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FINSLER CONFORMAL LICHNEROWICZ-OBATA
CONJECTURE
by V. S. MATVEEV, H.-B. RADEMACHER,
M.TROYANOV & A. ZEGHIB

Abstract. — We prove the Finsler analog of the conformal LichnerowiczObata conjecture showing that a complete and essential conformal vector field
on a non-Riemannian Finsler manifold is a homothetic vector field of a Minkowski
metric.
Résumé. — Nous démontrons une variante de la conjecture de LichnerowiczObata sur les transformations conformes des variétés finslériennes. Plus précisément, un champ de vecteurs conforme complet et essentiel sur une variété finslérienne non-riemannienne, est un champ homothétique sur un espace vectoriel
normé.

1. Definitions and results
In this paper a Finsler metric on a smooth manifold M is a function
F : T M → R>0 satisfying the following properties:
(1) It is smooth on T M \ T M0 , where T M0 denotes the zero section of
TM,
(2) For every x ∈ M , the restriction F|Tx M is a norm on Tx M , i.e., for
every ξ, η ∈ Tx M and for every nonnegative λ ∈ R>0 we have
(a) F (λ · ξ) = λ · F (ξ),
(b) F (ξ + η) 6 F (ξ) + F (η),
(c) F (ξ) = 0 =⇒ ξ = 0.
We do not require that (the restriction of) the function F is strictly convex. In this point our definition is more general than the usual definition.
In addition we do not assume the metric to be reversible, i.e., we do not
Keywords: Finsler metric, conformal transformation.
Math. classification: 58b20,53c60.
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assume that F (−ξ) = F (ξ). Geometrically speaking a Finsler metric is
characterized by a smooth family x ∈ M 7→ {ξ ∈ Tx M | F (ξ) = 1} ⊂ Tx M
of convex hypersurfaces (sometimes called indicatrices, cf. [6]) containing
the zero section in the tangent bundle.
Recent references for Finsler geometry include [4, 20, 7, 3]. Particular
classes of Finsler metrics which occur in our results are the following:
Example 1.1 (Riemannian metric).
— For every Riemannian metric g
p
on M the function F (x, ξ) := g(x) (ξ, ξ) is a Finsler metric. Geometrically
the Finsler metric is a smooth family of ellipsoids.
Example 1.2 (Minkowski metric). — Consider a norm on Rn , i.e., a
identify T Rn
function p : Rn → R>0 satisfying 2a, 2b, 2c. We canonically

n
n
with R × R with coordinates (x1 , ..., xn ), (ξ1 , ..., ξn ) . Then, F (x, ξ) :=
| {z } | {z }
x∈Rn

ξ∈Tx Rn

p(ξ) is a Finsler metric. The metric is translation invariant, on the other
hand every translation invariant Finsler metric is a Minkowski metric. Due
to the translation invariance the Finsler metric is uniquely characterized
by a convex hypersurface in a single tangent space Tx M .
Two Finsler metrics F and F1 on an open subset U ⊆ M are called conformally equivalent, if F1 = λ · F for a nowhere vanishing function λ on U .
We say that a differentiable mapping f : (M1 , F1 ) → (M2 , F2 ) is conformal,
if the pullback of the metric F2 is conformally equivalent to F1 , i.e., if for
every ξ ∈ Tx M we have F2 (dfx (ξ)) = λ(x)F1 (ξ) . If the conformal factor λ
is constant the map is called homothetic, for λ = 1 it is isometric. A vector
field is called conformal (resp. homothetic or isometric) if its local flow acts
by conformal (resp. homothetic or isometric) local diffeomorphisms. If the
conformal vector field v is complete then the flow φt : M → M, t ∈ R of v
is a one-parameter group of conformal diffeomorphisms of the manifold M.
Obviously, if a metric F1 is conformally equivalent to F , then every conformal vector field for F is also a conformal vector field for F1 .
p
Example 1.3. — For the Finsler metric F := g(ξ, ξ) from Example
1.1, conformal vector fields for the Riemannian metric g are conformal
vector fields for the Finsler metric F , and vice versa. For Euclidean space
Rn the description of conformal mappings for n = 3 is due to Liouville [15]
and for n > 3 to Lie [14], for recent expositions cf. for example [5, Thm.
A.3.7], [12] and [11].
Example 1.4. — For the Minkowski Finsler metric F (x, ξ) := p(ξ) from
Example 1.2, the mappings x ∈ Rn 7→ Ht (x) = t · x ∈ Rn are homotheties
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for all t > 0. Then, the vector field v(x) =
the corresponding homothetic vector field.

