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Séminaire BOURBAKIL 567-01
33e année, 1980/81, n° 567 Février 1981

STOCHASTIC METHODS
AND DIFFERENTIAL GEOMETRY

by K. David ELWORTHY

1. Introduction

Stochastic methods, or "path integral techniques", have been used over the past
30 years, especially by mathematical physicists, to study differential operators o
of the form &f = % Af + A.Vf + VE 1in Euclidean spaces. These uses have varied from
the heuristic, as in Feynman path integration [10], to the discussion of rather det-
ailed problems, as for example in recent work by Carmona and Simon [5] or as descri-
bed in Simon's monograph [25]. The techniques have often been particularly attractive
giving a direct link between intuition and analysis.

These methods centre on the relationship between Brownian motion on R"™ and the
Euclidean Laplacian. An analogous set up for the Laplace-Beltrami operator on a Riem-~
annian manifold gives similar intuition and insight into certain areas of differential
geometry. Thié had lead [27] to an interaction between probability theory and diffe-
rential geometry which can be stimulating to both disciplines as well as being very
pretty mathematically. Here we are going to give examples to illustrate some of these
points,

It will only be possible to touch on a few aspects : a more general view of the
interaction can be obtained from the conference proceedings [12], [16], [27] ; see

also [18], [22], and [24].

2. Conventions

The notation X, is used for maps ® + x(t,w) and then we often write f(xt)
instead of f °xt to denote a composition. Throughout, d( , ) denotes the relevant
Riemannian distance.

Many equalities have to be taken in the sense that they hold outside a set of

measure zero.
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3. Brownian motion and the Laplace-Beltrami operator

3.1. Let M be a C° Riemannian manifold and A its Laplace-Beltrami operator.
Let B(M) denote the space of bounded measurable functions on M . Then [3] there

is a unique family {Pt} of bounded linear operators P_ : B(M) -» B(M) such that

t©>0 t
for all f ¢ B(M) , all positive & and t , and all x €M :
(1) Ptf(x) is measurable in t ;
(ii) (positivity) Ptf >0 when £>0 ;
(iii) (semigroup) PsPtf = Ps+tf B
(iv) P lsl
) if f 1is C2? with compact support then
t

Ptf(x) - f(x) = Jo PSAf(x)ds H

(vi) (minimality) if {Qt} is another family satisfying (i) to (v) then

t>0
Ptf < Qtf whenever f >0 .

For this family {Pt}t>0 there is a kernel p(t,x,y) smooth in
(t,x,y) ER(>0) xM x M such that

PG - | peanieey  fesen
M

the integration being with respect to the usual Riemannian density of M . Also Ptf
is a classical solution of the heat equation
9
(

1
—a~E—7A)Ptf—-O.

1f M =R" then

P(t’X,Y) = (zﬂt)_n/zexp(— _I_}_{__E_t_:}lz_) .

In general Ptf can be obtained as the least upper bound of the classical solutions
of the heat equation on the interiors of an increasing family of bounded domains of

M with zero boundary values.

3.2. Let M* =M U fo} be the one point compactification of M . Define

P : R(>0) x M* x M¥ R
by p(t,x,y) = p(t,x,y)
E(tﬁ”:y) =0 s F(t’m,“’) =1
B(C,X,OO) =1- P(t,X,Y)dY =1 - Pt(l)(x)
M
for x and y in M.

By a Brownian motion x on M starting at a point x, of M we mean a map
x : [0,0) x Q- Mt

for a measurable space (Q,%) , together with a probability measure P on (Q,7)
such that

1) x(0,w) = %o
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(ii) each x = x(t,-) 1is measurable

(iii) each sample path x(-,w) : [0,=) » Mt is continuous

(iv) for all Borel sets A—.,...,Am in Mt and times 0 < tq £ ... £ tm :

P{weEN: x(t.,w) EA, for 1<j<m} = J P(L0s%0,%1) .« P (Bp_qsXm—1>Xm)dx 4. . .dxp
J J
A1X. . .XAm
where we have extended the measure on M to one on M* by giving {ed unit mass.
Also A, = A.t = t,
h] ] i+l
The canonical example is with  the space of continuous paths o : [0,0) -» M*

- tj with to =0 .

satisfying 0(0) = xo and with X Q - M* the evaluation at t . The 0o-algebra
# is that generated by {xt} 50 and the measure P is then determined by (iv).

