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ON THE BIRCH AND SWINNERTON-DYER
CONJECTURE FOR MODULAR ELLIPTIC CURVES
OVER TOTALLY REAL FIELDS
by Matteo LONGO (*)

Abstract. — Let E/F be a modular elliptic curve defined over a totally real
number field F and let φ be its associated eigenform. This article presents a new
method, inspired by a recent work of Bertolini and Darmon, to control the rank of
E over suitable quadratic imaginary extensions K/F . In particular, this argument
can also be applied to the cases not covered by the work of Kolyvagin and Logachëv,
that is, when [F : Q] is even and φ not new at any prime.
Résumé. — Soit E/F une courbe elliptique modulaire définie sur un corps de
nombres totalement réel F et soit φ la forme propre associée. Cet article présente
un nouvelle méthode, inspirée par un récent travail de Bertolini et Darmon, pour
contrôler le rang de E sur des extensions convenables quadratiques imaginaires
K/F . En particulier, ce résultat peut être appliqué aux cas qui ne sont pas considérés dans le travail de Kolyvagin et Logachëv, i.e., quand [F : Q] est pair et φ
n’est pas nouveau en aucun idéal premier.

Introduction
Let E be an elliptic curve of conductor n with no complex multiplication
defined over a totally real number field F of finite degree d over Q. Choose
a totally imaginary quadratic extension K/F ; such an extension can be
√
described as K = F ( α), where α is a totally negative element of F .
By the well-known theorem of Mordell-Weil, the rank of the groups E(F )
and E(K) are finite. Denote by L(E, s) the Hasse-Weil L-series attached
Keywords: Elliptic Curves, Birch and Swinnerton-Dyer Conjecture, Shimura Varieties,
Congruences between Hilbert Modular Forms.
Math. classification: 11G05, 11G18, 11G40, 11F30.
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to E and by LK (E, s) its base change over K. These series converge for
<(s) greater that 3/2. The following Birch and Swinnerton-Dyer conjecture
BSD for E over F and K is well-known:
Conjecture (BSD). — The series L(E, s) and LK (E, s) have a continuation to entire functions whose order of vanishing at the central point
s = 1 is equal to the rank of the groups, respectively, E(F ) and E(K).
This article presents some new cases of the BSD conjecture for modular
elliptic curves E/F when the order of vanishing of LK (E, s) at s = 1
is zero. These new cases are those not covered by the well-known work
of Kolyvagin and Logachëv [34]. In particular, the present work can be
applied to modular elliptic curves E with everywhere good reduction over
extensions F/Q of even degree (and to all the twists of E by quadratic
characters of F ).
The notion of modularity can be made precise as follows. For any rational
prime p, denote by Tp (E) the p-adic Tate module of E and by
ρE,p : Gal(F /F ) → Aut(Tp (E)) ' GL2 (Zp )
the associated Galois representation.
On the other hand, let φ ∈ S2 (n) be a Hilbert modular form of parallel
weight 2 and Γ0 (n)-level structure (see Section 1.1 for precise definitions).
Assume that φ is an eigenform for the action of the Hecke algebra Tn acting
faithfully on S2 (n) and denote by θφ (T) the associated eigenvalues, where
T ∈ Tn . For any prime ideal q - n (respectively, q | n) of OF , denote by Tq
the Hecke operator at q and by Sq the spherical operator at q (respectively,
by Uq the Hecke operator at q); see [42] for definitions. After a suitable
normalization, it is possible to assume that the eigenvalues θφ (T) belong
to the ring of integers Oφ of a finite extension Kφ of Q. Fix finally a prime
ideal p of Oφ . Thanks to the work of Carayol [11], Wiles [50] and Taylor
[45], there is a unique continuous representation:
ρφ,p : Gal(F /F ) → GL2 (Oφ,p )
which is unramified at all the prime ideals q - np and so that the characteristic polynomial of a Frobenius element at these primes is X 2 − θφ (Tq ) +
|q|θφ (Sq ), where Oφ,p is the completion of Oφ at p and |q| is the norm of
q, that is, the number of elements of the residue field of OF at q.
The following definition explains the notion of modularity.
Definition 0.1. — E is modular if there exists an eigenform φ of parallel weight 2 and level n so that Kφ = Q and ρφ,p is equivalent to ρE,p ,
where p is a prime of Z.
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If E is modular, then L(E, s) (respectively, LK (E, s)) coincides with the
L-series L(φ, s) (respectively, LK (φ, s)) for <(s)  0. Hence, L(E, s) and
LK (E, s) have continuations to entire functions. In the following, we prefer
the notations L(φ, s) and LK (φ, s) to denote L(E, s) and LK (E, s).
For F = Q the BSD conjecture is known when the order of vanishing of
L(E, s) = L(φ, s) at s = 1 is at most one. Thanks to the work of Wiles [51]
and Taylor-Wiles [46], successively improved in a series of papers [17], [14]
and [8], it is known that all elliptic curves over Q are modular. Set N := n.
For such curves, there is a parametrization over Q:
ϕ : X0 (N ) → E,
where X0 (N ) is the modular curve of level N . Let ω be the unique invariant
differential on E over Q so that ϕ∗ (ω)(z) = φ(z)dz (z a complex
variable).
√
Suppose that all primes dividing N are split in K := Q( −D). In this
case, the order of vanishing of LK (φ, 1) is odd, hence LK (φ, 1) = 0. The
BSD conjecture for elliptic curves over K should imply that the rank of
E(K) is at least one, and exactly one if L0K (φ, 1) 6= 0.
There is a theory of Heegner points on X0 (N ) coming from its interpretation as moduli space for elliptic curves with a cyclic subgroup of order N .
More precisely, choose an ideal N of OK , the ring of integers of K, so that
OK /N ' Z/N Z. The complex tori C/OK and C/N −1 define elliptic curves
related by a cyclic N -isogeny, giving a complex point x1 ∈ X0 (N )(C). The
theory of complex multiplication implies that this point is defined over the
Hilbert class field K1 of K. Define y1 := ϕ(x1 ) and yK := TrK1 /K (y1 ). The
main result of [25] is:
R
ω ∧ iω
E(C)
0
√
ĥ(yK ),
LK (φ, 1) =
D
where ĥ is the Néron-Tate height. It follows that the point yK has infinite
order if and only if L0K (φ, 1) 6= 0.
In [33] Kolyvagin proved that, under the previous assumptions, the rank
of E(K) is one and that
yK ∈ E(K)υ ,
where −υ = ±1 is the sign of the functional equation of L(φ, s) and E(K)υ
is the υ-eigenspace for the complex conjugation. For more details and an
exposition of this argument, see [24].
Kolyvagin’s result proves the rank one case of the BSD conjecture for
E over K and can be used to derive a proof of the Birch and SwinnertonDyer conjecture for E over Q when the order of vanishing of L(φ, s) at
s = 1 is at most one. More precisely, assume that the order of vanishing of
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L(φ, 1) is 0 or 1. In this case, it is possible to choose an extension K/F so
that all primes dividing N are split in K and L0K (φ, 1) 6= 0 (if L(φ, 1) 6= 0
the existence of such a field K follows from the work of Bump-FriedbergHoffstein [9] and Murty-Murty [37], while for L(φ, 1) = 0 this is a result of
Waldspurger [48]). Then Kolyvagin’s result on the rank of E(K) imply the
BSD conjecture over Q.
Assume now that either [F : Q] is odd or [F : Q] is even and φ is
new at least at one prime which divides n exactly. In this case the previous
techniques can be generalized. The main idea is to replace, via the JacquetLanglands correspondence, the modular parametrization by a Shimura curve parametrization ϕ : X → E defined over F in the spirit of [11]. The
analogue in this context of [25] and [33] are, respectively, [53] and [34]. See
[53] for more details.
This article proposes a new approach to the BSD conjecture when
LK (φ, 1) 6= 0. A similar strategy has been used by Bertolini and Darmon
[4] in the context of Iwasawa’s Main Conjecture. It is worth to point out
that the totally real case introduces new problems which are not present in
the rational case and must be treated by different tools. The main features
of this approach are:
1. The analytic result on the non-vanishing of L0K (φ, 1) is replaced
by a more algebraic point of view such as the Gross formula [23]
generalized by Zhang in [52].
2. Kolyvagin’s method requires an imaginary quadratic K/F so that
the rank of E(K) is one, while in the setting of this work the rank
of E(K) is zero.
3. It is possible to treat the missing cases for F totally real, that
is, [F : Q] even and φ not new at any prime. In particular, this
method applies to elliptic curves with everywhere good reduction
defined over totally real fields of even degree over Q and to all their
twists by quadratic characters of F . This case introduces arithmetic
problems which are not present in the case F = Q.
The main idea of this approach is parallel to the idea that [50] and [45]
used to build the p-adic representation associated to a modular form φ when
[F : Q] is even and φ is not new at any prime. Basically, by the theory of
congruences between modular forms, it is possible to find a modular form
φ` ≡ φ (mod p) of level n` which is new at `, where ` ⊂ OF is a congruence
prime. Since φ is new at `, there is a theory of Shimura curves associated
to φ` and, by varying the prime `, it is possible to obtain an Euler system
and control the rank of E(K).
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The main result
Although the most intriguing aspects of this work concern elliptic curves
over F with everywhere good reduction and [F : Q] even, the main result
and the outline of the proof are now stated in a more general form.
If the relative discriminant of K/F is prime to n, there is a factorization
n = n+ n− induced by the extension K/F : n+ (respectively, n− ) is divisible
by the prime ideals dividing n which are split (respectively, inert) in K.
Assumption 0.2. — The ideal n satisfies the following conditions:
1. The discriminant of K/F is prime to n; let n = n+ n− be the associated factorization as above;
2. n− is square-free and the number of primes dividing it has the same
parity as d := [F : Q];
3. φ is new at each prime dividing n− .
If E has everywhere good reduction and [F : Q] is even, Assumption 0.2
is verified for any K. This is true also for any twist of E by quadratic
characters χ of F such that the corresponding quadratic extension of F is
either CM or totally real. This assumption is equivalent to the requirement
that the order of vanishing of LK (φ, 1) is even, so it is compatible with
the hypothesis LK (φ, 1) 6= 0. As already observed, the BSD conjecture
precludes in this setting the existence of Heegner points with infinite order
as in the original method of Kolyvagin. Moreover, the parity assumption is
crucial for the use of Shimura curves.
The following Theorem A (respectively, Theorem B) states that the
BSD conjecture holds when the order of vanishing of L(φ, s) (respectively,
LK (φ, s)) at s = 1 is zero.
Theorem A. — If L(φ, 1) 6= 0 then E(F ) is finite.
Theorem B. — If LK (φ, 1) 6= 0 then E(K) is finite.
Theorem A follows from Theorem B by non-vanishing results for twists of
L-series. Indeed, if L(φ, 1) 6= 0 then by [49] it is possible to find K inducing
a factorization n = n+ n− as above and so that LK (φ, 1) 6= 0.
Theorem B follows by making a p-descent for a suitable rational prime p
and bounding the p-Selmer group Selp (E/K) (the definition of Selp (E/K)
can be found in [44, Ch. X, §4]). The next paragraphs explain the conditions
which are required for the choice of p. Theorem B will be deduced from
Theorem C in the following after the choice of a suitable prime p.
The Gross-Zhang formula [52] gives an arithmetic description of the special value at s = 1 of LK (φ, s). Let B be a quaternion algebra over F
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which is ramified at all the archimedean places of F and at all the prime
ideals dividing n− (by the previous assumption, such a quaternion algebra
b and R
b
exists). Let R ⊆ B be an Eichler order of level n+ . Denote by B
the finite adele ring of, respectively, B and R. By the Jacquet-Langlands
correspondence [27] there exists a weight 2 modular form
b× \B
b × /B × → Z
f :R
on the quaternion algebra B with the same eigenvalues as φ under the
action of the Hecke algebra Tn . Since any prime dividing n− is inert in
K/F by Assumption 0.2, it follows from [47, Chapitre III, Théorème 3.8]
that there exists an embedding Ψ : K ,→ B so that Ψ(OK ) = R ∩ Ψ(K),
where OK is the ring of algebraic integers of K. Then there is a map:
b :O
b× \K
b × /K × → R
b × \B
b × /B × .
Ψ
K
P
b
Define the algebraic part of LK (φ, s) to be: LK (φ) := a (f ◦ Ψ)(a)
∈ Z,
×
b \K
b × /K × .
where the sum is over a set of representatives of Pic(OK ) ' O
K
The Gross-Zhang formula states that:
·

LK (φ, 1) = |LK (φ)|2 ,

(0.1)
·

where = denotes an equality up to an explicitly computable non-zero factor.
For any group G denote by G[p] its p-torsion. Define

Selp (φ/K) := s ∈ Selp (E/K) : resq (s) = 0, ∀q | n+ ,
where resq (s) : H 1 (K, E[p]) → H 1 (Kq , E[p]) := ⊕v|q H 1 (Kv , E[p]) is the
direct sum of the restriction maps in Galois cohomology, the sum is over
the set of primes v of OK dividing q and Kv is the completion of K at v
(for more details on these definitions, see Section 1.3).
Say that a modular form φ to be p-isolated if there are no non-trivial
congruences φ ≡ ψ (mod p) between φ and other forms ψ of level n which
are new at n− .
The following result provides the key ingredient to prove Theorem B
above.
Theorem C. — Assume that the following conditions on the prime
p > 3 are verified:
1.
2.
3.
4.

p is prime to nD, where D is the absolute discriminant of K;
p - LK (φ);
φ is p-isolated;
The Gal(F /F )-module E[p] is irreducible.

