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ON A ABSTRACT STIELTJES MEASURE

by James E. HUNEYCUTT, Jr ()

1. Introduction.,

In 1955, A. Revuz [4] considered a type of Stieltjes measure
defined on analogues of half-open, half-closed intervals in a partially
ordered topological space. He states that these functions are finitely
additive but his proof has an error. We shall furnish a new proof and
extend some of his results to “measures” taking values in a topological
abelian group.

2. Preliminaries.

If X is a set and & is a non-void collection of subsets of X,
then 8 is called a semi-ring provided

i)A, BES=> ANBES,

ii) A, BES, ACB = 3 {C;}].,< 8 such that
A=Cy<CC C...CC,=B and C\C,_,€8 for 1<i<n.
& is a weak semi-ring provided that, in place of ii) we require

iii) A, BES, ACB = 3 {C;}{., such that

B\A=UC, and NG =0 if i#).

(*) The results presented in this paper are a part of the author’s Ph.D. dissertation,
written at the University of North Carolina at Chapel Hill under the direction
of Professor B. J. Pettis.
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DEFINITION. — Let 8 € 2* and let ¥ be a topological abelian
group. If u: 8 > Y then

i) u is 2-additive if A, B, AUBE 8,
AHR A NN SMUT VTR TOAHTRA £ Vi
AHd Aﬁ?é ;‘igb d(kbéym .=}‘{(Kgifkj&)f 3
ii) p is finitdly aHATibE tfiﬁifenteeferqA,‘}’f"t} aky finite, pairwise
n n
disjoint sequence in 8 such that LIJ A, €S, then p (L:J A,-) = 2 K(A)).

iii) 4 is countably additive if whenever {Ai 1 is any pairwise
Jgonguboant
disjoint sequence in 8 such that LlJ A; €S8, then 2 H(A)) u(LlJ A,.) .
i=1

wuizeVieon “Netsmdnio [351p, 94 Wadrghiown ‘thatiif' 8 i€-a Semirifig and
HiEg e g s oD additive) then' e iS¢ finitély Hdditive: This' does et
hoM it gefiersl for wedk ¥emisfings: The "drhallest rifip RAS) ébn‘tatmﬁg'
the: semi-ting 8 is tHe eolketiof 'of all unions of finite pairwise digjoint
setsupfofifenibers ofs 1 Vioh Neétwhan showeld thatid finitely (respee:
tively countably) additive function an $ has a unique finitélys(féspecs
tively countably) additive extension defined on R (8).

The topology for the toIPoleglcal ?bqllan group ¥ is determined
by a family {|-|l, : p €P}of 'sen

semi-norms
=gl = Nl e+ Al S Iglp Bl 5 81,20,

Suppose p:8 > J ; then for éwhvpam-:,I?uand»eachr-'sdbsetu]%of X

we define ey oy
L@ A g A

1) (pR), (B) = sup{llﬂ(A)Il,? AES AC B}

HJ il =

) )y @) = sup 113} ALY
3) 1ul, (B = sup (27 | [ISIRS

Tt ﬂ SADIVOIG R oe ARSW &R
where the supremum in 2) and }) is r,:taken over all ﬁmte pa1rw1se
disjoint sequences in' $" ‘whoke umor{ isa subsét ‘of B L

S 5\34
Y DY we A
= R o £,

YIS A

Let X be:a; topologigal space and $a wealcﬁgemgfung of subsets
of X and let u: 8 - I be finitely additive. :

101 VEEINITION. . o, ke S, b ey egular . @n S opravided, ﬂw<fm all pE:P
A8 and 0} théreéxvise ©:countably cdmpact, ’éUpeH A
such that A'CCC ACoC A" and (ug), (AR <€
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o1} Similar: definitions are madeéufor:jip«'and | i )-reguldrity- ¥ai-a
previous paper [1], we have shownithat'd jy-regulai; finitely-additive
function on.a.weak semiring s, pountably, additive., Wigwnote that
| ul-regularity = pp;regularity = upctesylarity, and that, for aring.of
sets, uD-regulaﬁtgfiig the ame as, uR-reg?linty

28 DS 0

ST N B

I I
PRSP SIRE

Do d w0 m (4 )
3. The main theorems.

