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METAPLECTIC FORMS
by D. A. KAZHDAN and S. J. PATTERSON

INTRODUCTION

The purpose of this work is to study automorphic forms on a class of groups known
as metaplectic groups. To give some idea of what these are, let £ be an A-field (algebraic
number field or field of functions over a finite field) containing the full group of s-th roots
of 1, denoted by u,(%), where n is coprime to the characteristic of 2. Let G = GL,
and G, G, be the group of rational points and the associated adelic group respectively.
Then there exists a non-trivial extension of groups

(1) —> (k) = Gy > Gy —> (1)
which is constructed from analogous local extensions
(1) — wa(k) =2 T, 2> G, — (1),

In the case n = 2 these have been known implicitly for a long time but were first
made explicit in Weil’s memoir [49], although there it is symplectic groups which appear.
Theta functions are most naturally regarded in this context. The general case was
discovered independently and simultaneously as the result of two different lines of thought.
In [25] and [26] T. Kubota constructed quite explicitly the n-fold extension in the
case r = 2. He had been led to this by the derivation of the law of quadratic reciprocity
from the theory of theta functions, or, ultimately from the fact that the 2-fold extension
exists and splits over G, CG,. He showed instead how the reciprocity law led to the
existence of such an extension, and that this splits over G, (this is generally true, not
just in the case 2 =2).

On the other hand R. Steinberg [47] and C. C. Moore [35] investigated the general
algebraic problem of determining the central extensions of simply-connected Chevalley
groups over arbitrary fields, and they also found metaplectic groups. The relation between
the two lines of thought was recognized quite quickly, c.f. the remarks in [2] where the
relation to the * congruence subgroup problem » is also discussed. This direction of
investigation was completed by Matsumoto [32], who gave the general construction of
the metaplectic extension of a Chevalley group; recently a yet more general and intrinsic
construction has been given by P. Deligne [5].
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36 D. A. KAZHDAN AND S. J. PATTERSON

Once these groups have been constructed and one has the splitting referred to above,
viz,

(1) — p(k) — Gy > G, — (1),
&

AY
AN

G,

one is naturally led to look at automorphic forms (in the sense of [23] § 10, although some
further explanation is needed). These we call metaplectic forms. In this respect there
are two features of the * classical ” theory which can guide us. One is the theory of
theta functions, which form a very exceptional class of automorphic forms. We can,
and do, seek analogues of these; the construction of such analogues is one of the principal
objectives of this work. This goal was first proposed by Kubota (cf. [26]). In a sense
it was achieved completely in one very special case (n = 3,7 = 2,k = Q (1/— 3)) in[37].
A new and more conceptual treatment of the more general case (=3, r = 2) was
given by Deligne [6], who followed Gelbart, Piatetski-Shapiro et al. [g], [10], [11] in
taking the property of a representation being distinguished (i.e. having unique Whittaker
model) as the fundamental one which relates local and global representations. They
had used this concept to great effect in studying the classical theta-functions from a
representation-theoretic point of view. Deligne showed that in the special case (n = 3,
r = 2) there is one factor of a reducible principal series representation (locally) which
has a unique Whittaker model. He then constructed a global representation by means
of residues of Eisenstein series (as was originally proposed by Kubota [26]) and he showed
that the local factors of these were just the representations which he had considered
locally. The uniqueness of local Whittaker models then implied that the ¢ Fourier
coefficients > of a global form have a product structure; indeed they turn out to be cubic
Gauss sums. This type of argument first appears in [23].

This is the problem which we shall study in general, and we shall extend the above
argument to as general a case as we can. It turns out that one can construct certain local
representations which have several interesting properties, as quotients of reducible prin-
cipal series representations. One can show that they have a unique Whittaker model
only when 7 =n — 1 or n; it is for this reason that we find ourselves compelled to look
at groups of higher rank.

