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LITTLEWOOD-PALEY DECOMPOSITIONS
AND FOURIER MULTIPLIERS
WITH SINGULARITIES ON CERTAIN SETS

by P. SJOGREN and P. SJOLIN

Introduction.

The well-known Hoérmander-Mihlin multiplier theorem in R
says that any bounded function m(x) such that [x|m'(x) is
bounded belongs to the space M, of Fourier multipliers for L?,
1 <p <o, We shall generalize this result. A closed null set ECR
will be said to have property HM(p) if any bounded function m
such that dgm' is bounded belongs to M,. Here dg denotes
the distance to E. We shall prove that property HM(p) is equi-
valent to the Littlewood-Paley decomposition property for L°
with respect to the complementary intervals of E. There are also
equivalent properties of E related to the Marcinkiewicz multiplier
theorem.

As is well known, the Littlewood-Paley decomposition, and
thus also property HM(p), hold for 1 <p <o when E is a
lacunary sequence tending to 0. We prove that these properties
are preserved if we, roughly speaking, add to such an E uniformly
lacunary sequences, one converging to each point of E. Sets obtained
by iteration of this procedure are called lacunary, and they are shown
to have the two properties. Further, we give a simple necessary
condition for the properties, saying that any bounded part of E
should not contain too many points. And finally, Cantor sets of
type {Z¢; % ;€ = 0,1} are shown never to have the properties
for p#2.

The precise formulations of these one-dimensional results are
given in Section 1. And Section 2 deals with the two-dimensional
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case, which is more complicated. Then E will be a set of direc-
tions, We compare the following three properties of E: firstly, the
Littlewood-Paley decomposition property with respect to the com-
plementary sectors of E, secondly a Hdérmander-Mihlin property
for homogeneous multipliers with singularities on rays in the E
directions, and, thirdly, the boundedness on L? of the maximal
function with respect to rectangles in the E directions. Improving
earlier results of J.-O. Stromberg and A. Cordoba -R. Fefferman,
A. Nagel- EM. Stein -S. Wainger [5] have shown that the first and
third properties hold for lacunary sequences of directions. Extend-
ing the definition of lacunary sets described above to sets of direc-
tions, we prove that such sets have all three properties (see Corollary
2.4). We finally give some necessary conditions.

As for notations, C is a generic constant, not always the same,
and f~g means 1/C<f/g<C. The definition of the Fourier
transform we use is f(¥) = f e~ ¥ *f(x) dx.

1. One-dimensional results.

Let ECR be a closed null set and I,, Kk =1,2,..., the
complementary intervals of E, i.., the components of R\E.
We denote by x, the characteristic function of I, . Call S, the
operator given by (S, f)" = xkf.

DEFINITION. — Let 1 <p<oo. E s said to have property
LP(p) (Littlewood-Paley) if there is a constant C such that for
all fEL? C! A, < Iz ISkflz)mNp < Clrl, .

The smallest such constant is called the LP(p) constant of
E. Further, E is said to have property HM(p) (Hdrmander-Mihlin)
if any function m € C'(R\E) such that m(x) and dg(x)m'(x)
are bounded is in MP. And E is said to have property Mar(p)
(Marcinkiewicz) if any bounded function m locally of bounded

variation in R\E such that sgp[ |dm| < oo ijsin Mp.
k

If E has property HM(p), it follows from the closed graph
theorem that there is an associated constant C such that the Mp
norm of m is bounded by C(sup|{m|+ sup|dg.m']). A similar
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remark applies to property Mar(p). Notice that the three properties
defined, and the associated constants, are invariant under transla-
tion and dilation.

THEOREM 1.1. — If 1 <p <o and ECR is a closed null
set, then properties LP(p), HM(p), and Mar(p) are equivalent,
and so are the associated constants.

Proof. — If E has property HM(p) or Mar(p), it follows
that 2 + x, €EM,, uniformly for all sign combinations. Averag-
ing as usual by means of Rademacher functions, one obtains
IZ1Sx f*)2Nl, < Clfll,. By a duality argument, the converse
inequality follows, cf. [7, p. 105]. Thus E has property LP(p).