Then Selp (φ/K) = 0.
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Theorem B can be deduced by Theorem C as follows. Assume that
LK (φ, 1) 6= 0. Choose a rational prime p > 3 verifying conditions 1, 2,
3 and 4 in Theorem C and the following displayed equation:
(0.2)

Selp (E/K) = Selp (φ/K).

Note that there are infinitely many primes satisfying all these conditions:
for 2, since LK (φ, 1) 6= 0, Equation (0.1) shows that LK (φ) 6= 0; for 3, use
the finiteness of the C-vector space of Hilbert modular forms of fixed weight
and level; for 4, use [41, Théorème 2] and the fact that E has no complex
multiplication; for the displayed Equation (0.2), choose p such that E has
good ordinary reduction at primes dividing p and use the theorem of Lutz
as in [22, Section 2] (recall that p is prime to n+ by 1). By the choice of p
made above, it follows from Theorem C that Selp (E/K) = 0. Since there
is an injective map
E(K)/pE(K) ,→ Selp (E/K)
arising from Kummer theory, Theorem B follows.
The proof of Theorem A and B is then reduced to the proof of Theorem C,
which is outlined in the next subsection.

The outline of the proof of Theorem C
The general approach for obtaining results on the rank of E(K) is to
bound the p-Selmer group Selp (E/K). The strategy for finding such bounds
is to construct
a collection of global cohomology classes (a so called Euler

system) κ` ∈ H 1 (K, E[p]) `∈L so that: (1) L is a sufficiently large set of
primes of OF and (2) each class κ` satisfies prescribed local properties, that
is, the restriction of κ` at any prime not dividing n+ ` belongs to the image
of the local Kummer map. The existence of an Euler system combined
with a standard argument based on the global reciprocity law of class field
theory can then be used to obtain the desired bound.
The idea of the present paper, as in [4], is to produce an Euler system
using the theory of congruences between modular forms. The set of primes
L for the Euler system {κ` }`∈L is given by the congruence primes `, which,
following the terminology introduced by Bertolini and Darmon, are called
p-admissible. For any ` ∈ L, the class κ` is obtained from Heegner points
on the Shimura curve Xn+ ,n− ` of level n+ attached to a quaternion algebra
of discriminant n− ` which is split at exactly one of the archimedean places
of F . The sketch of the proof can be divided into five steps.
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Step 1: The raising the level result.
Let θφ : Tn → Z/pZ denote the morphism associated to φ. A modular
form φ0 of level n0 is said to be congruent to φ (mod p) (write: φ0 ≡ φ
(mod p)) if the Fourier coefficients of φ0 belong to the ring of integer Oφ0
of a number field Kφ0 and there is a prime ideal p ⊆ Oφ0 dividing p so
that: (1) Oφ0 /p ' Z/pZ and (2) Tq (φ0 ) ≡ θφ (Tq )φ0 (mod p) for primes
q - nn0 and Tq (φ0 ) ≡ θφ (Uq )φ0 (mod p) for primes q | (n, n0 ). Definition 0.3
introduces the congruence primes and Theorem 0.4 states the raising the
level result.
Definition 0.3. — Define a prime ` ⊂ OF to be p-admissible if:
1.
2.
3.
4.

` - np;
` is inert in K;
p - |`|2 − 1;
p | |`| + 1 − θφ (T` ), where  = ±1.

Theorem 0.4. — Assume that ` is p-admissible and that the representation of Gal(F /F ) on E[p] is irreducible. Then there exists a modular
form φ` of level n` new at ` so that φ` ≡ φ (mod p).
Step 2: The Jacquet-Langlands correspondence.
Denote by θφ : Tn → Z/pZ (respectively, θφ` : Tn` → Z/pZ) the morphism associated to φ (respectively, to φ` ). Use the following notations:
mf := Ker(θφ ) and mf` := Ker(θφ` ). By the Jacquet-Langlands correspondence it is possible to associate to φ` a modular form f` on a quaternion
algebra B which is split at exactly one of the archimedean places of F and
whose discriminant is n− ` (note that such a quaternion algebra exists by
Assumption 0.2). Fix an Eichler order R ⊆ B of level n+ and consider the
Shimura curve X defined over F whose complex points are
b × \(Bb× × H± )/B × '
X(C) := R

h
a

Γj \H,

j=1

where H± = C − R, the symbol H denotes the complex upper half plane
and Γj ⊆ B × are arithmetic subgroups related to the level structure R.
The modular form f` can be viewed as a holomorphic differential on X(C).
Denote by J the Jacobian variety of X and by J[p] its p-torsion. The
following theorem, due essentially to Boston-Lenstra-Ribet [6], gives the
relation between the cohomology of E[p] and that of J[p].
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Theorem 0.5. — There is an isomorphism of Gal(F /F )-modules
J[p]/mf` ' E[p]k , where k is a positive integer.
Step 3: The construction of κ` .
Denote by µ the archimedean place of F where B is split. By Assumption 0.2 there is an embedding
K × ,→ B × ,→ (B ⊗F,µ R)× ' GL2 (R)
inducing an action of K × on H± by fractional linear transformations.
This action has only one fixed point P ∈ H which is rational over the
Hilbert class field K1 of K by the theory of complex multiplication (see [43,
P
Theorem 9.6]). Define the Heegner divisor DK := σ∈Gal(K1 /K) σ(P ) ∈
Div(X)(K1 ). If the representation of Gal(F /F ) on E[p] is irreducible, the
ideal mf` is not Eisenstein and so DK defines a point in PK ∈ J(K)/mf` .
The Kummer map:
(0.3)

J[p]/mf` ,→ H 1 (K, J[p]/mf` ) ' H 1 (K, E[p])k

yields k global classes κj ∈ H 1 (K, E[p]) for j = 1, . . . , k (the isomorphism
in (0.3) is a consequence of Theorem 0.5). For any prime q ⊆ OF , denote by
δq the local Kummer map and by resq the restriction map in cohomology.
Since any κj comes from a class of Selp (J/K) and the conductors of J and
E differ only at `, it is possible to show that resq (κ` ) ∈ Im(δq ) for primes
q - n+ ` (see Theorem 5.5 for precise references). So there are two problems:
(1) The choice of a suitable component H 1 (K, E[p]) ⊆ H 1 (K, J[p]/mf` ):
the class κ` is then defined to be the projection on it; (2) The description
of res` (κ` ).
Remark 0.6. — The problem of finding a suitable copy of H 1 (K, E[p])
in H 1 (K, J[p]/mf` ) appears only when [F : Q] is even and φ is not new at
any prime dividing n− . Indeed, in all other cases (so, in particular, when
F = Q) it is possible to show that Φ` /mf` ' Z/pZ and, as a consequence, to
prove that J[p]/mf` ' E[p]. The problems with the missing case are related
to the geometry of Shimura curves and to the description of the action of
Hecke operators via Brandt matrices. More precisely, assume from now to
the end of this remark that [F : Q] is even and φ is not new at any prime
dividing n− . In this case, it is not possible prove that Φ` /mf` ' Z/pZ
using the the argument of [38, Proposition 5] based on the geometry of
Shimura curves. On the other hand, it is possible, studying the action of
Hecke operators via Brandt matrices, to give precise conditions on F and n
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which imply Φ` /mf` ' Z/pZ. These conditions are collected in the notion
of Eisenstein pair (see Definition 3.4). When no one of these conditions is
verified, it is necessary to use a more complicate argument to find a suitable
component C` ' Z/pZ ⊆ Φ` /mf` playing the same role as Φ` /mf` in the
previous case.
Step 4: The component C` and the Reciprocity Law.
Since X is a moduli space for suitable abelian varieties with level structure, there is a model X of X over OF . Denote by X` the fiber of X at
` and define X`2 := X` ⊗F` K` . Let C` be the completion of the algebraic
closure of F` and define H` := C` − F` . By the Čerednik-Drinfeld theorem,
there is an isomorphism of rigid analytic spaces over K` :
X (C` ) =
`2

h
a

Γj \H` ,

j=1

where Γj ⊆ PGL2 (F` ) are arithmetic subgroups related to the fixed level
structure R ⊆ B. Denote by XF`2 the special fiber of X`2 , where F`2 is the
residue field of K` . The Čerednik-Drinfeld theorem shows that the set of
vertices V` of the arithmetic graph G` associated to XF`2 has the following
b× \B
b × /B × × {0, 1}.
description: V` = R
Theorem 0.7. — The Heegner point P ∈ X(K1 ) reduces to a non
singular point of the special fiber XF`2 . In particular, PK defines a divisor
b× \B
b × /B × ]/mf .
vK ∈ Z0 [R
`
This result is proved in Section 5.2 using the `-adic description of Heegner
points obtained from the Čerednik-Drinfeld theorem.
Let Φ` denote the group of connected components of the Jacobian variety
unr
1
(K` , E[p]) := H 1 (K`unr , E[p])Gal(K` /K` ) . This group
of X`2 . Define Hsing
is the orthogonal complement of δ` (E(K` )/pE(K` )) under the local Tate
pairing h , i` . The following Theorem 0.8 (proved in Propositions 4.10
and 4.11) characterizes the choice of the component H 1 (K, E[p]) inside
H 1 (K, J[p]/mf` ), while Theorem 0.9 (proved in Proposition 5.4) describes
res` (κ` ) by the Reciprocity Law.
Theorem 0.8. — There exists a component C` ' Z/pZ ⊂ Φ` /mf` so
that
1
C` ' Hsing
(K` , E[p]) ⊂ H 1 (K` , E[p]) ⊂ H 1 (K` , J[p]/mf` )
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and there is a canonical non-trivial isomorphism
ω ` : Im(δ∗ )/hmf , U2` − 1i → C` ' Z/pZ,
b× \B
b × /B × ] is the subgroup of elements having degree
where Im(δ∗ ) ⊆ Z0 [R
zero on each connected component of G` .
Theorem 0.9. — There is an element C ∈ (Z/pZ)× so that ω ` (vK ) ≡
CLK (φ) (mod p) in C` .
Step 5: The Euler system argument.
This is the final step of the proof of Theorem C. We must show that
Selp (φ/K) is zero. So, fix an element s ∈ Selp (φ/K) and assume that
1
s 6= 0. For any primes q, let ∂q : H 1 (K, E[p]) → Hsing
(Kq , E[p]) be the
1
composition of the map resq and the projection to Hsing (Kq , E[p]). Choose a
p-admissible prime ` so that ∂` (s) = 0 and res` (s) 6= 0 (such a prime ` exists
by Theorem 2.3). If ` is a p-admissible prime, then (see also Lemma 2.2)
1
δ` (E(K` )/pE(K` )) ' Z/pZ and Hsing
(K` , E[p]) ' Z/pZ.
P
The global Tate duality yields hs, κ` i = q hresq (s), resq (κ` )iq = 0. Since
resq (κ` ) is orthogonal to s with respect to the local Tate pairing h , iq
1
(K` , E[p]) and
for q 6= `, it follows that hres` (s), res` (κ` )i` = 0. Since Hfin
1
Hsing (K` , E[p]) are orthogonal with respect to the local pairing h , i` , the
isomorphisms (0.4) and the condition ∂` (κ` ) 6= 0 (which follows from Theorem 0.9) imply that res` (s) = 0, which is a contradiction. This completes
the sketch of the proof.