In the case n =3, r=2, k= Q(y/— 3) considered in [37] the ¢ L-series ”
of the metaplectic form was equal to the ¢ Fourier coefficient > of an Eisenstein series.
The construction in [37] was carried out by making this identification and applying a
“ converse theorem . The same kind of identity still holds; that is, the ¢ L-series ” of
the form with r = n — 1 is the ¢ Fourier-coefficient > of an Eisenstein series for r = 2;
unfortunately our formalism does not allow us to state this so directly, but it is contained
in Theorems II.2.3 and I.4.2. In the case r =n analogous considerations suggest
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METAPLECTIC FORMS 37

that the metaplectic form is associated with a {-function in the same way that X ¢
is associated with the Riemann Z-function. nez

The other “ classical ” aspect of the theory of forms of half-integral weight is the
Shimura correspondence. This is a correspondence (both local and global) between
representations of Gy (F local) or automorphic representations of G, and those of Gy
or G, whose characters satisfy certain symmetry conditions. This has been much dis-
cussed in the case # = 2, r = 2, and it has been constructed for arbitrary n and r = 2
by Flicker [7]. One hopes that in view of the progress on the Selberg trace formula
made recently by J. Arthur and others it will be possible in the future to prove this in
general. In any case the formulation in [7] makes it quite clear what one should expect
and we hope to discuss this in detail in a separate publication. Such a result would be
significant for the theory of representations of metaplectic groups on three grounds.
Firstly, as described in § I.5, one can use a knowledge of the characters of the local
representations considered here to understand their Whittaker models. Secondly,
similar considerations lead to a general and ° universal ”’ formula for the ‘‘ number ”
of Whittaker models of a general local cuspidal representation of a metaplectic group.
Finally, it suggests the existence of certain very special cuspidal representations, both
locally and globally, when 7 = n. In the special case r = n = 2 these would be the
cuspidal 7, of [11]; compare also the remarks in [7] §§ 2.2, 5.2.

This work is organized into three chapters. Chapter o contains essentially known
material—namely a discussion of the construction of the metaplectic group, both locally
and globally, and of the representation theory of Heisenberg groups. Chapter I is devoted
to the local theory, mainly the construction of the representations alluded to above and
the investigation of their properties. The techniques are by now fairly standard (cf. [3],
[46]) but some of the results are unexpected. In the case r = 2 similar investigations
have been carried out by H. Aritiirk ([1], » = 3), C. Moen ([34], n general)—we have
not seen this work—and P. Deligne ([6]). We do not presume to undertake a full study
of the representation theory of metaplectic groups.

In Chapter IT we develop the global theory. The local representations of Chapter I
are shown to be the local factors of certain automorphic representations. This is achieved
by an application of the theory of Eisenstein series. The final results are to be found
in § IT.2. The global considerations also allow us to complete the local theory in some
essential points. In § II.3 we make our results more explicit in order to bring out their
arithmetical content.

In [39] the second author promised a work with the same title as this. The original
manuscript has now become obsolete. Most of the material referred to in [39] can be
found here, especially in § II.3.

Finally we would like to thank P. Deligne and I. I. Piatetski-Shapiro for discussions
and advice on several points, and the referee who read the manuscript very carefully,
and whose criticisms led to several improvements. Both authors would also like to
thank the National Science Foundation for financial support.
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o. — PRELIMINARIES

I. Thg 'météplecﬁc group
For any field F _lét » ‘
' w,(F) ={xeF*: & =1},
In this paragraph we shall cbnsider a local field F such that

Card(y,(F)) = n.

We shall summarize here the construction of the metaplectic cover of GL,(F).
Let (., .) be the n-th order Hilbert symbol on F (see [2] or [50] XIII-5);itisa map
(v ) : F* X F* >, (F) satisfying '

(a, 0).(a', b) = (ad’, b),
(a,8) (bya) =1,

(a,1 —a) =1
and {a: (a,x) =1 forall xeF*}=F*"
where F**={a": aeF*}.

The group which we would like to construct is a central extension
(1) —> w,(F) —2> GL,(F) > GL,(F) —> (1)

but there are several related but non-isomorphic such extensions which we shall later
have to examine. We shall first construct one such extension along with a sec-

tion GL(F) el C?L,(F), so that the extension will be described by a 2-cocycle 6. At
this point we should remark that the corresponding extension of SL,(F) is essentially
unique (cf. [33], [35] or [47]) but that this not true of GL,(F). Once we have described
the construction of GL,(F) we will construct various * twisted >’ forms of it.