To prove that LP(p) implies HM(p), assume
sup [m(x)| < oo, sup|dg(x)m'(x)| <oo. (.1

Select a function ¢ € C*(R\E) which equals 1 in the leftmost
third and O in the rightmost third of each bounded I,, and
satisfies the same inequalities (1.1) as m. On unbounded intervals
I,, let p=1. Then pm also satisfies (1.1). Let m; = x, om.
It follows that m,“ is a translate of an ordinary Hormander-Mihlin
multiplier in R, with bounds uniform in k. By D.S. Kurtz and
R.L. Wheeden [4], the m,‘c are uniformly bounded Fourier mul-
tipliers on weighted L*(R), with any weight in Muckenhoupt’s
class A,. But then these multipliers define a bounded operator
on LP(®*) for 1<p <o, as proved by J.L. Rubio de Francia
[6]. This means that if (f,);] are functions in L?(R) with
Clf? €L and F; =mlf,, then

I IFR )21, < CUCE I )Y, .

The same thing holds for mi and F,’c, defined by replacing ¢
by 1 —¢. Letting F, = F," + F,zc, so that Fk = kafk , we thus
have

II(EIF,,IZ)"’II,, < CUCEi1fi YR, (1.2)

Now take f€L? -and f; = S.f, so that F, = S, F, where
F=mf. If E has property LP(p), (1.2) says that IIFII,, < Cllfllp
and property HM(p) follows.
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Finally, to prove that LP(p) implies Mar(p), we proceed
as in [7, p. 111-112] (see also the last part of the proof of our
Theorem 2.1). Theorem 1.1 is proved.

Let p' be the exponent dual to p. Since Mp, = Mp , clearly
the three properties of Theorem 1.1 are also equivalent to LP(p'),
HM(p'), and Mar(p'). Notice that the three properties are here-
ditary to subsets, with smaller or equivalent constants. They are
also hereditary to certain larger sets, as we shall now see.

DEFINITION. — If E and E' are closed null sets in R, we
call E' a successor of E if there exists a constant ¢ > 0, called
the successor constant, such that x,y€E' and x #y implies
Ix —y| 2 cdg(x).

A sequence (x;)] or (x t>~ converging to x is called

lacunary if x; #x for all j and there exists 6 >1 so that
(x; — x)/(x;,; —x)>6 for all j. Then the above definition
implies that if I, is a bounded complementary interval of E,
then E'N I, is contained in the union of two lacunary sequences
converging to the endpoints of I, , and analogously for an unbounded
I .

We define lacunary sets of order » inductively as follows. A
lacunary set of order 0 is a one-point set, and a lacunary set of
order n =1 is a successor of a lacunary set of order n — 1. Thus
a double exponential sequence like {2'+ 2/:i,j€Z}U {0} is a
lacunary set of order 2.

THEOREM 1.2. — If E has property LP(p), then so does any
successor of E. A lacunary set of finite order has property LP(p)
for 1 <p<oo,

Proof. — The second statement is a consequence of the first
one. Assume E' is a successor of E. Let ]a,, b,[ be the comple-
mentary intervals of E' and X, their characteristic functions. Take
non-negative functions ¢, € C*(R\E) such that

@ V=1 on [a, b,]
(ii) sup sgp(wk(X) + dg(x) [P (x)]) < o0
(iii) supp ¥, C [a, — dg(a,)/2, by, + dg(b,)/2].
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Notice that dg(a,) and dg(b,) may be 0. Then the ¢, have
bounded overlap‘, so 2 3 Vi is uAm'formlyAin M, if E has property
HM(p). Let G, =y, f and F, =x,f for fELP. Averaging,
we have II(EIG,,IZ)‘“IIP < Clifll, . Using Hilbert transforms, we
get (S IF )2, < CI(ZIG,I*)"*ll,, and property LP(p) for
E' follows, by duality.

Notice that the LP(p) constant of E’ can be estimated in
terms of that of E and the successor constant.

