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EXOTIC DEFORMATIONS
OF CALABI-YAU MANIFOLDS

by Paolo DE BARTOLOMEIS & Adriano TOMASSINTI (*)

ABSTRACT. — We introduce Quantum Inner State manifolds (QIS manifolds)
as (compact) 2n-dimensional symplectic manifolds (M, k) endowed with a k-tamed
almost complex structure J and with a nowhere vanishing and normalized section
€ of the bundle AT]L’O(M) satisfying the condition 9 ¢ = 0.

We study the moduli space M of QIS deformations of a given Calabi-Yau man-
ifold, computing its tangent space and showing that 9t is non obstructed. Finally,
we present several examples of QIS manifolds.

RESUME. On considére la classe des variétés QIS (Quantum Inner State va-
riétés), a savoir la classe des variétés symplectiques, compactes et de dimension 2n,
munies d’une structure presque complexe J modérée par k et d’une section € du
fibré A?’O(M), qui ne s’annule nulle part, normalisée et satisfaisant la condition
dye=0.

Le but du papier est d’étudier 'espace 9t des modules des déformations QIS
d’une variété de Calabi-Yau. A ce propos, on calcule I'espace tangent de 9 et on
montre que 9 n’a pas d’obstructions. Plusieurs exemples de variétés QIS sont aussi
exhibés.

Introduction

Nowadays, Kéhler Geometry can be seen as a Holomorphic Calibrated
Geometry over a Symplectic structure and thus it represents a perfect syn-
thesis of the Symplectic and the Holomorphic worlds and a sort of chemical
analysis of symplectic and holomorphic contribution can be successfully
performed in order to better understand the role of the different com-
ponents of the theory; e.g. the basic Kihler identities [0, A] = i0*, and

Keywords: tamed symplectic structure, Calabi-Yau manifold, quantum inner state struc-
ture, deformation, moduli space.

Math. classification: 32G05, 563C15, 17B30.
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[0, A] = —id* are nothing but the holomorphic splitting of the purely
symplectic relation [d, A] = d*, where d* denotes the symplectic codif-
ferential of d acting on r-forms as d* = (—1)""'3% o d o %, and % is the
symplectic Hodge operator (see [18], [3]).

This suggests the possibility of various generalizations, relaxing some of
the fundamental conditions.

This turns out to be especially effective in the case of Calabi-Yau man-
ifolds, a very special class of Kéhler manifolds, whose importance is well
known to go far beyond Mathematics.

In [12], Hitchin introduces and studies Generalized Calabi-Yau manifolds.
A generalized Calabi-Yau structure on a 2m-dimensional manifold M is the
datum of a closed complex form ¢ of mixed degree which is a complex pure
spinor for the orthogonal vector bundle TM & T*M endowed with the
natural pairing (,) and such that {(p, %) # 0. In particular, a generalized
Calabi-Yau structure gives rise to a generalized complex structure (see [12]).
The main examples of generalized Calabi-Yau manifolds are represented by
Calabi-Yau manifolds and symplectic manifolds.

Among various other possible generalizations, we consider Quantum In-
ner State manifolds, (shortly QIS manifolds), namely (compact) symplectic
2n-dimensional manifolds (M, k), endowed with a x-tamed almost complex
structure J and a nowhere vanishing section € of A’}’O(M ) satisfying

n(n+1)
(0.1) (=1)7 7 i"e A€ is a volume form

(0.2) 0ye=0

In particular, every Calabi-Yau manifold is a QIS manifold.

In [2] it is shown how QIS’s provide preferred setting to develop symplec-
tic topology via the theory of Lagrangian submanifolds and their Maslov
classes (see also [4]); moreover, (again in [2]), it is proven that to any
compact symplectic manifold (M, k) can be attached a non compact QIS
manifold whose Lagrangian submanifolds reflect the Lagrangian submani-
fold of M. The aim of this paper is the study of deformations of Calabi-Yau
structures in the QIS directions. The celebrated Theorem of Tian-Todorov
(see [16], [17]) states that, if M is a compact (non-flat) Calabi-Yau manifold
of dimension n >3 and 7: X — 5,0 € S, 7~ 1(0) = M, is the Kuranishy
family of M, then S is a non-singular complex analytic space such that

dime S = dime H* (M, Q"7 1).

In other words, the moduli space of Calabi-Yau manifolds is unobstructed.
In the present paper, we show that QIS manifolds are somehow the per-
fect setting for a generalized deformation theory of Calabi-Yau manifolds,
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EXOTIC DEFORMATIONS OF CALABI-YAU MANIFOLDS 393

in the sense that we provide a complete description of the moduli space
of QIS deformations of a given Calabi-Yau manifold and, via the implicit
function theorem we are able to prove that the theory is completely unob-
structed.