B iR wWars aai

ane noyifnigdon vl VY : S

Revuz coﬁéidered the problem of obtaining countabvle add1t1v1ty
from finite additivigy.cand; derived..a syitable -regulaity ceamdition to
obtain countable a@ditiﬁity for non-negative real valued functions
([4], p. 208). The"'work «of:this paper‘géneralizes the regularity condi-
tion of Revuz ;sqithat qoyntable additivity, may, be pbtaiped; from
finite additivity in the case of a function with values in a Ib,(pological
O T T AR o L L R S I T R S T AL N R T
abelian grotip. We also sfl‘ow that an ‘argumtent of Rewvuz concerning
finite additivity is wrong (Example 3.1) and we give an alternate
argument (Theorem 3.2). oo

Let X be a non-void set and < a binary relation on X. We shall
say that (X, <)iis a __c‘on‘dz\}idna{} lower semilattice: -provided, that
LI i ’ i !

i) < is reflexive, transitive, and antisymmetric.

ii) If x and y are meﬂ'mﬂerg? of {?_(;ghdk-"tﬁe}e"is' some hember z in

X such that z <x.and z < y,.then there is a largest v(relative to <)

such member of X-;'we ishall dérote ‘suck' a - member 6fX by “inf xp”.

_ We now form our “ilfepvals’ in this set. Forany x,in X, C_(x)

will denote the ‘set of all miembers y of X such thdt y*<x, and

C,(x) will denote the set(-(:xf}gll} memba;rs\y‘of‘)gsuc)h that x <y. For
each positive integer n and each x, u, , u;,...,u, in X, let

A B

oy, DU A Dy D
x e, _
SOr;uy, Uyyooo ) = C_\U C_()
- S o W rr\l For v e N onn
(A N TR A ERREE FORN SIS L

={yEX:y<x but ysu
gvong OF srigiel gy sot o e oW
forany i=1,2,...,n}.
gitviisiar bt @ o L8 wesioup T
Revuz ([4], p. 195) has shown that each non-empty set of the
form ahave hes 2 unique, represenigtion in which gach 4, S but

u; € u; for i'#j. This form will be called the canonical form. In
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particular when (X, <) is the real line with the usual ordering, the
S's are simply intervals of the form (a, b].

Let 8 denote the collection of all sets of the form S(x;u,,... u,).
We note that & € 8 since for any x in X, S(x ;x) = &.

In the case of the real line with the usual ordering,
{@,b]: —2<a<b<o=}

forms a semiring. Revuz has shown that 8 is a weak semi-ring ([4],
p. 199) ; we shall show that 8 is actually a semi-ring.

LEMMA. — If S, =S(x;v,,v,,...,v,) and
S, =S&x;vy,...,v,, then

e
i) S, €8, and in particular, S, =S, NC — (v,).

i) S,\S; = S@inf xv, ;v,, v3,...,v,) or ®if inf xv, does not
exist.

Proof :

n n —
D8, =C_eNUCoy=c.mn(h o))

=c_0 n (6 o) NC_oy)
J—— —
=8(x;vy,...,7)NC_ ) =8,nC_,)
if) S,\8, = SAIS, N C_0)] = S;\C0,) =S, NC_,)
=C_onNJcennCc_e)
= C_®NC_ENY C_0)
=@ or S@inf xv, ;v,, v;,...,V,). O
We shall use the preceding lemma to prove

THEOREM 3.1. — & is a semi-ring

Proof. — By a result of Revuz & is closed under finite inter-
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sections. We must show that if S and S* are in 8 with S C S*, then
there is a finite sequence S, ,S,,...,S,, in & with

$=5,E5,€...€5,,,=S* and S\S,_,€S
for 1 <i<m + 1. Suppose S =S(x;v,,...,»,) and
S* =S(x*;u,,...,u,)

with S € S* and S* is in canonical form (4; < x* for 1 <i <n, but
u; <uy if i #j). If y €S, then y €S* s0 y not <y, for any

i=12,...,n;

thus S can be put into the (not necessarily canonical) form

S=Ssv,, vy, Vsl e sty).
Now let
Seg =S =SV ,V,50 s Vs lly ... Uy,)
S; =S(xivy,ee, Vypslhy,en.,tdy)
Si TS Vg Vyslly e, Uy)
S, =SCxsu,,...,u,).