3.3. Let & : Q>R U {o} be the Lifetime or explosion time of x :
E(w) = inf{t : x(t,) = =} .

Then x(t,w) = if t > E(w) . If £ = o or equivalently if Ptl =1 for all

t >0 we will say.that M 1is stochastically complete. Since Brownian motions never
hit submanifolds of codimension at least two ([11], vol. 2, Chapter 11), such manifolds
can be removed without upsetting stochastic completeness. Thus it does not imply com-
pleteness. Conversely it is not implied by completeness [3]. However there is the fol~-
lowing result, proved analytically by S.-T. Yau ([31], [8]). It is discussed more in
§ 8 below.

THEOREM.— Every complete Riemannian manifold with Ricei curvature bounded below is

stochastically complete.

3.4. When M =TR" wewill consider only Brownian motions starting at the origin 0. It
will be convenient to choose one of them, z say, once and for all. This then fixes an
increasing family {;;:} 20
o-algebra which contains all the sets of P-measure zero in ¥ and with respect to

of sub 0O-algebras of #F i we let 3"';: be the smallest

which the maps zg * Q »R" are measurable for 0<s <t

Q > M* is adapted (is an adap-

ted process) if X, is yt—measurable for each t 20 . When M =R" it is a

martingale (strictly speaking an ?*—martingale) if X, is integrable for each t

X

With respect to this family a map x : R(=0)

and 2
IE{xtIS}=xS s <t .
Here

Ef- |6} : LYQF,P;RY) — L1(Q,8,B3R")

denotes the condiiional expectation operator with respect to a sub o-algebra & of

¥ : it is the unique continuous linear map which restricts to the orthogonal proje-
ction of L2(2,¥,P;R™) onto L2(Q,&,P;R™) . When & = Q we obtain the expectation :
E(f ] Q) = Qf(u))P(dcu) =E(f) ; i.e. it reduces to the integral over Q .
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Amap £ : Q- [0,o] 1is a stopping time if for each t = 0 we have
WER: t<EW?} E %L .

When an adapted process x has continuous sample paths it is easy to see that the
first exit time T(@W)(w) of x(-,w) from an open set U 1is a stopping time. In
particular the lifetime £ of an adapted Brownian motion x is a stopping time and
if we set

[0,8) x @ = {(t,w) € [0, xQ : t < E(w)}
we can consider x as a map with values in M :

x : [0,) X QoM.

These two ways of looking at x will be used interchangeably and without comment.

3.5. A typical partition T of an interval [0,t] will be denoted by
0=to<tq<...<ty=t, and then we will set mesh Tl = mgx Ajt and

]
Ajz = Zege) T %ty With this notation L&vy's characterization of a l-dimensional

Brownian motion 2z starting from O is essentially ([16] page xii, or [28])

(1) 2o = 0
(ii) z has continuous sample paths
(iii) z¢ is square integrable for each t

(iv) z 1is a martingale
m-1
w) lim z (a32)%2 =t
meshT->0 j=0

where the limit is taken in L2 and over all partitions T of [0,t] .
For n-dimensional Brownian motion =z the components 2z',...,z° are indepen~

dent 1-dimensional Brownian motions. The analogous formula to (v) is

m-1
w)' lim > Az ®Ajz = diag t
meshTT-0 j=0
. n .
where diagt =t 3 ei® ej €R"® R" for the standard basis eq;...5e oOf r" .