The paper is organized as follows. In section 1, we start by giving and
fixing some preliminary notation on linear complex and symplectic struc-
tures. In section 2, we introduce QIS manifolds, finding a necessary and
sufficient cohomological condition in order that, on a compact symplectic
manifold (M, k), with vanishing first Chern class, a x-tamed almost com-
plex structure J gives rise to a QIS structure on M. Section 3 contains the
main results of the paper. We define the moduli space of quantum inner
state structures on a compact Calabi-Yau manifold (M, &, J, €) as

M = B/Diff (M),
where
§ = {(K,n) € Tu(M) x A} (M) | ne A™ (M)}

denotes the space of pairs(K,n) such that, K is a k-tamed almost complex
structure on M, n is a complex (n,0)-form with respect to K, satisfying
(0.1),

B = {(K,n) €F | Ixn =0}
and the group Diff (M) acts on B in a natural way.

We prove the following (see Theorem 3.5)

THEOREM 0.1. — Let (M, J, k, €) be an n-dimensional compact Calabi-
Yau manifold. Denote by
M := B/Diff (M)
the moduli space of quantum inner state structures on M. Then the tangent
space Tj( ;9 to M at [(J, €)] satisfies

Ker5J8J) [171]'
Im&;

The operator 0 is the Tian-Todorov operator which appears in the holo-

Ti(g,enM C (

morphic deformations of Calabi-Yau manifolds. The following (see Theorem
3.6) shows that the moduli space 9 is not obstructed.

THEOREM 0.2. — Let (M, J, k, €) be an n-dimensional compact Calabi-
Yau manifold. Assume that H*(M,Z) = 0. Then the moduli space M of
quantum inner state deformations of (M, J, k,€) is unobstructed.

Furthermore, the tangent space to 9 at [(J, €)] decomposes as

TigeM=H & a(E) ® s(E),

TOME 63 (2013), FASCICULE 2



394 Paolo DE BARTOLOMEIS & Adriano TOMASSINI

where H corresponds to the non-obstructed space of holomorphic deforma-
tions, a(E) = 8,A%3(M) and s(E) encodes the space of calibrated defor-
mations.

In other words, 91 is a germ of smooth manifold with tangent space given
by Tis.epM = H ® a(E) ® s(E) .

As pointed out by the referee, it is natural to ask whether the quotient
topology on the moduli space 91 is Hausdorff. Indeed, Fujiki and Schu-
macher in [8, Corollary 3.4] proved that the moduli spaces of Kéhler and
almost Kéhler structures on a compact symplectic manifold with the quo-
tient topology are Hausdorff. Similar techniques could be used to show that
M is Hausdorff too. We leave this problem for further investigations.

Finally, in the last section, several examples of QIS manifolds are pre-
sented and discussed.

Acknowledgements. We would like to thank the referee for useful com-
ments and remarks which improved the presentation of the paper.

1. Complex structures and symplectic forms

Let V' be a 2n-dimensional real vector space. A linear complex structure
on V is the datum of J € Aut(V) satisfying J?> = —id. Let J be a linear
complex structure on V. A positive definite scalar product g on V' is said
to be J-Hermitian if g(Ju, Jv) = g(u,v), for any u, v € V.

A linear symplectic structure on V is the datum of x € A2V* such that
k™ # 0. Let k be a symplectic structure on V. A linear complex structure
J is said to be k-tamed if

k(v, Jv) > 0 for every v € V, v £ 0
and J is said to be k-calibrated if
gJ(', ) — ,{(.7 J)
defines a J-Hermitian positive definite scalar product on V. Notice that,

any k-tamed linear complex structure gives rise to a J-Hermitian metric
gy on V defined by

1
S IR, T) = (7))
Denote by T.(V), €.(V) the set of k-tamed, s-calibrated linear complex

structures on the symplectic vector space (V, k) respectively. Set

T(n) = {X c Mgn’zn(R) ‘ XJn + JnX = 0},

gs() =

ANNALES DE L’INSTITUT FOURIER
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C(n) :={X € Map2,(R) | X ='X, XJ, + J,X =0},

where May, 2, (R) denotes the set of real matrices of order 2n and J, is the
standard complex structure on R?". Then, T, (V) is homeomorphic to a
2n%-dimensional cell and €, (V) is homeomorphic to an (n?+n)-dimensional
cell. On R?" consider the standard symplectic structure x,. Then, every
kn-tamed linear complex structure J can be uniquely represented as

J=I+L)J,(I+L)""
with
LJ,+J,L=0, ||L]| <1

and every J ky-calibrated can be uniquely represented as
J=I+L)J,(I+L)""
with
Ll,+J,L=0,|L||<1, L="L

(see e.g. [13]).
Let (M, k) be a symplectic manifold. We recall the following

DEFINITION 1.1. — An almost complex structure J is said to be tamed
by k if £z (u,Ju) > 0, for any * € M and any non zero tangent vector
u € T, M. J is called calibrated by k if in addition k,(Ju, Jv) = K. (u,v),
for any pair of tangent vectors u and v.

Therefore, if J is a k-tamed almost complex structure on M, then

1

92(17) i= 5 In(s J) = (T, )

defines a J-Hermitian metric on M. We will denote the space of k-tamed
almost complex structures on (M, ) by T, (M).