d
dt t=0

Ht (x) =

Pn

i=1

∂
xi ∂x
is
i

Now we can state our main result:
Theorem 1.5. — Suppose v is a conformal and complete vector field
on a connected Finsler manifold (M, F ) of dimension n > 2. Then, at least
one of the following statement holds.
(1) There exists a Finsler metric F1 conformally equivalent to F such
that the flow of v preserves the Finsler metric F1 .
(2) The manifold M is conformally equivalent to the sphere S n with
its standard Riemannian metric.
(3) The manifold M is diffeomorphic to Euclidean space Rn , and the
Finsler metric F is conformally equivalent to a Minkowski metric,
cf. Example 1.2. The vector field v with respect to the Minkowski
metric is homothetic.
For Riemannian metrics, the statement above is called the conformal
Lichnerowicz-Obata conjecture, and was proved independently by
D.Alekseevksii [2], J.Ferrand [9], M.Obata [18] and R.Schoen [19], see also
[13, 10]. Of course, in the Riemannian case, Example 1.2 corresponds to
the Euclidean metric on Rn . A conformal vector field satisfying the assumptions of the first case is also called inessential, otherwise it is called
essential.
Remark 1.6. — Theorem 1.5 also implies the following result: If the
conformal group is essential, i.e. if there is no conformally equivalent metric
such that the conformal group becomes the isometry group, then the metric
is conformally equivalent to the round sphere, or to a Minkowski space.
Theorem 1.5 was announced in [24] under the following additional assumptions: M is closed, and the Finsler metric F is strictly convex, i.e.,
2
the second derivative of F|T
has rank n−1 at every point on Tp M −T M0 .
pM
The proof is sketched in [24]. It is long and actually is a repeating of the
proof from [9] (which is technically very nontrivial) in the Finsler case.
Our proof of Theorem 1.5 is much shorter. It is based on the following
observation: for every Finsler metric F we can canonically construct a Riemannian metric g such that if v is a conformal vector field for F , then it
is also a conformal vector field for g. Then, by the Riemannian version of
Theorem 1.5, the following two cases are possible:
• The flow of v acts by isometries of a certain Riemannian metric g1
conformally equivalent to the Riemannian metrics g. This case will

TOME 59 (2009), FASCICULE 3

940

V. S. MATVEEV, H.-B. RADEMACHER, M.TROYANOV & A. ZEGHIB

be called “trivial case” in the proof of Theorem 1.5. In this case, it
immediately follows that the flow of v acts by the isometries of a
particular metric F1 conformally equivalent to F .
• The manifold is S n or Rn , and the metric g is conformally equivalent
to the standard metric. In this case, all possible essential conformal
vector fields v can be explicitly described, cf. Example 1.3. A direct
analysis of the flow of such vector field shows that the only Finsler
metrics for which v is a conformal vector field are as in Theorem 1.5.
Remark 1.7. — In conformal geometry the case of surfaces n = 2 is special due to the existence of holomorphic functions. Any holomorphic function defined on an open subset in the complex plane C with everywhere
non-vanishing derivative is conformal. This shows that the part of Liouville’s theorem on conformal transformations of Euclidean spaces stating
that a conformal diffeomorphism between open subsets of Euclidean space
is the restriction of a conformal diffeomorphism of the standard sphere
only holds for dimensions n > 3. On the other hand the description of
the conformal diffeomorphism of the n-dimensional sphere S n as compositions of homotheties and inversions in the Euclidean space Rn ∼
= S n − {p}
also holds for n = 2, as one concludes from the standard classification of
(anti)holomorphic functions on C resp. CP 1 . It is shown by Alekseevskii [2,
Thm.8] that an essential and complete conformal vector field on a surface
only exists on the 2-sphere with the standard metric or on Euclidean 2space. Therefore for our main result the case n = 2 is not exceptional.