i=1

3.6. Next we give a characterization of Brownian motion on M along the lines of
the Stroock-Varadhan approach [28] : Suppose & 1is a stopping time and
x : [0,8) X QM with =x(0,w) = xo € M has continuous sample paths, is adapted,
and is maximal i.e. x(t,w) » o as t - £(w) whenever E(w) <o . Then x is a
Brownian motion iff ¢

£(x,) - £(xo) - %j AF (x)ds

o
is a martingale whenever f : M >R 1is  C2? with compact support (so we set

fo) = 0 = Af () ).
To relate this to our definition define

P f(xo) = I £ (x(t,0))P(de) .
Q
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4. Stochastic integrals and stochastic differential equations

4.1, Let 2z be our Brownian motion on R" and for some a = 0 consider an adapted
map G : [a,w) X § -»']L(]Rn;Rm) ;s the values being in the space of linear maps of r"
into R™ furnished with the norm llAll = \/trace A*A . The stochastic integral

t m

J Gdz : Q-5R t2a

a 8 8
can be defined by approximating G by adapted simple functions, provided

t
J le(s,w)l*’ds <« almost all € 0 .
a

If Gs lies in 1* for each s , is continuous in s into L? almost everywhere

. . . . 2
on [a,t] , and if ||GS"L2 is bounded for a <s <t then the integral is an L
limit of Riemann sums using partitions 11 of [a,t] :

t m-1
J Gsdzs = lim z Gt jZ .
a meshM=»0 j=0 3

Here it is important that the evaluation, Gy, of G is taken at the initial point
4 of the interval [tj,tj+l] , [19]. The integral is only defined up to equivalence.
However it is possible to choose a version for each t so that as t varies we ob-
tain an adapted process with continuous sample paths. This will always be done in
what follows. The need for a special definition of these integrals is because for
almost all ® € Q the sample paths of 2z are not of bounded variation in any inter-
val of R(20) , cf. (v) above.

A straightforward reference for stochastic integration is [2] ; [11] and [15]
have more material ; parts of [19] may be found helpful and also the reviews [16],

[28] ; the standard reference [20] develops the general theory.

4.2. The main properties for our purposes are as follows : The Euclidean norm is

m
used on R .,

t t
(i) (Estimates). If ]EJ lI6(s,0)|?ds < = then J GsdzS is in 1? and satisfies
a a
t t
1| oo =mj le_li2ds
s S S
a a

and (by (ii) below and the martingale inequality) if 8§ >0 and T 2 a

t T
o sw 0] o @az, @i > 8 <LE[ lo e
a

<5
a<t<T a t

(ii) (Martingale property). If ]EI IG(s,w)lI?ds < = then
t s
= < .
E{L G dr ]3:45} L G dr asss<t

(iii) (Itd formula). If 6 :R® >RP is ¢* and

t t
X, = X +IGdz +IHds
a a 5 8 s
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where x, ¢ Q>R is Wa—measurable and H : [a,o) X Q SRY s adapted with

t
J I (s,w)llds <o a<s<t<ow,
almost surely. Then c a t €
1 2
S(Xt) = G(Xa) + Ll DG(XS)GSsz + Ja DG(xS)HSds + 5 Ja trace D e(XS) (GS,GS)dS

n
2
where by the trace term we mean i§1 D e(xs) (Gsei’Gsei) .

Of these (ii) looks plausible by considering the corresponding Riemann sums.

For the Itd formula : given a partition T of [a,t] we have

m-1
8(x,) - 6(x)) j§1 {G(thH) - 9(th)}

m-1 1
. - 2 - . e
_231 {De(xtj)AJx + L (1 -a)D e(axtj” + (1 ot)xtj)(AJx,AJx)da} .

3=
The approximation ij ~ Gt_AJ-z + HtjAjt can be substituted in. Terms involving
J

Ajt ®Ajz and (Ajt:)2 converge to zero while those involving Ajz @Ajz give the

trace term in the formula using 3.5 (v)' above.

