Pdpdz)  (7.4)
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where all the functions depend on p, z only. They are well behaved within
supp (T%) including the axis where p = 0 and at the center-of-mass line
where p = 0,z = 0. The information about p and z to be normal coordinates
on the hypersurfaces ¢ = const. is coded in the functions y, v and § in the
following way.

(7.8) LeMMA. — In the interior of supp (T*®), the necessary and sufficient
condition for p and z to be normal coordinates on ¢ = const. hypersurfaces
is that the following relations hold:

pe** 4+ zf = p.a
and

ze® + pf=z.a
where « is a constant.

Proof. — During the proof, we will need spherical polar coordinates
defined within supp (T*%) by

ri=.Vp:+ 2% 0:=arctan§.

The equations for the geodesics known to exist in the ¢ = const. hyper-
surfaces read

e 1. e 1 . .
Bz + fp + if,,pz + f.pz — ig,,z2 + B,z2=0

T ee 1 . .
Bo + 8z + 58.2° + gpz— 51:p” + Byp” = 0
where we have put

of
- 2u .= 2v S )
fi=e" g:=e", fo: 67)’ etc

They follow from (7.4) by noting that q& — wt = 0 for all geodesics passing
through the axis and that for the geodesics in question ¢ = 0 and hence

¢ = 0. Since p, z are normal coordinates, the geodesics starting at /, are
given by p(u) = pou, z(u) = zyu with constants p,, z, and they must solve
the above equations. I. e. we must have

Jolootts Zou)P(z) + 2f(pott, ZoWpozo — &,(Poths ZoU)zy
+ 2B.(potts zo)z5 = 0
and similarly for the second equation. Multiplying by »* and observing
that any point in supp (T*®) can be connected with /, by such a geodesic,

we obtain two differential equations for the functions f, g, 8. They can be
written as

p(fop + f.2) + 2(f.p — g,2) + 2B.2> =0
2(g,p + 8.2) + p(g,z — f.p) + 2B,p> = 0.
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They are solved as follows. Adding them after multiplication with p and z,
respectively, yields

PA(fop + f.2) + 28,0 + 8.2) + 2B.pz* + 2B,zp* =0,
which, by using the coordinates r, 8, reads
sin? 0f, + cos® fg, + 2 sin 0 cos 6f, = 0.
Integration gives
sin® 0f + cos?0g + 2sin 0 cos O f = (). (7.6)

By rewriting the first equation (7.5) and by using (7.6) to eliminate 8-deri-
vatives as well as g itself, one gets after several manipulations

1
~cos fa,

sin@ (rf),+cos 0 (rp), = sin O + 5

which can again be integrated to yield
. . 1 0
sinf@f+cosff =sinfa+ 5 ¢0s 0o’ + )—)(7—)
with some function y. However, since f and § are regular at » = 0, we must
have y = 0. Moreover, § even vanishes at » = 0 and also by regularity, we
have to have
lim f(r, 8) = const.

r-0

It follows that o + %cot 0o’ = const., the only regular solution of which

is o = const. Together with (7.6), this is the result. O

In addition to the previous assumptions we now postulate the existence
of another family of discrete isometries acting on the rotation axis. For this
purpose, we recall from Proposition (6.4) the vector w* given by

1 mn
Wk = jnkt vlr’mun'

It is tangent to the geodesic X, N A representing the axis in # = const.

(S6) The spatial axes of rotation, the geodesics y,(u) =X, NA (teR,
u being an affine parameter such that y,0) € /y) are reflection symmetric
w. 1. t. the centre-of-mass, i. e. for each ¢ € R there exists a discrete isometry
o X, NA—>Z, N A such that o (y,(u)) = y(— u).

In the canonical coordinates (¢, x, y, z), «, is given by a, : (¢, 0, 0, 2)
—(t, 0, 0, — z). In the sequel, we write * = z*V, = u*V,. We can now
prove

(7.9) ProposITION. — The centre-of-mass line is a geodesic: uk = 0.
Proof. — From Section 2, we know that
(La) = 0,i. e EVuk = u'V ek
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From Lemma (4.2) and Proposition (7.1) we have
ék

Therefore we can write

kz* = ku* with E*¢, = k%

Kzl.lk — élvlék - _ Clkal - _ %vkxz

or
W = — & log k.

By construction, the coordinate functions x, y, z are smooth on the axis.
By imposing axis regularity conditions on the metric functions in (7.4), the
metric can be rewritten in a form which is manifestly regular on this axis.
This will not be done explicitly here. Then one finds that 6*log x = 9%¢.