2. Averaged Riemannian metric
For a given smooth norm p on Rn we construct canonically a positive
definite symmetric bilinear form g : Rn × Rn → R.
For a Finsler metric F , the role of p will play the restriction of F to
Tx M . We will see that the constructed g will smoothly depend on x, i.e.,
g(x) is a Riemannian metric.
Consider the unit sphere S1 = {ξ ∈ Rn | p(ξ) = 1} of the norm p.
Consider the (unique) volume form Ω on Rn such that the volume of the
1-ball B1 = {ξ ∈ Rn | p(ξ) 6 1} equals 1.
Denote by ω the volume form on S1 , whose values on the vectors
η1 , ..., ηn−1 tangent to S1 at the point ξ ∈ S1 are given by ω(η1 , ..., ηn−1 ) :=
Ω(ξ, η1 , η2 , ..., ηn−1 ).
Now, for every point ξ ∈ S1 , consider the symmetric bilinear form b(ξ) :
n
2
2
R ×Rn → R, b(ξ) (η, ν) = D(ξ)
p2 (η, ν). In this formula, D(ξ)
p2 is the second
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differential at the point ξ of the function p2 on Rn . The analytic expression
for b(ξ) in the coordinates (ξ1 , ..., ξn ) is
(2.1)

b(ξ) (η, ν) =

X ∂ 2 p2 (ξ)
i,j

∂ξj ∂ξj

ηi νj .

Since the norm p is convex, the bilinear form (2.1) is nonnegative definite:
for all η we have
(2.2)

b(ξ) (η, η) > 0.

Clearly, for every ξ ∈ S1 , we have
(2.3)

b(ξ) (ξ, ξ) > 0

Now consider the following bilinear symmetric 2−form g on Rn : for η, ν ∈
R , we put
Z
n

g(η, ν) =

b(ξ) (η, ν)ω.
S1

We assume that the orientation of S1 is chosen in such a way that
Because of (2.2) and (2.3), g is positive definite.

R
S1

ω > 0.

pRemark 2.1. — If the norm p comes from a scalar product, i.e., if p(ξ) =
b1 (ξ, ξ) for a certain positive definite symmetric 2-form b1 , then b is equal
to b1 multiplied by a constant only depending on the dimension.
Starting with a Finsler metric F , we can use this construction for every
tangent space Tx M of the manifold, the role of p is played by the restriction
F|Tx M of the Finsler metric to the tangent space Tx M. Since this construction depends smoothly on the point x ∈ M , we obtain a Riemannian metric
g = g(F ) on M. We call this metric the averaged Riemannian metric of
the Finsler metric F.
Remark 2.2. — It is easy to check that for the metric F1 := λ(x) · F the
constructed metric g1 is conformally equivalent to the metric g constructed
for F . More precisely, g1 = λ(x)2 · g. Then, a conformal diffeomorphism
(conformal vector field, respectively) for F is also a conformal diffeomorphism (conformal vector field, respectively) for g. Moreover, if v is conformal for F and is an isometry (homothety, respectively) for g, then it is an
isometry (homothety, respectively) for F as well.
Remark 2.3. — This averaging construction is quite natural and it is
very possible that other researchers in Finsler geometry already thought
about it, but we could not find any reference about it in the literature,
nor any significant result in Finsler geometry whose proof is based on the
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averaged metric. It would certainly be worthwile to further investigate its
properties. Recently, Szabo [21] uses a similar averaging construction to
explicitely construct all Finlser Berwald metrics. There are other canonical
constructions of a bilinear form starting from a norm. R. Schneider told
us, that a for a convex geometer the natural bilinear form corresponding
to a convex body is one corresponding to the John ellipsoid of this convex
body.
These constructions have the nice properties listed in Remarks 2.1, 2.2.
We still prefer our averaged Riemannian metric, since the method of Szabo
assumes that the norm is strictly convex, and since it is not clear whether
the John ellipsoid depends smoothly on the norm. In [22] Torrome suggests
another averaging construction for Finsler metrics.

