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EXOTIC DEFORMATIONS
OF CALABI-YAU MANIFOLDS

by Paolo DE BARTOLOMEIS & Adriano TOMASSINI (*)

Abstract. — We introduce Quantum Inner State manifolds (QIS manifolds)
as (compact) 2n-dimensional symplectic manifolds (M,κ) endowed with a κ-tamed
almost complex structure J and with a nowhere vanishing and normalized section
ε of the bundle Λn,0

J (M) satisfying the condition ∂J ε = 0.
We study the moduli space M of QIS deformations of a given Calabi-Yau man-

ifold, computing its tangent space and showing that M is non obstructed. Finally,
we present several examples of QIS manifolds.
Résumé. — On considère la classe des variétés QIS (Quantum Inner State va-

riétés), à savoir la classe des variétés symplectiques, compactes et de dimension 2n,
munies d’une structure presque complexe J modérée par k et d’une section ε du
fibré Λn,0

J (M), qui ne s’annule nulle part, normalisée et satisfaisant la condition
∂J ε = 0.

Le but du papier est d’étudier l’espace M des modules des déformations QIS
d’une variété de Calabi-Yau. À ce propos, on calcule l’espace tangent de M et on
montre que M n’a pas d’obstructions. Plusieurs exemples de variétés QIS sont aussi
exhibés.

Introduction

Nowadays, Kähler Geometry can be seen as a Holomorphic Calibrated
Geometry over a Symplectic structure and thus it represents a perfect syn-
thesis of the Symplectic and the Holomorphic worlds and a sort of chemical
analysis of symplectic and holomorphic contribution can be successfully
performed in order to better understand the role of the different com-
ponents of the theory; e.g. the basic Kähler identities [∂, Λ] = i∂̄∗, and

Keywords: tamed symplectic structure, Calabi-Yau manifold, quantum inner state struc-
ture, deformation, moduli space.
Math. classification: 32G05, 53C15, 17B30.
(*) This work was supported by the Project PRIN “Varietà reali e complesse: geometria,
topologia e analisi armonica” and by GNSAGA of INdAM.
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[∂̄, Λ] = −i∂∗ are nothing but the holomorphic splitting of the purely
symplectic relation [d, Λ] = dF, where dF denotes the symplectic codif-
ferential of d acting on r-forms as dF = (−1)r+1F ◦ d ◦F, and F is the
symplectic Hodge operator (see [18], [3]).
This suggests the possibility of various generalizations, relaxing some of

the fundamental conditions.
This turns out to be especially effective in the case of Calabi-Yau man-

ifolds, a very special class of Kähler manifolds, whose importance is well
known to go far beyond Mathematics.

In [12], Hitchin introduces and studiesGeneralized Calabi-Yau manifolds.
A generalized Calabi-Yau structure on a 2m-dimensional manifoldM is the
datum of a closed complex form ϕ of mixed degree which is a complex pure
spinor for the orthogonal vector bundle TM ⊕ T ∗M endowed with the
natural pairing 〈, 〉 and such that 〈ϕ,ϕ〉 6= 0. In particular, a generalized
Calabi-Yau structure gives rise to a generalized complex structure (see [12]).
The main examples of generalized Calabi-Yau manifolds are represented by
Calabi-Yau manifolds and symplectic manifolds.
Among various other possible generalizations, we consider Quantum In-

ner State manifolds, (shortly QIS manifolds), namely (compact) symplectic
2n-dimensional manifolds (M,κ), endowed with a κ-tamed almost complex
structure J and a nowhere vanishing section ε of Λn,0J (M) satisfying

(−1)
n(n+1)

2 inε ∧ ε is a volume form(0.1)
∂Jε = 0(0.2)

In particular, every Calabi-Yau manifold is a QIS manifold.
In [2] it is shown how QIS’s provide preferred setting to develop symplec-

tic topology via the theory of Lagrangian submanifolds and their Maslov
classes (see also [4]); moreover, (again in [2]), it is proven that to any
compact symplectic manifold (M, κ) can be attached a non compact QIS
manifold whose Lagrangian submanifolds reflect the Lagrangian submani-
fold ofM . The aim of this paper is the study of deformations of Calabi-Yau
structures in the QIS directions. The celebrated Theorem of Tian-Todorov
(see [16], [17]) states that, ifM is a compact (non-flat) Calabi-Yau manifold
of dimension n > 3 and π : X → S, 0 ∈ S, π−1(0) = M , is the Kuranishy
family of M , then S is a non-singular complex analytic space such that

dimC S = dimCH
1(M,Ωn−1).

In other words, the moduli space of Calabi-Yau manifolds is unobstructed.
In the present paper, we show that QIS manifolds are somehow the per-

fect setting for a generalized deformation theory of Calabi-Yau manifolds,
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EXOTIC DEFORMATIONS OF CALABI-YAU MANIFOLDS 393

in the sense that we provide a complete description of the moduli space
of QIS deformations of a given Calabi-Yau manifold and, via the implicit
function theorem we are able to prove that the theory is completely unob-
structed.
The paper is organized as follows. In section 1, we start by giving and

fixing some preliminary notation on linear complex and symplectic struc-
tures. In section 2, we introduce QIS manifolds, finding a necessary and
sufficient cohomological condition in order that, on a compact symplectic
manifold (M,κ), with vanishing first Chern class, a κ-tamed almost com-
plex structure J gives rise to a QIS structure on M . Section 3 contains the
main results of the paper. We define the moduli space of quantum inner
state structures on a compact Calabi-Yau manifold (M,κ, J, ε) as

M = B/Diff (M),

where
F =

{
(K, η) ∈ Tκ(M)× Λn∗ (M) | η ∈ Λn,0(M)

}
denotes the space of pairs(K, η) such that, K is a κ-tamed almost complex
structure on M , η is a complex (n, 0)-form with respect to K, satisfying
(0.1),

B =
{

(K, η) ∈ F | ∂Kη = 0
}

and the group Diff (M) acts on B in a natural way.
We prove the following (see Theorem 3.5)

Theorem 0.1. — Let (M,J, κ, ε) be an n-dimensional compact Calabi-
Yau manifold. Denote by

M := B/Diff (M)

the moduli space of quantum inner state structures onM . Then the tangent
space T[(J,ε)]M to M at [(J, ε)] satisfies

T[(J,ε)]M ⊂
(
KerðJ∂J
Im ∂J

)
[1, 1] .