If J is an almost complex structure on M, then the space of complex
r-forms A" (M, C) splits as A"(M,C) = @ A%9(M). Then, the exterior

ptgq=r
differential decomposes as
; 1,q—2 , ,q+1 —1,q+2
d: ARI(M) — ASTHI2 (M) @ ABPYU(M) @ AT (M) @ ARV (M)

and
d=A;+0;+0;+Aj.

In view of the Newlander-Nirenberg Theorem, J is integrable if and only
if Ay =0.

TOME 63 (2013), FASCICULE 2



396 Paolo DE BARTOLOMEIS & Adriano TOMASSINI

Let (M,k) be a symplectic manifold and J be a k-calibrated almost
complex structure. In such a case, the Chern connection V¢ is defined by

1
VY = VXY = SJ((VXE)Y),
where V¢ denotes the Levi-Civita connection of g;. It turns out that

1
vy, =0, Vei=0, TV = —5 N,

N; being the Nijenhuis tensor of J.

2. Quantum inner state manifolds

Let (M, J, k) be a compact Kahler manifold with ¢;(M) = 0. Then,
in view of Yau’s Theorem (see [19]) on the solution of Calabi conjecture
and of the structure results on Ricci-flat compact manifolds by Cheeger
and Gromoll (see [5]), it follows that (M, J, k) admits a finite covering
biholomorphic to the Kdhler product manifold

(2.1) (T? X My X -+ X My, Ko X K1 X -+ X kip, Jo X Jp -+ X Jp),

where (T?P, Jy, ko) is a flat torus and (My, Jp, kp), for 1 < h < 7, is a
compact simply-connected irreducible manifold with ¢; (Mj) = 0.
Therefore, for each 1 < h < r, there exists a nowhere vanishing section
en € A*9(My,) such that
e ¢, A€, is a volume form,
° Vﬁceh =0,
where Vﬁc denotes the Levi-Civita connection of (Mp, Jp, Kk, gn)-
We recall the well known

DEFINITION 2.1. — A Calabi-Yau manifold (M, J, k, €) is an n-dimensio-
nal compact Kéhler manifold (M, J, k) endowed with a nowhere vanishing
€ € A™O(M) satisfying

1 n
n(n;» ) 'TLK:

Ve =0, ene=(-1) —.
n!

In view of the structure results about compact Ricci-flat manifolds, up

to coverings, we shall confine ourselves to the case 71 (M) is finite, namely,

we assume that there is no torus factor in the decomposition (2.1), i.e., M

is a finite quotient of

(My X -+ X My Ky X oo X Ky Jp X oos X ),

ANNALES DE L’INSTITUT FOURIER
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so that
HY(M,Z) = 0.

The remaining cases will be treated elsewhere.

In order to perform a more flexible deformation theory of Calabi-Yau
manifolds, we need to introduce a class of manifolds which represent a
possible generalization of the Calabi-Yau ones.

We give the following

DEFINITION 2.2. — A quantum inner state manifold (QIS manifold),
is the datum of (M, k, J,€), where (M, k) is a (compact) symplectic 2n-
dimensional manifold, J is a k-tamed almost complex structure on M and
e € AVO(M) satisfies

n(n+1)

e (—1)" = 4" A€ is a volume form
e Jj¢=0;
note that g; can be conformally rescaled in such a way that |e|] = 1,

which gives V€€ = 0, where V¢ refers to the induced canonical Chern
connection.

Observe that we do not require the integrability of the almost complex
structure J.

Let (M, k) be a 2n-dimensional compact symplectic manifold with van-
ishing first Chern class.

We are interested in finding necessary and sufficient conditions in order
that a k-tamed almost complex structure J gives rise to a quantum inner
state structure on M.

Let J be in T,(M); starting from the Riemannian metric g, we can
define the Hodge operator

s ADY(M) — AP"7P(M)
and consider the usual differential operators
a*, = —xJyx,
5 = — % Oy*,
Oy, =38,0,+0,0,,
Oy =0%0, +0,0%.
Since ¢1 (M) = 0, there exists a nowhere vanishing 7 € AT}’O(M). Then,

am=A4An,

TOME 63 (2013), FASCICULE 2
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for a (0, 1)-form 4. Consequently, for every function A\ # 0, we have
07(An) = (Oslog A +4) A An.
Set
v =4 -0,G5@59),
where G ; denotes the Green operator of O ; the nowhere vanishing (n, 0)-

form
e = e~ Gu@iy
satisfies
516 =7vNEe,

with 83y = 0; moreover, if ¢ € A(M) is another nowhere vanishing
element such that d;¢/ =~' A€/, with 9%+’ = 0, then

v =7+ 0slog

for A € C*°(M, C*), satisfying 5§5J log A = 0.
Therefore, if we set

HY' (M, Z) == {dslog A | A€ C=(M, C*), 8,8,log A =0}
and define
Kergik,

a(J) =1y € W?

we obtain the following

PROPOSITION 2.3. — Let (M, k) be a compact symplectic manifold with
vanishing first Chern class. Let J be a k-tamed almost complex structure
on M. Then J determines a QIS on M if and only if a(J) = 0.

