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Section A :

Physique ’ ’

ABSTRACT. - For mean field models, we introduce the notion of stable
KMS-states and prove the equivalence with relative minimum free energy
state.

I. INTRODUCTION

For systems with short range interactions, much work has been done on
the characterization of KMS-states by stability properties [7-~].
Much less has been done for long range interactions, because already

the KMS-condition should be carefully stated in this case. We do not aim
here this problem in its full generality, but restrict ourselves to the easier
situation of mean field models on a lattice. In this situation we define the

KMS-property via a correlation inequality which is meaningful (see [7]).
We extend to mean field systems the proof that global thermodynamic

stability (or the variational problem) implies the KMS-property. We are
also interested in the inverse implication. It is known from explicit examples
(see e. g. [8-9]j that the inverse implication is not true. Therefore we intro-
duce a supplementary condition, and KMS-state satisfying this condition
are called stable KMS-states. We prove then that the stable KMS-property
implies the relative thermodynamic stability property.

(*) Onderzoeker I. I. K. W.
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II. STABILITY AND EQUILIBRIUM

Let ~f be a Hilbert space, which we take finite dimensional for purely
technical convenience; ~ the set of bounded operators on Jf, and the
inductive limit C*-algebra of the finite C*-algebras For more
details see [7].
Any density matrix p on H defines a product state 03C903C1 of ~ by :

Remark that the states are factor states and that if p 5~ p’, the states
cvp and are disjoint [10, ll].
Mean field models are defined by the local Hamiltonians H~ :

where Ai ~ B{i} and all Ai (iEA) are copies of A = 
(i, j E A) are copies of a self-adjoint B in B ~ B which is invariant under
the permutation P on ~f (x) ~P defined by Q ~) = ~ @ ~; ~, ~ E ~f.
As the local Hamiltonians are locally symmetric any limit Gibbs state

will be a symmetric state. Therefore we restrict ourselves to this class S
of states. For all 03C9 E S there exists a unique probability measure on the
set of density matrices on ~f such that [72]:

For any OJ E S, the free energy density is defined by

where is the energy density for the Hamiltonian (1) and is the

entropy density [13].
Notice that

where

Tr2 is the partial trace over the second space and
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DEFINITION 11.1. - i) We call 03C9 ~ S globally thermodynamically stable

ii) 03C9 ~ S is called B - KMS state if for all local elements X of 

where r~ is the function from [0, to [0, 00] given by :

The limit is in the sense of taking any sequence of volumes which
is increasing and absorbing.

03C9 ~ S is called a (strictly) stable 03B2-KMS state if 03C9 is a 03B2-KMS-state
and if for all elements X 5~ 0 and ~c~, almost all p :

where

and ~ is the function from [0, ao)2 to [0, 00] given by

LEMMA 11.2. 2014 If úJ E S is with ~  00 then for almost all p :

(~) Follows trivially from = (see [13]);

~) follows from ~). Indeed suppose there exists a one dimensional projection
operator R into the null space of p then, with 7(~) = (1 - s)p + 8R,

f(03C903C3(~)) - f03B2(03C903C1) = - ([s In s + (l - a) In (l - 8) - + eCl + ~2C2

where C1 and C2 are constants, and this becomes negative for s &#x3E; 0 small

enough, contradicting i).

LEMMA 11.3. - 1fT = 0 then

Vol. XXXII, n° 4 - 1980.
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If p -1 exists and 03B2  oo then for each X there exists a 5 &#x3E; 0 such
that for all 8e[0, ~] :

where 03C3(~, X) = (1 - E)p + ~03C1X, Hp = A + Bp, is a bounded function
of s; px, Bp and Qp are as above.

2014 The case T = 0 is trivial. If p -1 exists, for each X there

exists a 5 &#x3E; 0 such that for all 8 E [0, b] : y(e, X) &#x3E; 0. Therefore the function
8 E [0, 5] -~/(~(e,x)) is C°°. By the mean value theorem:

Remark that

and

To compute the derivatives of the entropy, the existence X) -1 guaran-
tees the interchangeability of integration and derivation in the following
calculation:

One gets

and

To perform the ~-integration, consider the matrix units j = 1,...,

dim in a basis (~~) diagonalizing the operator p Then

where ~ is defined in (9).
de l’Institut Henri Poincaré - Section A
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But

Hence

Collecting the results of our calculations one gets the lemma..
Now we have the main result :

THEOREM 11.4. - If 03C9 E S is 03B2-GTS then co is a stable 03B2-KMS-state.
Conversely, if OJ E S is a strictly stable 03B2-KMS state then OJ is relatively
thermodynamically stable (i. e. local minimum).

Proo, f : Suppose first that cr~ is 
From Lemmas 11.2 and 11.3 it follows that 03C9 almost all pare of the form

p - c E M, which in turn yields the 03B2-KMS property by [7]. But for
consistency we give an independent proof. We construct a one parameter
symmetric locally normal perturbation cvr of OJ and construct an upper

bound for lim inf 1t (f03B2(03C9t) - f03B2(03C9))  0. By (2) 03C9 = and define
f-~0+ ~ J

the perturbed state by = where pt will be defined as follows:

Let X E A  z" and define y by

The map y of in generates a norm continuous semigroup 
of positive unity preserving transformations of 

Let y* be the adjoint of y, defined by

and then

where stands for the partial trace over the space @ Using
the differentiability of the function t ~ f03B2(03C9t) at t = 0, and Lemma 6
of [2]:
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By Lebesque ’ dominated 0 convergence ’ and o the joint convexity of the function
1

We get the result if we prove that for all local Y lim HJ) = 0.

But this follows again from GTS by now considering the map y = i[Y, .].
Hence any 03B2-GTS is a 03B2-KMS state. Furthermore it is also a stable 03B2-KMS
state. This follows from Lemma II.2 and 3. Conversely if is a strictly
stable 03B2-KMS-state then as OJ is KMS it follows from [7] that 03C9 almost
all p are of the form p = hence p-1 exists. The rest follows from
Lemma 11.3 and the fact that every density matrix on ~~P is obtained from p

.

by pX for a suitable X E ~. .

Remark that for the ground state T = 0 (j8 = oo) one has the even more
complete result. In this case GTS corresponds to minimal energy state,
the KMS-property or ground state property [6] becomes :

for all local X E ~

and the stability becomes : for any density matrix o- E ~ :

and if equality holds :

THEOREM 11.5. E S is a state of relative minimal energy if and only
if OJ is a stable ground state.

Proof - This theorem follows from the previous one with the difference
that we do not need the strict (strict inequality in (8)) stability, because the
energy density is only of second order in the density matrices p.

Finally we want to make a number of remarks. It is known [7, 9] that for
mean field models the KMS-condition is not equivalent with the variational
principle of statistical mechanics, which was true for short range inter-
actions e. g. for the case T = 0 see [6]. Nevertheless we recovered the rela-
tive minima by introducing the notion of stable-KMS-state which amounts
to checking the positivity condition (8). First of all we warn the reader
that this condition is not equivalent with the condition 0, but that

l’Institut Henri Poincaré - Section A
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it is strictly weaker. Furthermore condition (8) can be related to an upper
bound of the Duhamel two point function, which is of course clear because
it is a condition on the second derivative of free energy.
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