To construct CI}VL,(F ) we shall adapt the construction of §L,(F) given by Milnor
in [33] Ch. 12. Note that GL,(F) can be regarded as a subgroup of SL,,,(F) by

(det (&' o
HY

), which shows that, by restriction, one can construct 6L,(F) once
0 4

one has constructed SL,,,(F). We first set up some notations. Let G = GL,(F),
and let H be the subgroup of diagonal matrices. If %k eF*(1<i<7) let diag(h)
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METAPLECTIC FORMS 39

be the diagonal matrix (3; #). Let W be the group of permutation matrices; i.e. those
matrices such that each row or column has just one non-zero entry, which is 1. Thus
W 2 S, the symmetric group on r symbols. We let ® be the set of roots of G, which
we shall often consider as the set of pairs (i,7), 1<14, j<7r, i%j If k= diag(h),
a = (4,7) we write

K* = hilh;;
and this definition can be extended to the lattice spanned by ® (root lattice). Let now N,
be the group of unipotent upper-triangular matrices, N_ the group of unipotent lower-
triangular matrices, and @ the set of positive roots with respect to N, . We shall write

«>0 if a e®" and a<o if —ae®'. Weshall write { , > for the Killing form
on O, ‘

If «e® let N, be the corresponding subgroup of unipotent matrices. So, if
neN,, n=14 Ee, where £ €¢F and e, is the elementary matrix with 1 at the a-th
position and o elsewhere. Thus

hnh~t =1 + h* Ee,.

The group W acts on H by ki h° = w ' hw, and on ® by «tr>wa where
(h*)* = k¥, Clearly e,, = we, w™ ™.

We begin by constructing a central extension with a preferred section
o —> p.”(F)'—‘-> A <_'p_> H— (1)
by the 2-cocycle 7
| o ) =11 (k) k= diag(h), K = diag(k).
i<j

~

Note that, if #, k' €H and %, % € H are such that p(k) =k, p(F) =k, then
| AR R = i(TL (b, h)~*. (det(h), det (k).
~ One can verify that the cohomology class of ¢ is invariant under W (although the
cocycle o itself is not). We extend o now to the group M = HW by defining
” q(w, w)=1 (w,w eW)
olhyw) =1 (weW, heH)

s k) = ‘)H()(h,-,hj)“.(—l,h,-/hj)(dct(w).,det(h)) (weW, heH)
,5) € ©(10

where ®(w) ={a e ®*: w(a) < o0}. Then
. 6(hy wys by wy) = o(hy, ™) o(wy, hy)
defines a 2-cocycle on M, and a corresponding extension M and a section sp: M — M.
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40 D. A. KAZHDAN AND S. J. PATTERSON

The construction of G is now achieved by means of the beautiful technique of
Matsumoto. Let R:G — M be such that R(m) =m (m e M) and R(ngn’) = R(g)
(n,n" e N,); this exists and is unique, as one sees from the Bruhat decomposition. Let

X ={(g,;;l') 4 EG,% EK;I: R(g) =p(m)}s

where p:M — M is the natural projection.
We shall construct two groups of automorphisms of X, LAut(X) and RAut(X),

which will be generated by certain elements which we now describe. First LAut(X)
will be generated by

A(n) (n eN,)  where A(n) (g, %) = (ng, )
Ah) (heFl)  where A(h) (g, W) = (p(h) g, k)

and A(s) (s a simple reflection in W), which we now specify. (Recall that s is simple if
there is just one « e ®* such that sa<o0.) If meM let % = sy(m) e M. Then
A(s) is defined to be

A(s) - (g, 7) = (sg, (R(sg) R(g)™")™ ).
It is clear that LAut(X) acts transitively on X. Now define RAut(X) which is generated
by

A'(n) (neN,) where (g, m) A (n) = (gn, m)

a(h) (keH)  where (g M) \'(k) = (gp(h), Mh)

A'(s) (s a simple reflection) where (g, ) A*(s) = (g5, M(R(gs)"* R(g))~ ~"); RAut(X) is
also a transitive group of transformations of X. One must next verify that if g e LAut(X),
g € RAut(X), x e X then

(gx) & = g(xg’).