Remark 2.4. — Tt has to be noted that a(J) does not depend on the
starting (n, 0)-form 7.

Remark 2.5. — For any k-tamed almost complex structure J on a com-
pact symplectic manifold (M, k), it is defined

HY'(M,Z) == {dslog A | X#0, 35d51log A =0} .
If J € €, , we have that O; =0 = Ay, on functions and so:
H'(M,Z) = H;"(M,Z) = Hy'(M,Z),

but, in the general case, relations between H)''(M,Z) and H'(M,Z) are
more complicated.

ANNALES DE L’INSTITUT FOURIER
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3. QIS deformations of Calabi-Yau manifolds
and moduli space

In this section we are interested to deform Calabi-Yau manifolds in the
Quantum Inner State directions. From now on, (M, J, k,¢) will denote a
compact Calabi-Yau manifold with H'(M,Z) = 0.

Let us start by fixing some preliminary notation.

Let (V,J) be a 2n-dimensional real vector space endowed with a linear
complex structure J. Let 0 # € € A”(V*)}]’O.

DEFINITION 3.1. — We set
®: AP(V)50 — A ()P
by the relation
aN®F=<a,B>c¢
where a € AP(V*)}]’O, RS AP(V)b’O and <, > denotes the duality pairing.

Let
ALV, T) = A1(V)5T @ AP (V)"
Then we can extend the operator ® to A%(V,.J) by considering
1@ ®: ALV, J) = A1(V) T @ AmP(V)L0.

Let (M,J,k, €) be a compact Calabi-Yau manifold and denote by AZ(M, J)=
AYY(M) @ AB(TYOM) . We recall the following (see [17], [16])

DEFINITION 3.2. — Define
0y AZ(M, J)— Ag_l(M, J)

by
y=(10®) 'od;o(12®).

Then the following holds
095=0, [05,04]=0.

Since (M, J, k) is a compact Kihler manifold, then the 9;0 s-lemma holds.
Hence, also the 8 ;0 -lemma holds, i.e.,

(KerdyNKerdy) N (Imdy; +Imady) =Imd;0;.
Remark 3.3. — The operator 0 can be also defined as

t5,~€ = 05(Ly€).

TOME 63 (2013), FASCICULE 2



400 Paolo DE BARTOLOMEIS & Adriano TOMASSINI

The holomorphic deformation theory of Calabi-Yau manifolds is well
understood via the integrable DGBV algebra (A,d;,0;) (see [16], [17]),

where

A= P Ay, 7).
P,4=0
In the sequel we will set

Alp.q] = A}(M, J).
Denote by

n(n+1)

AP(M)={ne A" (M) | (-1)" = (—i)"n AT is a volume form};
set
§ = {(K,n) € Tu(M) x A}(M) | ne A™°(M)}
and
B = {(K.n) €| Ixn =0}
Let (J, &, €) be a Calabi-Yau structure on the compact manifold M. We are

going to study the infinitesimal structure of B at the point (J, €). For this
purpose, let

S*={be€End(TM) | JL+LJ=0, | L|<1}.
Then, as recalled in section 1, the map
P8 — T (M), L (I+L)JI+L)™!
is a bijection and the inverse map ®~! is given by
T (M) = S, K (J+K)'(J - K).

This means that the space Tx(M) of k-tamed almost complex structures
on (M, k) can be linearized, i.e., ¥k(M) is parametrized by a dense open
subset of a linear subspace of End(7TM).

Let V' be a vector space and let P be an automorphism of V. Consider

p(P)=(P")'@P € Aut (V* @ V).
Then p(P) acts on the space A"(V*) ® V. Indeed, for example, if a €
A2(V*)® V, then p(P)(«) is given by
(p(P)(a))(v,w) = P (a(P~!(v), P~ (w))).
Therefore, for
K=(I+LJI+L)™,
we have that e € A°(M) if and only if p(I + L)(e) € AR’ (M).
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Define now
F*={AeC>®(M,C) | 1+ X =#0 everywhere on M }.
Then § can be linearized by using the action p through the following map
(LX) € 8" x F* = (®(L), (1 + N)p(I + L)e).

Let V be a vector space and L € End(V); then, for every a € AP(V*),
define

(r(L) (@) (V1. vp) = 3 alve, ..., L(vg), ..., vp).
h

=

Hence 7(L) € End(A(V*). Finally, for 8 € A(V*), set
T(BAL)(a) =B AT(L)(a).

In this way, we can define 7(R) for every R € A(V*)®@ V.
Let M be a smooth manifold and R € A(M) ® TM. Set

Dpr =[1(R),d].

Let L € End (TM) = AY(M)®TM and define a derivation r(L) : A(M) —
A(M) in the following way:

for every f € C>*(M) r(L)(f) =0,
for everya € AY (M)  r(L)(a)(X,Y) =a((I + L)"LS(L)(X,Y)),

where
S(L)(X,Y)=[L(X),L(Y)] + L2[X, Y] - L[X,L(Y)] — LIL(X),Y].

