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FLOWS OF FLOWABLE REEB HOMEOMORPHISMS

by Shigenori MATSUMOTO (*)

ABSTRACT. — We consider a fixed point free homeomorphism h of the closed
band B = R x [0,1] which leaves each leaf of a Reeb foliation on B invariant.
Assuming h is the time one of various topological flows, we compare the restriction
of the flows on the boundary.

REsuME. — Considérons une homéomorphisme sans points fixes sur la bande
fermé B = R x [0, 1] qui laisse un feuilletage de Reeb invariant et qui est le temps
un des flots topologiques. Nous comparons les restrictions de plusieurs tels flots au
bord de B.

1. Introduction

Orientation preserving and fixed point free homeomorphisms of the plane
are called Brouwer homeomorphisms. Since the seminal work of L. E.
Brouwer nearly 100 years ago, they draw attentions of many mathemati-
cians ([3], [8], [4], [5] [6], [11]). Nowadays there still remains interesting
problems about them.

Besides those Brouwer homeomorphisms which are topologically conju-
gate to the translation, the simplest ones are perhaps those which preserve
the leaves of Reeb foliations; the main theme of the present notes. It is sim-
pler and loses nothing to consider their restriction to the Reeb component.

Let B =R x [0, 1] be a closed band, and denote ;B =R x {i} (i =0,1)
and Int B = R x (0,1). An oriented foliation R on B is called a Reeb
foliation if JyB with the positive orientation and 9y B with the negative
orientation are leaves of R and the foliation restricted to the interior Int B is
a bundle foliation. The leaf space of a Reeb foliation is homeomorphic to the
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non Hausdorff space obtained by glueing two copies of [0, 00) along (0, c0).
This shows ([7]) that any two Reeb foliations are mutually topologically
equivalent.

A homeomorphism h: B — B is called a Reeb homeomorphism if h
preserves each leaf of a Reeb foliation and h(x) > x for any « € B, where
> is the total order on a leaf given by the orientation. In this paper we
consider flowable Reeb homeomorphisms h, i.e. those which are the time
one of topological flows. (F. Béguin and F. Le Roux constructed in [2]
examples of non flowable Reeb homeomorphisms. See also Sect. 4 of the
present paper.) When h is flowable, h can be embedded as the time one
into a great variety of flows. The purpose of this paper is to compare the
restriction of one flow to the boundary of B with that of another. This
problem is motivated by a result of [9] which states that if two flows have
a common orbit foliation, then their restrictions to the boundary are the
same.

Let
P={(z,y) |2 >0,y >0} —{(0,0)}.

Notice that P is homeomorphic to B. Consider a homeomorphsim hp: P —
P defined by

hp((E, y) = (21’, 2_1y))'
A homeomorphism of B is called a standard Reeb homeomorphism if it
is topologically conjugate to hp, and nonstandard otherwise. It is known
([2]) that there are nonstandard flowable Reeb homeomorphisms. See also
Sect. 4. The main result of this paper is the following.

THEOREM 1.1.

(1) Assume h is a standard Reeb homeomorphsim of B. For i = 0,1, let
{¥t} be an arbitrary flow on 9;B whose time one is the restriction
of h. Then there is a flow {p'} on B, an extension of both {{)§{} and
{t}, whose time one is h.

(2) Ifh is a nonstandard flowable Reeb homeomorphism, there is a home-
omorphism from JyB to 01 B which commutes with any flow whose
time one is h.

Notice that (1) is immediate from the model hp which is a product map.
After we prepare some necessary prerequisites in Sect. 2, we prove Theo-
rem 1.1 (2) in Sect. 3. Sect. 4 is devoted to two examples of nonstandard
flowable Reeb homeomorphisms, one for which Theorem 1.1 (2) is the op-
timal, and the other for which the restriction of the flow to the boundary
is unique.
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The author expresses his gratitude to the referee for careful reading.

2. Preliminaries

Let R be a Reeb foliation on B. A topological flow on B is called an R-
flow if its oriented orbit foliation is R. To fix the idea we assume throughout
that 0y B is repelling and 0; B is attracting. Let £ be the set of the topo-
logical conjugacy classes of R-flows. We shall summarize a main result of
[10], a classification of £, which will play a crucial role in what follows.

