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RATIONAL HOMOTOPY
OF SERRE FIBRATIONS

par Jean-Claude THOMAS

1. Preliminaries.

In this paper we adopt the terminology of [8] and [9].

Let A denote the Sullivan functor [16] from topological path
connected spaces with base point to commutative graded differential
augmented algebras over a field k of characteristic zero :

A :Top — C.G.D.A.

To each sequence of base point perserving continuous maps,
in particular to each Serre fibration,

" F-LEM
D. Sullivan [16] associated a commutative diagram (in C.G.D.A))

(AM), dy) 22 (AE), dp) =2 (AF), dp)
®  Ia P 13

(B,dy) —— (B®AX,d) —— (AX,d)

where :

o) AX is the free c.g.a over the graded space X = 65 X
and m*:H@B,dg) — HAM),dy)(=HM k) is an 1somor-
phism.

o) () =b®1, p=¢€3®Id,x, where ez is the aug-
mentation of B.

eee) ¢* : H(B ® AX,d) — H(A(E),d;) is an isomorphism.

ov) There exists an homogeneous basis (e ),cx of X indexed
by a well ordered set K such that
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d(1®e,)EB ® A(X_,)

where we denote by X_, the graded vector space generated by the
e; with f <a.

The sequence
&:(B,dy) — (B® AX,d) %> (AX, d)

is called a K.S-extension ([8]), the pair (&,¢) a KS-model of the
sequence (*), (e,),ex a KS-basis.

If there existsa K.S basis such that
(e, €X', e,€X),i<)) = (a<P)

for all o and B in K and all degrees i and j, the K.S-extension
& (resp. the K.S-model (&, ¢)) is called minimal.

When, in the diagram (D), ¢ induces an isomorphism ¢*
between cohomologies, the sequence (*) is called rational fibration.

When the base M of (*) is a point, then ((AX,d),®) is a
K.S-model of E=F (resp. ((AX,d), ¢)) is a minimal K.S model
of E=F if & is minimal).

For all rational fibration (*), with ba_se BI, if (&,¢) is a
minimal K.S model of (*) then ((AX, d), ¢) is minimal K.S
model of the fiber F.

Theorem 20.3 of [8] asserts that rational fibrations include
Serre fibrations of path connected spaces when one of H*(M, k)
or H*(F,k) is a graded space of finite type and II,(M) acts nil-
potently in each H?(F, k).

It can be easily deduced from definitions that if M, E, F
are nilpotent spaces with HM, Q, H(E,Q), H(F, Q) graded
spaces of finite type then (*) is a rational fibration if and only
the rationalized sequence ) :

! Mg
(**) Fq - Eq — Mo
is a rational fibration.

If (AX,d),¢) is a K.S minimal model of _the topological
space M, the graded vector space II, (M) = '621 II(U (M) of inde-
1

composable elements of AX is called the Y-homotopy of M.

Every rational fibration have a long y-homotopy sequence,
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. ; i # .
- — I, (M) AR 1T, (E) WiaN I, (F) AN oM — -

Following [10], if dim I'I; M) <+ oo, we call the Euler
homotopy characteristic and the rank of the space M the integers

M) = 3
i=1

(— 1)' dim I}, (M)
and
+oo0 .
rk(M) = ¥ dim I (M).
i=1
If the spaces IIj;(M) and H*(M, k) are finite dimensional,
M is called a space of type F ([7]).

2. Main results.

A rational fibration (*) is called pure if there exists a K.S-
minimal model (&, ¢) such that

dX™" =0, dX°* CB® AX™").

In this case (B ® A(X®™) ® A(X°),d) is a Koszul complex
[12] and from [5] when k = R, and [17] for k = Q, we have :

THEOREM 1. — If G is a compact connected Lie group and
H a closed connected subgroup, then every fibre bundle with
standard fiber G[H, associated to a G-principal bundle via the
standard action of G on G/H is a pure fibration.

In this paper we prove the following results.

THEOREM 2. — For any rational fibration such that the fibre
F is a space of type F with x,(F) =0 the following assertions
are equivalent : _

i) (*) is totally non cohomologeous to zero (T.N.C.Z)

ii) (*) is a pure fibration.