Granted that this true, one sees that LAut(X), and RAut(X) act simply transitively
on X; for if g, x, = g, x, for some x,, g;, g, then g,(x, g") = g2(x%, &), and as RAut(X)
acts transitively, this means that g, = g,. Thus X is a principal homogenous space of
both LAut(X) and RAut(X), which are now seen to be isomorphic. Now as X — G;
(g, M) — g has fibre isomorphic to yu,(F) and as LAut(X) acts transitively on X, it follows
that LAut(X) is an extension of G by w,(F). Moreover, by construction the subgroup
of LAut(X) preserving {(p(m), ™) :% € M} contains M. So LAut(X) is the group
we are seeking; and we write G = LAut(X), and

(1) — w(F) — & 2 G — (1).
Before going further we shall say a little about the structure of the proof that
g(xg") = (gx) g’ It suffices to check it for g (resp. g*) a generator of LAut(X)

(resp. RAut(X)). It is easy to check this in all cases except when g =y,, g ==,
and s, (resp. sp) is the simple reflection associated with the simple root « (resp. g). This
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METAPLECTIC FORMS 41

one treats by considering x = (n, mny, m) (n, € N,,n; eNg) and computing; only
the cases o« = + mf are difficult, and one merely has to have the patience to check
these (cf. [33]). Oneshould note that when « = — mp one requires that (x, 1 — x) =1,
and only in this case.

When r =2 one can supplement this construction by describing the cocycle o

defining €L2(F) explicitly; this was given by Kubota [26], and the following formula
is a simpler version of his. It is

_(*(&182) (81 82) x(g1 &)
“&*9“(x@o’x@g)@“®”x@o)

a b = ifcx o
where x(( ))
c d =d ifc=o.

Now we have described an extension

(1) —> w(F) —> GL,(F) == GL,(F) — (1)

where the section s is defined by
s(nmn’) = A(n) mA(n')  (n,n' eN_, m e M)
and M is considered as above as a subgroup of LAut(X). With respect to s this extension
is described by a cocycle o, which extends the ¢ previously defined on M, and which
satisfies o(ng, g'n') = o(g, g’) (n,n" eN,).
The ¢ twisted > extensions, for ¢ € Z/nZ,
S ~ (¢)
(1) —> pa(F) —> GLE(F) = GL,(F) — (1)
are defined by a cocycle ¢! where
o (g1, g2) = 0(g1, &) (det(gy), det(gy))".
We shall also write G for GLE(F).
Remarks. — 1t is apposite here to make a simple remark concerning a subtle dis-

tinction. Let e: p,(f) — C* be an embedding. In our applications we can distinguish
between two metaplectic coverings

(1) >w(F) >G >G> (1) (j=1,2)
only if the induced extensions
(1) >C* »G,, »G - (1)

are inequivalent. This does not depend on the choice of e. In our case G and G
are indistinguishable in this sense if and only if

2(c—¢) =0 (modn).
It may or may not happen that the original extensions are equivalent.
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42 D. A. KAZHDAN AND S. J. PATTERSON

The reason for this is the following. Let ¢;: uy(F) - C*. Then there exists
a function (cf. [49], p. 176)

v: F* > p(C)
which factors through F*/F*2 so that
e(%)e,r = Y(0)[¥(x) ¥(J)-
Thus €0 (, )ar, asa 2-cocycle on F* is trivial, whereas ( , ), g, with values in y,(F)
need not be.
In this connection it is worth remarking that J. Klose has shown that ( , ), p is
trivial in H(F*, u,(F)) if and only if
(—1,— I)2F=: L.
Now let B = HN, be the standard Borel subgroup of G. B = (pN~1(B) the
group covering B in G“) Let also
Z(c) — {7\1 < AT 1+2re EFX"}

and 7 = (pN=1(Z),
Proposition 0.x.1. — 7 is the centre of G and of B,

Proof. — Consider first the centre of B); this consists of elements of the form
z=s(I)i({). Thenif keH, k= diag(h) and if % is such that p(k) =&