Then extend 7(L) to every k-form « as a skew-symmetric derivation. By
definition, r(L) is quadratic in the endomorphism L and of order zero.

A key tool in the computation of the virtual tangent space to the moduli
space of quantum inner state structures is the following lemma, whose proof
will be given in the Appendix.

LEMMA 3.4. — Let L € End (TM) = AY(M)®TM such that (I + L) €
Aut (TM). Then the following formula holds

(3.1) p(I+ L) odop(I+L)=d+ Dy —r(L).

Assume that a k-tamed almost complex structure K = ®(L) is given on
M. Then the exterior differential d splits as

d= Ay + 0k + 0k + Ak,

where
Ay ARI(M) — AZF2T1 (M)

TOME 63 (2013), FASCICULE 2
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and K is holomorphic if and only if
d= 0k + 51{.
Let R € A™*+1(M) @ T;°(M). For every o € A%(M), define
—IROé = (DROé)err’querl.

Therefore, by taking the (p, g+1) components of formula (3.1) of Lemma 3.4,
we obtain

(32)  p(I+ L) '0xp(I + L)a =dya+ Tpa — (r(L)a)” .
Since J is holomorphic, we have

950 = [0s,Tr] = -IE,R-
Now we are ready to prove the following

THEOREM 3.5. — Let (M, J, k,€) be an n-dimensional compact Calabi-
Yau manifold. Denote by

M := B/Diff (M)

the moduli space of quantum inner state structures on M. Then the tangent
space Tj( eI to M at [(J, €)] satisfies

Ker5J8J> [1 1]

TN C =
(7] ( Imo,

Proof. — Let
t= () = (Ji, e)
be a smooth curve in 9B, with v(0) = (J, €). By the above discussion,
Jo=(I+L)JI+ L)',
where L; = tL + o(t) and
€ = ,D(I + Lt)(l + >\t) €,

with Ay = tA+o(t). Then, by using formula (3.2) and the definition of Ty,,
it follows that the condition d,¢; = 0 holds if and only if

0=p(I+L) "0y, (p(I+Le)(L+ M) €)= (L + Ae)e + Tp, (1 + Ae)e + o(t)
=071+ X)e—0ym(Le) (1 + A\)e + o).
Therefore,
0— %H (@514 A) e — 0s7(Le)€) = Byre — dyr(L)e.
Hence, the tangent space to B at (J, €) satisfies
Tig.enB C{(L,A) | dsxe=0,7(L)e}.
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Observe that
0yr(L)e=05LNe

and that the 070 -lemma holds for (M, J), and, consequently also the
970 j-lemma holds. Therefore, we claim that

Tys,en® ={L € A[1,1] | 8;0,L = 0}.
Note first that:
6J5JL:O = a](a][,/\e) =0 = 5J8JT(L)€:O;

then, clearly, if (L, \) satisfies 9y e = 9;7(L) €, then d;0;L = 0. Vice
versa, if L € A[1,1] is 970 -closed, then 0;0;7(L)e = 0 and the 9;0;-
lemma implies that there exists 8 € /\7}71’0(M) such that:

3JT(L)€:5J8J525J/\6.

The group Diff(M) naturally acts on 9B and there is an induced action on
the endomorphisms L, namely

GHL) = (J+ 6. Ko.) (T -0 Ko.)
where
K=(I+L)JI+L)".
Let X be a smooth vector field and {¢X } ,¢€R, be the induced 1-parameter
subgroup of Diff(M). Then, we get
d, x 1 =
a(@ ) (O)li=0 = 5JLx T = -0 X.
On A% (M) we have
7(0sX) = [0, 1x]-
Therefore,
7(0;X)e= 0 ux e
Consequently,
0y7(0;X) e =050 1x € = —0;051x € = Dy )e,

ie., (0;X,)\) € T(7,cB. Hence, we have showed that

.
Ti(seM C (er EwJ) [1,1].
’ Imoy

TOME 63 (2013), FASCICULE 2
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Let _
oo (Kerﬁ;ﬂKer&;) 1]
Im(a]a])
and
E=Kerd;nN Img*[l, 1].
Denote by

s(B)={LeE | L="L}, a(By={LeE | L=-"'L}
the symmetric, respectively the skew-symmetric part of any L € E. We

have the following

THEOREM 3.6. — Let (M, J, k,€) be an n-dimensional compact Calabi-
Yau manifold. Assume that H*(M,Z) = 0. Then the moduli space M of
quantum inner state deformations of (M, J, k, €) is unobstructed.

Furthermore, the tangent space to M at [(J, €)] decomposes as

T[(J@]Qﬁ =Ho a(E) (&) S(E) ,

where H corresponds to the non-obstructed space of holomorphic deforma-
tions, a(E) = 8,A%3(M) and s(E) encodes the space of calibrated defor-
mations.