Remark. — Theorem 1.2 implies that the following strong
Hoérmander-Mihlin-Marcinkiewicz property is equivalent to those
of Theorem 1: Let m be bounded and locally of bounded varia-

tion in R\E and such that sup; j; |dm(x)| < oo, where the sup

is taken over all intervals I with |I| = dist(I,E). Then m€M,.
This is easily proved by means of property Mar(p) for a successor
of E.

Next, we give a simple necessary condition.

THEOREM 1.3. — Let E have property LP(p) for some p > 2.
Then there exists a constant C such that if 1 is a bounded inter-
val and 0<d < (1|, then ENI1 contains at most C(|1|/d)*P
points all of which have mutual distances at least d .

Proof. — By translation and dilation, we may assume I = [0,1].
Take f so that fEC] and f=1 in [0,2]. Let x,,...,x, be
points of ENI of mutual distances at least d. Then the set
D={x,,x,+d, x,,x, +d,...,x, +d} is easily seen to be
a successor of E with constant ¢ =1. Thus D has properties
LP(p) and LP(p") /Eith constant independent of d. Denoting
by S; the operator S;f = x,f for any interval J, we get

n
(12 IS[,e,.,x,.m]fIz)"’
sin d§/2

=],

L < Clflly.

Hence, n!/? <Clfll,, which implies n<Cd=?" .

The proof is complete.

From Theorem 1.3 we get the wellknown result that no
sequence of type (n®),_, has property LP(p) for p #2, a# 0.
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Consider now Cantor sets of type E = 2 Z € Q, ;€ =0 or 1 ; ,
1

where Q,. , j=1,2,..., are positive numbers satisfying Q,-H < 12,- /2.

For Q,- =2.37, we get the classical Cantor set. Such sets will

satisfy the necessary condition of Theorem 1.3, if the Q, are small

enough, but clearly they are not lacunary of finite order.

THEOREM 1.4. — A Cantor set E of the above type has pro-
perty LP(p) forno p + 2.

To prepare for the proof, fix p € ]1,2[ and let
T
m, =a"" j(; [cos x|? dx .

By Holder’s inequality, m, <m&? = 2P with strict inequality,
so we can take s, with m, <s, < 2-P2

It is easy to prove that
S hx) leos Qx1Pdx —m, [ h(x)dx, Q — o,
for an integrable k. We need a uniform iterated version of a

special case of this.

LEMMA 1.5. — There exist numbers (A;)] in ]1,%[ such
that if (Q;), are positive and Q,-/Q,_l = A; for j=1,2,...,
then for any natural N

J

Proof. — We can clearly assume Q, = 1. Let for N=0,1,...

sin Qyx N

) sin Q,x
IllcosQ,xI dx<s?f sin Qo x

pdx.

X

hy(x) = ?

sinx N
— I cos Q; x
x 1

Assuming A,,...,Ay_, constructed, we must find Ay. Take
B > 0 so that

~/le>3 hodx < (s, = m,) 5™ f hodx/[2, (1.3)

and observe that hy < h, . Forany Qy, we have

B (k+1)m/Q
" mrde <z 77N B (x) Toos Qux 1P dx,
-B k7 /Qy
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where the sum is taken over those k for which the interval
Jp = [kn/Qy, (kK +1)7/Qy] intersects [—B,B]. Thus, at most
2BQy/m + 2 values of k occur. For each k, take x,EJ, so
that hAy_,(x,) equals the mean value of hy_, in J,. Then

j; hy_1(x) [cos Qyx|? dx
k

T
< hy_,(x,) lcosQux|Pdx + — sup | hy_,| |cos Qynx|P dx
j;k N-1{Xg N Qu /;k N-1 N

2

m ’
=m, [ Ana(dx + oo sup Ll m,
k N
Summing in k, we obtain
B C ,
f_B hy(xydx <m,, [hy_, + G’L—sup I, (1.4)

Since the Q; are increasing, it is easy to see that sup [Ay_,| <CyQy_, .
So if Qy_,/Qn is sufficiently small, the last term of (1.4) will be
dominated by (sp — mp) sﬂ“ fhodx/2. From this and (1.3)-(1.4)
the lemma follows, by the induction assumption.