Recall that (+) iscalled T.N.C.Z if j* : H*(F, Q) — H™(E. Q)
is sutjective, which is equivalent [15] when H*(F, Q) and H*(M, Q)
are of finite type and (*) is Serre fibration, to :

iii) The Serre Spectral sequence collapses at the E, term
d,=0r=2).
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In particular the hypothesis of theorem 2 are satisfied when
F is a homogeneous space G/H with rkG = rkH, for example
if F is a real oriented or complex or quaternionic grassmann
manifold, or F = G/T when T is a maximal torus of G or F is
a finite product of such spaces. It is proved in [10] that a space M
of type F hasa x, zero iff H°M,Q) = 0.

THEOREM 3. — Every rational fibration such that the fibre F
is a space of type F with x,(F)=0 and rk(F)<2 is a pure
fibration.

This result can be applied when
F = §*", CP", HP", §*" x 8%, CP? x HP”, SP(2)/U(2),
SO(4)/U(2), UR)/U(1) x U(1), SO(5)/S0(1) x SO3), ...
It is a particular case of a conjecture of S. Halperin.

Every rational fibration with fibre of type F and x, =0 is
T.N.C.Z.

COROLLARY 4. — If F is a path connected topological space
of type F and x, =0 and if G is a compact connected Lie group
operating on F then the total space Fg of the fiber bundle

F—->EG(>§F—->BG

associated with the operation is intrinsically formal and the Krull
dimension of Hg(F, Q) = H(Fg, Q) equals the rank of G.

COROLLARY 5 (compare with [2]). — There do not exist Serre

fibrations (*) if one of the following conditions is satisfied:
i) H**"(E, Q) = 0.

ii) E is a connected Lie group.

iii) E = §*" except for H*(F, Q) = H*(§*", Q))
and if F is a non contractile space of type F with x,(F) =0 and
rk(F) <2.

From the Leray-Hirsh theorem we get, that if (*) is T.N.C.Z.,
then there exists a graded vector space isomorphism

f: HM;Q) ® H(F,Q) — H(E, Q)
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preserving base and fiber cohomology. When f can be chosen to
be an algebra isomorphism the fibration (*) is called cohomologi-
cally trivial (C.T.).

When E, F, M are nilpotent spaces, with rational cohomo-
logy algebras of finite type, the rational fibration (*) is called

(e) homotopically trivial (H.T), or
(ee) weakly homotopically trivial (W.H.T), or
(eee) a o-fibration (o- F)
if the rational fibration (¥*)
(o) is trivial or,
(ee) has a long homotopy exact sequence with a connecting
homomorphism 8% identically zero
(I1, (E) = I, M) ® IT,(F)), or
(eee) admits a section.

Naturally we have the following diagram

(C T) == (T.N.C.Z) = (IT* injective)

(H.T)

(o F) == (W.H.T)

with all the reversed implications false. We do not know if in the
general case (C.T) == (W.H.T), but we obtain the following
results. (For all fibrations F —> E —> M the spaces are assumed
to have cohomology of finite type).

PROPOSITION 6. — a) Every T.N.C.Z rational fibration with
fibre F such that H*(F,k) is a free commutative graded algebra
is HT.

b) Every C.T rational fibration with fibre F a space of type
F and x, =0 is H.T.

PROPOSITION 7 — a) Every o-fibration (*) such that M is
Q-connected and II"‘, F)=0fori<rand i=Zr+ 2 is HT.
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b) Every rational fibration such that dim H*(F,k) < + oo
and M is a coformal space [13], [14] with spherical cohomology
zero in dimension 2p if Hz"‘l(F) # 0 is WH.T.

3. Some examples and counter examples.

Example 1. — Even if a rational fibration (*) is pure not every
KS minimal model (*) need verify

dX™"=0 and dX° CB® AX™™).

