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Section A :

Physique théorique.

ABSTRACT. - On the basis of the relative gravitational field conception
advanced by Yu. Rylov, the Synge’s plane gravitational waves energy
relative to the separate base points has been calculated. It is found that

the sign and the value of the energy depend on the base point position.

I. - INTRODUCTION

The plane gravitational waves have been investigated by a series of

authors. Taub [4] and Mcvittie [5] showed that the non-polarized plane
waves could not exist. Robinson and later Bondi [6, 7] discovered that the
field equations permitted the existence of « sandwich waves » bounded on
both sides by hyperplanes in flat space-time. Synge investigated the « thick »
plane gravitational waves [3].
The Robinson-Bondi plane waves energy has been calculated by Kuchar,

Langer [8] and Cahen [91 by means of Miller’s pseudotensor [10, 11, 12]
and by Langer [13] by means of Plebanski’s pseudotensor; these authors
proved that energy of these waves is equal to zero. Araki [14] proved the
existence and the uniqueness of the gravitational equation solution in the
linear approximation in the case, when the spacial part of the metric is
nonsingular and sufficient close to the flat metric; and he proved that this
solution determines the gravitational waves, energy of which is positive
definite.

In this paper, on the basis of the relative gravitational field conception
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advanced by Yu. Rylov [1] we shall calculated the relative energy of Synge’s
plane gravitational waves [3].

In [1], it is shown that : by a description of the gravitational field within
the limits of Einstein’s theory only a relative gravitational field, i. e. the

gravitational field at the point x with respect to one at the base point x’,
is physically essential.
According to [1] the relative field of gravitation is described by the two-

point tensor

where are Christoffel symbols in the space-time V4 at the point x
in the coordinate system K, and x’) are Christoffel symbols in the
Sat four-dimension space Ex’ tangent to V4 at the point x’ in the coordinate
system K’ in the representation V4 into Ex’. The method of representa-
tion V4 into Ex’ depends on the choice of the base point x’. In the repre-
sentation V4 into Ex, geodesics passing through x’ in V4 are represented by
straight lines passing through x’ in Ex’, and, moreover, angles between
geodesics at the point x’ and lengths of geodesics passing through x’ are
unchanged. The metric tensor G,v of the space Ex’ is connected to the

Synge’s world function closely. On the basis of the relative gravitational
field conception, the integral conservation laws for energy-momentum are
obtained, the energy-momentum being a true relative tensor, i. e. tensor

depending on two points : x and x’. All values connected with a gravita-
tional field are relative what is interpreted as the presence of some general
relativity in the gravitational field.

II. - THE RELATIVE ENERGY OF SYNGE’S

PLANE GRAVITATIONAL WAVES

According to [1], the 4-momentum of gravitational field relative to the
base point x’ is defined by the relation

where J03B2’ is the relative 4-momentum of gravitational field, being a vector
at the point x’, Dx = det E is an infinite spacelike hypersurface:
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is the tensor of the parallel transport in Ex’ and 0~ is the energy-
momentum tensor of the gravitational field relative to the base point x’
and is defined by the relation

where Lg is a Lagrangian of the gravitational field relative to the point x’
and is taken in the form

x = ~~ , Y is the gravitational constant of Newton.c

In the case, if ~ we choose as the hypersurface x° = const. we get

The « thick » gravitational waves in the space-time [3] are shown in fig. 1.
Two three-dimension hypersurface divide the space-time into three regions :
I, II and III. The matter is absent in all space and, everywhere, we have

The gravitational field is absent in the region I and III, and hence, here
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The region II is the « thick » gravitational waves. Here, at least, one of
the Riemann curvature tensor’s components is not equal to zero and we
take notice of it, in writing

We remind that for the permissible coordinates g,v and their first derivatives
are continuous, and their second derivatives can suffer rupture (Lichnero-
wicz’s conditions [15]). The essential peculiarity of the « thick » gravita-
tional waves consists in the existence of a non-flat region pressed in between
two flat ones. In order to construct the gravitational waves with the metric

where xo = t, the light speed is unit, P and Q are arbitrary functions of

in the regions I and III it is necessary to satisfy the following equations:

where the primed indices signify derivative, so

where «, p, m and n are constants (different in the regions I and III),
and in the region II it is necessary to satisfy the equation

without satisfying equations (6).
We shall calculate the energy-momentum tensor of these plane gravita-

tional waves. The quantity Q~Y can be found on the basis of the rela-
tion (1). are connected with Synge’s world function by the following
manner [2] :

where G = G(x, x’) is Synge’s world function, = ~2G ~x ’~x03B1, and 

is the tensor with the matrix inverse to Here the primed indices refer
to the point x’. The world function is determined by the relation :
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Here x and x’ are coordinates of two arbitrary points of a Riemann space V4,
S(x, x’) is a finite interval between them, with the integral taken along the
geodesic connecting the points x and x’. The tensors of the parallel trans-
port in Ex, have the form [2]

where is the tensor inverse to P« ~. From (9) and ( 10) it follows

The world function for the metric (5) has the form

Where

From this we shall get for 

where
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After having calculated P« ~, F~ and y~ for the relative gravitational field
we get :

where

From (3) and (15) we have :