The operator ðJ is the Tian-Todorov operator which appears in the holo-
morphic deformations of Calabi-Yau manifolds. The following (see Theorem
3.6) shows that the moduli space M is not obstructed.

Theorem 0.2. — Let (M,J, κ, ε) be an n-dimensional compact Calabi-
Yau manifold. Assume that H1(M,Z) = 0. Then the moduli space M of
quantum inner state deformations of (M,J, κ, ε) is unobstructed.

Furthermore, the tangent space to M at [(J, ε)] decomposes as

T[(J,ε)]M = H ⊕ a(E)⊕ s(E) ,

TOME 63 (2013), FASCICULE 2



394 Paolo DE BARTOLOMEIS & Adriano TOMASSINI

where H corresponds to the non-obstructed space of holomorphic deforma-
tions, a(E) = ∂

∗
JΛ0,3(M) and s(E) encodes the space of calibrated defor-

mations.

In other words, M is a germ of smooth manifold with tangent space given
by T[(J,ε)]M = H ⊕ a(E)⊕ s(E) .
As pointed out by the referee, it is natural to ask whether the quotient

topology on the moduli space M is Hausdorff. Indeed, Fujiki and Schu-
macher in [8, Corollary 3.4] proved that the moduli spaces of Kähler and
almost Kähler structures on a compact symplectic manifold with the quo-
tient topology are Hausdorff. Similar techniques could be used to show that
M is Hausdorff too. We leave this problem for further investigations.
Finally, in the last section, several examples of QIS manifolds are pre-

sented and discussed.
Acknowledgements. We would like to thank the referee for useful com-

ments and remarks which improved the presentation of the paper.

1. Complex structures and symplectic forms

Let V be a 2n-dimensional real vector space. A linear complex structure
on V is the datum of J ∈ Aut(V ) satisfying J2 = − id. Let J be a linear
complex structure on V . A positive definite scalar product g on V is said
to be J-Hermitian if g(Ju, Jv) = g(u, v), for any u, v ∈ V .
A linear symplectic structure on V is the datum of κ ∈ ∧2V ∗ such that

κn 6= 0. Let κ be a symplectic structure on V . A linear complex structure
J is said to be κ-tamed if

κ(v, Jv) > 0 for every v ∈ V, v 6= 0

and J is said to be κ-calibrated if

gJ(·, ·) = κ(·, J ·).

defines a J-Hermitian positive definite scalar product on V . Notice that,
any κ-tamed linear complex structure gives rise to a J-Hermitian metric
gJ on V defined by

gJ(·, ·) := 1
2 [κ(·, J ·)− κ(J ·, ·)] .

Denote by Tκ(V ), Cκ(V ) the set of κ-tamed, κ-calibrated linear complex
structures on the symplectic vector space (V, κ) respectively. Set

T (n) := {X ∈M2n,2n(R) | XJn + JnX = 0} ,

ANNALES DE L’INSTITUT FOURIER
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C(n) := {X ∈M2n,2n(R) | X = tX, XJn + JnX = 0} ,

where M2n,2n(R) denotes the set of real matrices of order 2n and Jn is the
standard complex structure on R2n. Then, Tκ(V ) is homeomorphic to a
2n2-dimensional cell and Cω(V ) is homeomorphic to an (n2+n)-dimensional
cell. On R2n consider the standard symplectic structure κn. Then, every
κn-tamed linear complex structure J can be uniquely represented as

J = (I + L)Jn(I + L)−1

with
LJn + JnL = 0 , ||L|| < 1

and every J κn-calibrated can be uniquely represented as

J = (I + L)Jn(I + L)−1

with
LJn + JnL = 0 , ||L|| < 1 , L = tL

(see e.g. [13]).
Let (M,κ) be a symplectic manifold. We recall the following

Definition 1.1. — An almost complex structure J is said to be tamed
by κ if κx(u, Ju) > 0, for any x ∈ M and any non zero tangent vector
u ∈ TxM . J is called calibrated by κ if in addition κx(Ju, Jv) = κx(u, v),
for any pair of tangent vectors u and v.

Therefore, if J is a κ-tamed almost complex structure on M , then

gJ(·, ·) := 1
2 [κ(·, J ·)− κ(J ·, ·)]

defines a J-Hermitian metric on M . We will denote the space of κ-tamed
almost complex structures on (M,κ) by Tκ(M).

If J is an almost complex structure on M , then the space of complex
r-forms Λr(M,C) splits as Λr(M,C) =

⊕
p+q=r

Λp,qJ (M). Then, the exterior

differential decomposes as

d : Λp,qJ (M)→ Λp+1,q−2
J (M)⊕ Λp+1,q

J (M)⊕ Λp,q+1
J (M)⊕ Λp−1,q+2

J (M)

and
d = AJ + ∂J + ∂J +AJ .

In view of the Newlander-Nirenberg Theorem, J is integrable if and only
if AJ = 0.

TOME 63 (2013), FASCICULE 2



396 Paolo DE BARTOLOMEIS & Adriano TOMASSINI

Let (M,κ) be a symplectic manifold and J be a κ-calibrated almost
complex structure. In such a case, the Chern connection ∇C is defined by

∇CXY = ∇LCX Y − 1
2J((∇LCX J)Y ),

where ∇LC denotes the Levi-Civita connection of gJ . It turns out that

∇CgJ = 0 , ∇CJ = 0 , T∇
C

= −1
4NJ ,

NJ being the Nijenhuis tensor of J .