Now the regularity of the axis implies 0,4 |,~, = 0; the existence of the
discrete isometry a, implies 9,6 |,.., = 0. Hence u* = 0. ]

In order to deduce a first consequence of this, we also need the following
results.

(7.10) ProposITION. — The spin vector S* is parallel along the geodesic
Iy : Sk = 0.

Proof. — The centre-of-mass condition #,S* = 0 together with the geodesy
of /, (Proposition (7.9)) entail

ukék = O.
Since the norm S,S* is constant along /,, we have
S, Sk = 0.

By a symmetry argument, S* must be tangent to the two-dimensional axis A.
Since it is orthogonal to ¥, it must be parallel to w* and hence to S* (Pro-
position (6. 5)) whence Sk = 0. O

We will now approach a statement about the structure of the body. It
will first be expressed in terms of Dixon’s notions of force and torque,
quantities which depend on quadrupole and higher moments only (i. e. they
are determined by the energy-momentum skeleton). Only in a second step,
the statement will be reexpressed in termes of the energy-momentum tensor
itself.

We recall Dixon’s laws of motion

P = éR,,,,kis’"'%" +F (3.10)
S§H = oplizil 4 1, (3.11)
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(7.11) THeorReM. — For a body embedded in a spacetime satisfying
assumptions (A1), (A2), (S1) to (S6) the force and torque vanish:
F=0=LY

Proof. — Proposition (7. 1) implies Ptz = 0. Proposition (7.9) and (7. 10)
imply that S¥ = 0. (3.11) then yields LY = 0.

Corollary (5.2) together with Proposition (7.9) entail P* = 0. The vanish-
ing of the Riemann tensor term in equation (3.10) follows from the axis
regularity conditions as well as from (S6). The proof requires a calculation
of the Riemann tensor of (7.4). Having done this, we also find F'= 0. O

Theorem (7.11) imposes certain restrictions on the multipole structure
of T. They are most easily expressed in terms of the energy momentum
skeleton.

First we formulate the following

(7.12) CoroLLARY. — Let { be a Jacobi field along all geodesics emanating

from the centre-of-mass z, such that Valy =0, let i‘\, be the skeleton of T,
and let G : = exp'g. Then

f T™%,G,DX = 2 J THH,*V ({5, DX = 0

Proof. — This follows immediately from (3.18), (3.19). O
From this we deduce similar integral equalities for the energy-momentum
tensor T itself:

(7.13) THeOoREM. — Let { be a Jacobi field as in Corollary (7.12). Then

TV (,dS = 0.
Z(s)
Proof. — It follows from the definition of /”l\“z (see e. g. [2], [5]) that
f TH®,DX = | T%p,dS — f T, dS,
T-M Z(s) I(s)

if X*®,(z, X) = 0 for all X e T,M, where y is given by
a . .
Y(z(s), x) = a—sla(z(s), x) + K2 04(2(5)) + 2H,%6"2" V10, (2(5)).

4 being determined from ¢ according to (3.15), (3.16). But

ZX =0,
whence
Xko?;le = g;Xkal = E;X, = 0.
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Therefore, putting ¢, , = %,?;g,,,, = Vialpy»

0= f TV, 0, dS — | Ty dS,
2(s)

Z(s)

where ¥ is now to be constructed from V,{;,: substituting V() — @, We
find

where

Ba = Kakgk + Hakalv[kCl]
i. e. 2, = 0. This implies

Vo = K200 + 2H 62 Y Lo
But, by definition,
v(kCl) =0

and

XX [Vpela = Rap'] = 0
whence

v(kl)cm = Rm(kl)ncn'
The Ricci-identity yields

v[kl]cm = Rklmncn

whence

1 n n n
Vilm = 3 (R + Rpt” + Ry

and therefore
vk(tCm) = 0.

This implies ¥, = 0, hence the conclusion. ]

§ 8. SUMMARY

The results which we have obtained in the general, the stationary and the
axisymmetric cases are in agreement with the behaviour that one would
expect for momentum, angular momentum, centre-of-mass, etc. on the basis
of plausibility arguments. One should not forget, however, that these terms
are only names which have been chosen for certain mathematical objects,
whose definition is analogous to the definition of these terms both in classical
mechanics and special relativity. Therefore one should interpret these
results as giving further support to Dixon’s definitions. The last theorem
restricting the multipole structure of a body in a stationary axisymmetric
spacetime is somewhat unexpected and would have hardly been obtained
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without the use of Dixon’s theory. This result as well as the coordinate
system with its preferred time coordinate introduced in § 7 might be helpful
in finding a realistic interior solution for the Kerr metric.
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