(0.4)

Examples.
Assume that E is an elliptic
√ curve with everywhere good reduction over
a real quadratic field F = Q( D). If E is a Q-curve, that is, E is isogenous
to its Galois conjugate, then E appears as a quotient of the modular curve
J1 (N ) over Q for some N . In this case, the classical methods of Kolyvagin
could perhaps be applied to E (see the brief discussion in [16, Section 3]).
The author will study this variant of the classical method in a forthcoming
work. The really new cases which can be treated by the present work are
elliptic curves which are not√ Q-curves. An example of such curves can be
found in [16]: let ω := 1+ 2 509 and F = Q(ω); then the elliptic curve
corresponding to the following Weierstrass equation
y 2 − xy − ωy = x3 + (2 + 2ω)x2 + (162 + 3ω)x + (71 + 34ω)
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is not a Q-curve. For this curve, and also for any of its twists by quadratic
characters of F , the present result is really new and could not be obtained
by other methods.
Acknowledgements. The results contained in this article are presented
in the author’s Ph.D. thesis [35]. It is a pleasure for the author to thank
sincerely his Ph.D. advisor Professor Massimo Bertolini for having proposed
this problem and for very helpful suggestions and improvements during
the work. The author wishes also to thank Professor Frances Sullivan for
reading the preliminary version of this paper and the anonymous referee
for suggesting useful improvements in the exposition.

1. Selmer groups of modular elliptic curves
1.1. Hilbert modular forms
Let F be a totally real number field of finite degree d over Q with ring
c 2 (F ),
of algebraic integers OF . For any open compact subgroup U ⊆ GL
denote by S2 (U ) the finite dimensional C-vector space of parallel weight 2
c 2 (F ) is the idele group of the
Hilbert cusp forms with respect to U (here GL
ring M2 (F ) of 2 × 2 matrices with coefficients in F ). For the definition and
b 0 (n)),
the main properties of this space, see [45] and [50]. Set S2 (n) := S2 (Γ
where Γ0 (n) is the subgroup of M2 (OF ) consisting of (mod n) upper trib 0 (n) denotes its idele group. Finally, for any divisor
angular matrices and Γ
new
r | n, let S2 (n/r, r) ⊆ S2 (n) be the subspace of those forms which are new
at r and set: S2new (n) := S2new (OF , n).
Let Tn be the Hecke algebra of level n acting faithfully on S2 (n). For
prime ideals q - n (respectively, q | n) denote by Tq (respectively, by Uq ) the
corresponding Hecke operator. Finally, for primes q - n, denote by Sq ∈ Tn
the spherical operator at q. For the definitions of these operators, see [42].
new
Denote by Tnew
(n/r, r) and
n/r,r the quotient of Tn acting faithfully on S2
new
new
set Tn := TOF ,n .
Any φ ∈ S2 (n) which is a simultaneous eigenvector for all Hecke operators
gives rise to a morphism
θφ : Tn → C
so that, for any T ∈ Tn , T(φ) = θφ (T)φ. An eigenvector φ as above can be
normalized so that the image of θφ is an order in the ring of integers Oφ
of a finite extension Kφ of Q; such a φ is called a normalized eigenform or
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simply an eigenform. For any prime p of Oφ , denote by Oφ,p the completion
of Oφ,p at p and by
θφ : Tn → Oφ,p /p
the reduction of θφ (mod p).
Let φ ∈ S2 (n) be a normalized eigenform and fix a prime ideal p of
Oφ . Denote by F an algebraic closure of F and by Oφ,p the completion of
Oφ at p. Recall from the Introduction that there is a unique continuous
representation of the absolute Galois group of F :
ρφ,p : Gal(F /F ) → GL2 (Oφ,p )
which is unramified at all the prime ideals q - np and so that the characteristic polynomial of a Frobenius element at these primes is
X 2 − θφ (Tq ) + |q|θφ (Sq ).
Assume now that Kφ = Q; then p = p is a rational prime and Oφ,p = Zp .
In this case, say that φ has rational coefficients. Denote by Tφ [p∞ ] ' Z2p
the Gal(F /F )-module associated to the representation ρφ,p and define
Vφ [p∞ ] := Tφ [p∞ ] ⊗ Qp ' Q2p .
Set: Tφ [pn ] := Tφ [p∞ ]/pn Tφ [p∞ ] ' (Z/pn Z)2 so that the multiplication by
p: Tφ [pn+1 ] → Tφ [pn ] yields a projective system and: Tφ [p∞ ] = lim←n Tφ [pn ].
On the other hand, define:
Aφ [p∞ ] := Vφ [p∞ ]/Tφ [p∞ ] ' (Qp /Zp )2
and denote by Aφ [pn ] ' (Z/pn Z)2 its pn -torsion. The natural inclusion
Aφ [pn ] ,→ Aφ [pn+1 ] yields an inductive system and: Aφ [p∞ ] = lim→n Aφ [pn ].
Note that the Galois modules Tφ [pn ] and Aφ [pn ] are isomorphic. Reduction
modulo p of ρφ,p yields a representation:
ρφ,p : Gal(F /F ) → GL2 (Z/pZ)
whose associated Gal(F /F )-module is Aφ [p] (or, that is the same, Tφ [p]).
Let φ ∈ S2 (n) be a normalized eigenform and let θφ and ρφ,p be as above.
Denote by mφ,p the kernel of θφ . For any finite set S of prime ideals of OF ,
(S)
denote by Tn the subalgebra of Tn generated by Tq and Sq for q - n, q 6∈ S
(S)
(S)
and Uq for q | n, q 6∈ S. Define mφ,p := mφ,p ∩ Tn .
(S)

Definition 1.1. — A Tn -module E is said to be Eisenstein if its com(S)
pletion Em(S) is zero for any maximal ideal mφ,p defined as above and such
φ,p

that the residual representation ρφ,p is irreducible.
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Remark 1.2. — See also the characterization of Eisenstein modules introduced by [18] for F = Q and generalized by [28].
Proposition 1.3. — For any integral ideal q - n of OF , define ηq :=
Tq − (|q| + 1). Let S be a finite set of prime ideals. If ρφ,p is irreducible,
then the ideal hηq , q - n, q 6∈ Si and the maximal ideal mφ,p are prime
(S)
(S)
to each other. It follows that, if Tq ∈ Tn acts on a Tn -module E as
multiplication by |q| + 1, then E is Eisenstein.
Proof. — The proof is a direct generalization of [39, Theorem 5.2, part c]


1.2. Modular elliptic curves
Let E/F be an elliptic curve with no complex multiplication defined
over the totally real number field F . Denote by n its arithmetic conductor,
which is an integral ideal of OF . For any rational prime p, denote by E[p]
the p-torsion of E and by Tp (E) its p-adic Tate module. Denote finally by
ρE,p : Gal(F /F ) → Aut(Tp (E)) ' GL2 (Zp )
and by
ρE,p : Gal(F /F ) → Aut(E[p]) ' GL2 (Z/pZ)
the representation of the absolute Galois group of F , respectively, on Tp (E)
and E[p].
Definition 1.4. — The elliptic curve E of conductor n is said to be
modular if there exists an eigenform φ ∈ S2 (n) with rational coefficients so
that the Gal(F /F )-modules Tp (E) and Tφ [p∞ ] are isomorphic, where p is
a rational prime.

1.3. The Selmer group
Let E be a modular elliptic curve of conductor n and let φ be its associated eigenform. Assume that the prime p, appearing in the Definition 1.4,
satisfies the following:
Assumption 1.5. — E has good ordinary reduction at each prime p | p
of OF and the representation Tφ [p] is irreducible.

ANNALES DE L’INSTITUT FOURIER

703

ELLIPTIC CURVES OVER TOTALLY REAL FIELDS

Note that Assumption 1.5 implies in particular that n− and p are relatively prime. Moreover, since E has no complex multiplication, Assumption 1.5 is verified for infinitely many primes by [41] and [5]. Choose a totally imaginary quadratic extension K/F with relative discriminant DK/F
prime to np. The extension K defines a factorization n = n+ n− where n+
(respectively, n− ) is divisible by the prime ideals of F which are split (respectively, inert) in K. The techniques which will be used in this work rely
on the following:
Assumption 1.6. — n− is square-free and the number of prime ideals
of OF dividing n− and d := [F : Q] have the same parity. Moreover,
φ ∈ S2new (n+ , n− ), that is, φ is new at the primes dividing n− .
Remark 1.7. — The above conditions are obviously verified if [F : Q] is
even and n− = OF , which is the leading example and the most interesting
application of this work.
For any field k and any Gal(k/k)-module M , denote by H 1 (k, M ) =
H (Gal(k/k), M ) the continuous cohomology groups (here k is an algebraic closure of k and i > 0). If q is a prime ideal of OF , let Kq be the
sum of the completions of K at the primes v | q of the ring of integers
OK of K. Choose decomposition subgroups Gq ⊂ Gal(F /F ) at q and
Gv ⊂ Gal(K/K) at v | q so that Gv ⊆ Gq . Let Iq ⊂ Gq and Iv ⊂ Gv be the
inertia subgroups. Finally, let Kvunr be the maximal unramified extension of
Kv . For any Gal(K/K)-module M , set: H 1 (Kq , M ) := ⊕v|q H 1 (Kv , M ) and
H 1 (Iq , M ) := ⊕v|q H 1 (Iv , M ), where the sum is extended over all the prime
ideals v of K dividing q. For any positive integer n, denote by Mφ [p] either
Aφ [p] or Tφ [p]. In view of the definition of the p-Selmer group Selp (φ/K) associated to φ, p and K, the following notions of finite, singular and ordinary
structures are introduced.
1

Good primes
For primes q - np of OF , define the singular part of H 1 (Kq , E[p]) to be:
unr

1
Hsing
(Kq , Mφ [p]) := ⊕v|q H 1 (Kvunr , Mφ [p])Gal(Kv

/Kv )

.

The finite part is the kernel of the natural projection map:
1
1
Hfin
(Kq , Mφ [p]) := Ker(H 1 (Kq , Mφ [p]) → Hsing
(Kq , Mφ [p])).
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Primes dividing n−
If q | n− , assume that p - |q|2 − 1. By the Tate uniformization of ellip(q)
tic curves, there exists an unique subspace Mφ [p] ' Z/pZ of Mφ [p] so
that Gal(F q /Fq ) acts on it by ±p , where p : Gal(F q /Fq ) → Z×
p is the
cyclotomic character describing the action on the p-power roots of unity
(if Mφ [p] is unramified at q, use that a Frobenius element at q acting on
Mφ [p] has eigenvalues ±1 and ±|q| and that p - |q|2 −1: see [4, Remark after
Assumption 2.1] for more details). In this case there is an exact sequence
of Gal(F /F )-modules:
(q)

(1)

(q)

0 → Mφ [p] → Mφ [p] → Mφ [p] := Mφ [p]/Mφ [p] → 0
and Iq acts trivially on the last quotient. Define the ordinary part of
H 1 (Kq , E[p]) to be:
(q)

1
Hord
(Kq , Mφ [p]) := ⊕v|q H 1 (Kv , Mφ [p]).

Primes dividing p
If p | p, by the good ordinary assumption on the reduction of E at p,
(1)
there exists a unique quotient Mφ [p] ' Z/pZ of Mφ [p] so that the inertia
subgroup Ip at p acts trivially on it (see for example [15, Proposition 2.11]).
(p)
Denote by Mφ [p] ' Z/pZ the kernel of the natural projection map so that
there is an exact sequence of Ip -modules:
(p)

(1)

0 → Mφ [p] → Mφ [p] → Mφ [p] → 0
(p)

and Ip acts on Mφ [p] via the cyclotomic character. The ordinary part of
H 1 (Kp , E[p]) is defined to be:
(p)

1
1
Hord
(Kp , Mφ [p]) := R−1
p (H (Iv , Mφ [p])),

where Rp : ⊕v|p H 1 (Kv , Mφ [p]) → ⊕v|p H 1 (Iv , Mφ [p]) is the restriction map.
The Tate duality
For any positive integer n, the Galois modules Aφ [p] and Tφ [p] are isomorphic to their own Kummer duals and there is a canonical Gal(F /F )equivariant pairing Aφ [p] × Tφ [p] → µp . Combining this with the cup product in cohomology yields, for each prime q of OF , a canonical local Tate
pairing:
h, iq : H 1 (Kq , Aφ [p]) × H 1 (Kq , Tφ [p]) → Qp /Zp .
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Proposition 1.8. — If q - np the groups
1
1
Hfin
(Kq , Aφ [p]) and Hfin
(Kq , Tφ [p])

are annihilators to each other under the local Tate pairing h, iq . The same
1
1
is true for Hord
(Kq , Aφ [p]) and Hord
(Kq , Tφ [p]) for primes q | n− p.
Proof. — This result follows from standard properties of the local Tate
pairing: see for example [15, Section 2.3].