Proof. — We start by proving the first part of the statement. We will
apply the implicit function theorem; recall that, setting

3 ={(K,n) € T(M)xA(M) | n € A™°(M) and nA7 is a volume form}

and
B ={(K,n)€F | Ixn=0},

then we defined the moduli space of quantum inner state structures as
M := B /Diff (M).
By Theorem 3.5, we have that

Ker 6J5J
T[(J’C)]m = () [1, 1].

Ima;
Let
S*={L€End(TM) | JL+LJ=0, | L]|<1},
F*r={AeC>®(M,C) | 1+ X #0 everywhere on M},
and

F=8"xF*.
Then the map
(LX) € 8% x F* 5 (®(L), (1 + Np(I + L)e).
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linearizes §. Consider the following map
p:S*XF*— Ag’l(M)
defined as
(3.3) p(L,A) Ae=p(I+ L) dpryp(I + L)(1+ Ne.
Then, the first order differential operator acting on functions as
p(I+ L) 8g(ryp(I + L)(1+ )€

is elliptic.

By definition of the map p, the zero set of p is the set of quantum inner
state structures on M. In view of the assumption, we have that H%Jl (M) =
0, and, consequently, we obtain that

p:S*xF*—Im0Ojy.
By Theorem 3.5, it follows that the differential p.[(0,0)] of p at [(0,0)] is
P«[(0,0))(L, pr) = Dypu — 05 L.
We claim that
(3.4) Im p.[(0,0)] = ImO,.

Indeed, it is A(}’l(M) = Im 0Oy, since Hg’l(M) = 0. We immediately get
T p.[(0,0)] € ImO,. !

Conversely, let o € ImO; = Ag’l(M ). We need to show that there exist
L e End(TM),LJ+ JL =0 and u € C*(M,C) such that

a=0s;u—0;L.
By the definition of @ j-operator, it is
05050 = 0.
Therefore, by the 8 ;0-lemma, it follows that there exists L such that
dya=—-0,0L.

Hence
dj(a+0,L) = 0.

Consequently, the (0, 1)-form is « + 3L is ds-exact, i.e., there exists u €
C>° (M, C) such that

a:5ju_6]L.
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Hence, passing to a suitable Sobolev complection, using the implicit func-
tion theorem for Banach manifolds and standard regularity arguments hold-
ing for elliptic differential operators, we obtain that, for every [(L, p)] €
T((, )M, there exists a curve

c: (=6,0) — M,
such that:
c(0)=[(J, &)] , ¢(0)=[(L, p)].
This shows that 2t is unobstructed.

Now we prove the second part of the statement.
First of all, observe that

Kel‘aJ ~ K6T6J5J
Imfijgj_ Ing .

In view of the 970 -lemma, it can be easily checked that, the inclusion
map
j:Kerd; — Kerd;0;

induces an isomorphism

K K 0

i er5;] . erajﬁJ.

Im 6J8J Im aJ

Therefore, by Hodge Theorem, we have that

Kerd
Ti(g,enMt = (J) L=HoE,

Im a]gj
where _
oo (Kera] ﬂKer81> 1]
Im(a]a])
and

E =Kerd; NImd [1,1].
Note that, for every L € A[1,1] = AOJ’l(M) ®T}’OM7 we have that ;L =0
if and only if @ 'L = 0. Therefore,

E =s(E)®a(E).

Consider L € Ag’l(M) ® T}’O(M), with L = —'L. Then, L induces a (0, 2)-
form on M defined as

ar(Z,W) = g;(L(Z),W).
Hence, it follows that

L € a(E) < ar € 9,A5%(M).
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Therefore, we obtain that
a(E) = 8,053 (M) = 8,052 (M).

Finally, every L € s(E) corresponds to a calibrated (virtual) deformation,
L being symmetric. The theorem is proved. O

Remark 3.7. — It would be natural to characterize explicitly the locus
in 9 corresponding to the classical Calabi-Yau deformations and, possibly,
to derive another proof of Tian-Todorov Lemma from Theorem 3.6.

Remark 3.8. — 1If (M, J,k,¢€) is a 3-dimensional Calabi-Yau manifold,
then the set s(E) can be identified with

3
{)\EC‘X’MC | ,zo}.
v 3

4. Examples

We start by giving an example of an almost complex structure on a
compact manifold which is calibrated by a symplectic form and with no
invariant nowhere vanishing and 9-closed (3, 0)-forms e.

Example 4.1. — Let g be the 6-dimensional nilpotent Lie algebras whose
dual space g* is spanned by {e!,...,ef} satisfying the following Maurer-
Cartan equations:

de! =0,
de* =0,
de3 =0,
de* =0,
de® = e Ne?,
de® = e3 Net.

Let G be the simply-connected Lie group with Lie algebra g and M = I'\G
the associated compact 6-dimensional nilmanifold, for a uniform discrete
subgroup I' C G (see [14]). Then

k=el Net+e2ned +ed el
defines a symplectic structure on M and
o' = e +iet, ©* =e? +ie®, ©® = e® +ief,
are the complex (1,0)-forms of a k-calibrated almost complex structure
on M. Then every invariant nowhere vanishing (3, 0)-form € is a non-zero
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constant multiple of ¢! A ©? A 3. Since 97(p* A % A ©?) # 0, we have
5J€ # 0.