Indeed the minimal K.S-extension
&: (Ab,,0) == (Ab, ® A(x,,x3,X4,%,),d) Lo (A(xy,x3,%4,X,d)
with db, =0

dxy; =x3 dx,; =x%3+2b,x3x,

dx, =0 dx, =b,x2
is a K.S-minimal model of a pure fibration

(+) $?xs*—L g st

Example 2. — As a particular case of pure fibration we get the
notion of pure space. Evidently in a pure fibration the fiber is a pure
space; the converse however is false. In [10] it is proved that a space
of type F with x, zero is a pure space, but the conjecture and
theorem 2 fail if we replace the hypothesis “F is a space of type
F with x,(F) = 0" by the hypothesis “F is a pure space of type
F”, Indeed consider the rational fibration

Fqo —> E-H §?

with F = (§?VS§?), ;Je7 where (S2VS*), is the 7" Posnikov
stage of the space S’VS* and ¢ = [S*,[S?, S?]] — [S*[S?, S*]
defined by its K.S-minimal model

&: (Aby,0) —> (Aby x Alxy,x5,%,,X5,%,),d) —> (A(x;), d)

db, =0
dx, =0 dx, = byx,
dx, =x3, dxs=x,x,+byx;, dx,=x3+2b,x,.
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Then x,(F)=—1 and H*(E,k) =0, and (*) is neither
a pure fibration nora T.N.C.Z. fibration.

Example 3. — There existsone (unique up to rational homotopy
equivalence) Serre fibration

(S2V§hy 1> E > §°

which is C.T. but not H.T., as it can be easily seen from the cal-
culations of [11].

Example 4. — The universal fiber bundle
§*" — Bsoan) — Bsoqan+1)
is T.N.C.Z. and W.H.T. butnot C.T.
Example 5. — Let a vector bundle
n:R*™'!'—E —M
and p,(n) its n'™ Pontryagin class, and

its associated sphere bundle. Suppose that ng is T.N.C.Z. then
p,(n) = 0 if and only if ng is H.T. '

Example 6. — If a fibration admits a section then it is a o fibr-
ation. The converse is false indeed, consider the o-fibration

s*xs*—2> E 5 §°

of orthonormal two frames on S°.

4. Proof of theorem 2.
A KSextension &:(B,dy) —— (B® AX,d)—> (AX, d)
is called pure if there exists a K.S-extension
&' : (B,dy) == (B® AX',d")-2~> (AX', d")

and an isomorphism of K.Sextension (Idg, f, f)& ~8& with
dfx'even =0 and d;x'odd CB® A(xreven)-

In view of proposition 1.11 of [8], theorem 2 follows from
the following algebraic version.
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THEOREM 2'. — Let & be a K.S-minimal extension with connec-
ted base B and dim H(AX,d) <eo, dim X°?? = dim X" < + oo
then the two assertions are equivalent :

i) p* is surjective

ii) E is pure.

A) First suppose that & is pure then A(X®™™) maps into
H(B ® AX,d) and from [7] H(AX, d) = A(X®*")/dX°% . A(X*"*™)
so p* issurjective.

B) The converse is in two steps. First we prove that & is isomor-
phic to &' with d'X®*" =0 and then we show &' isomorphic
to &” with d"X**" =0 and d"X°% C B ® AX®".

B1) First step. — From [10] we can suppose that d satisfies
dX™" =0 and dX°*CAX™"),
Since p and p* are surjective for all x € X®™*" there exists
$ € (B ® AX) Nkerd such that p(®,) = x.
Then
® =x+Q,

with Q, €B" ® AX =kerp. Let x run through a K.S-minimal
basis and define a linearmap g: X — B ® AX by

gx)=x if xex°¥

gx)=x+Q, if xeX"
g extends wuniquely to a  B-linear algebra isomorphism.

g:B® AX — B ® AX. It can be easily proved than g is an
isomorphism,

Let ¢':(B,dy) — (B® AX,g 'dg) — (AX,d) so that
(Idg, g,Idpx) is an isomorphism of K.S-extensions between & and
J’ and dl(xeven) = g_ldg(xeven) = 0.

B2) Second step. — Suppose & is a K.S-minimal extension such that
dX™*" =0
dX° C (B x A(X™*™") ® (B”* ® (A*X°¥) ® A(X™")
and let (]‘3,2 ® AX,d) be the quotient c.g.d.a.

(B ® AX,d)/(B>*"! ® AX,d).