Selmer groups
For any prime ideal q of OF , denote by
resq : ⊕v|q H 1 (Kv , Mφ [p]) → ⊕v|q H 1 (Iv , Mφ [p])
the restriction map. For primes q - np, let
1
∂q : H 1 (K, Mφ [p]) → Hsing
(K, Mφ [p])

be the composition of the restriction with the projection. If ∂q (s) = 0, then
1
denote by vq (s) the image of s in Hfin
(K, Mφ [p]).
Definition 1.9. — The Selmer group Selp (φ/K) is the subgroup of
the global cohomology group H 1 (K, Aφ [p]) consisting of those elements s
so that:
1. For q - np, ∂q (s) = 0.
1
(Kq , Aφ [p]).
2. For primes q | n− p, resq (s) ∈ Hord
+
3. For primes q | n , resq (s) = 0.

2. The Euler system argument
2.1. Admissible primes
Keep the same notations and assumptions as in Section 1: E is a modular
elliptic curve and φ is its associated eigenform.
Definition 2.1. — A prime ideal ` of OF is said to be admissible (relatively to the prime p) if the following conditions hold:
(i)
(ii)
(iii)
(iv)

` does not divide np;
` is inert in K;
p does non divide |`|2 − 1;
p divides |`| + 1 − a` , where  = ±1 and a` = θφ (T` ).
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Note that if ` is an admissible prime then K` := K ⊗F F` ' F`2 , where
F`2 is the unique quadratic unramified extension of F` .
Lemma 2.2. — Let ` be an admissible prime. Then the local cohomology
1
1
groups Hfin
(K` , Aφ [p]) and Hsing
(K` , Tφ [p]) are both isomorphic to Z/pZ.
Proof. — A direct generalization of [4, Lemma 2.6].



Theorem 2.3. — Let s be a non-zero element of H 1 (K, Aφ [p]). Then
there exist infinitely many admissible primes such that ∂` (s) = 0 and
v` (s) 6= 0.
Proof. — A direct generalization of [4, Theorem 3.2].



2.2. Controlling the Selmer group
Definition 2.4. — A collection of cohomology classes
{κ` }` ⊆ H 1 (K` , Tφ [p])
indexed by the set of admissible primes ` is said to be an Euler system for
φ/K relative to p if each class κ` enjoys the following properties:
1. For q - np`, ∂q (κ` ) = 0.
1
2. For q | n− p, resq (κ` ) ∈ Hord
(Kq , Tφ [p]).
Note that in the previous definition no condition is required for the
primes q | n+ `. The next standard argument reduces the proof of Theorem C in the Introduction to the problem of producing an Euler system.
Lemma 2.5. — Let {κ` }` be an Euler system for φ/K relative to p
and assume that for all but a finite number of primes ∂` (κ` ) 6= 0. Then
Selp (φ/K) = 0.
Proof. — Assume that there exists s ∈ Selp (φ/K) with s 6= 0 and, by
Theorem 2.3, fix an admissible prime ` so that res` (s) 6= 0 and ∂` (κ` ) 6= 0.
P
By the global reciprocity low of class field theory, q hresq (s), resq (κ` )iq =
0, where the sum is over all the prime ideals of OF . Proposition 1.8 and
Definition 2.4 imply that resq (s) and resq (κ` ) are orthogonal to each other
with respect to the local Tate pairing h , iq at primes q 6= `, so hres` (s),
res` (κ` )i` = 0. Then since ∂` (κ` ) 6= 0, Lemma 2.2 yields res` (s) = 0. This
contradiction proves the lemma.
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Theorem C of the Introduction now follows from the existence of an Euler
system satisfying prescribed local conditions at ` via Lemma 2.5. The rest
of the work is devoted to the construction of an Euler system under the
hypothesis that the order at s = 1 of the L-function LK (φ, s) of φ over K
is zero. The strategy will be to find the classes κ` for admissible primes
` in the cohomology of Shimura curves defined from quaternion algebras
of discriminant n− `. The theory of congruences between modular forms at
the admissible prime ` will give the required properties. Before stating the
result to be proved in the next sections, define S to be the set of all the
primes p > 3 so that:
1. p divides the algebraic part LK (φ) ∈ Z of LK (φ, s) defined in Section 5.1;
2. There are non-trivial congruences (mod p) between φ and other
eigenforms of level n (for more details, see Definition 4.7);
3. The representation ρφ,p is reducible.
The result to be proved in the next sections is the following:
Theorem 2.6. — Assume that E is modular. If p 6∈ S, then there exists
an Euler system {κ` }` for φ relative to p.

3. The Jacquet-Langlands correspondence
3.1. Modular forms on quaternion algebras
Fix a quaternion algebra B over F of discriminant m− which is ramified
at all the archimedean places of F . Fix a prime ideal m+ prime to m− and
Qs
let R ⊆ B be an Eichler order of level m+ . (Hence, m− = j=1 qj is squareb (respectively, R)
b
free and s has the same parity as [F : Q].) Denote by B
the finite adele ring of B (respectively, R). Fix an open compact subgroup
b × and a ring C.
U ⊆B
Definition 3.1. — The space of C-valued modular forms with respect
to U on the quaternion algebra B is the C-module
S2B (U ; C) := L(U ; C)/L(U ; C)triv
b × /B × → C and
where the elements of L(U ; C) are functions f : U \B
triv
L(U ; C)
is the C-submodule of L(U ; C) consisting of those functions
b → Fb of the norm map nB :
which factor through the adelization b
nB : B
B → F.
b× ; C) as the space of modular
For a fixed Eichler order R, refer to S B (R
2

forms of level m+ and denote it by S2B (m+ ; C).
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3.2. The Hecke algebra TB
m+
The Hecke operator Tq
Let q be a prime ideal of OF not dividing m+ and assume that Uq ' R×
q.
Define the Hecke operator
b × /B × ] −→ Z[U \B
b × /B × ]
Tq : Z[U \B




P
πq 0
1 α
g, where the sum
g+
by the rule: Tq (g) :=
α
0 1
0 πq
is extended over a set of representatives {α} for the quotient OF,q /q,
the element πq ∈ OF,q is chosen so that valq (πq ) = 1 and the matrices
are ideles whose q-component is the displayed one and the other components areh all
i equal to 1. Now huse
i strong approximation to describe Tq .
(q)
1
1
b
b
Set: OF
:= O Fq , and U
:= U (q) GL2 (Fq ), where the superscript
q

F

q

(q)

denotes the idele with the q-component removed. By
h the
i strong apb × ' `h U 1 gj B × , where
proximation theorem (see [47, page 60]: B
j=1
q
(q) b (q)×
g1 ,h. .i. , gh are representatives
/B × =
 h iof the double coset space U \B
1
1
b × /B × ' b
U q \B
nB U q \Fb× /F+ (the last isomorphism is induced
by the adelization b
nB of the norm map and F+ denotes the group of totally positive elements of F ). Define now the following subgroups for each
j = 1, . . . , h:
 
 ×
1
1
−1
×
e
e
gj ∩ B ;
Γj,0,q := Γj,0,q /OF
Γj,0,q := gj U
;
q
q
Γ̃j,+,q := (Γ̃j,0,q )e ; Γj,+,q := (Γj,0,q )e ,
where the subscript e means elements of even q-adic valuation. The strong
approximation theorem yields:
b × /B × '
U \B

h
a

PGL2 (OF,q )\PGL2 (Fq )(gj )q /Γj,0,q

j=1

where (gj )q denotes the projection of gj on the q-component. Note that
b × /B × lies on the i-th component of the last product if and only if
g ∈ U \B
nB (g) = b
b
nB (gi ), so Tq acts componentwise. Denote by Tq the Bruhat-Tits
tree of PGL2 (Fq ) and by V(Tq ) its vertexes. For each j there is a natural
projection V(Tq ) → PGL2 (OF,q )\PGL2 (Fq )(gj )q /Γj,0,q . The operator Tq
e q of Z[V(Tq )] which associates
is induced by the projection of the operator T
to each vertex v the sum of the vertices w whose distance from v is 1. Note
that the degree of Tq is |q| + 1.
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The Hecke operator Uq
Let q be a prime ideal of OF dividing m+ and assume that Uq ' R×
q.
Using the same conventions as above, define the Hecke operator
b × /B × ] −→ Z[U \B
b × /B × ]
Uq : Z[U \B


P
1 α
g, where {α} is a set of representatives
by the rule: Uq (g) := α
0 πq
for OF,q /q. Suppose that q divides m+ exactly. In this case it is possible
to obtain a description for Uq as for Tq . Using the same notations and
definitions as above, the strong approximation theorem yields:
b × /B × =
U \B

h
a

Γ0 (πq )\PGL2 (Fq )/Γj,0,q ,

j=1

where Γ0 (πq ) ⊆ PGL2 (OF,q ) is the subgroup of (mod q) upper triangular
→
−
matrices. For each j there is a projection map E (Tq ) = Γ0 (πq )\PGL2 (Fq ) →
Γ0 (πq )\PGL2 (Fq )/Γj,0,q . The operator Uq is induced by the projection of
e q of Z[E(Tq )] which associates to any oriented edge e = (v, w)
the operator U
the sum of the edges e0 emanating from its target (that is, of the form (w, z)
for some vertex z 6= v). It is clear that the degree of Uq is |q|.
Hecke algebras
For a prime ideal q - m+ m− so that Uq ' Rq× , denote by
b × /B × ] → Z[U \B
b × /B × ]
Sq : Z[U \B
P
P
the spherical operator defined by: Sq (g) := α αg, where U πq U = α αU.
Denote by TB
m+ the free Z-algebra generated by Tq and Sq for prime ideals
q - m+ m− and Uq for prime ideals q | m+ . The space of modular forms
S2B (m+ ; Z) is naturally a TB
m+ -module. Moreover, if Uq ' Rq for q 6∈ S,
B,(S)
where S is a finite set of prime ideals, then S2B (U ; Z) is naturally a Tm+ B,(S)
module, where Tm+ is the subalgebra of TB
m+ generated by Hecke operators corresponding to primes not in S.
Generalized Brandt matrices
It is possible to give another description of Hecke operators in terms of
Brandt matrices. This is a classical subject and an example of the JacquetLanglands correspondence, established in this case by the Eichler trace
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formula [20]. The exposition follows closely Jordan-Livné [31]; the aim of
this section is to generalize the divisibility property of [39, Theorem 3.12]
b × be an open compact subgroup
and [31, Proposition 1.10]. Let U ⊆ B
and let g1 , . . . , gh be a set of representatives of the double coset space
b × /B × . Assume that S2 (U ; Z) is a TB,(S)
U \B
m+ -module for a finite set of
B,(S)
primes S. Any operator T ∈ Tm+ induces a linear map
b × /B × ].
b × /B × ] → Z[U \B
T : Z[U \B
Denote by B(q) = (mi,j (q))i,j=1,...,h the matrix of T associated to the
chosen basis g1 , . . . , gh . For j = 1, . . . , h, define Uj := gj−1 U gj and Γj :=
gj−1 U gj ∩B × and set wj := [Γj : OF× ]. Let finally {n1 , . . . , ns } be the orders
×
the groups (Γ×
i ∩ Γj )/OF for i, j ∈ {1, . . . , h}.
Proposition 3.2. — Assume that the class number of F is one and
for any ni , the norm map from the ideals of F (µni ) to the ideals of F is
injective, where µnj are the nj -th roots of unity. Then for any ideal q not
dividing m+ m− such that Uq ' Rq× , the entries mi,j (q) of the i-th row of
the Brandt matrix B(q) are divisible by wi unless i = j.
Proof. — The proof is a direct generalization of [31, Proposition 1.10].