Proof of Theorem 1.4. — Given an integer N > 0, select a
finite subsequence Q"o’ Lpysre s Q”N such that n, =1 and

Qni/!Zn]ﬂ >Ay.; for j=0,...,N—1. Wrting Q= QnN_i/2,
we thus have Q;/Q;_; > A; as in the lemma. Clearly, all points
N

2. 2¢Q,,6=0 or t, are in E, so if E has property LP(p),

0

these points form a set Ey with LP(p) constant bounded uni-
formly in N. Define fy so that fy is the sum over €,,..., €y
of the characteristic functions of the intervals

N N
[ 2 26Q;, Y 26Q; + 2Qo] ,
j=1 j=1

so that .
N =Xoaqqr X Oy
€1seenr€N .2 267Qi

One finds I=1 N

2Qox _ 2 2 ¢jQx

hx)=@Qm?! —— ¥ e /=t
X el,. ,GN
2iQox _1

N
=@ T—— 11 (1 + Y,
X =1
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and thus
sin Qyx

N
[f(x)| = o~ 12N ‘Hl cos Qx| .
]:
But the Littlewood-Paley sum of f corresponding to Ey is

a1 2N ?ﬂQ_O-

I Property LP(p) implies
sin Qyx |»
X

e ez [ 10

sin Qg x
x

<Cr? 2pr

N P
IT cos Q;x dx .
j=1

But this is false for large N when p <2, byiLemma 1.5. The case
p > 2 follows, so the theorem is proved.

2. Two-dimensional results.

Let E denote a closed subset of S! with measure 0. We
then have S!\E = Ul I,, where I, are the open component
intervals of S"\E. Let D, = {x ER?;x'E€1,}, where x’' = x/|x]|,
and E, = {6 €R; (cos b, san)GE}

We shall now define properties LP(p), HM(p), and Max(p),
1<p<e, for a set E of this type. Define operators S, by
setting (S, f)" = Xp, f , where Xp, denotes the characteristic func-
tion of D, . Then E is said to have property LP(p) if

I(Z 1S Y21, ~ IIfll,, FE LP(R?).

We let (r,0) denote polar coordinates in R? and shall consider
functions m € L™ (R?) with the following property:

m(x) = my(0), mOECZ(R\Eo), mg, has period 2w,
2.1
Im{?(8)| < Cdg O, k=0,1,2.

The set E is said to have property HM(p) if every function m
satisfying (2.1) is a Fourier multiplier for LP(R2?). For «€S!
we set

1 h
= — + €R?, fECT(R?
M.fGx) = sup = [ 1f(x + to9ldt, x €R?, fECF(RY),
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and Mgf= sug M,f, fE€ C;(R’). We say that E has property
aEe

Max(p) if Mg can be extended to a bounded linear operator on

LP(R?). This is equivalent to L? boundedness of the maximal

function operator defined with respect to all rectangles in the E
directions.

In this section, we study the relations between the above three
properties and prove that lacunary sets of finite order have all the
properties for 1 < p < oo,

Observe first that HM(p) implies LP(p). This follows from
the fact that if m=2Z ¢ Xp, » then m satisfies condition (2.1).
The next theorem is a partial converse of this observatiozt.

THEOREM 2.1. — Assume 2<p <o and 1<r<(pl2). If
E has properties Max(r) and LP(p), then E has property HM(p).

Proof. — We set I, = {(cosf,sin0); a, <0 <b,}. Without
loss of generality, we may assume that 0<46, =b, — a, <m2.
Set e, = (cosay, sina,), f, = (cosb,,sinb,) and let the coor-
dinates (§,, n,) of a point x €D, be defined by x = e Y Sk
Choose ¢ € C'(R) suchthat p(£) =1, 1<¢t<2, and ¢(f) =0
if t+<2/3 or t+>3. Then set ¢;(¢t) = p(27t), i€EZ, and
«pk,.,.(x) = p,(§,) ¢;j(n,). Let R,“., denote the parallelogram

{x;20<§ <2, 20 <q, <2},
and define the operators S, ; and S, by the formulas
(Sk,',‘f)A = kaiif
and (S, f)" = ¢,;; f. We shall prove that

|(2 1S, 112) "
k,i,j

To do this, we shall use the operators T, ,P, :, and Q s defined
in the following way, where (r,)”_  is an enumeration of the
Rademacher functions:

T, f(x) = X, r(t,) r,(t,) r;(t;) Sp f(x),

k,ij

~ . 2
W, 2.2)

Pr, 170 = (2 (1) 0i(8) fo)



166 P. SJOGREN AND P, SJOLIN

and  Q,N'® = (T 7(t5) gy(m)) f).
)

Here x €R? and ¢ = (¢,,1t,,t;) €[0,1]>. We then have
Tf=2 n(tDP, Q. f.
k
With g = (p/2)', property LP(p) implies

IT, 12 < CUE (P, Q. fI2IE

= 2
Il:}ll‘?:l C f (z IP"Jsz,tst ) ¥ dx

= 2
sup CZ [ [Py, Qup, Sef 1" ¥ dx.

Introducing the notation e;‘ and fk' for the vectors
(cos(ay, + w(2), sin(aq, + 7/2))
and (cos(b, — m/2), sin(b, — w/2)), we easily see that
£, = fo-X/[sin 6, .
It follows that (Pk,,zf)‘(x) = po(fi %) f(x), where
po(u) = X r,(t;) ¢, (ufsin6,),

i
and hence |p,(u)l <C and |pg(u)l <C r1—| We then choose
u

s=q/r and set A,y = M, |yY[)¥, «a €S'. Then the restriction
of A,;‘xb to almost every line parallel to fk’ will belong to the class
A, of weight functions (see [1]). Using the above estimates for
p, and p") and a similar result for the operator Q, ; We therefore
obtain

IT £, < 5up C2 [ 1Q,, S¢S Ap(¥) dx
<sup CZ [ 1S,/ Ay, Ay () dx
<sup C [(Z1S,f1%) (M} (¥)"rdx
<sup CICS IS, I ( f M2, ()17 ax )

2 .
< sup CHIAIE Iyl, = CIfI2,
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where E, = {a€S';a-$=0 for some BEE}. Here we have
used property LP(p) for E and also the assumption that Mg
and thus also MEl are bounded on L. We have proved that

IT AU, < Clifil, 2.3)
and it follows that
' ' 2\1/2
“(kZi.’ 1S )7, < cls, - (2.4)

From duality, it also follows that (2.3) and (2.4) hold with p
replaced by p'.

Now let V., k=1,2,3,..., be half-planes and assume
that the boundary of each V, is parallel to a vector in E. Define
the operator H, by (H,g)" = kaé. We then claim that

I(Z (Heg, )21, < CH(Z 18, 1)1, - (2.5)

This is easily proved in the following way (cf. A. Cordoba, R.
Fefferman [2]):

12 Bygy )21 = 12 [Hegy P, = sup [ (Z|Heg, ) ¥ dx
q=
Ssup Z 1, " (Mg, (¥)'F dx

< sup ICZ 18 PY'2IE (Mg (NI, < CUE g, D)2,

From duality we then conclude that (2.5) holds also with p replac-
ed by p'. A combination of (2.4) and (2.5) and the analogous
inequalities with p’' then yields II(EISk,.iflz)‘/zllp < CIfll, and
Iz lSk,.,.flz)’/zllp, < CIfll, , and (2.2) follows.

We shall now use (2.2) to prove that E has property HM(p).
Let m and m, satisfy (2.1) and assume that F = mf, where
fELP(R?). Setting n(¢,n) =mlke, +nf), £€>0, n>0, we
have

t rn 02n ¢ On .
, M) = t.,t)dedt, + —(t,,2N)d
ne,m = [ [ sar, (o tdndn + [ 2= (0, 20 dr,

n on . o
+ [ — (2, t))dt, + n(2}, 2
S, o, (@t dty + 0@ 2)
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S LR s R ¢ dt,d
B 2f 2/ ot, ot, 15 f2) x(fpzi“](S)x["zﬂiﬁl(n) hat
2+ 3p

_ i
SR P CTEOP N GES

¥ on
at. i
¥ ~/2‘i ot, (25 1) X, pieny (M) A2 +n(2,2)),

2<E<2M, 2 <n< 2

Setting A, = (2,2"*') and A, = A;x A; and observing that
m(x) = n(&, nk) for x € D, , we conclude that

SwF =1, 3

+fA. —(t1,2 ) S} Sy Sty + f —(2' 1) St Sey fdt,
+n(2,2) S, f,

(11 1) 8,8y, fdtydy

where i
S x) =%, e ED Xy ey (M F (X)),
) (88,17 =X, iy &) F)
an
(S5,170) =X, e, () F6).