Therefore form (2) and (15) for the energy-momentum tensor we have:

Thus, from the relation = and (10) we shall get
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where

Now we shall calculate J03B2’. According to (4) and (18) we have :

where

for the expression does not depend on xi and x2 and :

We shall examine the integral

At first, we remark that if this integral is finite, then :

for the base point being in the region I (see fig. 1), and

ANN. INST. POINCARE, A i-3 18
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for the base point being in the region III, because in these cases, from (7)
and (19) we have :

These results are physically obvious, for the regions I and III are flat. But

for the base point being in the region I, and

for the base point being in the region III.
Now we shall find the finiteness condition of the integral (21). This

integral depends on the base point position x’ = d. Generally, for any
base point (for any d) this integral is infinite. This integral is finite only
for the separate base points. We take notice of the fact that all reasonings
quoted above are correct for all functions P and Q, satisfying the equa-
tions (6) and (8).

Let us have the equations of Si and ~2, x = - a and x = a (a is constant).
Then the region II is determined by the inequality - a  x  a and in this
region we satisfy (8) requiring the satisfaction of equations

As particular solution, we choose

Now it is necessary to determine the functions P and Q in the regions I
and III in the form (7), requiring the continuity of these functions and their
first derivatives on Ei and ~2’ We get

in the region I

in the region III
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So we see that there are formal singularities at the points

and

Let us consider the case in which x’ - d  - a (the base points is in the
region I). Then for A we have :

where C, Bi, B2 are constants depending on d and «, p are constants not
depending on d. In our case (the functions P and Q have the form (23), (24)
and (25)) form the finiteness condition of A Bi + B2 = 0 we shall get the
equation for d

Resolving this equation we get for its solution satisfying the condi-

tion d  - a :

Analogously, in the case in which x’ = d &#x3E; a (the base point is in the

region III) form the finiteness condition of A we have the equation for d

and, from this,

In the case in which x’ == ~ j ~ I  a (the base point is in the region II)
we have :
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where C, Bi, B~, Bs, Bg are constants depending on d, and «i, Pi, ~3 are

constants not depending on d. From the finiteness condition of this integral

we obtain the equation for d:

From this we get :

(We note that the base points d = 2,022 a and d = - 2,022 a are near the
formal singularities of the metric (see (26))).

Now we shall calculate the energy density E == 2014 (the energy on unit
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area in the plane Xl x2) for the separate base points (27), (28), (29). From (19),
(20), (23), (24) and (25) we get the following results :

1. In the case in which d = - 2,022 a (the base point is in the region I)

2. In the case in which d = 0,122 a (the base point is in the region II)

3. In the case in which d = 2,022 a (the base point is in the region III)

In all three cases of approximate calculation for the integral:

we use Simson’s formula (The expression under the integral sign contains
the power, exponential and trigonometrical functions and does not become
infinity in the integration limits) (see [77]).

We see that 
J a 03B80g0’. .1/ - 0 for the base points being in the

region I and 2014 00 A0~.~/ 2014 0 for the base points being in the

region III. It shows that the region I is « curved)) in regard to the region III
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and vice versa the region III is « curves » in regard to the region I (in spite
of the flatness of both the regions I and III). If we consider two normal

coordinate systems (see for example [3]) KI and Km in the regions I and III
accordingly, then we see that the straight lines in KI (their equations have
the form xi = uis + x;o where ul, xlo are constants and s is their length),
generally, turn into the curves (their equations are non-linear) in the passage
from KI to Km. It is interesting that for the base point being in the region I
the relative energy is negative, but for the base points being in the regions I
and III the relative energy is positive. It is the relativity of the gravita-
tional field energy : the sign and the value of the gravitational field energy
are relative, i. e. they depend on the base point X’.

III. - THE LOCAL ENERGY OF THE PLANE
GRAVITATIONAL WAVES

Let us consider the relative local energy of the Synge’s plane gravitational
waves. We know that unlike the other fields (for example the electroma-
gnetic field) the gravitational field is not localized. It signifies that the
gravitational at the given point of the space-time can be zero or non-zero
depending on in what coordinate system this field is examined. However

the field description basing on the relative gravitational field conception
allows to localize the gravitational field at all the points in regard to the
base point in a sense. The valuable property of this localization is that it
does not contradict the equivalence principle [1].
The local energy is determined in the following way.

where E is the hypersurface x° = const. bounding the 3-volume of the exami-
ned region, and, x3 = z.