Proposition 3.3. — Assume that nj = 1 for all j = 1, . . . , s. Then for
any ideal q not dividing m+ m− such that Uq ' Rq× , the entries mi,j (q) of
the i-th row of the Brandt matrix B(q) are divisible by wi unless i = j.
Proof. — Fix a prime ideal q - m+ m− . From Section 3.2, the operator Tq
e q of Z[V(Tq )] which associates
is induced by the projection of the operator T
to each vertex v the sum of the vertices w whose distance from v is 1. Fix
the vertex vi corresponding to gi via strong approximation and let vj 6= vi
be a vertex belonging to the support of Tq (vi ). Since any element in Γi
induces a permutation of the vertexes joined to vi , it is clear that the order

of vj in Tq (vi ) is divisible by (Γ× ∩Γw×i )/O× . The result follows.
i

j

F

The canonical pairing
There is a pairing
b × /B × ] × Z[U \B
b × /B × ] → Z
h , i : Z[U \B
defined to be the extension by Z-linearity of the following rule: for any
b × /B × × U \B
b × /B × , hx, yi := w(x)δx,y , where δx,y is
pair (x, y) ∈ U \B
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the Kronecker symbol and w(x) := [Γx : OF× ] is the weight of x, where
Γx := x−1 U x ∩ B × . Consider the embedding
b × /B × ] → Z[U \B
b × /B × ]∨
j : Z[U \B
deduced from the pairing h , i, where the superscript ∨ denotes the Z−dual.
Define
b × /B × ]∨
Z0 [U \B
.
Φ = Φ(U ) :=
b × /B × ])
j(Z0 [U \B
Recall the integers wj and ni associated as above to a chosen basis of
b × /B × .
U \B
Definition 3.4. — The pair (F, U ) is said to be Eisenstein if at least
one of the following conditions is verified:
(i) The assumption of Proposition 3.2 is verified: the class number of
F is one and for any ni , the norm map from the ideals of F (µni )
to the ideals of F is injective.
(ii) The assumption of Proposition 3.3 is verified: nj = 1 for all j =
1, . . . , s.
Proposition 3.5. — If the pair (F, U ) is Eisenstein, then for any integral ideal q - m+ m− such that Uq ' Rq× , the operator ηq := Tq − (|q| + 1) ∈
TB
m+ annihilates Φ.
Proof. — A direct generalization of [39, Proposition 3.12] which can be
deduced from Propositions 3.2 and 3.3.

Corollary 3.6. — If the pair (F, U ) is Eisenstein, then Φ is Eisenstein.
Proof. — This is a direct consequence of Propositions 3.5 and 1.3.



3.3. The Jacquet-Langlands correspondence
Set m := m+ m− . Recall from Section 1.1 that S2new (m+ , m− ) is the subspace of S2 (m) consisting of those forms which are new at the primes dividing m− and denote by Tnew
m+ ,m− the quotient of Tm acting faithfully on
S2new (m+ , m− ).
Theorem 3.7 (Jacquet-Langlands). — Let φ ∈ S2new (m+ , m− ) be a normalized eigenform for Tm with rational coefficients. Then there exists a
modular form f ∈ S2B (m+ ; Z) such that, for q - m, Tq (f ) = θφ (Tq )f ,
while for q | m+ : Uq (f ) = θφ (Uq )f. Moreover, the Hecke algebra TB
m+ is
new
isomorphic to the quotient Tm+ ,m− of Tm .
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Proof. — This result is due to [27] and can be obtained using Eichler’s
trace formula [20] generalized to totally real fields as in see [47, V.2.4]. See
[1, Section 1.6] for a statement in this form.

B,(S)

B,(S)

If S2 (U ; Z) is a Tm+ -module, then it is also a faithful TU := Tm+
new
Tm+ ,m− -module.

∩

4. Shimura curves
4.1. Definition
Let F be a totally real number field of degree d over Q. Fix integral ideals
c+ and c− of OF prime to each other so that c− 6= OF is square-free and
the number of primes dividing it have opposite parity with respect to d.
Let B be the quaternion algebra defined over F with discriminant c− which
is split in exactly one of the archimedean places of F , say µ. Choose an
Eichler order R ⊆ B of level c+ and, for any prime q - c− , fix isomorphisms:
val (c+ )

(OF,q ), where the
ϕq : Bq := B⊗F Fq → M2 (Fq ) so that: ϕq (Rq ) = M2 q
following notations are used: OF,q is the completion of OF at q, the symbol
val (c+ )

(OF,q ) ⊆ M2 (OF,q ) is
valq (c+ ) denotes the valuation of c+ at q and M2 q
valq (c+ )
the subgroup of the (mod q
) upper triangular matrices. Denote by
b the finite adele rings of, respectively, B and R and set H± := C−R.
Bb and R
Fix an open compact subgroup U ⊆ Bb× and set:
XU (C) := U\Bb× × H± /B × .
By the strong approximation theorem, there are elements gj ∈ Bb× so that
`h
Bb× :=
Ugj B × . Define B+ to be the subgroup of B consisting of elej=1

ments b whose image in B ⊗µ R ' GL2 (R) belongs to GL+
2 (R), the subgroup of matrices with positive determinant (the tensor product is over the
archimedean place µ where B is split). Then Γj := gj−1 Ugj ∩ B+ acts on
H = {z ∈ C : =(z) > 0} by fractional linear transformation via the embedding µ : B+ → GL+
2 (R). By [43, Proposition 9.2], H/Γj has a structure of
`h
Riemann surface, and XU (C) ' j=1 H/Γj has a rational model XU over
Spec(F ) which is connected but not geometrically connected; denote by JU
the connected component subgroup of Pic(XU ) over F .
By [10, Section 2], XU has a descriptions as moduli space for suitable
abelian varieties with level structure. >From this description it follows that
XU has a model XU over Spec(OF ). For more details and for a complete
b × , denote XU , XU
exposition of this topic, see [53, Section 1]. If U = R
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and JU respectively by Xc+ ,c− , Xc+ ,c− and Jc+ ,c− . In this case, an object
in Xc+ ,c− can be identified with a pair (A, C) = ((A, ι, θ, κ), C) consisting
of: an abelian scheme A → Spec(S), where S is an F 0 -scheme and F 0 an
fixed imaginary quadratic extension of F ; an action ι : OB0 → End(A) of
a maximal order OB0 ⊇ R0 := R ⊗OF OF 0 of B 0 := B ⊗F F 0 on End(A),
where OF 0 is the ring of integers of F 0 ; a class θ : A → A∨ of polarizations;
bB0 → Q Tq (A), where O
bB0 it the finite adele
a B 0 -linear isomorphism κ : O
q
ring of OB0 and for all rational primes q, Tq (A) is the q-adic Tate module
of A; a cyclic submodule structure C of level c+ defined in [53, 1.5.2].
Suppose that for q 6∈ S, Uq ' R×
q , where S is a finite set of primes
(S)

of OF . Then XU has a natural structure of TU := Tnew
c+ ,c− ∩ Tc -module,
where c := c+ c− . Define the Hodge class of XU to be the unique element
ξ ∈ Pic(XU ) such that ξ has degree one on each connected component of
XU and the action of TU on ξ is Eisenstein (that is, for any prime q 6∈ S,
q - n`, the action of Tq ∈ TU on ξ is given by multiplication by |q| + 1). For
existence and uniqueness of this class, see [53, Section 4.1] and [52, Section
6.2]. Denote by PicEis (XU ) the subgroup of Pic(XU ) consisting of those
elements whose restriction to any connected component of XU is a multiple
of ξ. By [52, Section 6.1], Pic(XU ) = PicEis (XU ) ⊕ Pic0 (XU ). If I is an ideal
of Tnew
c+ ,c− so that the maximal ideal containing it comes from an irreducible
representation, then the canonical inclusion induces an isomorphism:
(4.1)

Pic0 (XU )/I (S) ' Pic(XU )/I (S) ,

where I (S) := I ∩ TU .

4.2. The Čerednik-Drinfeld theorem
Let X := XU be the scheme over Spec(OF ) defined in Section 4.1. Let
` | c− be a prime ideal and denote by X` the special fiber of X over
Spec(OF,` ). Define the formal group Xb` over OF,` to be the completion
of X` along its special fiber. Let B be the quaternion algebra over F of discriminant c− /` which is ramified at all the archimedean places of F (such
an algebra exists by the assumption on c− ). The algebra B is said to be
obtained from B by interchanging the invariants at ` and µ, where µ is
the only archimedean place where B is split. For any Z-algebra A, denote
b(`) the finite adele ring A
b with the `-component removed. Fix an isoby A
∼
(`)
b
b
morphism ϕ : B −→ B M2 (F` ) and choose Eichler orders R and R` of
B of level, respectively, c+ and c+ ` so that R ⊇ R` and, under the above
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b (`) corresponds to R
b(`) = R
b(`) . Finally, set:
isomorphism, R
`
U := ϕ(U (`) ) · (R× ⊗OF OF,` )

and

U` := ϕ(U (`) ) · (R`× ⊗OF OF,` ).

b`
Denote by C` the completion of an algebraic closure of F` and let H
be the Deligne’s formal scheme over Spec(OF,` ) obtained by blowing-up
the projective line over Spec(OF,` ) along its rational points in the special
b` is a rigid
fiber over the residue field F` of OF,` . The generic fiber of H
1
1
analytic space whose C` -points are H` := P (C` )−P (F` ). For more details,
see [7, Chapitre I]. Finally, let Frob` be the Frobenius automorphism of
Gal(F`unr /F` ).
Theorem 4.1 (Čerednik-Drinfeld). — There exists an isomorphism of
formal schemes over Spec(OF,` ):
unr
b` ⊗
b (`)× )/B × ,
b OF,` OF,`
Xb` ' U (`) \(H
×B
−val` (b)

unr
by Frob`
where b ∈ B × acts on OF,`

.

Proof. — This result can be obtained by combining Čerednik’s description [12] of X` as moduli space for certain formal groups with the Drinfeld’s
description [19] of H` . The main references for the theorem in this form are
[7], especially for the case F = Q and [53], [52] for the general case.

b
The Jordan-Livné description [32, Section 4] of X` can be used to derive
b` is connected, the set of
a more simple form of Theorem 4.1. Since H
(`)
b (`)× /B × . Note that
connected components of Xb` is given by U \B
b (`)× /B × = U (`) GL2 (F` )\B
b × /B × ' b
U (`) \B
nB (U (`) )F` \Fb× /F+ ,
where F+ are the totally positive elements in F and the last isomorphism
is induced by the adelization b
nB of the norm map nB : B → F . Fix
b (`)× /B × (where
representatives g1 , . . . , gh of the double coset space U (`) \B
g1 = 1) and define the following subgroups for each j = 1, . . . , h:


×
e j,0,` := g −1 (U (`) GL2 (F` ))gj ∩ B × ;
e
e
Γ
Γ
:=
Γ
/
Γ
∩
F
;
j,0,`
j,0,`
j,0,`
j
Γ̃j,+,` := (Γ̃j,0,` )e ; Γj,+,` := (Γj,0,` )e ,
where the subscript e means elements of even `-adic valuation. There is an
isomorphism of formal schemes over Spec(OF,` ):
Xb` '

h
a

unr
b` ⊗O
b F,`
H
/Γ̃j,0,`

j=1

(see [32, Lemma 4.3]). Following [32, page 243], let w` be a representative
in Γj,0,` for the non-trivial class in the quotient Γj,0,` /Γj,+,` . Denote by F`2
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the unique quadratic unramified extension of F` and by OF,`2 its ring of
integers. Then there is an isomorphism of formal schemes over Spec(OF,` ):

χ
h
a
b` /Γj,+,`  ,
Xb` ' 
H
j=1

where
b` ⊗ OF,`2 /Γj,+,` ))
χ ∈ H 1 (Gal(F`2 /F` ), Aut(H
is the cohomology class defined by τ 7→ w` × Id (see [32, Theorem 4.3’]).
Denote by Xb`2 the base-change: Xb`2 := Xb` ⊗OF,` OF,`2 and by X`2 its
generic fiber. The above discussion imply that there is an isomorphism
`h b
Xb`2 ' j=1 H
` /Γj,+,` of formal schemes over Spec(OF,`2 ). In particular,
there is an isomorphism of rigid analytic spaces over Spec(OF,`2 ):
X`2 (C` ) '

h
a

H` /Γj,+,` .

j=1

It follows that X`2 is a disjoint union of admissible curves in the sense of
[32].