3. Proof of Theorem 1.5
Let v be a complete conformal vector field on a connected Finsler manifold (M, F ). Then, it is also a conformal vector field for the averaged
Riemannian metric g. Then, by the Riemannian version of our Theorem,
which, as we explained in the introduction, was proved in [18, 2, 23, 9, 19],
we have the following possibilities:
(Trivial case) v is a Killing vector field of a conformally equivalent
metric λ(x)2 g.
(Interesting case) For a certain function λ, the Riemannian manifold (M n , λ(x)2 g) is (Rn , g0 ), or (S n , g1 ), where g0 resp. g1 is the
Euclidean metric on Rn resp. the standard metric of sectional curvature 1 on S n .
In the trivial case, as we explained in Remark 2.2, for a certain function
λ, v is a Killing vector field for the metric F1 := λ · F , which was one of
the possibilities in Theorem 1.5.
Now we treat the interesting case. Without loss of generality, we can
assume that (M, g) is (Rn , g0 ), or (S n , g1 ).

3.1. Case 1: (M, g) = (Rn , g0 ).
Since the vector field is complete, it generates a one parameter group
φ : Rn → Rn of conformal transformations with respect to the Finsler
metric F and the averaged Riemannian metric g0 . It follows from Liouville’s
t

ANNALES DE L’INSTITUT FOURIER

943

FINSLER CONFORMAL

theorem that for any t the mapping φt is a homothety of the Riemannian
metric g0 . In other words, in an appropriate cartesian coordinate system
(x1 , ..., xn ), the conformal diffeomorphism φ = φ1 has the form
(3.1)

φ(x1 , ..., xn ) = µ · (x1 , ..., xn )A,

where A is an orthogonal (n × n)-matrix. Without loss of generality we can
assume that 0 < µ < 1. We will show that in this case the metric F is as
in Example 1.2.
We identify Tx Rn and Rn ×Rn with the help of the cartesian coordinates
x = (x1 , ..., xn ). We assume that the first component of the product Rn ×Rn
corresponds to our manifold Rn , and that the second component of the
product Rn × Rn corresponds to the tangent space. The coordinates
 on
the tangent spaces will be denoted by ξ, so (x1 , ..., xn ), (ξ1 , ..., ξn ) is a
| {z } | {z }
x∈Rn

ξ∈Tx Rn

coordinate system on Tx Rn ∼
= Rn × Rn .
Clearly, the differential of the mapping φ given by (3.1) is given by
dφx (ξ) = (µ · (x1 , ..., xn )A, µ · (ξ1 , ..., ξn )A) .
Then, for every ξ, η ∈ Tx Rn , we have gφ(x) (dφx (ξ), dφx (η)) = µ2 · g(x) (ξ, η).
Hence, by Remark 2.2, F (φ(x), dφx (ξ)) = µ · F (x, ξ) . Consider the mapping
h : T Rn ∼
= Rn × Rn → Rn × Rn ,
h(x1 , ...xn , ξ1 , ..., ξn ) = (µ · (x1 , ..., xn )A, (ξ1 , ..., ξn )A) .
By construction, this mapping satisfies F (h(x, ξ)) = F (x, ξ). Since the
orthogonal group O(n) is compact, we can choose a sequence mj → ∞
such that Amj → 1 ∈ O(n) for j → ∞. Then, (0, ξ) = limj→∞ hmj (x, ξ).
Hence,


mj
F (0, ξ) = F lim h (x, ξ) = lim F (hmj (x, ξ)) = F (x, ξ).
j→∞

j→∞

Thus, F is translation invariant and therefore a Minkowski metric, cf. Example 1.2. Hence in this case, up to conformal equivalence, the Finsler
metric is a Minkowski metric, and the conformal vector field is homothetic.