By Lemma 6.2, we have that S\S;,_, €8 for 1 <i<m ; and
we also have S=§,CS, C...CS,, so we need only show that if
S*=8S,,,, then S, €S,,, and S, \S, €8. If y€S,,, then
y < x ; since SC S* then x €S* and x < x* ; thus y < x*. By defi-
nition of S, , if y €S,, then y not <u; for

1<i<n andso S,ES,, =S*.
We also note thatS,, ={y€X:y<xbutynot<uy,forl <i<n
andSm+l={y€X.y<x*butynot<u,.for1<i<n}.
Thus, S,,,,\S,, ={y€X : y <x* but y not<x and y not <u;
for 1 <i<n}
=S(x*;x,u;,...,u,)ES.
and & is a semi-ring, O

We recall from Chapter II, that one property that a semi-ring has
but a weak semi-ring lacks is that a two-additive function is necessarily
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fmitelyadditive/1% arprevious papet. [2];we gemératedisucll fanctionws
on {(a, b] : — cal g K &b <%=} fromabelian propp valuéd “functiohs
on the ?eals W; perform a su;nlar fea(; m our. >more abstra;t setting.
Suppose F isa “futiction on X ‘with' Vilues in an abehan group Y ; we
define u from & to J_as follows ¥ = ¥ wecgune o4 w2 b Do)

1) if S = @ [J.(S) —“0 ' . ;_\g‘..? *r;:

2) if S+ ® and S S(x ;u ) un) in some (no} necessarlly
tfanomcal) represgntaftlonss‘déﬁﬁ)  tsinossd (,” & N “ e f‘ i

von It o fon oy oe 4 TR B A I S A G R ¥ i‘z} =
(*) (S) = F(x) -z, F(mfxu ) + E F(mfxu u; )—
where Z, F (mf XUy ..U ) represents the sum over all dlstmct sets
z!UE {“hJHE« s "} 301 !ft ot ol T 24 FYIL

of m indices 11,12,..., m}and F(nf xu .U )—01f that inf
does not exist. {2« Mgy »5 “’.M =R

Revuz $[4] p. 197) has shown that any such real valued functl
u is well-defined ; exddtly the samé pr00f Catries ‘over Tor the case in
which u takes valueg in an abelian group, We:note thatr‘(*) is simply

an extension of the usual modularity law :

LIRS EDR S S I A e j(?.’l‘;. &
#(A'UB) = p(A) + #(B) - #(A N B).
‘l‘k }3." il - r"

“),4...

Revuz attempts to show as follows that such a functlon s
‘Pﬁ‘utely additive! 118 & 8 e x" 1l > ‘théﬁ' x“ls catted ‘the Simmit
Of 8/ RetZ([4Tp 201 ) ’déﬁ’ﬁem é t‘elatlon <€ on' arbltrary éollécﬁohs
of' pa1rw1§e dtSJoint"mem!;érse of & Uy setting’ Sq << ‘S2 if and only 1f
there ¢ sohm@ * 'S, “With ”){Q‘:‘the sufnfie of ‘S’ "He‘"éonsfdered

sor v prady Topoisd

$,,8,...,5,in8 with §'2 T S €38 and s‘6ught to plék a minimal

S; relative to the* ‘ofdering <<m He “Ysséifed ([4‘1 7201) that this is
,POSSLbIG since <<Js Teflexive, . antlsymmetnc, and transitive, However

the transifive ; p;open;y th)oes ot ,hg)l(;l, in, gﬁmeral vand, @. s1tuatgm (in
which we cannot p1ck such a ‘minimal element 1s shown in'

g don g bog w2 ton o tud T 0 ) Wi et 2

Example 3.1. — Let (X, <) e the pa]*tlally ordered set deter-
mined by the follow1_ng Hasse dlagram whgre (as usual, n < m provided
n is no higher than m and there’ fs an ‘ascending path from n to m.
Note that (X, <) is a conditional lower semitattiédi-irits2 & i & b

'”“:H!). B }(’ 4

ey a0 sent 3D valgedD mott Hus

Sihbaeowt 5 Teely 21 2dosl gebgn

TR RO ToTS MT LA O
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Now we pick S,, S, , S,, S, as follows :
Sy ={0}=1S8(0:;1,2,3)
’ V.
S, ={1,4,7}=S(;8,10) denoted by %

S, ={2,5,8}=8(2;9, 10) denoted by &\%
S, ={3,6,9}=5S(3;7,10) denoted by

S, K 8S, since 7€8, and 7 <3 = summit of S;, S; S, since
9€8S; and 9 <2 =summit of S,, and S, < S, since 8 €S, and
8 <1 = summit of S, . Thus, there is no minimal member relative to
the order <.