2. Quantum inner state manifolds

Let (M,J, κ) be a compact Kähler manifold with c1(M) = 0. Then,
in view of Yau’s Theorem (see [19]) on the solution of Calabi conjecture
and of the structure results on Ricci-flat compact manifolds by Cheeger
and Gromoll (see [5]), it follows that (M,J, κ) admits a finite covering
biholomorphic to the Kähler product manifold

(2.1) (T2p ×M1 × · · · ×Mr, κ0 × κ1 × · · · × κr, J0 × J1 · · · × Jr) ,

where (T2p, J0, κ0) is a flat torus and (Mh, Jh, κh), for 1 6 h 6 r, is a
compact simply-connected irreducible manifold with c1(Mh) = 0.

Therefore, for each 1 6 h 6 r, there exists a nowhere vanishing section
εh ∈ Λ∗,0(Mh) such that

• εh ∧ εh is a volume form,
• ∇LCh εh = 0,

where ∇LCh denotes the Levi-Civita connection of (Mh, Jh, κh, gh).
We recall the well known

Definition 2.1. — A Calabi-Yau manifold (M,J, κ, ε) is an n-dimensio-
nal compact Kähler manifold (M,J, κ) endowed with a nowhere vanishing
ε ∈ Λn,0(M) satisfying

∇LCε = 0 , ε ∧ ε = (−1)
n(n+1)

2 in
κn

n! .

In view of the structure results about compact Ricci-flat manifolds, up
to coverings, we shall confine ourselves to the case π1(M) is finite, namely,
we assume that there is no torus factor in the decomposition (2.1), i.e., M
is a finite quotient of

(M1 × · · · ×Mr, κ1 × · · · × κr, J1 × · · · × Jr),
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so that
H1(M,Z) = 0.

The remaining cases will be treated elsewhere.
In order to perform a more flexible deformation theory of Calabi-Yau

manifolds, we need to introduce a class of manifolds which represent a
possible generalization of the Calabi-Yau ones.

We give the following

Definition 2.2. — A quantum inner state manifold (QIS manifold),
is the datum of (M,κ, J, ε), where (M,κ) is a (compact) symplectic 2n-
dimensional manifold, J is a κ-tamed almost complex structure on M and
ε ∈ Λn,0J (M) satisfies

• (−1)
n(n+1)

2 inε ∧ ε is a volume form
• ∂Jε = 0;

note that gJ can be conformally rescaled in such a way that |ε| = 1,
which gives ∇Cε = 0 , where ∇C refers to the induced canonical Chern
connection.

Observe that we do not require the integrability of the almost complex
structure J .

Let (M,κ) be a 2n-dimensional compact symplectic manifold with van-
ishing first Chern class.
We are interested in finding necessary and sufficient conditions in order

that a κ-tamed almost complex structure J gives rise to a quantum inner
state structure on M .

Let J be in Tκ(M); starting from the Riemannian metric gJ , we can
define the Hodge operator

∗ : Λp,qJ (M)→ Λn−q,n−pJ (M)

and consider the usual differential operators

∂
∗
J = − ∗ ∂J∗ ,

∂∗J = − ∗ ∂̄J∗ ,

�J = ∂
∗
J∂J + ∂J∂

∗
J ,

�J = ∂∗J∂J + ∂J∂
∗
J .

Since c1(M) = 0, there exists a nowhere vanishing η ∈ Λn,0J (M). Then,

∂Jη = γ̂ ∧ η,

TOME 63 (2013), FASCICULE 2



398 Paolo DE BARTOLOMEIS & Adriano TOMASSINI

for a (0, 1)-form γ̂. Consequently, for every function λ 6= 0, we have

∂J(λη) = (∂J log λ+ γ̂) ∧ λη.

Set
γ = γ̂ − ∂JGJ(∂∗J γ̂),

where GJ denotes the Green operator of �J ; the nowhere vanishing (n, 0)-
form

ε = e−GJ (∂∗J γ̂)η

satisfies
∂Jε = γ ∧ ε,

with ∂
∗
Jγ = 0; moreover, if ε′ ∈ ∧n,0J (M) is another nowhere vanishing

element such that ∂̄Jε′ = γ′ ∧ ε′, with ∂̄∗Jγ′ = 0, then

γ′ = γ + ∂̄J log λ,

for λ ∈ C∞(M, C∗) , satisfying ∂̄∗J ∂̄J log λ = 0.
Therefore, if we set

H0,1
J (M,Z) := {∂J log λ | λ ∈ C∞(M, C∗) , ∂∗J∂J log λ = 0}

and define

a(J) = [γ] ∈ Ker ∂∗J
H0,1
J (M,Z)

,

we obtain the following

Proposition 2.3. — Let (M,κ) be a compact symplectic manifold with
vanishing first Chern class. Let J be a κ-tamed almost complex structure
on M . Then J determines a QIS on M if and only if a(J) = 0.

Remark 2.4. — It has to be noted that a(J) does not depend on the
starting (n, 0)-form η.

Remark 2.5. — For any κ-tamed almost complex structure J on a com-
pact symplectic manifold (M,κ), it is defined

H1,0
J (M,Z) := {∂J log λ | λ 6= 0 , ∂∗J∂J log λ = 0} .

If J ∈ Cκ , we have that �J = �J = ∆gJ on functions and so:

H1(M,Z) = H1,0
J (M,Z) = H0,1

J (M,Z) ,

but, in the general case, relations between H0,1
J (M,Z) and H1(M,Z) are

more complicated.

ANNALES DE L’INSTITUT FOURIER
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3. QIS deformations of Calabi-Yau manifolds
and moduli space

In this section we are interested to deform Calabi-Yau manifolds in the
Quantum Inner State directions. From now on, (M,J, κ, ε) will denote a
compact Calabi-Yau manifold with H1(M,Z) = 0.

Let us start by fixing some preliminary notation.
Let (V, J) be a 2n-dimensional real vector space endowed with a linear

complex structure J . Let 0 6= ε ∈ Λn(V ∗)1,0
J .