(HQ) =
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LemMA 1. — In (B, ® AX,d) we obtain

a) (kerd) N (B* ® AX) = (B* ® A(X™*"))

+ (d(B* ® AT (X)) ® A(X")))
b) (kerd) N (B* ® A* (X)) ® A(X™*"))

CdB*® A*(X™") ® A(X*)),

Proof. — a) One inclusicin in a) is immediate, the second results
from the relation H, (AX, d) =0 where H;(AX, d) is the homo-
logy of the Koszul complex

Con— (AKX ® AITL(X%4)) 4,
AXEen) @ AF(X°4) —L5 A (XM @ AP 1(X0%) —s
and from the relation
do, =(1® d)¢; for ¢, €B*® A'(X*) ® AX™™").
b) is true for the same reason.

Clearly if & satisfies the hypothesis of theorem 2’ then & satis-
fies hypothesis (H,), and since X is a finite dimensional vector
space, theorem 2’ results from

LEMMA 2. — If & satisfies hypothesis (Hy) there exists a
minimal K.S-extension &' isomorphic to & which satisfies (Hy,,).

Proof. — 1) Suppose 2 =28, so for each x€X°?, in
(B, ® AX,d) we have

dx = e, + Y Dr 25
s21

With (px (S ﬁQ ® A(Xeven), ¢x’2s [= B’Z ® A23(x0dd) ® A(Xeven).
From relation d o dx = 0 we deduce

0=a7<1>x+a7(2 o =(dy ® id)d, +

2s,x

>1 — a
7 (id ® @) (3 @) €B ® AX O B ® AX.
s>1 '
Hence 0=do, = J(E <I>2_‘,’x) .
s>1
By lemma 1, de =@, + Y d¥, .,
s>1

with ¥, 200 EBT® AFI(X) ® AX™").
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md
s=>1

The linear map g:X —> B ® AX defined by g(x) = x if

Thus d(x— Y q:mm) =&, +Q, with Q_€B”**' ® AX.

X EXM g(x,) =X, — 2 Vaase1 if (x,) is a minimal K.S basis of
§s21
X°¥ yniquely extends to a c.g.d.a isomorphism B ® AX —— B ® AX

with g/B = Idg.
Define &' by (B,dg) —— (B® AX,g 'dg) — (AX, d)
then &' satisfies hypothesis (Hg,,).

2) Suppose 2 = 282+ 1. In the same way as in the preceding
case we get a K.S minimal extension &, and an isomorphism
(Idg, g,, Id,x) between & and &, such that,

&,:(B,dg) — (B® AX,d,) = (AX, d)
with
d,(x)=0 if xeEX™"

dl(x)e(Beven ® A(XeVEH)) =) (BQ ® Alxodd ® Axeven)
® (B>**!' ® AX) if x€X*4
We put
BP=K'@®dB*' if 2=2

B! = K! if =1
Using only degree argument, we prove that there exists a

minimal K.S-extension &, and an isomorphism (Idg, g,, Id\x)
between &, and &, such that

&,:(B,dg) > (B® AX,d,) > (AX, d)
with
d,(x)=0, if xeXxon

d,(x)E(B ® AX™*™ & (K* ® A'(X°) ® A(X™™"))
® (B! @ A'XM @ AX™"), if xeXx°d

so that in the quotient algebra (BQ ® AX, 32) , We write

- — a—1
dzxa = dxa + Z q)a,Zr + Z ¢a,s xs
r>1 s=1

with (x,) a K.S-minimal basis of &, and x, € X%,
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q)a’zr = B2r ® A(xeven) ¢a’s c KQ ® A(Xeven) .
From the relation dodx, =0 and lemma 1 we obtain for

each «,
dy(x, —0,)=dx, + D, ., O

r=1

a
with
QQGB>2+1 ® A+(Xodd) ® A(Xeven)
oa e BQ ® A+(Xodd) ® A(Xeven)
and so there exists a minimal K.S-extension &' and an isomorphism
(Idg, &', Id,x) between &, and &' such that
&' :(B,dg) = (B® AX,d") & (AX, d)

and &' satisfies Hy,, . This ends the proof of lemma 2 .