4,3, When T : Q- [a,o] 1is a stopping time we set

tAT t T

j G dz_ = J X.G dz
s s s 8 8

a a

where

X' ¢ la,®) x Q-{0,1}

is the characteristic function of [a,T) x Q .

4.4. Closely related to Lévy's characterization of Brownian motion in 3.5 is the fact
that when m =1 and a = 0 there is a Brownian motion B on R , (depending on
G ) with ¢
= <
Bc(t) I GsdzS . 0<<t<o
o
where

t
o = | ls s

o]

4.5, If X :R™ >L(R™MK") and Y : R® >R™ are globally Lipschitz then for each

m . . . .
X0 €R there is a unique adapted process x_ with continuous sample paths

t
x t R(20) x Q >R

satisfying the stochastic integral equation
t t
X, = Xo ¥+ Jo X(xS)sz + JO Y(xs)ds 0L t<eo,

Using the Itd formula one can obtain an invariant definition of stochastic differen—-
tial equations on a C2 manifold N, [15], [18], [12] : given a C?' wvector field

Y on N and a C2 vector bundle map X :]R_n - TM over the identity, where Brl
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cos n . . .
denotes the trivial R~ bundle over N , for each xo in N there is a unique

adapted process with continuous sample paths
x: [0,8) x Q>N

for some stopping time & , which is maximal and such that for all C2 maps
f: N>R’ we have

t t
1) f(xt) = f(xo) + Jo df t‘)((xs)dzS + J

t
. don(xs)ds + % Joag)z((xs)ds

on {w: t< &gWw)} , where
B2(E) : N > RP

n
is given by og)z((f) = 'El Xi(xi(f)) for the vector fields X.1 = X(—)ei on M . Such
i=

x will be called a (maximal) solution of the stochastic differential equation
dx = X Odz + Yds .

If N were R this would correspond to the integral equation
(2) X, = Xo + Jt X(xs)dzS + Jt Y(xs)ds + —;— Jt trace DX(xS) (X(xs)—,—)ds .
o o o

The trace term is the so called "Stratanovich" term needed to get an invariant definitionm.
Our differential equation is a "Stratanovich" equation which is why we have used
X Odz rather than Xdz . The existence of the solution x 1is obtained by solving
equations like (2) obtained from charts of N .

The "Itd formula'" (1) has other forms. When N has an affine connection it can
be written c

t t n
3 Ex) = EGxo) + Jo af ° X(x )dz + L af # ¥(x )ds + & L I 4F e v (% ())ds

t
+ %J trace Vdf(X(xS)-,X(xS)—)ds , on {w: t< &g}
o

Letting Si(r,yo) denote the integral curve at time r of Xi , starting at yo ,

we have " t
(4) f(xt) = f(xo) + Jo df OX(xS)sz + L df oY(xS)ds

1 (" 2 42
+t g Jo i§1 ey fo Si(r,xs)|r=0ds on {w: t < &}

From 3.6 and 4.2 (ii) we see that when N 1is a Riemannian manifold x will be a

Brownian motion if X(y) : R" > TYN is an orthogonal projection at each point and

1
Y+—2~§in(xi)—0.

4.6. If our stochastic differential equation, 2z was replaced by another Brownian
motion % on R" using a probability space ({I,%,P) then the corresponding solution
X to dx = X Odz + Yd;y would have the same distributions as x ; i.e. for all

0<ty <...<t; and Borel sets A4,...,A; in N we have
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P@€5:i&y®€Ajbrj=ltom=P@€Q:x&r®€Ajﬁrj=ltom