Definition 3.1. — We set

~ : Λp(V )1,0
J → Λn−p(V ∗)1,0

J

by the relation
α ∧~β =< α, β > ε

where α ∈ Λp(V ∗)1,0
J , β ∈ Λp(V )1,0

J and <,> denotes the duality pairing.

Let
Aqp(V, J) = Λq(V ∗)0,1

J ⊗ Λp(V )1,0
J .

Then we can extend the operator ~ to Aqp(V, J) by considering

1⊗~ : Aqp(V, J)→ Λq(V ∗)0,1
J ⊗ Λn−p(V ∗)1,0

J .

Let (M,J,κ, ε) be a compact Calabi-Yau manifold and denote byAqp(M,J)=
Λ0,q
J (M)⊗ ΛpJ(T 1,0M) . We recall the following (see [17], [16])

Definition 3.2. — Define

ðJ : Aqp(M,J)→ Aqp−1(M,J)

by
ðJ = (1⊗~)−1 ◦ ∂J ◦ (1⊗~).

Then the following holds

ð2
J = 0 , [ðJ , ∂J ] = 0.

Since (M,J, κ) is a compact Kähler manifold, then the ∂J∂J -lemma holds.
Hence, also the ðJ∂J -lemma holds, i.e.,

(KerðJ ∩Ker ∂J) ∩ (Im ðJ + Im ∂J) = ImðJ∂J .

Remark 3.3. — The operator ðJ can be also defined as

ιðJγε = ∂J(ιγε).

TOME 63 (2013), FASCICULE 2
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The holomorphic deformation theory of Calabi-Yau manifolds is well
understood via the integrable DGBV algebra (A, ∂J ,ðJ) (see [16], [17]),
where

A =
∞⊕

p,q=0
Aqp(M,J).

In the sequel we will set

A[p, q] = Aqp(M,J).

Denote by

Λn∗ (M) = {η ∈ Λn(M) | (−1)
n(n+1)

2 (−i)nη ∧ η is a volume form};

set
F = {(K, η) ∈ Tκ(M)× Λn∗ (M) | η ∈ Λn,0(M)}

and
B = {(K, η) ∈ F | ∂Kη = 0}.

Let (J, κ, ε) be a Calabi-Yau structure on the compact manifoldM . We are
going to study the infinitesimal structure of B at the point (J, ε). For this
purpose, let

S∗ = {Ł ∈ End (TM) | JL+ LJ = 0 , ‖ L ‖< 1}.

Then, as recalled in section 1, the map

Φ : S∗ → Tκ(M) , L 7→ (I + L)J(I + L)−1

is a bijection and the inverse map Φ−1 is given by

Φ−1 : Tκ(M)→ S∗ , K 7→ (J +K)−1(J −K).

This means that the space Tκ(M) of κ-tamed almost complex structures
on (M,κ) can be linearized, i.e., Tκ(M) is parametrized by a dense open
subset of a linear subspace of End(TM).
Let V be a vector space and let P be an automorphism of V . Consider

ρ(P ) = (P ∗)−1 ⊗ P ∈ Aut (V ∗ ⊗ V ).

Then ρ(P ) acts on the space Λr(V ∗) ⊗ V . Indeed, for example, if α ∈
Λ2(V ∗)⊗ V , then ρ(P )(α) is given by

(ρ(P )(α))(v, w) = P
(
α(P−1(v), P−1(w))

)
.

Therefore, for
K = (I + L)J(I + L)−1,

we have that ε ∈ Λn,0J (M) if and only if ρ(I + L)(ε) ∈ Λn,0K (M).

ANNALES DE L’INSTITUT FOURIER
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Define now

F∗ = {λ ∈ C∞(M,C) | 1 + λ 6= 0 everywhere onM}.

Then F can be linearized by using the action ρ through the following map

(L, λ) ∈ S∗ ×F∗ 7→ (Φ(L), (1 + λ)ρ(I + L)ε).

Let V be a vector space and L ∈ End(V ); then, for every α ∈ Λp(V ∗),
define

(τ(L)(α))(v1, . . . , vp) =
p∑

h=1
α(v1, . . . , L(vh), . . . , vp).

Hence τ(L) ∈ End(Λ(V ∗). Finally, for β ∈ Λ(V ∗), set

τ(β ∧ L)(α) = β ∧ τ(L)(α).

In this way, we can define τ(R) for every R ∈ Λ(V ∗)⊗ V .
Let M be a smooth manifold and R ∈ Λ(M)⊗ TM . Set

DR = [τ(R), d] .

Let L ∈ End (TM) = Λ1(M)⊗TM and define a derivation r(L) : Λ(M)→
Λ(M) in the following way:

for every f ∈ C∞(M) r(L)(f) = 0,

for everyα ∈ Λ1(M) r(L)(α)(X,Y ) = α((I + L)−1S(L)(X,Y )),
where

S(L)(X,Y ) = [L(X), L(Y )] + L2[X,Y ]− L[X,L(Y )]− L[L(X), Y ].

Then extend r(L) to every k-form α as a skew-symmetric derivation. By
definition, r(L) is quadratic in the endomorphism L and of order zero.

A key tool in the computation of the virtual tangent space to the moduli
space of quantum inner state structures is the following lemma, whose proof
will be given in the Appendix.

Lemma 3.4. — Let L ∈ End (TM) = Λ1(M)⊗TM such that (I +L) ∈
Aut (TM). Then the following formula holds

(3.1) ρ(I + L)−1 ◦ d ◦ ρ(I + L) = d+DL − r(L) .

Assume that a κ-tamed almost complex structure K = Φ(L) is given on
M . Then the exterior differential d splits as

d = AK + ∂K + ∂K +AK ,

where
AK : Λp,qK (M)→ Λp+2,q−1

K (M)

TOME 63 (2013), FASCICULE 2



402 Paolo DE BARTOLOMEIS & Adriano TOMASSINI

and K is holomorphic if and only if

d = ∂K + ∂K .