5. Derivations in Poincaré duality algebras and proof of theorem 3.

Let (A,d)=(A(x;,...,%,,Y1,-.-,¥,),d) a K.S complex
such that the y;, and x; have respectively even degree |y;| and
odd degree Iij and

B2y l.V2|

| <
<

Suppose
dy;, =0 i=1,...,n
dxj =LHE€EAD.,..., ) T=1,...,n
then (A, d) is a pure K.S complex and from [10]if dim H(A,d) < + o
then H(A,dp,) = A(y,..., Y)I(f1,...,f,) is a Poincaré duality
algebra of formal dimension

N=[fil+ ...+ 1ful =1yl — ... — |y,
(i.e.) o
i) H(A,d)=0 if i >N
ii) HV(A, d) = ke
iii) the bilinear form ¢,): HY(A,d) x HNP(A,d) — k

defined by (a, b)e = a.b isnon degenerate.
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Since dim H(A,d)<+ o and H°(A,d) =k, one verifies
immediately :

LEMMA 1. — Any derivation 0 € Der¢,(H(A), d) satisfies
1,0 NH°(A, d) = 0 and hence maps H' (A, d) to itself.

We put y, the class of y; in H(A,d) and we say that a deri-
vation 9 of H(A, d,) is nilpotent with respect to (yl,...,i,) if
0(y,) is polynomial in y,,...,»;_,. We denote by Der<o(H(A), d)
the subspace of Der¢,(H(A), d) of such derivations.

N NLEMMA 2. — Any derivation ?e 5er<0(H(A, d)) satisfies
6(H"(A,d)) =0.

Proof. — Let m, be the largest integer such that ;:"1 #0

and “'"1+1 = 0
Let mi be the largest 1ntegersuch that (yl ,...,yl 1 )yi *0
and (yl T ‘)—m’ = 0, then we obtain an element
® = yml ?2'"2...?,:"" such that for every a EH'(A,d)a.® = 0.
Necessarily |®|=N and we may put e—yl 7:'"

Then 6(e) = 0, since 0 s nilpotent with respect to (¥,,...,¥,) .

From lemmas 1 and 2 we deduce,

COROLLARY. — If 0 € Derco(H(A, d)) then
i) (B(a), b) = —{a,d(b))

~ N-1
ii)Imf C & H'.
i=1

LemMa 3. — If § € Derg,(H(A, d)) then
@G =00,)=...=0@,_,) = 0)== @ =0).
Proof. — Suppose that 3(7,,) =@'# 0 andlet
P, be the largest integer such that &’ yl #0 and 'y P‘“ =0

P, be the largest integer such that &’ yl )7:)’

and @5, ... 3, =0.

) yi'sﬁO
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So we obtain an element ¥ = <I>'}71P o ;:" such that
YER'A,d) and B(5 77" . 7y, ) = ¥ which
n

contradicts part (ii) of the corollary above .
In particularif n = 2 since 6 (¥,) isalways zero,
Der¢,(H(A,d)) = 0.
This is what we will need to prove theorem 3.
Proof of Theorem 3. A
A) Suppose dimII,(F) = 2 then theorem 3 is equivalent to the

following.

THEOREM 3'. — Let .6 a K.S-minimal extension
(B, dg) —— (B® A(x,y),d)—>= (A(x,»),d)

such that B is a connected algebra, dim H((x,y),d) <+ o and
|x| odd, |yleven then p* is surjective.

Proof. — Since dim H(A(x, ), d) <+ o, we have dx = A\p™
with A€k — {0} and m = 2. Thus

dx =M™ +b,y™ ' +. .. +b

m

with |b;| =i |y|, whence

d(y+;1{bl) =0

p(y + Tnl_x bl) =y
and p*: HB® A(x,»)) — AW)/ (™) = H(AX, d) is surjective.
B) Suppose dimII,(F) =4 then theorem 3 is equivalent to the
following.
THEOREM 3. — Let & a K.S-minimal extension
(B, dg) = (B® AX, d)—> (AX, d)

such that B is a connected algebra, dim H(AX,d) < + oo,
dim X°% = dim X**" = 2 then & is pure.
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We prove theorem 3"’ by induction on 2, in the following manner

) U pR— 3 = 1
HQ HQ HQ HQ+1

where the hypothesis H’,'z are defined by :

H! = dx € B>s2 ® AX, if x € Xeven
Y| dxEB@ AT ® (B>E® AT (XM ® AXTM),
if x € x°dd
/
S dx € (B>Q ® A(Xeven)) @ (B>Q+l ® A" (XOdd)® A(Xeven)) ,
H2 — if x € Xeven
[ dx € B® AXTM) @ (B ® AT (XM @ A(XM),
if x € x°4

a'x c (B>Q ® A(Xeven)) o) (B>Q+l ® A+ (xodd) ® A(xeven) ,
if x E Xeven
dx € (B® A(X®"*")) & (B* ® Al (X)) ® A(X¥e™)
& B>*! ® AX), if x € XM

.
-

To prove H!== H! and H2=— H3, we use lemma 1 of
IV which again follows from the relation do d = 0.