Even though Revuz’s proof is incorrect, we do get finite additivity
for such a function u. In view of Von Neumann’s work and the fact
that 8 is a semi-ring, we need only prove that u is 2-additive and a
relatively trivial modification of Revuz’s proof accomplishes this.

For the remainder of the chapter, we shall assume that X is a
topological space and (X, <) is a conditional lower semilattice and
we shall be interested in the following relationships between the order
and the topology :

X, : Each C_(x) is closed and the closure of each member of 8 is
countably compact.
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X, :inf is continuous from the right in the sense that one of the
following must hold for each x and y in X :

i) If w =infxy and V is a neighborhood of w, then there
exists V, and V, neighborhoods of x and y respectively such that if
x' €V, with x <x' and y' €V, with y <), then inf x’y' EV.

ii) If inf xy does not exist, then there exist neighborhoods V,

and V, of x and y respectively such that if x' €V, with x < x'
and y' €V, with y <y’ then inf x'y’ does not exist.

X, : If x €C_(y) then for each neighborhood V,, of x,.there exists z
in V, NC,(x) NC_(y) such that C_(x) S{C_(2)}'™ where the
interior is relative to the subspace topology of C_(¥).

The meanings of X, and X, are clear, but X, may require an
illustration. Let (X , <) be the real line with the usual topology and
the usual ordering. Let x <Y and € > 0. If x = y then

(—oo,x] = (00, y]

and the interior of (— oo, x] relative to the subspace topology of
C_(y) is (—o0, x]. Thus the z whose existence is asserted in X, is
just x. Now if x __"<& y, then there is some z strictly between x and y

$0 2EC,(x) NC_(y) and C_(x) — (—o°, x] _ (— o, z) = C_(2)™.

In Chapter II, we have seen that an additive set function which
is ppregular on {(a, b] : a, bER} is countably additive. Now for
each (a, b] witha < b, let ¢ and d be numbers such thata < ¢ < b <d.
Then (¢, b] S [c, b]< (a, b]< (a, d)< (a, d] and for regularity, it
is sufficient that (a, d]\(c, b] be “‘small”’. Now

(a,d\(c,b]l=(a,clYU(®,d] =(,bdblA(c,d]

where A denotes the symmetric difference. Thus, for regularity, we
may require that each member (a, b] be “approximated from the
right” by some member (¢, d]. To the end of generalizing this regu-
larity for use in our more abstract setting we first of all obtain an
approximation notion and then consider “approximation from the
right”.

Recalling the definitions of Chapter II, we define

(Ve), (S sty - ) = sup | 20 (S, §



ON AN ABSTRACT STIELTJES MEASURE 151

8

where in each case the supremum is taken over all finite, pairwise-
disjoint sequences of members of whose unionisin S(x ;u, ,...,u,).
These will be called the variation and the Dunford variation, respec-
tively, of F. We note that these definitions are made so that

BV, SCx5uy,...,u,)) = sup{

; 1(s;)

lil,(6) = (VE),(S) and  (up),(S) = (DVp),(S)
for each S in and each p in P.

For a regularity condition, we shall consider

Xg:If S=S(x;uy,...,u,)ES, €>0,and p EP, then there exist
neighborhoods V, of x and V; of u; (1 <i<n) such that
whenever x' €V, N C,(x), u; €V, NC,(y;) (1 <i<n), then we
have (up),(S A S") <& where 8' =S(x';uy,...,u,).

X", : Same as X, but with up replaced by |u|.
We note that X, implies X, .

LEMMA. — Let X = C_(y) for some y and suppose X, , X, , and
Xy are satisfied by (X ,<). Then u is countably additive-on 8.

Proof — Let U be the collection of open sets of X and €, the
collection of closed countably compact sets of X. We shall show that
u is ppregular and thus p will be countably additive.

i) “inner regularity” : Let S =S(x;u;,...,u,), pEP and
€ > 0 ; then since X satisfies X,, for each neighborhood V; of u; ,
we can find v; such that v; €V; NC,(y;) and C_(y;) C(C_@))™.
Now we have that C_(x)\C_(»;) € C_(x)\(C(v,-))"“t C C_(x)\C_(u,).