Let R ∈ Λr,s+1(M)⊗ T 1,0
J (M). For every α ∈ Λp,qJ (M), define

kRα = (DRα)p+r,q+s+1.

Therefore, by taking the (p, q+1) components of formula (3.1) of Lemma 3.4,
we obtain

(3.2) ρ(I + L)−1∂Kρ(I + L)α = ∂Jα+ kLα− (r(L)α)p,q+1
.

Since J is holomorphic, we have

∂JkR := [∂J ,kR] = k∂JR.

Now we are ready to prove the following

Theorem 3.5. — Let (M,J, κ, ε) be an n-dimensional compact Calabi-
Yau manifold. Denote by

M := B/Diff (M)

the moduli space of quantum inner state structures onM . Then the tangent
space T[(J,ε)]M to M at [(J, ε)] satisfies

T[(J,ε)]M ⊂
(
KerðJ∂J
Im ∂J

)
[1, 1].

Proof. — Let
t 7→ γ(t) = (Jt, εt)

be a smooth curve in B, with γ(0) = (J, ε). By the above discussion,

Jt = (I + Lt)J(I + Lt)−1,

where Lt = tL+ o(t) and

εt = ρ(I + Lt)(1 + λt) ε,

with λt = tλ+o(t). Then, by using formula (3.2) and the definition of kLt ,
it follows that the condition ∂Jtεt = 0 holds if and only if

0 = ρ(I+Lt)−1∂Jt (ρ(I+Lt)(1 + λt) ε)=∂J(1 + λt)ε+ kLt(1 + λt)ε+ o(t)

= ∂J(1 + λt)ε− ∂Jτ(Lt)(1 + λt)ε+ o(t).

Therefore,

0 = d

dt
|t=0

(
∂J(1 + λt) ε− ∂Jτ(Lt) ε

)
= ∂Jλ ε− ∂Jτ(L) ε.

Hence, the tangent space to B at (J, ε) satisfies

T[(J,ε)]B ⊂ {(L, λ) | ∂Jλ ε = ∂Jτ(L) ε }.
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Observe that
∂Jτ(L)ε = ðJL ∧ ε

and that the ∂J∂J -lemma holds for (M,J), and, consequently also the
ðJ∂J -lemma holds. Therefore, we claim that

T[(J,ε)]B = {L ∈ A[1, 1] | ðJ∂JL = 0}.

Note first that:

ðJ ∂̄JL = 0 ⇐⇒ ∂̄J(ðJL ∧ ε) = 0⇐⇒ ∂̄J∂Jτ(L)ε = 0 ;

then, clearly, if (L, λ) satisfies ∂Jλ ε = ∂Jτ(L) ε, then ðJ∂JL = 0. Vice
versa, if L ∈ A[1, 1] is ðJ∂J -closed, then ∂J∂Jτ(L)ε = 0 and the ∂J∂J -
lemma implies that there exists β ∈ ∧n−1,0

J (M) such that:

∂Jτ(L) ε = ∂J∂Jβ = ∂Jλε.

The group Diff(M) naturally acts on B and there is an induced action on
the endomorphisms L, namely

φ](L) =
(
J + φ−1

∗ Kφ∗
)−1 (

J − φ−1
∗ Kφ∗

)
,

where
K = (I + L) J (I + L)−1

.

LetX be a smooth vector field and {φXt } , t∈R, be the induced 1-parameter
subgroup of Diff(M). Then, we get

d

dt
(φXt )](O)|t=0 = 1

2JLXJ = −∂JX.

On Λ∗,0J (M) we have
τ(∂JX) = [∂J , ιX ].

Therefore,
τ(∂JX) ε = ∂J ιX ε.

Consequently,

∂Jτ(∂JX) ε = ∂J∂J ιX ε = −∂J∂J ιX ε = ∂Jλε,

i.e., (∂JX,λ) ∈ T[(J,ε)]B. Hence, we have showed that

T[(J,ε)]M ⊂
(
KerðJ∂J
Im ∂J

)
[1, 1].

�
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Let
H =

(
KerðJ ∩Ker ∂J

Im(ðJ∂J)

)
[1, 1]

and
E = KerðJ ∩ Im ∂

∗[1, 1].
Denote by

s(E) = {Ł ∈ E | L = tL} , a(E) = {Ł ∈ E | L = −tL}

the symmetric, respectively the skew-symmetric part of any L ∈ E. We
have the following

Theorem 3.6. — Let (M,J, κ, ε) be an n-dimensional compact Calabi-
Yau manifold. Assume that H1(M,Z) = 0. Then the moduli space M of
quantum inner state deformations of (M,J, κ, ε) is unobstructed.

Furthermore, the tangent space to M at [(J, ε)] decomposes as

T[(J,ε)]M = H ⊕ a(E)⊕ s(E) ,

where H corresponds to the non-obstructed space of holomorphic deforma-
tions, a(E) = ∂

∗
JΛ0,3(M) and s(E) encodes the space of calibrated defor-

mations.

Proof. — We start by proving the first part of the statement. We will
apply the implicit function theorem; recall that, setting

F = {(K, η) ∈ Tκ(M)×Λn∗ (M) | η ∈ Λn,0(M) and η∧η is a volume form}

and
B = {(K, η) ∈ F | ∂Kη = 0},

then we defined the moduli space of quantum inner state structures as

M := B/Diff (M).

By Theorem 3.5, we have that

T[(J,ε)]M =
(
KerðJ∂J
Im ∂J

)
[1, 1].

Let
S∗ = {Ł ∈ End (TM) | JL+ LJ = 0 , ‖ L ‖< 1},
F∗ = {λ ∈ C∞(M,C) | 1 + λ 6= 0 everywhere onM},

and
F = S∗ ×F∗.

Then the map

(L, λ) ∈ S∗ ×F∗ 7→ (Φ(L), (1 + λ)ρ(I + L)ε).
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linearizes F. Consider the following map

p : S∗ ×F∗ → Λ0,1
J (M)

defined as

(3.3) p(L, λ) ∧ ε = ρ(I + L)−1∂Φ(L)ρ(I + L)(1 + λ)ε.