5. The stochastic development

5.1. For our Riemannian manifold M there is no canonical choice of coefficients
X, Y to give a stochastic differential equation whose solutions are Brownian motions
on M . However if we consider the orthonormal frame bundle 7 : O(M) » M there is a

suitable X :3@2 - To(M) determined by the Levi-Civita connection, namely

X(v)e = h v(e) vEOM , e €RY

where hv : TH(V)M - TVO(M) is the horizontal 1lift and v 1is considered as an iso-
metry v :RP o TH(V)M . Given xo € M choose ug € T 1(x0) . Let u : [0,8) XxQ->0(M)
be the maximal solution to du = X Odz with u(0,w) = uo . Set X =Teu . Using
4.5 (4) and the fact that each ﬂ’°Si(t,y) is a geodesic in M we see that X, is

a Brownian motion. For convenience we will use this model of Brownian motion, and in
particular this notation, from now on.

This construction goes back to the beginnings of differential geomefry. When ©
is a piecewise C' path in TxoM and v (0) is the solution of

L9 (@ = XE G 2 vo() = uo

then mev,.(0) is the Cartan development of o . Physically it is the track left on
M by the point of contact of M with its tangent plane Te M as it "rolls without
slipping" on TxoM along the path o . The stochastic version was formulated this
way by Eells and Elworthy following earlier work by Gangolli (see [12] for references,
related details are in [15], [18]).

In this classical case vt(o) is the horizontal 1lift of ﬂvt(o) . Thus in the
stochastic situation we have not only obtained a Brownian motion on M but also its
"horizontal 1lift" u, . We will use this to look at the heat flow on differential

forms, treating only I-forms for simplicity.

6. The heat flow on differential forms

For w € Q and Vg € Tx M define a vector field V(t,w) along =x(t,w) by
o
insisting that V(0,w) = Vo and that u(t,w)~1V(t,w) satisfies

3o (06O V(E,WY = - 3w, RicV(E,0), )

where Ric denotes the Ricci tenmsor and Ric(V(t,aﬂ,—)# €ET

Ric(V(t,0),-) € TH M .

Let ¢ bea C2 I-formon M . We can lift ¢ and V(t,w) to ¢:O0M) - ®RH*
and V(t,w) : OM) »R™ so that ¢ (V(t,0)) = B(u(t,w))¥(t,w) . Applying the Itd
formula together with the Weitzenbock formula

onds to
x(t,w)M corresp
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Ad = trace V3¢ - Ric(-,¢%)

(note our sign convention for the Laplace-Beltrami operator on forms : A= - (d§+ 8d) )
we obtain
t 1 t
) $(V.) = ¢(Vo) + J Vo(u dz )V_ + 5 Ap(V )ds on {w : t < E(w)} .
t o s 8’ 's 2 o s
Observe that ¢
’ 2 _ 2 _ . .
@ IV = Vel JO Ric(V,,V )ds .

Consequently if Ric is bounded below on M and ¢ is bounded we can set
Pt¢(Vo) =J ¢ (V(t,w))P(dw) .
{w:t<g ()}

In fact & = o by Yau's theorem, 3.3, and if also A¢ is bounded we have
t

3 PO(Va) = 6Vo) + [ P (4) (Vo)ds -
<]

This follows immediatly from 6.1 (1) and 4.2 (ii) when V¢ is bounded : if it is not
we can nevertheless take the limit n —» o of integrations over sets f{w : t < ‘En(co)}
where T  is the first exit time of x from {y : d(x0,y) <n} , n=1,2,...

If we allow Vo (and xo ) to vary Pt: determines a semi-group on the space of

bounded measurable one-forms with -;—A as differential generator. In fact

THEOREM.— Suppose that Y. is a C2 l-formon M for 0 £t ST < o which satis—
—3'-:9 = le- Ay, . Assume that M is complete and the Ricet
curvature of M <is bounded below. Then if Yy is bounded on M for 0 <t <T we
have

fies the heat equation

Ye = Pe¥io 0<t<T.
In particular such a solution is uniquely determined by its initial value VYo .