Thus, S, =S0¢;,...,%,) = C_eNJC_(,) = 0 (C_O\C_(,),
then

§l=

=X

(C_GNC_) € N IC_INC_BP S N (C_ENC_@) =S .

Therefore S, €S, €S and S, is countably compact by X, . Now by
Xy, we may pick the neighborhoods V; (1 <i<n) such that
(up),(S, A'S) < €/2. Since S, AS = S/S, whenever S, C S, we have
that (pp),(S\S,) <€/2.
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ii) “outer regularity” : Let S = S(x;u,,...,u,) be in cano-
nical form, p €P and € > 0 ; since X satisfies X, for each neigh-
borhood V, of x, there is a z in V, N C,(x) such that C_(x)) & (C_(z)'“'.
Let S, = S(z;u,,...,u,). Now SCSMCS, since

sint = (C_ (z)\uc @)™ = (C_ (z)"“\uc (u)2C_ (x)\u C (u,)

By X,;, V, can be picked so that (MD)A,,(S2 A S) <€g/2 ; since
S,AS =S,\S
whenever SC S, , we have that (1p), (8,\S) <e/2.

Now from i) and ii) we may conclude that for each S in §,
each p €P, and each € > 0, there exist S, , S, in 8, C(= S,) coun-
tably compact, and U(= Si™) open such that §, € §, CSC S"lt Ccs,
and (up),(S,\S;) < (1p),(S\S) + (kp), (S\S, )<€ Thus p is pp-
regular and so u is countably additive. D

THEOREM 3.2. — Let X be a topological space and (X , <) a con-
ditional lower semilattice. If X, , X, and X, are satisfied, then p is
countably additive on & .

Proof. — Let {S;}7 be a pairwise disjoint sequence of members
of 8 such that 'S, =SES. Let S=8(r;u,...,u,), then
S;SSCC_(x) for 1 i <oo. If X'=C_(x), then (X' <) satisfies
X,, X., and X,;. Thus, by the preceding lemma, u is countably ad-

n
ditive on 8 N 2% and so Z K(S;) = u(S). Therefore, u is countably
1

additive on §. O

Since X; implies X, , we obtain the following

COROLLARY 3.2.1. — Let X be a topological space and (X, <) a
conditional lower semilattice. If X, , X, , and X:, are satisfied, then p
is countably additive on S .

As an additional corollary, we also obtain Revuz’ original result
below in Theorem 3.3 ({4], p. 208).

We shall say that a function F defined on X and taking values
in the topological space Y is continuous from the right at x in X
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provided that for each neighborhood U of F(x), there is a neighborhood
V of x such that F(x") €U whenever x' € V N C, (x).

LEMMA. — Suppose X is a topological space and (X, <) is a
conditional lower semilattice. If (X, <) satisfies X, and X, and if
F : X — R is such that

i) M is non-negative.
i) F is continuous from the right on X,
then if X, is satisfied, so is X, .

Proof. — Notice that under the condition that u is non-negative
we have up(S,\S,) = u(S,) — u(S,) if S, €8, . Let
S=8SCuy,...,u,)

and € < 0. Now F and inf are continuous from the right on X, so
for each u; , there is a neighborhood V; of u; such that if

v, €V, NC, (u)NC_(x)

then 0 < F(y;) — F(v;) < €/2n. Also, there is a neighborhood V of x
such that if x' € VN C,(x), then 0 < F(x") — F(x) < €/2. Now let

S* =S(x;v,,...,v,) ; then S\S*C L:J S(; ;u;) and so

pp(S\S*) < X pp (S, s u)) = X, u(S(; 5up)) =
1 1
= i F(;) - Fu) < gl2 .
1
Also, S*\S = S(x';x) and

Bp(8*\S) = pp(S(x' ;x)) = p(S(x";x)) = F(x") — F(x) <€/2 .

Thus u,(S A S*) < uD(S\S*) + yD(S*\S) <€/2 +€/2 =€ and X, is
satisfied. O

Combining the preceding lemma with Theorem 3.2, we obtain
the main result of Revuz in this area.

THEOREM 3.3. — Let X be a topological space and (X ,<) be a
conditional lower semilattice. If (X, <) satisfies X, , X, , and X, and
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F : X = R is such that p is non-negative and F is continuous from
the right on X, then p is countably additive on 8.
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