It is not known if there exist nowhere vanishing (3, 0)-forms € on M such
that 0 e = 0.

The next example shows a curve of holomorphic structures having a
nowhere vanishing holomorphic (3,0)-form.

Example 4.2. — Let us shortly recall the construction of the Nakamura
manifold. On C3, consider the following product *

(21,22, 2%) x (v, w?,w?) = (2" + wl,e_wle + w2,6w1z3 +w?),

for any (21,22, 23), (w!, w? w?) € C3.

Then (C3, ) is a complex solvable Lie group admitting a uniform discrete
subgroup I' C C3. The compact quotient M = I'\(C3, x) is a 3-dimensional
holomorphically parallelizable manifold (see [15]).

Then

@1 _ dzl, <p2 _ ezleQ, <,03 _ eledzg

define holomorphic 1-forms on M. In [15] small deformations of the complex
structure on M and on the other complex solvable manifolds are computed.

By [15, p. 98, case 1], take t = t11,t91 = 0,22 = 0,t3; = 0,t33 = 0. Then
the corresponding curve of holomorphic structures J; is described by

Ctl =zt 1zt szzQ, Cf:z?’.
A direct computation shows that

¢t ¢-tt

dh=dil, =R, gl=c A
are complex invariant (1,0)-forms on (M, J;). Consequently
1 _ 1 _
dip} =0, dg} = e (o1 —t21) A ], dw?:—m [0 —t21) A ).

Therefore,
& =i ANpi A}

defines a curve of 9-closed nowhere vanishing complex (3,0)-forms on (M, .Jy).

The next example gives a formal non-Kéahler QIS manifold
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Example 4.3. — Let g be the Lie algebra whose dual vector space is
spanned by {e!, ..., €5} satisfying the following structure equations

de! =0,

de? =0,

ded =el Ne?,

de* = —el Ne?,

de® =el NP,

deb = —el N eb.

Then g is a 6-dimensional (real) completely solvable Lie algebra, i.e., adx
has real eigenvalues, for any X € g. It turns out that the simply-connected
Lie group G having g as Lie algebra, admits a uniform discrete subgroup
I' C G (see [9]). Hence M =T'\@ is a compact 6-dimensional solvmanifold.
Let J be the almost complex structure on M arising by the complex (1,0)-
forms defined by

ol =el 4ie?, P =é tict, oF =+ i
and the compatible symplectic form
k=e'ne?+e3Net +ed neb.

Then we obtain:

_ —~ 1 = 1

0sp' =0, 0,0° =0 NP, 0,¢° =S¢ AT,
Therefore,

€= gpl A @2 A <p3

defines a nowhere vanishing (3, 0)-form on M satisfying 9 e = 0.

Hence (I'\G, &, J, €) is a QIS manifold.

It can be checked (see also [9]) that the Riemannian manifold (M, gy) is
geometrically formal, i.e., the product of any two harmonic forms is still
harmonic. Hence, it follows that the de Rham complex of M is formal in
the sense of Deligne, Griffiths, Morgan and Sullivan (see [6]). Furthermore,
(M, k) satisfies the Hard Lefschetz condition. On the other hand, by a result

of Hasegawa (see [9] and [10]), M has no Kéhler structure, since the Lie
algebra g is completely solvable.

We will construct now a QIS structure on a compact quotient of a 6-
dimensional nilpotent Lie group.
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Example 4.4. — Let g be the 6-dimensional real Lie algebra with dual
space g* spanned by {e!,..., €%} satisfying the following

de' =0,
de? =0,
de® =0,

de* = el Ne?,
de® =el Ned +el Aet,

deb =e? Net.

Then, there exists a compact quotient M = I'\G, where G is the simply-
connected Lie group with Lie algebra g. A straightforward computation
shows that the following data
/€=€1/\86+€2/\€5+63/\64,
ol = el 44 o? = e i o® = e 4 iet,
and
e=p ANp? A,
give rise to a quantum inner state structure on M.

Finally, we will present a QIS structure on a family of cohomologically
Kahler compact 4-dimensional manifolds.

Example 4.5. — Let

e 00 a?
1
_ | o0 e 0 a? 1,2 .3
Go={a=| ¢ VI |ahatater)
0 0 0 1

and ¢ € R is such that e® 4+ e7¢ is a integer different from 2. Then there
exists a uniform discrete subgroup I'(c) such that I'(c)\G(c) is a family of
3-dimensional compact solvmanifolds (see [1]). Consider

M(c) :=T'(c)\G(c) x S

then in [7] it is proved that the compact solvmanifolds M(c) are cohomo-
logically Kéhler. The following

al =dzt, o? = e dz? , a3 = e~ dx? , ot = dt
define 1-forms on M (c). Then

dat =0, do®>=ca'rna?, da®=—-catra®, da*=0.
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Set
K = al/\a4—|—a2/\a3,
wl — O(l +ia47
wQ —_ a2+ia37
e = YrAyY?