For i = 0,1 let ;: [0,00) — B be a continuous path such that +;(0) €
0; B and that ; intersects every interior leaf of R at exactly one point. Let
us parametrize 7; so that for any y > 0 the points vo(y) and 1 (y) lie on the
same leaf of R. Let {®'} be an R-flow. Then one can define a continuous
function

f{‘I’t}v’Yo,M : (Ov OO) - R
by setting that fpty 0., () is the time needed for the flow {®'} to drift
from the point yo(y) to 71 (y). That is,

' (10(y)) = 1Y) for t = frat) 0.4 (¥)-
Then the function frgty ,,,, belongs to the space

E={f:(0,00) > R|f is continuous and lim f(y) = oo}.
y—0

Of course f{pt} ~,,4, depends upon the choice of ;. There are two umbi-
guities, one coming from the parametrization of ;, and the other coming
from the positions of 7;. Let H be the space of homeomorphisms of [0, c0)
and C' the space of continuous functions on [0, 00). Define an equivalence
relation ~ on E by

f~fle=f =foh+k 3hecH, JkecC.

Then clearly the equivalence class [f{st},40,4,] does not depend on the
choice of 7;. Moreover it is an invariant of the topological conjugacy classes
of R-flows. Therefore we get a well defined map

t:E€—=E/~.

It is easy to see that ¢ is injective. The main result of [10] states that ¢
is surjective as well, i.e. any f € E is realized as f = faot} ,,, for some
R-flow {®'} and curves ;.

The equivalence class [f] of f € F is determined by how f(y) oscillates
while it tends to oo as y — 0. For example any monotone function of FE
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belongs to a single equivalence class, which corresponds to a standard Reeb
flow. By definition a standard Reeb flow is a flow which is topologically
conjugate to the flow {p%} on P given by

ep(r,y) = (2'7,27"y).
To measure the degree of oscillation of f € E, define a nonnegative
valued continuous function f* defined on (0, 1] by

[ (y) = max(fly,1) — f(y)-

Then we have the following easy lemma.

LEMMA 2.1.

(1) If h € H, then (f o h)* = f* o h in a neighbourhood of 0.
(2) If k € C and y — 0, then (f + k)*(y) — f*(y) = 0.
(3) There is a sequence {y,} converging to 0 such that f*(y,) = 0.

For f as above, define an invariant o(f) € [0, oo] by
o(f) = limsup f*(y).
y—0

Lemma 2.1 implies that o(f) is an invariant of the class [f]. We also have
o(f) =0 if and only if the class [f] is represented by a monotone function,
that is, [f] corresponds to a standard Reeb flow.

3. Proof of Theorem 1.1

Fix once and for all a nonstandard Reeb homeomorphism h of B and
assume that h is the time one of a flow {®'}. Then it can be shown that
the orbit foliation R of {®’} is a bundle foliation in Int(B), and therefore
R is a Reeb foliation. Let v; (1 = 0,1) and f = fret},44,4, be as in Sect. 2.
Notice that o(f) > 0 since {®'} must be nonstandard.

Our plan is to define “coordinates” of B via these data, and study the
behaviour of any other flow {¢'} whose time one is h using these coordi-
nates. But it is more convenient to work with the quotient space by h. So
let

A = B/(h).
A is a non Hausdorff 2-manifold with two boundary cirles, ;A = 9;B/(h)
(i = 0,1). Any neighbourhood of any point of JyA intersects any neigh-
bourhood of any point of 9; A. Denote

Int(A) = Int(B)/{h), A;=Int(A)UO;A, i=0,1.

ANNALES DE L’INSTITUT FOURIER
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A; is a Hausdorff space homeomorphic to S* x [0, 00).

The flow {®'}, as well as the other flow {¢'}, induces an S!-action on
A, still denoted by the same letter. The curve 7; induces a curve in A;,
denoted by the same letter. One can use the parameter of the curve v; as a
hight function p on A. Recall that by the convention of Sect.2, the points
o (y) and ~1 (y) lie on the same leaf of R if y > 0. Let us define a projection
p: A — [0,00) as follows. For any £ € A,

p(&) = y <= £ lies on the leaf of R passing through o (y) or 71 (y).
Of course p(9;A) = {0}. The orbit foliation of the S! action {®'} is now

horizontal. On the other hand we do not know what the orbit foliation of
{p'} looks like.
Next define a projection m;: A; — S as follows. For any point £ € A;,
mi(§) =z <= & = 2" (1up(§)).

Since
£ =0 yp(¢) and & =& Dyyp() = @O PEygp(¢),
we have
(3.1) mo—7m1 =fop modZ on Int(A).
There is a homeomorphism
o X p: Ag — S x [0, 00).

If we use the arguments © = m(§) and y = p(§) on Ap, the foliation by
mg is vertical i.e. given by the curves x = const., while the foliation by 71,
defined on Int(A), is given by the curves

x = f(y) + const. mod Z.