We have n(¢,n) = m(ke, + nf,) = my(6), and it is easy to see
that the relation between 6 and (¢, n) is given by
n sin 0,

0 = aq, + arctan —m8m— .
k £+ ncosb,

A computation using this formula and the estimates (2.1) of the
derivatives of m, then shows that

on .ol <c 1
ar, V| T
on (t t)l<C 1
a, VT
and 52 |
n
t, )] <C——-
at, ot, (1, 1) tt,
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Invoking the Cauchy-Schwarz inequality, we then see that

S FIE < C ff

ty, 1) |18, Sy f1? dt,dt,

at, at

+cfA_

_’3_ j Sls 2d
ar, (¢,,27) |,l wijf 2 dt,

+ cf £2) | 1S2 Sy P dt, + C IS ST
Now (2.2) yields
1/2
F|? 2
IFIG < Cl(Z 1SuF! )

<<(f| L[,
e[
+C (f[
re(f (k% IS fx) 2 )”2 ax)™.

We shall only show how to estimate the first term on the right-hand
side. The estimates for the other terms are similar. The first term on
the right-hand side equals

¢z ST,
=C sup > f

<C sup ¥ f
=Csup [ (zlski,f(x)lz)(MEl(w’»”’dx
<c|(x iser 7)< curi,

where we have invoked (2.2) once more.

. 2 P2 2/p
a:,at, IS, Sy FO0) dt] dx )

on ; p/2 2/p
E (ty, 2’)‘ IS;l S,c,.,f(x)l2 dtl] dx)

— (2' t,)

p/2 2/p
182 Sy SOOI dit, ] dx)

9%n ol is.s ' ‘ )
at,dt, l ¢ Skij F(x) | t] ¥ (x)dx

2
ar,at2 (’)l [ 188 1GoR yoyax | ar

3,01, (t)I flSk,,f(x)lz(Mz W) )1/sdx] dt
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It follows that IIFIIP <CIf IIP and hence m is a multiplier
for L?. We conclude that E has property HM(p), and the proof
of the theorem is complete.

COROLLARY 2.2. — Assume 1<p<2. If E has properties
Max(p) and LP(p), then E has property HM(p).

Proof. — It is sufficient to prove that Max(p) and LP(p')
imply HM(p'), and this follows from Theorem 2.1 since p < (p'/2)".

We define a successor of a set EC 8! in the same way as
for subsets of R, and we also define lacunary sets of order n,
n=20,1,2,..., analogously.

THEOREM 2.3. — Assume E' is a successor of a set E C S!
and that E has properties Max(p) and HM(p), where 1<p < 2.
Then E' has properties Max(p) and HM(p).

Proof. — We shall first prove that E' has property Max(p).
Let e,, fy, a;, b, have the same meaning as in the proof of
Theorem 2.1. We may assume E'\E = {ewj, fiy: k,i=1,2,...},
where e,; = (cosay;, singy;) and (ay);Z; is a lacunary sequence
tending to a, and contained in Ja,, (a, + b,)/2], and analo-
gously for fk,. Letting F = {ek,}, we shall prove that My is
bounded on L?. The set { fxj} can be treated in a similar way.

Our proof is a modification of that of A. Nagel, EMM. Stein
and S. Wainger [5]. First, we prove assertions I and II below.