In the case & = 2%’ for degree reasons H} = H;H. When
2=122+1 weprove H} — Héﬂ.

First, we can assume that
dx e (KQ ® A(xeven) ) (B>Q+l ® A+(Xodd) ® A(Xeven)) ,
lf x e Xeven
dx € (B® AX®"*™) & (K* ® A! (X°¥) ® A(X*"*"))

® (B> @ AT (XM ® A(X™*MY), if x € XU

b

with
B* = K*® dB* ! if ¢ >1

B! = K! if £=1.
In the quotient algebra (]§ ® AX, a;) (4, B,), we have
dyi =Y i=1,2

— i—1
dxizdxj+z<1>,~,2,+2 bisxs j=1,2
r §=1
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for a K.S-minimal basis (y;,x;) of X with |y;| evenand |x;|odd,
with

v, €K", ¥, €K" ® A(y)

®, ,, EBY ® A(y,,7,)

¢ s EK* ® A(y,,»,).

And from the relation dod = 0 we obtain
d(dx;) = Ii‘ll ¢, dx .
s=
Let (b,) abase of K*® and put for each ® EA(Y{,Yy)
d@) =Y b, ® (D).

e
€

This defines a degree 1-® derivation 6° on A(y,,y,) which res-
pects the ideal (dx,,dx,). So 6° induces a derivation 8¢ on
A(yy,¥,)/(dx,,dx,) = H(AX,d) which is nilpotent with respect
to (y,,7,). From our results on such derivations, 6°=0 and
necessarily
0°(r) =0 6°(yy) = dP* &€ AX™"® A XM
thus,
‘ia(yz +2 b ® (be) =0
€

da(yx) =0.

A standard argument now ends the proof.

6. Proof of the corollaries 4 and 5.

A) COROLLARY 4. — Since H°¥(F, k) = H*%(B;, k) =0, the
Serre spectral sequence collapses at the E, term so that the fibration

(*) F— EGéF——" Bg
is TN.C.Z. By [1], H(Bg,Q) =AZ, Z=Z%" and so (AZ,0)

is the minimal model for B;. From theorem 2 there exists a K.S.-
minimal model of (*)

&:(AZ,0)—> (AZ ® AX,d)—2> (AX, d)
with
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dxeven —_ 0
dxodd C AZ ® Axeven‘

So we have the Koszul complex,
— AZ® Xeven) ® Ai+1(xodd) a, A@Z ® X ® Afxodd
d A(Z P Xeven) ® Ai— 1 xodd

and we easily verify that H,(A(Z & X),d) = 0. Thus if x; isa
homogeneous basis of X% and if we put dx; = g; then

HA(Z ® X),d) =H,(A(Z ® X),d) = AZ & X™"/(g,,...,8,)

where (g,,...,8,) is a regular sequence of A(Z & X**"). This
proves directly from commutative algebra that H(Fg, k) is a Cohen
Macaulay ring of Krull dimension dim Z equal to the rank of G
and minimalizing (A(Z ® X),d) we obtain the brigaded model
of H(Fg, k) in the sense of [11]. This is two stage, and so Fg is
intrinsically formal (i.e. F; is formal and there is no space M + Fg

such that H(Fg, k) = HM, k)).

B) COROLLARY 5. — i) Since H®™*"(F,k) and H**™(E,k) =0
the condition j* surjective is impossible.

ii) From the long exact sequence of Y-homotopy we deduce
that in a pure fibration we have

rk(I1,,,(F)) < rk(11,, (E))
which is impossible if ‘F non contractible and E a Lie group.
iii) A fibration satisfying the hypothesis is pure by Theorem 3
and hence hasa K.S mlmmal model of the form
(B dg) —™ (B®AX d)—> (AX, d)
with
dX®" =0 dim X**" = dim X°%¢
dxodd =B ® Axeven
Necessarily dim X*'*" =1 and if we choice x€ X% — {0}

dx =yP + b, y?P 1 + .. ~+b, with p>2, yeX™" - {0}.
Since j* is surjective p = 2 then Fq ~ $*".
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7. Proof of propositions 6 and 7.