Proof.— It suffices to show that w’I‘ = PTlpo . For this take Vo € TxoM and Vt as

3
above. Set ¢t = wt_,r for 0<t < T . Then % = - -;— A$, and formula (1), modi-

fied to take into account the time dependence of ¢t , yields

t
¢t(Vt) = ¢o(Vo) + J V¢S(usdzs)VS
whence o

t
Yo (V) = ¥ (Vo) + Jo Vo (udz )V, .

The result follows on integrating over  as in the proof of (3).

The uniqueness of bounded solutions to the heat equation on differential forms
under the conditions of the theorem was proved by Dodziuk [8] using analytical methods.
See also [26]. The approach we have used to discuss Pt¢ was given by Airault [1]
following work by Itd, Dynkin, Eells-Malliavin, and Malliavin ; see [13]. Equation

(2) shows very clearly the role that can be played by positive Ricci curvature.
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7. A comparison theorem : Harmonic manifolds

7.1. Comparison theorems for solutions of stochastic differential equations have been
used effectively, especially by Malliavin and Debiard, Gaveau and Mazet ; see [18],
[7]. The following is a very simple special case of one taken from Malliavin [18].
See also [14].

THEOREM.— Let x be a Brownian motion on M . Suppose p : M »R(20) satisfies
(i) p s C2 on p~1[(0,«)]
(ii) p(xt) #0 for t =0, almost surely
(1ii) IIVp(xt)IIxt #0 for t =0, almost surely.

Set
a(y) = VP(YZ yEM
[fwpll
and ¢ y
= 2
o = | 1Bz as .
o
Consider locally Lipschitz maps a*t : (0,®) »R and a~ : (0,0) >R satisfying
a*t(g) 2z supfa(y) : p(y) = &
and

a~(&) < inffa(y) : p(y) = &}

Then there is a real valued Brownian motion B defined on (Q,¥,P) such that
the solutions &t and &~ to ¢
+ _ e
B = pGo) + | a®(EDas + 3,
in (0,%) satisfy °
E7(o(t,0),w) < p(x(t,w)) < E*+(o(t,w),w)

during the lifetimes of the processes.
To believe this take x and u as given by the stochastic development. By Itd's

formula
t

t
P(Xt) = p(xo) + Jo dp(usdzs) + %-Jo Ap(xs)ds on {w: t< W},

t
and as mentioned in 4.4 the stochastic integral J dp(usdzs) can be written as
o

Bat for B as required.

7.2. A similar argument but for a simpler case was used by Dominique Michel [21]
when she proved that compact simply connected globally harmonic manifolds are strongly
harmonic : at that time an open problem in differential geometry, (see [4] for defi-

nitions and discussion). Here is her main step :

THEOREM.— Assume that M <8 complete and stochastically c&mplete, and that mo € M
satisfies : .

(i) the cut locus C(mo) of mo has capacity zero (e.g. C(mo) has codimension
at least two)
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(ii) there is a function £ : (0,®) >R such that if r(m) denotes the distance of
m from mo then

Ar(m) = f(r(m)) m€EM=~Cmg) , m#mg .
Then p(t,m,mg) depends only on r(m) when m € M - C(mg) .

Proof.— Take Brownian motions x, and y, on M with r(xo) = r(yo) > 0 . The

assumption (i) on C(mo) implies that X, and y, mever hit C(me) , and so can be

considered as non explosive precesses on M - [C(mo) U fmo}] , assuming dim M > 1

Applying the Itd formula to r restricted to the complement of C(mo) U f{mo}

. we obtain
t 1 t
r(xt) = r(xo) + J dr(usdzs) + -Z—J f(r(xs))ds .
o o
Since lldrll = 1 we have o, = 1 and the stochastic integral is just a one dimensio-

nal Brownian motion BX say. Thus Et E‘r(xt) satisfies

t
Et = r(xo) + B: + %J f(Es)ds .
o

Similarly thereis a one dimensional Brownian motion B’ such that n, = r(yt)

satisfies

t
- y .1
n. =1(yo) + B, +5 Jo £(n,)ds .