Both foliations are invariant by the horizontal rotation {®*}.
Now choose a decreasing sequence of positive numbers

1>y >y >y2 >yp >

such that
(3.2)

Fyn) > o(f)/2, yo=min{y >y, [ f*(y) =0}, yo — 0 (n— o).
By Lemma 2.1 (3), the value of the function f* is oscillating between 0 and

around o(f). Therefore it is possible to choose such a sequence. Returning
to f, (3.2) implies

(3.3) fyn) = max(fliy 17), f(yn) < flyn) —o(f)/2.

TOME 62 (2012), FASCICULE 3
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Thus the foliation by 7 has oscillating leaves. It is (topologically) tangent
to the vertical foliation at the level set p~1(y,).

To prove Theorem 1.1, it suffices to show the existence of a homeomor-
phism of 9y A to 91 A that conjugates ¢*|, 4 to ¢'|s, a for any free S* action
{p'} on A. Define an S* action {¢!} on S! (i = 0,1) as the conjugate of

S015

9:A by m;, i.e. so as to satisfy
lom =m o¢' on O;A.

Then our goal is to show that ¢} is conjugate to ¢! by a homeomorphism
g of S which can be chosen independently of the S' action {,!}. But since
{®!} is one such S action and ®! is just a rotation, the homeomorphism
g must be a rotation itself.

Besides (3.3), we may assume

(3.4) f(yn) = « mod Z.

Denote by R,: S' — S* the rotation by a. Now our goal is to show the
following proposition.

PROPOSITION 3.1. — For any free S'-action {¢'} on A, we have
Roo¢t =phoR,, Yt

This follows from the following lemma.

LEMMA 3.2. — For any free S action {p'} on A and for any nonnega-
tive integer k
k k
Ry o @%/2 = 90(1)/2 ° Rq.

The rest of this section is devoted to the proof of Lemma 3.2. We shall
first prove it for k£ = 1. Define a function ¢: Int(A) — R by

5(&) = (mop/?(&) — mp2(€)) — (m0(€) — m1(€)).

We shall study the function & on the circle p~(y,). For £ € p~1(y,), we
have by (3.1)

(3.5) 5(8) = fpe*2(€) — f(yn).

The position of p!'/2(¢) for §(¢) > 0 is indicated by the dot in the figure.
Notice that it must be below p~1(y7,).

ANNALES DE L’INSTITUT FOURIER
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There exists a horizontally going point &,(0) in 7~ 1(y,,), i.e. a point such
that
p¢1/2 (0(0)) = p(n(0)) = yn.
For, otherwise '/? will displace the curve p~1(yn), sending it, say below
itself. But then /2 o ¢!/2 cannot be the identity.
Notice that ¢'/?(£,(0)) is also a horizontally going point. By (3.5), we
have

(3.6) 3(£,(0)) =0 and Jp'/2(£,(0)) = 0.
Passing to a subsequence if necessary, we may assume that
mi(6n(0)) = @i, i =0,1.
Of course we have by (3.1)
a=ay—a.
For any z € S*, define &, () to be the point on p~!(y,) such that
7i(6n(2)) = mil€a(0)) + @ (i =0,1),
Then we have

1/2

(3.7) Ti(én(@) = 2+ i, and me' (6 (7)) = ;" (@ + ai).

To see the second assertion, notice that by the first assertion and the fact
that p(&,(x)) — 0, the point &, (z) converges to a point & ;(z) € 0;A. Of
course

mi(€oci(2)) = 2+ i and @2 (€a(2)) = 012 (€ i(2)).

Therefore

10 (0 (7)) = T2 (Eoi(2)) = 7 *mi(Eooi(2)) = 01 (2 + i),

as is asserted.

TOME 62 (2012), FASCICULE 3
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Now we have
(3.8)

3(&n(@)) = (mop"* (€n(2)) = mo(6n(2))) = (@' *(6n(w)) — m1 (60 (2)))

— (o 2@ + a0) = a0) = (¢ *(z + 1) — 1) = Jo(w) = S (@),
where
J; = R;il o @}/2 oR,,,
an involution on S'. Now (3.6) and (3.8) imply that
J1(0) = Jo(0).

By some abuse we denote by < the positive circular order for two nearby
points of ST.

All we are about is to show that Jy = J;. Assume for contradiction that
this is not the case. Since J; is an involution, there is a point 0 < 2y < J;(0)
such that Jo(zo) # J1(x0). Choosing the point xo as near 0 as we wish, we
can assume

(3.9) |J1(z) — Jo(z)| < o(f)/4 if 0<z< .

There are two cases, one Jo(zg) > J1(zg) and the other Jy(zg) < J1(zo).
But the latter case can be reduced to the former case by replacing 0 by
Jo(0) = J1(0) and x¢ by Jo(xo). Notice that the image by m; of the hor-
izontally going points ¢'/2(£,(0)) converge to Jy(0) = J1(0). This is all
we need in the argument that follows, and therefore we can replace 0 by
Jo(0) = J1(0).