PROPOSITION 6. — The two following lemmas are easily proved
and the first is well known.

LemMA 1. — A Serre fibration (*) is T.N.C.Z. (resp. CT) if
and only if there exists a graded vector space homomorphism (resp.
a graded algebra homomorphism)

7:H*(F,k) — H*(E, k)
such that

j*T = IdH‘(F,k) .

LeEmMmA 2. — A rational fibration (*) is H.T. if and only if
there exists a K.S-minimal model (&, ¢) and a graded differential
algebra homomorphism

0:(AX,d)— (AM) ® A(X),d)
such that
poa=1d,,.

Remarks. — i) These two lemmas prove in particular that the
notions of T.N.C.Z, C.T or H.T fibration are invariant by pull back.

ii) Every T.N.C.Z. Serre fibration is a rational fibration, when
base or fibre has finite type.

Proof of a). — Since H(F, k) = AX, the fibration (*) admits
a K.S-minimal model

&: (AM), dy) == (AM) ® AX,d) 2> (AX,0)

with p* surjective. Choose a homogeneous basis of X, (x,), and
for each «a, an element ¢, €(AM) ® AX)Nkerd such that
p*([c,) =x, so that o in lemma 2 is defined by o(x,) =c,.
Proof of b). — By Theorem 2 there is a K.S minimal model
& of (*):
€:(B,dy)—— (B® AX,d) 2> (AX, d)

with dim X°% = dim X", dX®"*" =0, dX° CB® AX™".
From [10], we have H(AX, d) = AX™*"/d(X*). (A(X™*")).
Let 7 be as in lemma -1; then for each y € X®", there exists
a, €E(B® AX)N ker d such that
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(yD = lo].

One verifies that
pla) =y +dB;, with B E€AXT" ® A>' XU,

Hence
a,=y+df, +Q, with Q EB"® AX,
Put
o(y) = a, — dB;
then

poo=1Id IA(xeven) and o* =r.
On the other hand, from the formulas
r[dx] = [0(dx)] =0 and p(odx) = dx, x € X%
we deduce
a(dx) = dx + Sl: =dg,

with

Q.€EB"® AX and B,€EB® AX.
Thus

o(dx) =dx +dQ) .
with € €B* ® AX so we put
o(x)=x+ Q.

This defines o as required in lemma 2.

PRrOPOSITION 7. — The next lemma is straightforward.

LeMMA 3. — A rational fibration (*) is a o-fibration (resp.
W.H.T.) if and only if there exists a K.S-minimal model

&:(B,dg) == (B® AX,d) > (AX,d)
with B a connected algebra (resp. with B = AZ the minimal model
of M) such that : 3
VxEX, dx — dx€B" ® A" (X)

(resp., Yx€E€X, dx —dxEAN'Z-AN"Z)® (A'Z® A*X)).

Proof of a). — This results directly from lemma 3.

Proof of b). — Let (AZ,dy) be a K.S-minimal model of M
and & : (AZ,dy) — (AZ ® AX,d)—£> (AX, d) a K.S-minimal
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model of (*). Since M is coformal dgZ CA®Z and since
dim H(F) < + oo, from [6] we deduce that 3%(X®'*") = 0.

Suppose that there exists x € X°%® such that 0%x =b#0

then
dx=dx +b+ o+ Q
with
bEAN'Z, PEA'ZB®A'X, QEA’ZQ® AX.

We can suppose x = e, where «, is the smallest index in
a K.S-minimal basis such that d¥e, # 0. A simple calculation from
d*x =0 and the fact that db €A*Z gives db = 0. Hence [b]

lives in the spherical cohomology of M and from our hypothesis,
b is coboundary which is impossible. This proves 9% = 0.

I would like to take this opportunity to thank Professors S.
Halperin and D. Lehmann for their helpful advice.
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