Since r(xo) = r(yo) it follows from 4.6 that n and & have the same distributions :
in particular if ¢ > 0

P{w €N : E(t,w) < &}

P{w € Q : n(t,0) < &

P{w € Q : r(x(t,w)) < &} PiweEQ: ry(t,w)) < &} .

But this proves the theorem since

. PWEQ: r(x(t,w)) <&}
=1 >
p(t,x0,mo) 5—1>18 Volume {m €M : r(m) < £}

and similarly for p(t,yo,mp) .

8. A criterion for Pyl=1 : Yau's theorem

As in the last paragraph set r(m) = d(m,mg) . If the Ricci tensor of M is
bounded below then for given € > 0 the Laplacian Ar is bounded above on the set
of points m in M - C(mo) with r(m) > ¢, [30]. If we could ignore C(my) as in
the proof of 7.2 the comparison theorem would easily yield Yau's non-explosion result

3.3. In any case we have

Lemma.~— Suppose o : M >R(=0) <Zs C2 and satisfies
(1) o(y) 2o as y—=>o in M
(ii) zf An = {y : a(y) < n} then

. 1 -
lim Y sup{Aa(y) : y € An} <0.

n—>o
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Then M is stochastically complete.
Proof.— Set k(n) = sup{Aa(y) : y € An} . Let T be the first exit time of our

Brownian motion x from A(n) and set Q: = {w:t< Tn(m)} . By Itd's formula

tAT, 1 (EATn
a(x ) = alxe) + J da(usdzs) + = J Aa(xs)ds

tATy o 2],
giving
1
Ea(xtATn) < a(xo) + 5 k(n)t .
However
n.
> -
Balx,, ) 2 0l = P@))
giving
e <L 1 k@)
1-P(@Q) s axe) + 5=t .
Therefore

<O
n
1-rJ 9p <o
n=1
and the result follows by the maximality of x .

From the lemma we can immediately deduce Yau's result if we are willing to use
the smoothing theory of Greene and Wu to obtain a ¢ exhaustion function a« on M
with Aa bounded above, given that the Ricci tensor is bounded below (see theorem 4
of [29]). Their function o would even be Lipschitz.

For an alternative probabilistic approach, with strengthened conclusions, see
[13] part II, § 3.

9. Zero one laws and harmonic maps

9.1, Let Z denote the space of continuous paths o : [0,©) » M* and Q the
o-algebra of subsets of Z generated by the evaluation maps {evt Hy A M+}t20 . For
h 20 define
Gh HEVAE VA
by
6,0 (t) = o(t + h)
and set

3={A€Q:eh(A)=A for all h > 0} .

We will say that M satisfies the zero one law on 3 if for any Brownian mo-
tion x on M and any A €4 we have PlweE Q: x(~,w) € A} equal either to
zero or to one. This is equivalent to the constancy of all bounded harmonic functions
f : M>R ; (see [17] final paragraphs). In fact for A in 9 define fA : MR
by
£, (o) = JQ X G (=10) )P (de)
where x, is the characteristic function of A . For h > 0 , because Gh(x(-,uD)

is a Brownian motion on M , starting at (the random point) e
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P,£, (xo) = JQ £,(x,)P(dw) = [Q Xa (0 (x(=,0)))P (d0) = £, (xo)

by the invariance of A . Thus fA is harmonic. Furthermore because it is harmonic
fA(xt) is a bounded martingale and the martingale convergence theorem implies that
fA(x(t,w)) converges almost surely to XA(x(—,w)) as t -» o , Consequently if all

bounded harmonic functions on M are constant we must have
XA(X,(‘,Q)) = fA(x(t,m)) =0, or 1, almost surely ,

and the O0-1 law holds.