Then, the first order differential operator acting on functions as

ρ(I + L)−1∂Φ(L)ρ(I + L)(1 + ·) ε

is elliptic.
By definition of the map p, the zero set of p is the set of quantum inner

state structures onM . In view of the assumption, we have that H0,1
∂J

(M) =
0, and, consequently, we obtain that

p : S∗ ×F∗ → Im�J .

By Theorem 3.5, it follows that the differential p∗[(0, 0)] of p at [(0, 0)] is

p∗[(0, 0)](L, µ) = ∂Jµ− ðJL.

We claim that

(3.4) Im p∗[(0, 0)] = Im�J .

Indeed, it is Λ0,1
J (M) = Im�J , since H0,1

∂J
(M) = 0. We immediately get

Im p∗[(0, 0)] ⊂ Im�J .
Conversely, let α ∈ Im�J = Λ0,1

J (M). We need to show that there exist
L ∈ End(TM) , LJ + JL = 0 and µ ∈ C∞(M,C) such that

α = ∂Jµ− ðJL.

By the definition of ðJ -operator, it is

ðJ∂Jα = 0.

Therefore, by the ðJ∂-lemma, it follows that there exists L such that

∂Jα = −ðJ∂L .

Hence
∂J(α+ ðJL) = 0.

Consequently, the (0, 1)-form is α + ðJL is ∂J -exact, i.e., there exists µ ∈
C∞(M,C) such that

α = ∂Jµ− ðJL.
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Hence, passing to a suitable Sobolev complection, using the implicit func-
tion theorem for Banach manifolds and standard regularity arguments hold-
ing for elliptic differential operators, we obtain that, for every [(L, µ)] ∈
T[(J, ε)]M, there exists a curve

c : (−δ, δ) −→ M,

such that:
c(0) = [(J, ε)] , c′(0) = [(L, µ)].

This shows that M is unobstructed.
Now we prove the second part of the statement.
First of all, observe that

KerðJ
Im ðJ∂J

∼=
KerðJ∂J
Im ∂J

.

In view of the ðJ∂J -lemma, it can be easily checked that, the inclusion
map

j : KerðJ ↪→ KerðJ∂J
induces an isomorphism

i∗ : KerðJ
ImðJ∂J

→ KerðJ∂J
Im ∂J

.

Therefore, by Hodge Theorem, we have that

T[(J,ε)]M =
(

KerðJ
Im ðJ∂J

)
[1, 1] ∼= H ⊕ E,

where

H =
(
KerðJ ∩Ker ∂J

Im(ðJ∂J)

)
[1, 1]

and
E = KerðJ ∩ Im ∂

∗[1, 1].
Note that, for every L ∈ A[1, 1] = Λ0,1

J (M)⊗T 1,0
J M , we have that ðJL = 0

if and only if ∂∗ tL = 0. Therefore,

E = s(E)⊕ a(E).

Consider L ∈ Λ0,1
J (M)⊗ T 1,0

J (M), with L = −tL. Then, L induces a (0, 2)-
form on M defined as

αL(Z,W ) := gJ(L(Z),W ).

Hence, it follows that

L ∈ a(E)⇐⇒ αL ∈ ∂
∗
JΛ0,3

J (M).
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Therefore, we obtain that

a(E) ∼= ∂
∗
JΛ0,3

J (M) ∼= ∂JΛ0,2
J (M).

Finally, every L ∈ s(E) corresponds to a calibrated (virtual) deformation,
L being symmetric. The theorem is proved. �

Remark 3.7. — It would be natural to characterize explicitly the locus
in M corresponding to the classical Calabi-Yau deformations and, possibly,
to derive another proof of Tian-Todorov Lemma from Theorem 3.6.

Remark 3.8. — If (M,J, κ, ε) is a 3-dimensional Calabi-Yau manifold,
then the set s(E) can be identified with{

λ ∈ C∞(M,C) |
∫
M

λ
κ3

3! = 0
}
.

4. Examples

We start by giving an example of an almost complex structure on a
compact manifold which is calibrated by a symplectic form and with no
invariant nowhere vanishing and ∂-closed (3, 0)-forms ε.

Example 4.1. — Let g be the 6-dimensional nilpotent Lie algebras whose
dual space g∗ is spanned by {e1, . . . , e6} satisfying the following Maurer-
Cartan equations: 

de1 = 0 ,
de2 = 0 ,
de3 = 0 ,
de4 = 0 ,
de5 = e1 ∧ e2 ,

de6 = e3 ∧ e4 .

Let G be the simply-connected Lie group with Lie algebra g and M = Γ\G
the associated compact 6-dimensional nilmanifold, for a uniform discrete
subgroup Γ ⊂ G (see [14]). Then

κ = e1 ∧ e4 + e2 ∧ e5 + e3 ∧ e6

defines a symplectic structure on M and

ϕ1 = e1 + ie4 , ϕ2 = e2 + ie5 , ϕ3 = e3 + ie6,

are the complex (1, 0)-forms of a κ-calibrated almost complex structure
on M . Then every invariant nowhere vanishing (3, 0)-form ε is a non-zero
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constant multiple of ϕ1 ∧ ϕ2 ∧ ϕ3. Since ∂J(ϕ1 ∧ ϕ2 ∧ ϕ3) 6= 0, we have
∂Jε 6= 0.

It is not known if there exist nowhere vanishing (3, 0)-forms ε onM such
that ∂Jε = 0.

The next example shows a curve of holomorphic structures having a
nowhere vanishing holomorphic (3, 0)-form.