3.2. Case 2: (M, g) = (S n , g1 )
Then, by [13, Thm. 12] any essential conformal vector field v vanishes
at exactly one (Case 2a) or exactly two (Case 2b) points. We denote by
v −1 (0) = {x ∈ M | v(x) = 0} the set of zeroes. If we assume v(x) = 0 we
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use the stereographic projection sx : S n − {x} → Rn and obtain with the
push forward of the vector field v a complete and conformal vector field on
Rn .
3.2.1. Case 2a: Suppose v −1 (0) = {x, y}, x 6= y
Suppose the conformal vector field v vanishes precisely at two points
x and y of the sphere. We will show that the Finsler metric F is in fact
Riemannian.
Denote by s+ : (S n − {x}, g1 ) → (Rn , g0 ) the stereographic projection
from x which is conformal with respect to the standard Riemannian metrics
g0 , g1 with conformal factor σ+ . Here, Rn should be identified with the hyperplane through the origin parallel to the tangent spaces Tx S n . Then we
define a Finsler metric F+ by s∗+ F+ = σ+ F. Then the averaged Riemannian metric of F+ coincides with the Euclidean metric g0 . The push foward
vector field v+ := s∗+ v is a conformal and complete vector on Rn with respect to the Finsler metric F+ as well with respect to the standard metric
g1 . This vector field has exactly one zero on Rn . Therefore, by section 3.1,
the Finsler metric F+ is a Minkowski metric, i.e., translation invariant. In
particular we can assume without loss of generality that the zero point of
v+ is the origin of Rn . Hence we can assume that the zero points of v on
S n are antipodal points, i.e., v −1 (0) = {±x}.
The stereographic projection s− : (S n − {−x}, g1 ) → (Rn , g0 ); s− (q) =
s+ (−q) from −x is a conformal mapping with conformal factor σ− with
2
σ+ (−q) = σ− (q), q ∈ S n i.e., s∗± g0 = σ±
g1 . Then we define also the Finsler
metric F− on Rn by s∗− F− = σ− F. The averaged Riemannian metric of
F− equals the Euclidean metric g0 . The push-forward v− := (s− )∗ v of the
vector field v is a conformal vector field on Rn with respect to the Finsler
metric F− and, hence, with respect to the standard metric g0 . Both vector
fields v± are evidently complete and have precisely one zero at the origin.
Therefore, by section 3.1, the Finsler metrics F± are Minkowski metrics,
i.e., translation invariant.
n
n
It is well known that the composition s− ◦ s−1
+ : R − {0} → R equals
the inversion I(q) = q/g0 (q, q) at the unit sphere. Therefore, the inversion
defines a conformal transformation I : (Rn − {0}, F+ ) → (Rn − {0}, F− )
between the two Minkowski metrics. The differential dIq of the inversion
at a point q ∈ S n−1 := {u ∈ Rn | g0 (u, u) = 1} equals the reflection Rq
at the hyperplane normal to q. This implies that dIq∗ F+ = Rq∗ F+ = F−
for any q ∈ S n−1 . Since the reflections generate the orthogonal group and
since the Finsler metrics F± are translation invariant, it follows that the
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norms F± |T0 M at the origin are invariant under the full orthogonal group
and hence Euclidean.

3.2.2. Case 2b: v −1 (0) = {x}

We assume that the vector field v on S n vanishes precisely at one point
x ∈ S n . We will again show that the metric F is Riemannian.
We again consider the stereographic projections s± : S n − {±x} → Rn
from the points x, −x as introduced in Section 3.2.1, and denote by F± :=
(s± )∗ F the induced Finsler metrics on Rn . The push-forward v+ of v with
respect to s+ vanishes nowhere on Rn and is complete, let ψ t be its flow on
Rn . Then Liouville’s theorem implies that for an arbitrary t the conformal
diffeomorphism f = ψ t has the form f (x) = µAx + b with an orthogonal
matrix A and µ > 0, b ∈ Rn . Since the mapping f has no fixed point it
follows that b 6= 0 ; µ = 1 and Ab = b. We introduce the following notation:
fA,b (q) = Aq + b for an orthogonal matrix A and b ∈ Rn with Ab = b.
If we use the stereographic projection s− , then the push-forward of v
has a zero in the origin 0 and the mapping f transforms to fA,b = I ◦
−1
fA,b ◦ I where I = σ− ◦ σ+
is the inversion at the unit sphere. Hence
2