So we assume

(310) J()(CE(]) > Jl(l'o).

By (3.8) (3.9) and (3.10), we have for any large n,
(3.11) [6(&n(x)] < o(f)/3if0<z<xg and §(&, (o)) > 0.
Let

W ={¢§€ Al fp(&) > f(yn) —o(f)/3}

and let V,, be the connected component of W,, that contains p~!(y, ). The
subset V}, is a horizontal open annulus disjoint from p~!(y/,). See the figure.
By (3.3),

(3.12) §€ Vo= fp(&) < flyn):
Now we have by (3.5) and (3.11)

Fpo! 2 (€n(@)) = f(yn) = 6(&n(2)) > —o(f)/3

ANNALES DE L’INSTITUT FOURIER
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if 0 < < xo. This shows that p'/2(&,(z)) is contained in W,,. But since
£,(0) is horizontally going, ¢'/2(&,(0)) lies in V},. Moreover the assignment
z = o2 (6 ()

is continuous. Thus p'/2(&,, (x)) lies in V;, for any 0 < x < x¢. In particular

0% (En(w0)) € Vi and  fpe'/?(&n(wo)) < f(yn)-
But the assumption §(&,(x0)) > 0 of (3.11) implies

Fpe?(€n(20)) > f(yn)-
The contradiction shows that Jy = Jp, i.e.
1/2 oR. =R, O(pl/Q
for a = ag — aq, as is required.
Now Jy = J; implies that for any large n
§ep Hyn) = 16(8)] < a(f)/3,

that is, any point in p~!(y,,) is nearly horizontally going, meaning that it
is mapped by ¢'/2 into Vj,.

To show Lemma 3.2 for k = 2, first choose a horizontally going point
¢.(0) € p~'(yy,) for p!/%. Tts image ¢'/4(¢/,(0)) is not horizontally going,
but nearly horizontally going for /4. Passing to a subsequence, we may
assume

Clearly we have
a=aqy—aj.
The point ¢ (z) in p~!(y,) is defined just as before by
(6 (2)) = mi(£,(0)) + .
Define a function §': Int(A) — R by

§'(€) = (mow'/*(€) = mp'*(€)) — (mo(&) — mu(€)),
and let
J! = R;{l opl/to R .
Then we have 1
3(&n(x)) = Jo(x) = Ji(=).
By the previous step we have shown

50}/2 = R; © 900/ o Ry,

TOME 62 (2012), FASCICULE 3
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which implies (J§)? = (J])?. This enables us to find a point z{, playing the
same role as x¢ in the previous argument such that J)(z() > Ji(z() either
near 0 or near J)(0) = J;(0). In the latter case the point ©'/4(¢/,(0)) is
only nearly horizontally going but this is enough for our purpose. By the
same argument as before, we can show J| = Jj.

The proof for general k is by an induction.

4. Examples

We shall construct two examples of f € E. We consider the corresponding
flow {®'} and construct the non Hausdorff space A as in Sect.3. Properties
of examples are stated in terms of the S! action on A. All the notations of
Sect. 3 will be used.

Example 4.1. — There exists f € F such that o(f) = 1 satisfying the
following property: For any S! action {¢'} on S!, there is an S! action
{¢'} on A such that ¢! = ' (i =0,1).

The construction of f goes as follows. Let

Y1 > YL >y >y

be a sequence converging to 0. Define f such that

fyn)=mn, and f(y,)=n-1

and that f is monotone on the complementary intervals.

On the circles p~1(y,) and p~1(y},), mo = m1 mod Z. The desired flow
is to preserve these circles and to be the conjugate of ¢! by m; there. The
complementary regions are open annulus, and there the foliations by 79 and
w1 are transverse, thanks to the monotonicity assumption on f. Therefore
one can define ¢! so as to satisfy m; 0 o' =t om; (i =0,1).

Example 4.2. — There exists f € E such that any S* action {¢'} on A
satisfies ! = Ry (1 =0,1).

Using the sequence of Example 4.1, define f € E such that
f(yn) =np and f(y,) =np -1,

for some irrational § > 0 and that f is monotone on the complementary
intervals. Then

w9 —m =nf on p_l(yn).

ANNALES DE L’INSTITUT FOURIER
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Let {¢'} be an arbitrary S! action on A. Then any point 7 € S! is an
accumulation point of 7 (&, (0)) —m1(€,(0)). The argument of Sect. 3 shows
that

gpi ORT = R.,. 0906, vt,T.

This clearly shows that

[1]
[2]
3]
[4]
[5]
[6]
7]
(8]
[9)
[10]

(11]

@b = = Ry.
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