I. If p<r<2 and

12
(Z IM .gk'|2) '
n Py LA

,S€ “(Z 5,2)"] . @6

then
IMgfll, < ClIfH, - Q2.7

II. If (2.7) holds for some r with 1 < r < 2, then

(kz, lMekigki|2)ll2Iq <C ll(Zng,-lz)m“q (2.8)

for all g satisfying % < —;— < % (1 + -r1—>

Assertion II can be proved in the same way as in [5, Lemma 3].
We shall now prove I and first set
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1 oo
Nug f0) = = [~ W(t/m) f(x = te)de, x€R?,

where %1’? C;"(R), Y is positive and Y(¢) =1 for [¢]|<1. Also
set m=y and &, =a,; —a,. Let ¢, €EC3(R?) and assume that
¢,(x) =1 for [x|<1. Set ¢, =1—-¢, and

8,(x) = m(x, +x,),(x).
Also let w € C=(R*\{0}) be homogeneous of degree zero and
assume that w(x) =1, |x, + x,| <c|x| and
w(x) =0, |x, +x,l >2clx],
where ¢ is a small positive constant. Set
8, (x) = m(x; + x,;) ¢,(x) (1 - w(x)).

Let R,:R? — R? denote a rotation of angle —a, . We then
have

Ny )" (®) = m(hey; - §) F(§)
= m(he,;- £) ¢, (h cos 8,; (R, £),, hsin §,;(R, £),) f(§)
+ m(he;- £) ¢, (h cos 8,; (R §),, hsin §,;(R,£),)
(1 — w(h cos (R E), , hsin 8, (R, $),)) f(§)
+ m(hey; - §) ¢, (h cos §,;(R, £),, hsin §,;(R,§),)
* w(hcos 8, (R, §),, hsin 8, (R, 8),) f(§)
= (A ) (B) + By N (®) + (Cpi; 1)
Now e,; = (cos(ay + 8,;), sin(a; + 8,;)) and so
ey - & = cos 8,‘,(Rk.§)l + sin 8,“,(Rk$)2 .
Hence, .
(Api ) (§) = g, (h cos §,; (R §),, hsin §;;(R,§),) f(§)
and i
(B )7 () = 8, (h cos 8,;(R £), , hsin 8, (R, £),) f(§) .
We set A*f= sup |A,,;f| and B*f = sup |B,,;f|. From the fact
h,k,j h,k,j

that g, and gz' belong to the Schwartz class 8, we conclude
that A*f+ B*f< CM;M; f. We have assumed that E has pro-
perty Max(p), and it foliows by interpolation that E also has
property Max(r). Hence,

IA*FIl, + IB*7l, < C IS, . (2.9)
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Setting
(D N)(§) = m(hey; - §) w(h cos 8, (R, §), , hsin 8, (R, §),) f(§),

we have C*f< CMEMEID*f, since ¢, =1—¢, and ¢,ES.
Here C* and D* are defined in the same way as A* and B*. It
follows that

Ic*fIl. < cC ||D*f||,- (2.10)

Define the operator Kk, by setting
(K1 )7 (8) = w(cos 8 (R §),, sin §;; (R, §),) F(®).
Then D,,k,f = N,,k,Kkif, and it follows from (2.6) that

L\12
(kZ, sup Dy £12) |

(Z_‘; IMeijkff|2 )1/2

ID*f1l, <

<C . (2.11)

r

<C
r

(2 |Kkif|2 )1/2
k.j
Wehave (2 £ K,,f)"(5) = m(®) f(§), where

k,j

m(E) = X t w(cos 8, (R, £),, sin 8,;(R.§),).
k,j

Let E] denote the set E rotated an angle /2 and E the set
E rotated an angle —m/2. A computation then shows that
m=m'+m'", where m' satisfies (2.1) for E| and m' satisfies
(2.1) for E. Since E and thus also E| and E| have properties
HM(p) and HM(r), we conclude that

P K,,,-f"r <cClfll .

k,j

It follows that /
5 12
H(Z Kk, )| <cur,, 2.12)
and a combination of (2.9) — (2.12) shows that |IN*f|| <CIfll ,
where N*f = sup|N,,.f|. It follows that M, is bounded on L’,
hk,j
and hence assertioa I is proved.

A repeated application of I and II now shows that M, is bounded
on L?, and hence E' has property Max(p).