Aq+bkqk
f A,b (q) = 1+2hAq,bi+kbk
2 kqk2 where < ., . >= g0 (., .) with related norm k.k.
1
The conformal factor is given by ψ(q) = 1+2hAq,bi+kbk
2 kqk2 . In particular

the conformal mapping f A,b induces at the fixed point 0 the map
(3.2)

ξ ∈ T0 Rn 7→ d f A,b


0

(ξ) = Aξ ∈ T0 Rn

which is an isometry also with respect to the restriction of the Finsler
metric F− to 0 since ψ(0) = 1.
For an orthogonal mapping A we introduce the map hA : z ∈ Rn →
Az ∈ Rn with induced mapping (z, ξ) ∈ Tz Rn = Rn × Rn 7→ dhA (z, ξ) =
(Az, Aξ) ∈ Tz Rn . We want to show that the map hA is an isometry for the
Finsler metric F− . Let v1 be the vector field on S n which corresponds to the
parallel vector field b on Rn with respect to the stereographic projection s+ ,
i.e., ds+ (v1 )(q) = b for all q ∈ S n . The vector field v1 is a conformal vector
field with respect to the standard Riemannian metric g1 with exactly one
zero in x. The flow lines of v1 consist of the circles passing through x with
a common tangent vector, see the picture. Hence we obtain the following
properties of the flow φt : S n → S n of the conformal vector field v1 on S n :
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The vector field v1 /|v1 | in dimension 2

The integral curves of v1 in dimension 2

Remark 3.1. — The flow φt of the conformal vector field v1 defined
above satisfies the following properties:
(a) For any point q ∈ S n : x = limt→±∞ φt (q).
(b) For any tangent vector ξ ∈ Tx S n , F (x, ξ) = 1 there is a sequence
(qi )
qi ∈ S n − {x} with limi→∞ qi = x and ξ = limi→∞ F (qvi1,v(q
i ))
Now we show that the mapping hA is an isometry also for the Finsler metric F− : We can choose a sequence mi → ∞ with Ami → 1. In particular for
a given (z, ξ) ∈ Tz Rn ; z 6= 0 there is a unique (0, ξ0 ) ∈ T0 Rn ; F ((0, ξ1 )) = 1
such that
mi

(3.3)

d f A,b (z, ξ)
 m
.
(0, ξ1 ) = lim
i
i→∞
F− d f A,b (z, ξ)

Since the mapping f A,b is conformal for F− and since hA and fA,b commute
it follows that
 m

i
F
f
dh
(z,
ξ)
d
−
A
A,b
F− (dhA (z, ξ))
 m

= lim
i
i→∞
F− ((z, ξ))
F− d f A,b (z, ξ)


 m
i
F− dhA d f A,b (z, ξ)
F− (d hA (0, ξ0 ))

 m
=
= lim
i
i→∞
F− ((0, ξ0 ))
F− d f A,b (z, ξ)



F− d f A,b 0 (0, ξ0 )
=
=1
F− ((0, ξ0 ))
as shown above, cf. Equation 3.2. Therefore the mapping hA is an isometry
of the Finsler metric F− . This implies that also the flow generated by
f 1,b = f A,b ◦ h−1
A is conformal for the Finsler metric F− . Therefore the
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vector field v1 on S n is also a conformal vector field for the Finsler metric
F on S n .
Let us now consider the following functions m, M : S n → R>0 :
m(q) :=

F 2 (q, v1 (q))
,
g(q) (v1 (q), v1 (q))
M (q) :=

max
n

η∈Tq S ,

F 2 (q, η)
F 2 (q, η)
−
min
.
η6=0 g(q) (η, η)
η∈Tq S n , η6=0 g(q) (η, η)