Example 4.2. — Let us shortly recall the construction of the Nakamura
manifold. On C3, consider the following product ∗

(z1, z2, z3) ∗ (w1, w2, w3) = (z1 + w1, e−w
1
z2 + w2, ew

1
z3 + w3) ,

for any (z1, z2, z3), (w1, w2, w3) ∈ C3.
Then (C3, ∗) is a complex solvable Lie group admitting a uniform discrete

subgroup Γ ⊂ C3. The compact quotient M = Γ\(C3, ∗) is a 3-dimensional
holomorphically parallelizable manifold (see [15]).
Then

ϕ1 = dz1 , ϕ2 = ez
1
dz2 , ϕ3 = e−z

1
dz3

define holomorphic 1-forms onM . In [15] small deformations of the complex
structure onM and on the other complex solvable manifolds are computed.
By [15, p. 98, case 1], take t = t11, t21 = 0, t22 = 0, t31 = 0, t33 = 0. Then

the corresponding curve of holomorphic structures Jt is described by

ζ1
t = z1 + tz1 , ζ2

t = z2 , ζ3
t = z3.

A direct computation shows that

ϕ1
t = dζ1

t , ϕ2
t = e

ζ1
t
−tζ1

t

1−|t|2 dζ2
t , ϕ3

t = e
−
ζ1
t
−tζ1

t

1−|t|2 dζ3
t

are complex invariant (1, 0)-forms on (M,Jt). Consequently

dϕ1
t =0, dϕ2

t = 1
1− |t|2

[
(ϕ1
t−tϕ1

t ) ∧ ϕ2
t

]
, dϕ3

t =− 1
1− |t|2

[
(ϕ1
t−tϕ1

t ) ∧ ϕ3
t

]
.

Therefore,

εt = ϕ1
t ∧ ϕ2

t ∧ ϕ3
t

defines a curve of ∂-closed nowhere vanishing complex (3,0)-forms on (M,Jt).

The next example gives a formal non-Kähler QIS manifold
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Example 4.3. — Let g be the Lie algebra whose dual vector space is
spanned by {e1, . . . , e6} satisfying the following structure equations

de1 = 0 ,
de2 = 0 ,
de3 = e1 ∧ e3 ,

de4 = −e1 ∧ e4 ,

de5 = e1 ∧ e5 ,

de6 = −e1 ∧ e6 .

Then g is a 6-dimensional (real) completely solvable Lie algebra, i.e., adX
has real eigenvalues, for any X ∈ g. It turns out that the simply-connected
Lie group G having g as Lie algebra, admits a uniform discrete subgroup
Γ ⊂ G (see [9]). Hence M = Γ\G is a compact 6-dimensional solvmanifold.
Let J be the almost complex structure on M arising by the complex (1, 0)-
forms defined by

ϕ1 = e1 + ie2 , ϕ2 = e3 + ie4 , ϕ3 = e5 + ie6

and the compatible symplectic form

κ = e1 ∧ e2 + e3 ∧ e4 + e5 ∧ e6.

Then we obtain:

∂Jϕ
1 = 0 , ∂Jϕ

2 = 1
2ϕ

1 ∧ ϕ2 , ∂Jϕ
3 = 1

2ϕ
1 ∧ ϕ3.

Therefore,
ε = ϕ1 ∧ ϕ2 ∧ ϕ3

defines a nowhere vanishing (3, 0)-form on M satisfying ∂Jε = 0.
Hence (Γ\G, κ, J, ε) is a QIS manifold.
It can be checked (see also [9]) that the Riemannian manifold (M, gJ) is

geometrically formal, i.e., the product of any two harmonic forms is still
harmonic. Hence, it follows that the de Rham complex of M is formal in
the sense of Deligne, Griffiths, Morgan and Sullivan (see [6]). Furthermore,
(M,κ) satisfies the Hard Lefschetz condition. On the other hand, by a result
of Hasegawa (see [9] and [10]), M has no Kähler structure, since the Lie
algebra g is completely solvable.

We will construct now a QIS structure on a compact quotient of a 6-
dimensional nilpotent Lie group.
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Example 4.4. — Let g be the 6-dimensional real Lie algebra with dual
space g∗ spanned by {e1, . . . , e6} satisfying the following

de1 = 0 ,
de2 = 0 ,
de3 = 0 ,
de4 = e1 ∧ e2 ,

de5 = e1 ∧ e3 + e1 ∧ e4 ,

de6 = e2 ∧ e4 .

Then, there exists a compact quotient M = Γ\G, where G is the simply-
connected Lie group with Lie algebra g. A straightforward computation
shows that the following data

κ = e1 ∧ e6 + e2 ∧ e5 + e3 ∧ e4,

ϕ1 = e1 + ie6 , ϕ2 = e2 + ie5 , ϕ3 = e3 + ie4,

and
ε = ϕ1 ∧ ϕ2 ∧ ϕ3,

give rise to a quantum inner state structure on M .

Finally, we will present a QIS structure on a family of cohomologically
Kähler compact 4-dimensional manifolds.

Example 4.5. — Let

G(c) =
{
A =


e−cx

1 0 0 x2

0 ecx
1 0 x3

0 0 1 x1

0 0 0 1

 ∣∣∣ x1, x2, x3 ∈ R
}

and c ∈ R is such that ec + e−c is a integer different from 2. Then there
exists a uniform discrete subgroup Γ(c) such that Γ(c)\G(c) is a family of
3-dimensional compact solvmanifolds (see [1]). Consider

M(c) := Γ(c)\G(c)× S1;

then in [7] it is proved that the compact solvmanifolds M(c) are cohomo-
logically Kähler. The following

α1 = dx1 , α2 = ecx
1
dx2 , α3 = e−cx

1
dx2 , α4 = dt

define 1-forms on M(c). Then

dα1 = 0 , dα2 = c α1 ∧ α2 , dα3 = −c α1 ∧ α3 , dα4 = 0.
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Set

κ = α1 ∧ α4 + α2 ∧ α3 ,

ψ1 = α1 + iα4 ,

ψ2 = α2 + iα3 ,

ε = ψ1 ∧ ψ2

Then, it is immediate to check that (M(c), κ, J, ε) is a family of 4-dimensio-
nal quantum inner state solvmanifolds. It has to be remarked that M(c)
has no holomorphic structures. Indeed, a direct computation shows that the
Lie algebras g(c) are completely solvable. Therefore, in view of the Hattori
Theorem (see [11]), H∗(M(c)) ∼= H∗(g(c)). In particular, b1(M(c)) = 2 and
consequently, if the completely solvable solvmanifold M(c) had a holomor-
phic structure, then it should carry a Kähler metric; but this is impossible
by [9].