4.3. The dual graph of X`2
We keep the same notations as in Section 4.2. Let G ` (respectively, G` )
be the dual graph of X` (respectively, of X`2 ). Denote by V(G` ) the set
of vertices of G` and by E(G` ) the set of (unoriented) edges of G` . Let
Frob` be the automorphism of G ` induced by the action of the Frobenius
endomorphism on X` . Denote by T` the Bruhat-Tits tree of PGL2 (F` ) with
its natural action of GL2 (F` ) by isometries, by V(T` ) the set of its vertices,
→
−
by E(T` ) the set of its unoriented edges and by E (T` ) the set of its oriented
`h
edges. There is an isomorphism of graphs: G` ' j=1 T` /Γj,+,` . The action
of Frob` on G ` corresponds under this isomorphism to the action of w` (see
`h
[32, Section 3]). Then: G` ' j=1 T` /Γj,+,` and the action of Frob` on G`
corresponds to the identity map (see [32, Proposition 3.7]). Hence:
V(G` ) '

h
a

V(T` )/Γj,+,`

j=1

and E(G` ) '

h
a

E(T` )/Γj,+,` .

j=1

For each j = 1, . . . , h, define the graph: Gj := T` /Γj,+,` ; denote by V(Gj )
and E(Gj ) the set, respectively, of its vertices and of its (unoriented) edges.
`h
`h
`h
Then: G` ' j=1 Gj , V(G` ) = j=1 V(Gj ) and E(G` ) = j=1 E(Gj ). Define
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an orientation in each Gj as follows. Let v0 be the vertex of T` corresponding
to the maximal order M2 (O` ). A vertex v ∈ V(T` ) is defined to be even or
odd accordingly to the parity of its distance from v0 . (By definition, the
distance between two vertices v and w is n if and only if v ∩ v0 corresponds
to an Eichler order of level n.) Since the determinant of each of the elements
in Γj,+,` is an even power of `, the action of Γj,+,` on T` preserves the parity
of the vertices; hence there is a well-defined notion of odd and even vertices
in the quotient graph T` /Γj,+,` . Using this notion, define an orientation on
Gj , that is, a pair of maps s : E(Gj ) → V(Gj ) and t : E(Gj ) → V(Gj ) so that
for any e ∈ E(Gj ), e = s(e) ∩ t(e), by requiring that s(e) (respectively, t(e))
is the even (respectively, odd) vertex in e.
b × /B × ) × {0, 1} and E(G` ) ' U` \B
b × /B × .
Lemma 4.2. — V(G` ) ' (U \B
Proof. — As in [3, Lemma 2.2], note that for each j = 1, . . . , h there are
isomorphisms: V(Gj ) ' (PGL2 (O` )\PGL2 (F` )/Γj,0,` ) × {0, 1} and E(Gj ) '
Γ0 (`)\PGL2 (F` )/Γj,0,` , where Γ0 (`) is the subgroup of matrices in PGL2 (O` )
congruent modulo ` to upper triangular matrices. The result is then a
consequence of the strong approximation theorem (see Section 3.2). For

more details, see [38, page 53].
Coboundary maps
Form the group rings Z[E(Gj )] and Z[V(Gj )] and denote by Z0 [E(Gj )]
and by Z0 [V(Gj )] the degree zero elements. Define a coboundary map ∂j,∗ :
Z[E(Gj )] → Z0 [V(Gj )] to be the extension by Z-linearity of the rule: for any
e ∈ E(Gj ), ∂j,∗ (e) := t(s) − s(e). Denote by δj,∗ the restriction of ∂j,∗ to
degree zero divisors: δj,∗ : Z0 [E(Gj )] → Z0 [V(Gj )]. For each j = 1, . . . , h, the
map ∂j,∗ is surjective and its kernel is contained in Z0 [E(Gj )]. It follows that
Ker(∂j,∗ ) = Ker(δj,∗ ) and that the following diagram is commutative, where
the horizontal sequences are exact and the vertical arrows are inclusions:
0→
(4.2)

Ker(∂j,∗ ) →
||

Z[E(Gj )]
↑

∂j,∗

−→
δj,∗

Z0 [V(Gj )]
↑

→0

Ker(∂j,∗ ) → Z0 [E(Gj )] −→ Im(δj,∗ ) → 0.
Qh
Qh
Since Z[E(G` )] = j=1 Z[E(Gj )] and Z[V(G` )] = j=1 Z[V(Gj )], collecting the ∂j,∗ yields a map: ∂∗ : Z[E(G` )] → Z[V(G` )]. By diagram (4.2),
Qh
the image of ∂∗ is j=1 Z0 [V(Gj )] and, if δ∗ denotes the restriction of ∂∗
Qh
to j=1 Z0 [E(Gj )], there is the following commutative diagram, where all
0→
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horizontal sequences are exact and the vertical arrows are inclusions:
Qh
Qh
∂∗
0
0→
Z[E(G` )]
−→
→0
j=1 Ker(∂j,∗ ) →
j=1 Z [V(Gj )]
||
↑
↑
Qh
Qh
δ∗
0
0→
Im(δ∗ )
→ 0.
j=1 Ker(∂j,∗ ) →
j=1 Z [E(Gj )] −→
(4.3)
By Lemma 4.2, the orientation chosen induces two maps:
b × /B × ] → Z[U \B
b × /B × ] × {0, 1}
α∗ , β∗ : Z[U` \B
defined by the rules: α∗ (e) := (s(e), 0) and β∗ (e) := (t(e), 1); hence there
is a map:
(4.4)

∗ ×β∗
b × /B × ] α−→
b × /B × ] × Z[U \B
b × /B × ].
Z[U` \B
Z[U \B

Note that, under the above identifications, ∂∗ = β∗ − α∗ . On the image of
B
the map (4.4) there is an action of both T` ∈ TB
c+ and U` ∈ Tc+ ` . A simple
computation shows that:
(4.5)

(β∗ × α∗ )(U` (e)) = (T` (β∗ (e)) − α∗ (e), |`|β∗ (e)).

4.4. The group of connected components
The map ω`
We keep the same notations as in Sections 4.2, 4.3. Recall the notation
TU introduced in Section 4.1. Fix a prime ideal ` | c− such that T` ∈ TU .
Recall that X`2 is isomorphic over OF,`2 to a disjoint union of admissible
`h
curves: X`2 = j=1 Xj . For each j = 1, . . . , h, denote by Jj the Néron
model over OF,`2 of Xj , by Φj its group of connected components and by
Xj the character group of its maximal torus. Then define the analogous
Qh
Qh
Qh
objects for X`2 : J` = j=1 Jj , Φ` := j=1 Φj , X` := j=1 Xj (note
that these objects are defined over OF,`2 and not over OF,` ). After fixing
orientations s and t as in Section 4.3, the diagram (4.3) corresponds to the
following:
Qh
∂∗
i
0
0 −→ X` −→
Z[E(G` )]
−→
→0
j=1 Z [V(Gj )]
||
↑
↑
Qh
δ∗
i
0
0 −→ X` −→
Im(δ∗ )
→ 0.
j=1 Z [E(Gj )] −→
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Moreover, Grothendieck’s description [26, Theorems 11.5 and 12.5] of the
group of connected components of an admissible curve yields the following
j
τ`
exact sequence: 0 → X` −→ X∨
` −→ Φ` → 0.
For any edge e ∈ E(G` ), let g = g(e) be the element associated to e by the
isomorphism of Lemma 4.2. The integer w(g) defined in Section 3.2 is the
weight of the singular point e. Use the same argument as in [4, Corollary
5.12] to define a natural Hecke-equivariant non trivial map

ω` :

h
Y

Z0 [V(Gj )] → Φ` .

j=1

Geometric pairs

Definition 4.3. — Keep the same notations as in Section 3.2. The pair
(F, U ) is said to be geometric if at least one of the following conditions is
verified:
1. Either [F : Q] is odd or [F : Q] is even and c− /` 6= OF .
2. (F, U ) is Eisenstein.
Proposition 4.4. — The restriction of ω` to Im(δ∗ ) induces a TU equivariant map
ω ` : Im(δ∗ )/(U2` − 1) → Φ` .
If (F, U ) (respectively, (F, U` )) is geometric, the kernel (respectively, the
cokernel) of ω ` is Eisenstein.
Proof. — Define the pairing ,  : Z[V(G` )] × Z[V(G` )] → Z as follows:
for any pair v, v 0 of vertices, put  v, v 0  := w(g)δv,v0 , where g =
b × /B × associated to the vertex v by strong
g(v) is the element in U \B
approximation and w(g) is its weight. Consider the maps: j0 : Z[E(G` )] ,→
Z[E(G` )]∨ and j1 : Im(δ∗ ) ,→ Im(δ∗ )∨ induced, respectively, by h, i, and the
natural restriction of ,  to Im(δ∗ ). Set:
Qh

Φ0 :=

0
∨
j=1 Z [E(Gj )]
,
Qh
j0 ( j=1 Z0 [E(Gj )])
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Equation (4.5) can be used as in [4, Proposition 5.13] to obtain the following
commutative diagram:
0
↓
j1

0 −→

Im(δ∗ )
↓σ

−→

0 −→

Im(δ∗ )

0
−→

j0

↓
Im(δ∗ )/(U2` − 1) −→

Im(δ∗ )∨
↓ δ∗∨
Qh
j=1

Z0 [E(Gj )]∨

j0 (i(X` ))

↓
Φ`

Ker(γ)
↓
−→

Φ1
↓γ

−→ 0

−→

Φ0

−→ 0

↓
Coker(γ).

Here σ(x, y) = (|`| + 1)x + T` (y), T` (x) + (|`| + 1)y). The first part of the
proposition follows. For the second part, consider two cases, accordingly
with the conditions satisfied by the geometric pair (F, U ) (respectively,
(F, U` )) in Definition 4.3.
Case I : The pair (F, U ) (respectively, (F, U` )) satisfies 4.3 in Definition
4.3. In this case, Φ1 (respectively, Φ0 ) is Eisenstein by [38, Proposition 5].
Case II : The pair (F, U ) (respectively, (F, U` )) satisfies 4.3 in Definition
4.3. In this case Φ1 (respectively, Φ0 ) is Eisenstein by Corollary 3.6
(use Lemma 4.2 to switch to quaternion algebras and note that the
operators ηq of Proposition 1.3 restricts to Φ0 and Φ1 ).
The result follows from the snake lemma.



Remark 4.5. — It is expected that the kernel and cokernel of ω ` are
always Eisenstein. Unfortunately, at the present there is no such a full
result in the literature and the generalizations of the techniques from Case I
b×.
and Case II above seem not obvious. For simplicity, assume that U = R
If the geometric pair (F, U ) is in the Case I above, then it is possible to
choose a divisor `1 | c− /`. The groups Φ0 and Φ1 appearing in the proof of
Proposition 4.4 can be interpreted as component groups of the special fiber
over `1 of the Shimura curves, respectively, Xc+ `1 `,c− /`1 ` and Xc+ `1 ,c− /`1 ` .
The Eisenstein property comes in this case from this geometric approach,
using results of [10]. For more details on this interpretation, see also [4,
Section 5.6]. If there is not any `1 dividing c− /`, this approach does not
seem to work. On the other hand, if F is not Eisenstein, no generalization of
Proposition 3.2 is known, since its proof relies crucially on deep properties
of certain cyclic extensions F (µk )/F .
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The reduction map to Φ`
Denote by J := Jc+ ,c− the jacobian of the Shimura curve X := Xc+ c−
(see Section 4.1). Denote as in Section 4.2 by X`2 the special fiber over OF,`2
of the integral model X of X. Let Div(X) be the group of divisors of X(F )
with Z coefficients and Div0 (X) be the subgroup of Div(X) consisting
of divisors which have degree zero on each connected component of X.
P
Suppose that D = nP P ∈ Div0 (X) satisfies the following assumptions:
1. Each point P ∈ Supp(D) is defined over F`2 ;
2. The image of each P ∈ Supp(D) by the reduction map r` : X`2 →
E(G` ) ∪ V(G` ) is an element vP ∈ V(G` ).
Under these assumptions, the reduction map r` applied to D provides an
P
Qh
element r` (D) = nP r` (P ) ∈ j=1 Z0 [V(G` )]. Denote by ∂` the specialization map ∂` : J(F`2 ) → Φ` . The next proposition gives a relation between
ω` , ∂` and r` .
Proposition 4.6. — Let D ∈ Div0 (X) be a divisor satisfying the previous conditions and let [D] be the class in J associated to D. Then in
Φ` :
∂` ([D]) = ω` (r` (D)).
Proof. — This result follows from Edixhoven’s description of the map ∂`
which can be found in [2, Appendix, Section 2]. See also [4, Proposition
5.14].