Both are continuous functions invariant with respect to the flow φt of v1 .
It follows from Remark 3.1(a) that the function m is a constant, i.e., there
exists µ > 0 such that F 2 (q, v1 (q)) = µ g(q) (v1 (q), v1 (q)). Part (b) of Remark 3.1 implies that for every 0 6= η ∈ Tx S n we have
M (q) =

max
n

η∈Tq S ,

F 2 (x,η)
g(x) (η,η)

= µ. Hence,

F 2 (q, η)
F 2 (q, η)
−
min
= µ − µ = 0.
η6=0 g(q) (η, η)
η∈Tq S n , η6=0 g(q) (η, η)

But since M is also flow invariant by Remark 3.1(a), we have M (q) = 0 for
all q ∈ S n , i.e., F is up to a constant the norm of the standard metric g.
Theorem 1.5 is proved.

As a consequence of the Proof of Theorem 1.5 the inversion of the averaged Riemannian metric is not a conformal map for a non-Euclidean
Minkowski metric, cf. Section 3.2.1. Therefore one obtains from Liouville’s
theorem on the conformal transformations of an Euclidean vector space
the following description of the conformal transformations of a Minkowski
space:
Remark 3.2. — Let V be an n-dimensional vector space with a
Minkowski norm F which is not Euclidean. Denote by g the corresponding
averaged Euclidean metric. If f : (U, F ) → (V, F ) is a conformal mapping
from an open subset U and n > 3 then f is a a similarity with respect to
the Minkowski metric F and with respect to the Euclidean metric g. Hence
it is of the form x ∈ V 7→ µAx + b ∈ V for some µ > 0; b ∈ V and an
orthogonal mapping A of (V, g).

4. Conclusion
Theorem 1.5 describes complete conformal vector fields of Finsler metrics; it appears that no new phenomena (with respect to the Riemannian
case) appear. Our proof is based on the construction of averaged metric in
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Section 2, and on the description of conformal vector fields for Riemannian
metrics due to [14, 15, 18, 2, 23, 13, 10, 9, 19].
As an interesting and much more involved problem in Finsler geometry
related to transformation groups we would like to suggest to generalize the
projective Lichnerowicz-Obata conjecture for Finsler metrics, see [16, 17]
for the proof of the Riemannian version, see also [20].
Acknowledgement: This work began when the authors met at the 80ème
rencontre entre physiciens théoriciens et mathémathiciens: Géométrie de
Finsler at Strasbourg University in September 2007. We are grateful in
particular to Athanase Papadopoulos for the invitation to this conference.
We also thank M. Eastwood, D. Hug, Z. Shen and R. Schneider for useful discussions. We are also grateful to the referee for his suggestions. The
first two authors thank Deutsche Forschungsgemeinschaft (Priority Program 1154 — Global Differential Geometry) for partial financial support.
BIBLIOGRAPHY
[1] H. Akbar-Zadeh, “Transformations infinitésimales conformes des variétés finslériennes compactes”, Ann. Polon. Math. 36 (1979), p. 213-229.
[2] D. V. Alekseevskii, “Groups of conformal transformations of Riemannian spaces”,
(russian) Mat. Sbornik, 89 (131), 1972 (engl.transl.) Math. USSR Sbornik 18
(1972), p. 285-301.
[3] J. C. Alvarez Paiva, Some problems on Finsler geometry, Handbook of differential
geometry, vol. II, p. 1–33, Elsevier/North-Holland, Amsterdam, 2006.
[4] D. Bao, S.-S. Chern & Z. Shen, An Introduction to Riemann-Finsler Geometry,
Grad. Texts Mathem., 200, Springer Verlag, New York, 2000.
[5] R. Benedetti & V. Petronio, Lectures on Hyperbolic Geometry, Springer, Berlin,
1972.
[6] R. L. Bryant, “Projectively flat Finsler 2-spheres of constant curvature”, Selecta
Math. 3 (1997), p. 161-203.
[7] D. Burago, Y. Burago & S. Ivanov, A course in metric geometry, Graduate
Studies in Mathematics, 33, AMS, Providence, RI, 2001.
[8] J. Ferrand, Le groupe des automorphismes conformes d’une variété de Finsler
compacte, C. R. Acad.Sci, Paris, Sér. A-B 291 (1980), A209-A210.
[9] ——— , “The action of conformal transformations on a Riemannian manifold”,
Math. Ann. 304 (1996), p. 277-291.
[10] C. Frances & C. Tarquini, “Autour du théorème de Ferrand-Obata”, Ann. Gl.
Anal. Geom. 21 (2002), p. 51-62.
[11] W. Kühnel & H.-B. Rademacher, “Liouville’s theorem in conformal geometry”,
J. Math. pures appl. 88 (2007), p. 251-260.
[12] R. S. Kulkarni, “Conformal structures and Möbius structures”, in Conformal Geometry (R. S. Kulkarni and U. Pinkall, ed.), p. 1–39, Aspects Math. E 12, Vieweg,
Braunschweig, 1988.
[13] J. Lafontaine, “The theorem of Lelong-Ferrand andObata”, in Conformal Geometry (R. S. Kulkarni and U. Pinkall, ed.), p. 93–103, Aspects Math. E 12, Vieweg,
Braunschweig, 1988.