Then, it is immediate to check that (M (c), , J, €) is a family of 4-dimensio-
nal quantum inner state solvmanifolds. It has to be remarked that M(c)
has no holomorphic structures. Indeed, a direct computation shows that the
Lie algebras g(c) are completely solvable. Therefore, in view of the Hattori
Theorem (see [11]), H*(M(c)) = H*(g(c)). In particular, by (M (c)) = 2 and
consequently, if the completely solvable solvmanifold M (c) had a holomor-
phic structure, then it should carry a Kéhler metric; but this is impossible

by [9].

Example 4.6. — Let R?" with coordinates (x1,...,Zn,¥1,---,Yn) and
let T?" = R?" /72", Define

_—A
K:(e(i 60 ) with A=

A1

An

and A, ..., A, € C*®°(R?*" R); it is immediate to check that

J = (eOA _eOA) — (I+1) (I(i 1{”) (I+L)™"

where
Q 0
= (5 o)
with
1—e
1+er
Q p—
1—e?n
Tte n

Therefore, .J gives rise to an almost complex structure on the torus T2"
and it can be verified that J is kg-calibrated, where kg = Z?Zl dz; A dy;
is the standard symplectic structure on T?". A global (1, 0)-frame is given

by:
1/ 0 .y, 0 )
== | —— — e <Jj<ng,
{Z] 2<8$j " 6%)’ b n}
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with (1, 0)-coframe:
(¢ i=dxj +ie ™Mdy;, 1<j<n}.

A direct computation yields

L 1 L _ _

1) (Z;, Zi)" = _§NJ(Zj’ Zy) = Z(N\j) Zj — Zj( M) Zi
(Zj, Zi)"" = — (Ze(Nj) Z5 + Z5(A\k) Z) -

Let

e=0N ... Nn;

then, € defines a complex volume form on (T?", K) satisfying:
5]6 =7vANe¢
with

v == G120 Z1)G.

j=1h=1

Hence, by (4.1), we obtain
=10, (Z Ah) +>Zi(0)
h=1 j=1

We are going to modify € to obtain a dj-closed complex volume form.
Assume that:

> Z(N)G = g
j=1

(this is certainly true if e.g. A; does not depend on z;, y;). Then
R SR

and consequently (kg, J, 67“7212 €) determines a QIS structure on T?".

5. Appendix

We restate and prove Lemma 3.4.

Lemma 3.4 Let L € End (TM) = A(M) ® TM such that (I + L) €
Aut (TM). Then the following formula holds

p(I+L)todop(I+L)=d+ Dr —r(L).
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Proof. — It is enough to prove that the formula above is true for f €
A°(M) and o € A'(M) respectively. First of all, let f € A°(M). Indeed,
for every vector field X, we have:

(pI+L)" odop(I +L)) F(X) = df (X + LX);
the second right hand of (3.1) applied to f reads as
(d+ Dy +7(L)) F(X) =df () +(r(L)odf ) (X) = df (X)-+df (LX) = df (X+L.X)

so that the formula holds in this case.
Let now o € A'(M). Then, for every pair of vector fields X, Y on M,
we have

(pI+L) " odop(I+L))a(X,Y)=
= XaY)+ LXa(Y)-Ya(X) - LYa(X) +
—a((I+ L) '[(I+L)X,(I+L)Y))
= da(X,Y)+ LXa(Y) - LYo(X) + o([X,Y]) — (I + L)' [X,Y])
—a((I+ L)X, LY])—a (I + L) '[LX,Y])—a ((I + L)' [LX, LY]) .
By using that I — (I + L)™' = (I + L)"'L, we may write the above
expression as
(5.1)  (pI+L)'odop(I+L))a(X,Y)=
= do(X,)Y)+ LXaY)—- LY a(X) +
+a (I + L) 'LIX,Y]) —a ((I+ L) 'X,LY])
—a((I+L)7'LX,Y]) —a((I+L)"'LX,LY]).

We expand now the right hand side of the formula: we need to compute

r(a),
Dra and do. We get
(5.2)
r(L)()(X,Y) = a((I + L) '[LX,LY]) + o(L[X,Y]) — a((I + L) ' L[X,Y])
—o([X,LY]) + o((I + L)' [X, LY]) — o([LX, Y])
+a((I+L)7'LX,Y)),

where we used again that (I + L)"'L=1— (I + L)™'
For Dya we obtain
Dra(X,Y) = (r(L)od)(a)(X,Y)—(do7(L))(a)(X,Y)=LXa(Y)+
~ Ya(LX) - a([LX,Y]) + Xa(LY) — LY a(X)+
—o([X,LY]) - Xa(LY)+ Ya(LX) + o(L[X,Y]),
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ie.,
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(5.3)
Dra(X,Y) = LXa(Y)—a([LX,Y]) - LY a(X) — a([X, LY]) + a(L[X, Y]).

Then, taking into account (5.1), (5.2) and (5.3), we get that
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(p(I + L) odop(I +L))(a)(X,Y) = (d+ Dy —r(L))(a)(X,Y).
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