4.5. Raising the level
Notations and assumptions as in Section 1 for the integral ideals n+ and
n , the rational prime p, the positive integer n and the eigenform φ with rational coefficients associated to the modular elliptic curve E. In particular,
suppose that the Assumptions 1.5 and 1.6 are verified. Fix an admissible
prime `. Let B be the quaternion algebra over F of discriminant n− which
is ramified at all the archimedean places of F and choose Eichler orders R
and R` of level, respectively, n+ and n+ `. Denote by T the Hecke algebra
TB
n+ , which, by the Jacquet-Langlands correspondence (Theorem 3.7) is
new
isomorphic to Tnew
n+ ,n− , and by T` the Hecke algebra Tn+ ,n− ` . Denote by T`
0
0
and U` (respectively, by T` and U` ) the Hecke operators in T (respectively,
in T` ). There is a morphism
−

f : T → Z/pZ
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which, using the notations of Section 1.1, coincides with θφ . Denote by mf
the kernel of f (it is a maximal ideal).
Definition 4.7. — φ is said to be p-isolated if the completion at the
b× \B
b × /B × ] is isomorphic to Zp .
maximal ideal mf of Z[R
By the Jacquet-Langlands correspondence (Theorem 3.7), φ can be associated to a modular form in S2B (n+ ; Z), hence it is clear that the completion
b× \B
b × /B × ] at mf has Zp -rank at least one. Since the maximal ideals
of Z[R
in the support of L(c+ ; Z)triv are Eisenstein (see [28, Section 5]), the condition in the above definition simply asserts that there are no non-trivial
congruences between φ and other forms of level n which are new at n− . If
b × \B
b × /B × ]2 /mf as Z/pZ-vector
φ is p-isolated, then the dimension of Z[R
space is two and, by the same argument as in [4, Theorem 5.15], it follows
b× \B
b × /B × ]2 /hmf , U2 − 1i is one. Hence, the dithat the dimension of Z[R
`
mension of Im(δ∗ )/hmf , U2` −1i is always at most one. Since (T` −(|`|+1))f
b× \B
b × /B × ], it follows that
is not trivial in Z0 [R
Im(δ∗ )/hmf , U2` − 1i ' Z/pZ.
Congruences between modular forms
Define S2old (n, `) to be the `-old subspace of S2 (n`) (that is, the orthogonal complement of S2new (n, `) with respect to the Petterson scalar product)
and denote by
S2 (n) × S2 (n) → S2old (n, `)
(φ1 , φ2 )
7→ φ1 + φ2 |`
the maps defining it (for more details, see [42]). Following Ribet [40], define
a modular form ψ ∈ S2old (n, `) by: ψ := φ−|`|φ|` , where p | f (T` )−(|`|+1).
Remark 4.8. — ψ 6∈ S2new (n, `). The theory of congruences between
modular forms will produce in this situation a form in S2new (n, `) with the
same eigenvalues as ψ modulo p.
Using Equation (4.5) it is easy to show that ψ is an eigenform for the
Hecke algebra Tn` and:
(i) For q - n`, T0q (ψ) = θφ (Tq )ψ;
(ii) For q | n, U0q (ψ) = θφ (Uq )ψ;
(iii) U0` (ψ) ≡ ψ (mod p).
The following theorem collects various results concerning congruences between modular forms. Assume from now on that p > 3.
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Theorem 4.9 (Taylor, Ribet, Rajaei). — There exists a surjective morphism
f` : T` → Z/pZ
so that:
(i) For q - n`, f` (T0q ) = f (Tq );
(ii) For q | n, f` (U0q ) = f (Uq );
(iii) f` (U0` ) = .
Proof. — If n− = OF , this is the main result of [45, Theorem 1]. When
F = Q, see [39, Section 7]. This argument has been extended to Hilbert
modular forms when n− 6= OF by [38, Corollary 4]. The same argument
b× ) and (F, R
b× ) are both geometric (note that
applies when the pairs (F, R
`
this includes the case of n− 6= OF ). Here a short sketch of the proof follows.
Denote by Φ` the group of connected components attached to the Shimura
curve Xn+ ,n− ` . The action of Tn` on Im(δ∗ )/hmf , U2` − 1i is via a surjective
homomorphism f`0 : Tnew
n+ `,n− → Z/pZ. Since in this case the kernel and the
cokernel of ω ` are Eisenstein (see Proposition 4.4), there is an isomorphism
(induced by ω ` ):
Im(δ∗ )/hmf , U2` − 1i ' Φ` /hmf , U2` − 1i ' Φ` /mf`0 .
The action of Tn` is via the `-new part. It follows that f`0 factors through
T` giving the sought for character f` : Tnew
n+ ,n− ` → Z/pZ and that there is
an isomorphism:
(4.6)

Im(δ∗ )/hmf , U2` − 1i ' Φ` /mf` .

Quotients of Φ`

Assume from now on that φ is p-isolated. Let X := Xn+ ,n− ` → Spec(F )
be the Shimura curve of level n+ attached to the quaternion algebra B
which is ramified at the primes dividing n− ` and is split at exactly one
of the archimedean places of F . Denote by X its integral model, by X`2
the special fiber over K` , by J` its jacobian variety and by Φ` its group of
connected components.
b× ) and (F, R
b× ) are both geoProposition 4.10. — If the pairs (F, R
`
metric then
Φ` /mf` ' Z/pZ.
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Proof. — Since φ is p-isolated, this result is an immediate consequence

of equation (4.6) in the proof of Theorem 4.9.
Proposition 4.11. — If n− = OF and [F : Q] is even, then there is a
component
C` ' Z/pZ ,→ Φ` /mf`
and an isomorphism:
ω ` : Im(δ∗ )/hmf , U2` − 1i −→ C` .
Proof. — For any prime ideal q0 - n+ n− ` denote by U(q0 ) the subgroup of
B : U(q0 ) := U (q0 ) Γ1 (q0 ), where Γ1 (q0 ) is the subgroup of A ∈ GL2 (OF,q0 )


1 0
so that A ≡
(mod q0 ). Denote by X(q0 ) → Spec(F ) the Shimura
0 1
curve of level U(q0 ) and let X (q0 ) → Spec(OF ) be its integral model (see
[53, Section 1]). Choose q0 so that:
b×

(i) There are no congruences between forms of level n and forms of
level U(q0 ) which are new at q0 .
(ii) The integral model X (q0 ) is regular.
This is possible by [29, Section 12] (see also [30, Section 6]). Note that φ,
viewed as a modular form of level U(q0 ), is a (mod p) eigenform for T(q0 )
with eigenvalues in Z/pZ; denote by f (q0 ) : T(q0 ) → Z/pZ the associated
`h
(q )
morphism and by mf 0 its kernel. Let G` (q0 ) = j=1 Gj (q0 ) be the dual
`h
graph of the special fiber at ` of X (q0 ). Denote by V(G` (q0 )) = j=1 Vj (q0 )
`h
and E(G` (q0 )) = j=1 Ej (q0 ), respectively, the vertexes and the edges of
G` (q0 ). Denote by δ∗ (q0 ) the map in diagram (4.3):
h
Y

δ∗ (q0 )

Z0 [E(Gj (q0 )] −→

j=1

h
Y

Z0 [V(Gj (q0 ))]

j=1

and by ω ` (q0 ) : Im(δ∗ (q0 )) → Φ` (q0 ) the resulting map, where Φ` (q0 ) is
the group of connected components of the Jacobian of X (q0 ) at `. Since
X (q0 ) is regular, the weights of the singular points are all equal to one, so
by Proposition 4.4 there is an isomorphism:
(4.7)

(q0 )

Im(δ∗ (q0 ))/hmf

(q )

, U2` − 1i −→ Φ` (q0 )/mf` 0 .

There are maps: Im(δ∗ ) × Im(δ∗ ) → Im(δ∗ (q0 )) and Φ` × Φ` → Φ` (q0 );
old
denote by Im(δ∗ (q0 ))old and Φ` (q0 )
the respective images. Since there
are no congruences between forms of level n and forms of level U1 (q0 )
which are new at q0 , there are isomorphisms:
(q0 )

Im(δ∗ (q0 ))old /hmf
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old

(q0 )

and Φ` (q0 ) /mf
isomorphism:

(q0 )

' Φ` (q0 )/mf
(q0 )

Im(δ∗ )(q0 )old /hmf

. It follows that the map (4.7) yields an

, U2` − 1i

ω ` (q0 )

old

−→

Φ` (q0 )

(q0 )

/mf

.

(q )
0)
e (q
For brevity, set: m
:= hmf 0 , U2` − 1i. The following diagram, whose
f
vertical arrows are surjections:
(q0 )

ef
Im(δ∗ )/m

(q0 )

ef
× Im(δ∗ )/m
↓ π1
(q0 )

ef
Im(δ∗ (q0 ))old /m

ω2

(q0 )

`
−→

Φ` /mf

ω ` (q0 )

(q0 )

× Φ` /mf
↓ π2
old

−→

Φ` (q0 )
old

implies the result. Indeed, choose P ∈ Φ` (q0 )

(q0 )

/mf

(q0 )

/mf

so that P 6= 0 (the
(q0 )

ef
image of φ gives such an element). Then there is (Q1 , Q2 ) ∈ Im(δ∗ )/m
0)
e (q
Im(δ∗ )/m
f

×

[π2 ◦ω 2` ](Q1 , Q2 )

=
so that [ω ` (q0 )◦π1 ](Q1 , Q2 ) = P . Then also
P ; since P 6= 0 it follows that at least one of the Qj ’s, say Q1 , is non-zero.
The desired component can be defined to be C` := hω ` (Q1 )i.

Definition 4.12. — Define the component C` ' Z/pZ ⊆ Φ` /mf` to be
Φ` /mf` if the pairs (F, U ) and (F, U` ) are geometric (see Proposition 4.10)
and the component in Proposition 4.11 otherwise.
Galois representations
Let J be the jacobian of X and denote by Tp (J) the p-adic Tate module
of J. Since J is a T` -module, the quotient Tp (J)/mf` is a T` /mf` ' Z/pZvector space. Since X`2 is a disjoint union of admissible curves, it is possible
to use the Mumford-Kurihara theory of `-adic uniformization (see [21]) and
produce an exact sequence:
(4.8)

j

0 −→ X` −→ X∨
` ⊗F`2 F `2 −→ J` (K` ) −→ 0,

where j is the injection X` ,→ X∨
` induced by the monodromy pairing. By
the same argument as [4, Section 5.6], taking cohomology and tensoring by
T` /mf` yields an exact sequence:
(4.9)

1
Φ` /mf` → H 1 (F`2 , Tp (J)/mf` ) → Hunr
(F`2 , X` /mf` ).

Theorem 4.13. — There exist an integer k > 1 so that there is an
isomorphism of Gal(F /F )-modules:
Tp (J)/mf` ' Tφ [p]k .
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Moreover, there is a component D` ' Tφ [p] in the above decomposition of
Tp (J)/mf` so that the image of C` via the map (4.9) followed by the pro1
(K` , Tφ [p]). Fijection to H 1 (K` , D` ) is not trivial and corresponds to Hsing
×
×
b
b
nally, if both the pairs (F, R ) and (F, R` ) are geometric, then Tp (J)/mf` '
1
(K, Tφ [p]).
Tφ [p] and Φ` /mf` ' Hsing
Proof. — By Assumption 1.5, the representation ρφ,p is irreducible. Then
[6] shows that Tp (J)/mf` is semisimple over Z/pZ[Gal(F /F )]. Combining the Eichler-Shimura relations, the Cebotarev density and the BrauerNesbitt theorems, it follows that Tp (J)/mf` is isomorphic to k > 1 copies
of Tφ [p].
By the same argument as [4, Lemma 5.16], any generator of C` can be
lifted to a non-zero element t ∈ Tp (J)/mf` . Define D` ' Tφ [p] to be a
component on the above decomposition containing t. The exact sequence
(4.9) shows that the natural projection of C` in H 1 (K` , D` ) corresponds to
1
the ramified cohomology Hsing
(K` , Tφ [p]).
The last part of the proposition is a direct generalization of [4, Theorem
5.17], since in this case Φ` /mf` is isomorphic to Z/pZ and so k = 1.

Quotients of J
P
Corollary 4.14. — Let D =
nP P ∈ Div(X) be a divisor so that
each P ∈ Supp(D) satisfies the conditions of Section 4.4. Let [D] be the
class in J/mf` associated with D by the inclusion (4.1). Then ∂` ([D]) =
ω` (r` (D)) in C` .
Proof. — This is clear from Proposition 4.6 and Theorem 4.13.