ANNALES DE L’INSTITUT FOURIER

FINSLER CONFORMAL

949

[14] S. Lie, “Ueber Complexe, insbesondere Linien- und Kugel-Complexe mit Anwendung auf die Theorie partieller Differentialgleichungen”, Math. Ann. 5 (1872),
p. 145-246.
[15] J. Liouville, “Extension au cas des trois dimensions de la question du tracé géographique”, in Applications de l’analyse à la géométrie, Bachelier, Note VI, G.
Monge, Paris, 1850, p. 609-617.
[16] V. S. Matveev, “Lichnerowicz-Obata conjecture in dimension two”, Comm. Math.
Helv. 81 (2005), no. 3, p. 541-570.
[17] ——— , “Proof of projective Lichnerowicz-Obata conjecture”, J. Diff. Geom. 75
(2007), p. 459-502, arXiv:math/0407337.
[18] M. Obata, “The conjectures about conformal transformations”, J. Diff. Geom. 6
(1971), p. 247-258.
[19] R. Schoen, “On the conformal and CR automorphism groups”, Geom. Funct. Anal.
5 (1995), no. 2, p. 464-481.
[20] Z. Shen, Lectures on Finsler geometry, World Scientific, Singapore, 2001.
[21] Z. I. Szabó, Berwald metrics constructed by Chevalley’s polynomials,
arXiv:math/0601522.
[22] R. G. Torrome, Average Riemannian structures associated with a Finsler structure, arXiv:math/0501058v5.
[23] Y. Yoshimatsu, “On a theorem of Alekseevskii concerning conformal transformations”, J.Math.Soc.Japan 28 (1976), p. 278-289.
[24] A. Zeghib, “On the conformal group of Finsler manifolds”, preprint, January 16
2005, http://www.umpa.ens-lyon.fr/~zeghib/finsconf.pdf.
Manuscrit reçu le 30 juin 2008,
accepté le 19 septembre 2008.
V. S. MATVEEV
Mathematisches Institut,
Friedrich-Schiller Universität Jena
07737 Jena (Germany)
matveev@minet.uni-jena.de
H.-B. RADEMACHER
Mathematisches Institut,
Universität Leipzig,
04081 Leipzig (Germany)
rademacher@math.uni-leipzig.de
M.TROYANOV
Section de Mathématiques,
École Polytechnique Fédérale de Lausanne
1015 Lausanne (Switzerland)
marc.troyanov@epfl.ch
A. ZEGHIB
UMPA, ENS-Lyon,
46, allée d’Italie,
69364 Lyon Cedex 07 (France)
zeghib@umpa.ens-lyon.fr

TOME 59 (2009), FASCICULE 3