9.2. If M is complete with non-negative Ricci curvature all bounded harmonic func-
tions on M are constant : see [7] for a probabilistic proof, and so are all posi-
tive harmonic functions [30]. A special class of manifolds with the 0-1 law on 3
are those with recurrent Brownian motions or equivalently with no non-constant posi-
tive superharmonic functions [3], [13]. These include all complete manifolds with

finite volume : see [6].

9.3. Now let (M,g) and (N,h) be ¢® Riemannian manifolds and f : M> N a
foat map. Then f 1is harmonic if in local coordinates

Py o B
Y 4 glJFY 9f>* 9fP

0B oxi ox3
where i , j refer to coordinates in M and o , B, Y refer to coordinates in N ,
with T the Christoffel symbol of N and A the Laplacian of M . For p € M let
Aqp) 2 4.0 2 Ar(p) > 0 be the eigenvalues of the first fundamental form (Tpf)*h
on T M using an orthonormal base with respect to g , and repeated according to
multiplicity. Then £ has dilatation bounded by X if

A1(P)
IO

at all points p of M with Tpf # 0 . Using the 0-~1 1law on ﬂ , W. Kendall [27] has

proved the following :

THEOREM.— Assume that M and N are complete and that for some positive A , B
and C

(i) -B < Riem" < -A

(i) -c¢ < ric"

(iii) N <Zs simply connected

(iv)  all bounded real valued harmonic functions on M are constant.
Then every harmonic map £ : M > N of bounded dilatation is constant.

This should be compared with an earlier result of Yau : he showed that the same

holds for complete manifolds M and N provided M has non-negative Ricci curva-

ture and N satisfies RiemN < -A <0 ; see [9] section 5.9.
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9.4. Kendall's proof is based on work by Prat [23], [22] concerning the behaviour of
Brownian motion on simply connected manifolds N satisfying (i). Suppose dim M > 1
and dim N > 1 and that N -satisfies (i) and (iii), both manifolds being complete.
Take normal coordinates about a point no of N so that N is identified with
TnoN . Set r(p) = d(p,no) for p € N . Then Prat showed that for Brownian motions
y. on N with yo # no the angular component

et = yt/r(yt) : Q]» S

where S is the unit sphere in T N, converges almost surely as t tends to infi-
o

nity. To do this he used upper and lower estimates on Ar to show that r(yt) tends

to infinity at a linear rate in t while sup{d(yn,yt) :n<t<n+l} grows sub-

linearly with n . He can then apply the lemma :

Lemma.— Under the conditions on N there ave positive constants o , B such that
for p, q in N <if
d(p,q) < oinf {r(p),r(q)}

then the geodesic distance in the unit sphere S between r(p)~1'.p and r(q)~'.q
18 dominated by

d(p,q) exp(- Binf {r(p),r(q)}) .

In his proof Kendall examines the behaviour of St when v, = f(xt) for x
a Brownian motion on M and f harmonic and of bounded dilatation. He shows that
Gt converges to a limit 6_: @ > S given (i), (ii) and (iii), and that if f were
non-constant then em would also be not almost surely constant. However for any

Borel set U of S

. . f(Ot)
{o € C([0,)34) : lim Tt (o)

lies in 3 , and so this would contradict the O0-1 1law. In outline he follows Prat's

€ U}

steps. By Itd's formula, since f is harmonic
t

t
r(yt) = r(f(xo0)) + Jo dr on(ussz) + %-I trace Vdr(szf(—),TxSf(—))ds .

[
If trace Vdr(Tmf,Tmf)/Hdr °TfH; , m €M were bounded it would be possible to use

a comparison theorem. However this need not be, so the necessary estimates have to be
proved ad hoc. Because of the bounded dilatation condition a convenient time scale

turns out to be u(t) where

t
U(t) = J’ A1(Xs)ds .

o]

9.4. I would like to thank W. Kendall for an early version of his manuscript, and

W. Darling and L.C.G.R. Rogers as well as him for some very helpful conversations.
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