It remains to prove that E' has property HM(p). First, let
V., k=1,2,3,..., be half-planes and assume that the boundary
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of each V, is parallel to a vector in E’. Define the operator H,
by (H,g)" = kag‘. It then follows that

(2 [Hegie D)2, < CUE 12N, p<r<p'. (2.13)

This can be proved in the same way as (2.5) if we observe that
p <(p'[2)’ and that E' has property Max(p). We shall now
show that E' has property LP(p). Write e,, = f;, and let D“)
denote the sector between the vectors ¢, ; , and e,; and D®@ the

sector between f,; and f; ;,, . Then D, = ( 3 D(‘)) U( v Dm) ,
except for a set of measure zero.

Let w(‘l) € C*(R%2\{0}) be homogeneous of degree zero and
satisfy w(‘)(x)*l for xED('), where i =1,2 and k,j=1,2,3,.

From the lacunanty of the sequences (ekl); , and (fi),, it follows

that we can choose the w"l’ so that if we set m= Y = w(') then
ik,j
m will satisfy condition (2.1) for the set E. Since E has property

HM(p) it follows that m is a Fourier multiplier for L"(R?) for
p <r<p'. Thus,if (T(')f) = w(i)f we have

<clfl,, p<r<p'.

ik ;
Hence

(= leZ,-’fl’)m“ <Clfll, p<r<p'.

i,k,j

An application of (2.13) yields
(2 s@re)] <cun,, p<r<s,

i,k,j

where (S0 f)" = x o f. 1t follows that E' has property LP(p),
and using Corollary 2 2, we conclude that E’' has property HM(p).
The proof of the theorem is complete.

A repeated application of Theorem 2.3 gives the following co-
rollary.

COROLLARY 2.4. — Lacunary sets of finite order have properties

Max(p), HM(p) and -LP(p) for 1 <p < oo,

The fact that lacunary sets of order 1 have the properties
Max(p) and LP(p) for 1 < p < oo was proved in [5].
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One- and two-dimensional sets are related as follows. If E C S?,
we let E* = {rx: r= 0, x €EE} be the corresponding union of rays.

PROPOSITION 2.5. — Let E CS! have property LP(p). Then
the intersection of E* with any line not passing through the origin
is a one-dimensional set with property LP(p).

Proof. — Keeping our notation, we see that Z + Xp, € Mp(Rz),
uniformly for all sign combinations. In view of M. Jodeit’s note [3],
this implies that the restriction of ¥ + Xp, to any line not contain-
ing 0 isin MP(R), uniformly. The conclusion follows.

COROLLARY 2.6. — If ECS!' has property LP(p), p>?2,
then any arc 1CS! contains at most C(|1|/d)*P points of mutual
distances at least d. Here 0 <d < |I| and C = C(E).

Proof. — This follows if we intersect E* with thelines x, =+ 1,
x, = * 1, say, and apply Proposition 2.5 and Theorem 1.3.

From Theorem 1.4 we obtain examples of sets E C S! homeo-
morphic to the Cantor set not having property LP(p), p # 2.
Simply choose E so that the intersection of E* with some line
is a Cantor set of the type studied in Theorem 1.4.

As to the maximal property, there is a simple necessary con-
dition like that of Corollary 2.6.

ProPOSITION 2.7. — If EC S has property Max(p), 1 <p <eo,
then E contains at most Cd'~P points of mutual distances at
least d for 0 <d < 2w, where C = C(E).

Proof. — Assume E contains points x,,...,x, with
Ix; — xl.l =d, i#j. (It is irrelevant whether we consider Euclidean
distance in R? or arc length in S!'). Let f be the characteristic
function of the unit disc. Consider the rectangles with directions
in some x;, centered at 0, and having width 2 and length 10/d.
They will cover a set of area at least n/d on which Mgf= Cd.
The maximal property now implies n < Cd!~? .

Notice that this result applies to Cantor sets in S! of constant
ratio ¢ <1/2 (ie. %,,/% =q in the definition in Section 1), and
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shows that such sets do not have property Max(p) for
p<1+log2llogg=!.

And Corollary 2.6 implies that they do not have property LP(p)
for p> 2 logq~flog2.
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