In our case we determine

For convenience we shall calculate the local energies being inside the exa-
mined regions having the dimension equal to that of the region II (at some
time instant ~); then we put :
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From here

For the local energy of the region II En (z = 0) we shall get :

- when x’ === 2014 2,022 a (the base point is in the region I)

- when x’ = 0 (the base point is in the region II)

- when x’ = 0,122 a (the base point is in the region II)

- when x’ = 2,022 a (the base point is in the region III)

(We see that 6u is positive and different from zero).
For the local energy of the examined regions being in the region III 8~

(z is arbitrary and greater than 2a~/2) we have :

- when x’ = - 10 a (the base point is in the region I)
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- when x’ = - 5 a (the base point is in the region I)

- when x’ = - 3a (the base point is in the region I)

- when ~==2014cf2014~==2014 2,273a (the base point is in the region I)
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- when x’ = - 2a (the base point is in the region I)

- when x’ = 0 (the base point is in the region II)

- when x’ &#x3E; a (the base point is in the region III)
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Thus we saw that for the base points being in the legion II and for the
most of the base points being in the region I (for which x’  - a - k,
where x = - a - k is the formal singularity of the metric (see (26))), the
local energies 8jn are negative, and for those base points in the region I,
for which - a - k  x’  - a, at first are negative, then become

positive when z increases. For the fixed base point the absolute values
of 8jn decrease when z increases, i. e. when the examined region goes away
farther from the base point and the region II (except the examined regions
being in that small part of the region III which applies to the region II).
The value and even the sign of the local energy 8ju of the fixed examined
region depend also on the base point position.
For the local energy of the examined regions being in the region I 8j

(z is arbitrary and smaller than - 2a1/2) we have :
- when x’  - a (the base point is in the region I)

- when x’ - 0 (the base point is in the region II)

- when x’ = 1,50a (the base point is in the region III)
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- when x’ = 2a (the base point is in the region III)

- when x’ = a + k = 2,273a (the base point is in the region III)
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- when x’ = 5a (the base point is in the region III)

- when x’ = 10~ (the base point is in the region III)
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Thus we see that for the base points being in the region II and for the
most of the base points being in the region I (for which x’ &#x3E; a + k, where
x = a + k i s the formal singularity of the metric (see (26))), the local
energies 81 are positive, and for those base points in the region I, for which
a  x’  a + k, 8j at first are positive, and then become negative when z
decreases. For the fixed base point the absolute values of8j decrease when z
decreases, i. e. when the examined region goes away from the base point and
the region II (except the examined regions in that small part of the region I
which applies to the region II). The value and even the sign of the local
energy 61 of the fixed examined region depend also on the base point position.
On the figure 2 the dependence of 8m on z (on the examined region posi-

tion) is represented for the different base points: when x’ = - 5a (the
curve I), x’ = - 2a (the curve 2) and x’ = 0 (the curve 3).
On the figure 3 the dependence of 8j on z is represented for the different

base points : when x’ = 5a (the curve 1), x’ = 2a (the curve 2) and x’ = 0
(the curve 3).
Thus we see, as in the case of energy, the value and the sign of Synge’s

plane gravitational waves depend on the position of the base point.
Pirani [16] calculated the average value of the canonical energy-momentum

tensor density



280 VU THANH KHIÊT

where

in the neighbourhood of the point of the normal coordinate system, which
can always be choosen as that at the arbitrary space-time point O:

Averaging it on the small 2-dimension sphere he obtained the invaiiant
expression for the average

This average, unfortunately, has not the dimension of energy density. It

is a structure similar to the energy and characterizes the measure of energy
which can be operated by the observer moving with the velocity Uv satis-
fying the conditions for the normal coordinate system. For our plane
waves this energy average is positive in the region II and is equal to zero in
the regions I and III. In some sense these results coincide with some of

our results. But our results are more clear, because we have investigated
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the local energy (but we have not investigated the quantity similar to energy).
We proved that the value and even the sign of the local energy depend on
the base point position. We also proved that the local energy of the region II
is different from zero and positive independent of the base point position
(but it is obvious that its value depends on the base point position), and,
apparently, it is connected with the fact that the Riemann curvature tensor
is different from zero in the region II.

IV. - CONCLUSION

All the obtained results show the relativity character of the gravitational
field energy (total energy as well as local energy) : the sign and the value of
the gravitational field energy are relative, i. e. they depend on the base
point position. The obtained results also show that : with the same basis

the gravitational field energy can be considered a positive as well as a nega-
tive quantity.

I wish to express my genuine thanks to Professor Ya. P. Terletsky for his
care and interest to the work and to Yu. A. Rylov for suggesting the problem
and for many helpful discussions.
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