5. The construction of the Euler system
5.1. The Gross-Zhang formula for the special value of L-series
Let φ be an eigenform of level n. Recall from Section 1 the factorization
n = n+ n− associated with the imaginary extension K/F and assume that φ
is new at the primes dividing n− . The L-series LK (φ, s) attached to φ and
K can be continued to an entire function and has a functional equation.
More precisely, define

2d
Γ(s)
2
ΛK (φ, s) = (DF/Q
|DK/F · n|)s−1
LK (φ, s),
(2π)s−1
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where DF/Q (respectively, DK/F ) is the discriminant of F over Q (respectively, of K over F ), Γ(s) is the usual complex Γ-function and | · | is the
norm map on ideals. The the functional equation is the following:
ΛK (φ, s) = (−1)d (n)ΛK (φ, 2 − s).
For more details, see [53, Sections 3 and 6]. The sign
n,K (φ) := (−1)d (n) = ±1
of the functional equation is related to the order of vanishing of LK (φ, s) at
its central point s = 1; more precisely, this order is even if n,K (φ) = 1 and
is odd otherwise. Since, by Assumption 1.6, the number of primes dividing
n− and d have the same parity, then n,K (φ) = 1.
Let B be the quaternion algebra over F which is ramified at all archimedean places of F and at all the primes dividing n− . Fix an Eichler order R
of level n+ in B. By the Jacquet-Langlands correspondence (Theorem 3.7),
b× \B
b × /B × → Z
there exists (unique up to multiples) a modular form f : R
−
with the same eigenvalues as φ. Since all primes dividing n are inert in K,
it follows by [47, III.3.8], that there exists a monomorphism Ψ : K → B.
Assume that Ψ is an optimal embedding of the integers OK of K into the
b :K
b →B
b yields
Eichler order R, that is, Ψ(OK ) = Ψ(K)∩R. Adelization Ψ
a map, denoted by the same symbol,
b :O
b× \K
b × /K × → R
b × \B
b × /B × .
Ψ
K
Definition 5.1. — The algebraic part LK (φ) of LK (φ, s) is defined by:
X
b
(f ◦ Ψ)(a),
LK (φ) :=
a

where the sum is extended over a set of representatives a ∈ Pic(OK ).
·

·

Theorem 5.2 (Gross-Zhang). — LK (φ, 1) = |LK (φ)|2 , where = denotes an equality up to an explicitly computable non-zero factor.
Proof. — See [52, Theorem 1.3.2] and [23, Proposition 7.7] for F = Q.


5.2. Heegner points on Shimura curves
We keep the same notations and assumptions as in Section 4.5: E is
a modular elliptic curve of conductor n, its associated eigenform φ is pisolated and ` is an admissible prime.

ANNALES DE L’INSTITUT FOURIER

ELLIPTIC CURVES OVER TOTALLY REAL FIELDS

727

Complex analytic description
Recall the complex analytic description of the Shimura curve (Section
4.1):
b × \Bb× × H/B × ,
X(C) = R
where B is a quaternion algebra over F of discriminant n− ` which is split in
precisely one of the archimedean places of F , say µ and R is an Eichler order
of level n+ . By Assumption 1.6, the set of F -homomorphisms Hom(K, B)
is not empty. Each point P = (g, ψ) of the double coset space
b × \Bb× × Hom(K, B)/B ×
YR (K) := R
defines naturally a point P ∈ X(C) as follows. First note that (B ⊗F R)× '
GL2 (R) (tensor product with respect to µ) acts on H± by fractional linear
transformations; hence there is an induced action of ψ(K × ) which has
exactly one fixed point zψ ∈ H. Moreover, by class field theory, if ψ is an
b ∩ B, then
optimal embedding of OK into the Eichler order Rg := g −1 Rg
zψ can be defined over K1 , the Hilbert class field of K (see [43, Theorem
9.6]). It follows that (g, ψ) defines naturally a point (g, zψ ) ∈ X(K1 ).
Definition 5.3. — A Heegner point by OK is a point (g, zψ ) ∈ X(K1 )
defined by the previous construction from a pair (g, ψ) ∈ YR (K) where ψ
b ∩ B.
is an optimal embedding of OK into Rg := g −1 Rg
By [47, II.3 and III.5], Heegner points by OK exist. Define the action of
b× \K
b × /K × ' Pic(OK ) and ∀(g, ψ) ∈
Pic(OK ) on YR (K) as follows: ∀a ∈ O
K
YR (K), a(g, ψ) := (gψ(a), ψ). By [43, Section 9], the action of Pic(OK ) on
Heegner points is free and corresponds via class field theory to the Galois
action of Gal(K1 /K).
For any Heegner point P = ((A, ι, θ, κ), C) by OK , define the endomorphism ring of P to be End(P ) := End(A) (see also [53, Section 2.1]). Then
End(P ) ' OK and End(P )0 := End(P ) ⊗Z Q ' K.
`-adic analytic description
Let P ∈ X(K1 ) be an Heegner point by OK . Since ` in inert in K, the
prime of K over ` splits completely in K1 and, chosen a prime λ of K1 above
`, the completion of K1 at λ is isomorphic to K` ' F`2 , hence P ∈ X`2 (K` ).
b ' Bb(`) M2 (F` ) and choose an Eichler order R of B
Fix an isomorphism B
b (`) corresponds to R
b(`) under the chosen isomorphism
of level n+ so that R
(the superscript

(`)

denotes as usual the corresponding adele ring with the
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b(`) M2 (F` ) ∩ B, and, for any g ∈ B
b×,
`-component removed). Set R 1` := R

1

−1 b 1
Rg ` := g R ` g ∩ B. Denote by End(P̄ ) the endomorphism ring of
the reduced abelian variety A over F` , the residue field of K` at `. Define
 
 
 
b(`) K` ∩ K.
End(P̄ ) 1` := End(P̄ ) ⊗ OK 1` , where OK 1` = O
K
The Čerednik-Drinfeld theorem and the description of H` as moduli
space for special formal R` -modules of height 4 (see [7, Chapitre I] and
[53, Section 2.3]) imply that End0 (P̄ ) := End(P̄ ) ⊗ Q ' B while, by [53,
Proposition 2.3.2] (see also [52, Section 5.4]), End(P̄ ) 1` is isomorphic to
 
b × . Since End0 (P ) := End(P ) ⊗ Q ' K, it follows
Rg 1` for some g ∈ B
that the map obtained by reduction of endomorphisms
) → End(P̄ )
 
 End(P

gives rise to maps: Ψ : K → B and Ψ0 : OK 1` → Rg 1` . Hence P defines
naturally an element
 ×
1
b
b × × Hom(K, B))/B × .
(g, Ψ) ∈ R
\(B
`
The extension of Ψ by K` yields a map:
Ψ` : K` → B` := B ⊗F F` ' M2 (F` )
which induces an action of K`× on H` by fractional linear transformations;
this action has two distinct fixed points z and z̄ which belong to K` and
are conjugate by the non-trivial element in Gal(K` /F` ). Choose z so that
the action of Ψ` on the tangent space t(P ) at P is via the character z 7→ z̄z ,
where z 7→ z̄ is the action of Gal(K` /F` ) (the other point has an action by
z 7→ z̄z ). This construction provides a point
 ×
b × × H` )/B × .
b 1 \(B
PΨ := (g, z) ∈ R
`
Then the image of P by the Cedernik-Drinfeld theorem is PΨ .
The Tate-Honda theorem implies that there exists a unique maximal
order vΨ of M2 (F` ) containing Ψ(OK ) ' Ψ(End(P )): for details, see [53,
Propositions 2.3.2 and 3.4.5] or [52, Sections 5.4 and 5.5]. Since the reduction map r` : X`2 (K` ) → V(G` ) ∪ E(G` ) is GL2 (F` )-equivariant and vΨ is
the unique vertex of T` fixed by the action of Ψ` (K`× ), it follows that the
reduction of PΨ corresponds to the vertex vΨ , hence, in particular, it is not
a singular point. Set: r` (PΨ ) = vΨ ∈ V(G` ).
Let σ be the element associated with a ∈ Pic(OK ) via class field theory
and denote by P σ its action on P . Then Hom(P σ , P ) ' a and it follows from the same argument as [25, Proposition 7.3] that Hom(P̄ σ , P̄ ) '
End(P̄ )a (see also [53, Proposition 2.4.5] and [52, Sections 5.4 and 5.5]).
Since End(P̄ σ ) is the right order of Hom(P̄ σ , P̄ ), reduction modulo the
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fixed prime above ` gives a map
 
 
 
 
1
1
1
1
Ψσ : OK
' End(P σ )
→ End(P̄ σ )
' Rgσ
`
`
`
`




1
1
b
where Rgσ ` := a−1 g −1 R
` ga ∩ B. It follows that the action of σ on
σ
P = (g, Ψ) is given by P = (ga, Ψ). Since, from Lemma 2.2, V(G` ) '
b× \B
b × /B × × {0, 1}, the action of σ on V(G` ) corresponds to the multipliR
b× \B
b × /B × × {0, 1}.
cation by a on R
5.3. The reciprocity law
Keep the same notations and assumptions as in Section 5.2. Let P be a
Heegner point of conductor OK . Define the divisor
X
P σ ∈ Div(X)(K1 ),
DK :=
σ

where the sum is extended over all σ ∈ Gal(K1 /K). Choose a prime λ
of K1 over `; hence DK can be viewed as a divisor in Div(X (K` )) via
the isomorphism between the completion of K1 at λ and K` . Consider the
component C` in Definition 4.12; by Corollary 4.14, there is an equality
∂` (DK ) = ω` (r` (DK )) in C` . The following proposition is the Reciprocity
Law connecting Heegner points and the special value of L-series.
Proposition 5.4. — There is an element C ∈ (Z/pZ)× so that ∂` (DK )
≡ CLK (φ) in C` ' Z/pZ.
b× \B
b × /B × be the vertex associated with P as in
Proof. — Let vΨ ∈ R
b × \B
b × /B × →
Section 5.2. The reduction map to C` gives rise to a map r` : R
Z/pZ having the same eigenvalues as the map f associated to φ by the
Jacquet-Langlands correspondence; hence r` = Cf for an element C ∈
(Z/pZ)× . From Section 5.2, the action of a ∈ Pic(Oc ) ' Gal(K1 /K) on
Heegner points corresponds to right multiplication by a on the vertex vΨ
corresponding to P . The result follows from the definition of the algebraic
part LK (φ) of φ.

5.4. The Euler system
We keep the same notations and assumptions as in Section 5.3. The
divisor DK defines by projection a point PK ∈ J(K)/mf` . The Kummer
map δ : J(K)/pJ(K) → H 1 (K, J[p]) yields a map:
d : J(K)/mf` → H 1 (K, Tp (J)/mf` ) ' H 1 (K, Tφ [p])k ,
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where the last isomorphism follows from Theorem 4.13. Let C` be the component in Definition 4.12 and let
π` : H 1 (K` , Tφ [p])k → H 1 (K` , D` ) ' H 1 (K` , Tφ [p])
be the corresponding projection map (see also Theorem 4.13). Define
κ` := π` (d(PK )).
Theorem 5.5. — Suppose that LK (φ) 6≡ 0 (mod p) and that φ is pisolated. Then the class κ` ∈ H 1 (K, Tφ [p]) has the following properties.
1.
2.
3.
4.

For q - np`, ∂q (κ` ) = 0;
1
(Kq , Tφ [p]);
For q | n− , resq (κ` ) ∈ Hord
1
For q | p, resq (κ` ) ∈ Hord (Kq , Tφ [p]);
∂` (κ` ) 6= 0.

Proof. — First note that κ` comes from a global point of J(K)/mf` , so
it belongs to the p-Selmer group of J/mf` over K. Then 5.5 follows from
[36, Chapter I, Section 3]. For 5.5, use that the Shimura curve X`2 has a
Mumford-Tate uniformization at primes q | n− (see [13] for details). For
5.5, use the description of the image of the Kummer map given by [5,

Section 3]. Finally, 5.5 follows from Proposition 5.4.
Corollary 5.6. — Theorem 2.6 holds.
Proof. — Since LK (φ, 1) 6= 0, there exists only a finite number of primes
p so that p | LK (φ). Choose p so that p - LK (φ) and assume that φ is
p-isolated. Then for each n, {κ` }` is an Euler system by Theorem 5.5. 
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