Example 4.6. — Let R2n with coordinates (x1, . . . , xn, y1, . . . , yn) and
let T2n = R2n/Z2n. Define

K =
(

0 −e−Λ

eΛ 0

)
with Λ =

λ1
. . .

λn


and λ1, ... , λn ∈ C∞(R2n, R); it is immediate to check that

J =
(

0 −e−Λ

eΛ 0

)
= (I + L)

(
0 −In
In 0

)
(I + L)−1

where

L =
(

Ω 0
0 −Ω

)
with

Ω =


1−eλ1

1+eλ1

. . .
1−eλn
1+eλn

 .

Therefore, J gives rise to an almost complex structure on the torus T2n

and it can be verified that J is κ0-calibrated, where κ0 =
∑n
j=1 dxj ∧ dyj

is the standard symplectic structure on T2n. A global (1, 0)-frame is given
by: {

Zj := 1
2

(
∂

∂ xj
− ieλj ∂

∂ yj

)
, 1 6 j 6 n

}
,
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with (1, 0)-coframe:{
ζj := dxj + ie−λjdyj , 1 6 j 6 n

}
.

A direct computation yields

[Z̄j , Z̄k]1,0 = −1
2NJ(Z̄j , Z̄k) = Z̄k(λj)Zj − Z̄j(λk)Zk

[Zj , Z̄k]1,0 = −
(
Z̄k(λj)Zj + Zj(λk)Zk

)
.

(4.1)

Let
ε := ζ1 ∧ . . . ∧ ζn ;

then, ε defines a complex volume form on (T2n,K) satisfying:

∂̄Jε = γ ∧ ε

with

γ = −
n∑
j=1

n∑
h=1

ζh([Zh, Z̄j ])ζ̄j .

Hence, by (4.1), we obtain

γ = ∂̄J

(
n∑
h=1

λh

)
+

n∑
j=1

Zj(λj)ζ̄j .

We are going to modify ε to obtain a ∂J -closed complex volume form.
Assume that:

n∑
j=1

Zj(λj)ζ̄j = ∂̄Jµ;

(this is certainly true if e.g. λj does not depend on xj , yj). Then

∂̄Je
−µ−

∑n

j=1
λj ε = 0

and consequently (κ0, J, e
−µ−

∑n

j=1
λj ε) determines a QIS structure on T2n.

5. Appendix

We restate and prove Lemma 3.4.
Lemma 3.4 Let L ∈ End (TM) = Λ1(M) ⊗ TM such that (I + L) ∈

Aut (TM). Then the following formula holds

ρ(I + L)−1 ◦ d ◦ ρ(I + L) = d+DL − r(L) .
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Proof. — It is enough to prove that the formula above is true for f ∈
Λ0(M) and α ∈ Λ1(M) respectively. First of all, let f ∈ Λ0(M). Indeed,
for every vector field X, we have:(

ρ(I + L)−1 ◦ d ◦ ρ(I + L)
)
f(X) = df(X + LX) ;

the second right hand of (3.1) applied to f reads as

(d+DL+r(L))f(X)=df(X)+(τ(L)◦df)(X)= df(X)+df(LX)=df(X+LX)

so that the formula holds in this case.
Let now α ∈ Λ1(M). Then, for every pair of vector fields X, Y on M ,

we have(
ρ(I + L)−1 ◦ d ◦ ρ(I + L)

)
α(X,Y ) =

= Xα(Y ) + LXα(Y ) − Y α(X) − LY α(X) +

−α
(
(I + L)−1[(I + L)X, (I + L)Y ]

)
= dα(X,Y ) + LXα(Y ) − LY α(X) + α([X,Y ]) − α

(
(I + L)−1[X,Y ]

)
−α
(
(I + L)−1[X,LY ]

)
−α
(
(I + L)−1[LX, Y ]

)
−α
(
(I + L)−1[LX,LY ]

)
.

By using that I − (I + L)−1 = (I + L)−1L, we may write the above
expression as(

ρ(I + L)−1 ◦ d ◦ ρ(I + L)
)
α(X,Y ) =(5.1)

= dα(X,Y ) + LXα(Y )− LY α(X) +

+α
(
(I + L)−1L[X,Y ]

)
− α

(
(I + L)−1[X,LY ]

)
−α

(
(I + L)−1[LX, Y ]

)
− α

(
(I + L)−1[LX,LY ]

)
.

We expand now the right hand side of the formula: we need to compute
r(α),
DLα and dα. We get

(5.2)
r(L)(α)(X,Y ) = α((I + L)−1[LX,LY ]) + α(L[X,Y ]) − α((I + L)−1L[X,Y ])

− α([X,LY ]) + α((I + L)−1[X,LY ]) − α([LX, Y ])
+ α((I + L)−1[LX, Y ]),

where we used again that (I + L)−1L = I − (I + L)−1.
For DLα we obtain

DLα(X,Y ) = (τ(L) ◦ d)(α)(X,Y )− (d ◦ τ(L))(α)(X,Y ) = LXα(Y )+
− Y α(LX)− α([LX, Y ]) +Xα(LY )− LY α(X)+
− α([X,LY ])−Xα(LY ) + Y α(LX) + α(L[X,Y ]) ,
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i.e.,
(5.3)
DLα(X,Y ) = LXα(Y )−α([LX, Y ])−LY α(X)−α([X,LY ])+α(L[X,Y ]).

Then, taking into account (5.1), (5.2) and (5.3), we get that

(ρ(I + L)−1 ◦ d ◦ ρ(I + L))(α)(X,Y ) = (d+DL − r(L))(α)(X,Y ).

�
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