Rzh~t 2=t = (1 (R, N~ L. (det(h), )1 +2%),

By considering the case when all 4 but one are 1 one sees that the righthand side is
identically 1 if and only if A +2)=1 e F*"  This shows that Z is the centre of B,
If now zeZ® and if g€G, Fe G with 'Y &) = g then we define a homomor-
phism 6:G — p (F) by gzg —1z71=14(0(g)). As it is trivial on B, 6 is trivial and
hence z is in the centre of G,

Now we begin the discussion of the topology on G, If F is archimedean then there
are two cases. If F =G, (-, ) is trivial and the cover is trivial. We shall not discuss
this case further. If F =R then n =2 and we have constructed the double (spin)
cover of GL,(R); this shall presume known (cf. [33]).

Thus henceforth we shall take F to be non-archimedean. Let Rj be the ring of
integers in F, Py the maximal ideal of Ry. Let ||z be the normalized valuation (as
in [50] Ch. 1) on F. Then one has

Proposition ©.x.2. — There exists an open subgroup K C GL,(Ry) on which o splits.
If |n|lg =1 we can take K = GL,(Ry).

Progf. — See [35] pp. 54-56.
Let us write o(gy, g5) = x(g; &2)/x(gy) x(g) for a splitting with g,, g, € K (which
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METAPLECTIC FORMS 43

we take to be GL,(Ry) if [n|y; = 1). Note that we can find K as above so that
(det(k,), det(k,)) = 1 (k;, ky € K). Hence x also splits o),
In the case r =2 Kubota ([26] p. 19) has shown that

b
x(g) = (¢, dfdet(g)) (=(c d),o<|ch<r)

=1 (Ich:‘O’ I).

Let now «, K be as above and *: K — GY, g1 i(x(g)) s(g). Although «* is
not unique, if ] is another such map then x* and x| are equal on an open sub-
group K'CK, and «j= (¢.0).x", where 6 is a locally constant homomorphism
K — p,(F). Thus we can define a topology on «*(K)C (el0 by giving it the topology
of K. Next,if g e G, the uniqueness of the germ of x* shows that there exists a neigh-
bourhood U of I in K so that g~!«*(U) gC«"(K), and hence we can give G the struc-
ture of a topological group which agrees with the structure just described on ¥*(K). With
this topology one sees in

(1) —> u,(F) = G0 22 6 s (1)

that G is a Hausdorff group and " is a local homeomorphism.

The metaplectic extensions G can be defined as follows. Let ' >r and
lett,, ..., % _, beintegers such that X# = — 1. Then we have an embedding of GL,
into SL,, by !

g o 0
o (det g)t o
e A SRR
o 0 . . . (detg)¥-r

By examining the restriction of ¢ (on SL,.) to the image of H, we see that ¢ pulls back
to o) with
c=—14 X4t
1<j
and it is easy to realize every value of ¢ by a suitable choice of ', (#).
We can therefore construct ¥* on SL,, and pull it back to GL,. One can verify
that, if |n|p = 1, there is no homomorphism

SL, (Rg) — pa(F)

and hence «* on SL,.(Ry) is uniquely defined by the condition that it should be a lifting.
Such a lift we call ¢ canonical .
Before we proceed we observe that

N, >G“;  nps(n)

is a homomorphism and a continuous section of p). As such, it is unique. We denote
the image of this map in G by N*,.
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44 D. A. KAZHDAN AND S. J. PATTERSON

Proposition 0.x.3 — Suppose that |n|y = 1, and let
«: GL(Ry) — G©
be a canonical lift. Then

i) ®|HAK) =s|HnK)
ii) K| W —=s|W
iii) | (N, nK) =s| (N, nK).

Remarks. — 1) 1) and ii) (resp. iii)) could have been combined to
K|M=s|M (resp. |B=s|B).

2) Since the three groups generate GL,(Rjy) one sees that k* is determined by
Proposition o.1.3.

3) It is a consequence of this that the “ canonical  lift does not depend on the
choice of 7', ty, ..., ¢, _,.

Proof. — Consider the restriction of x* on SL,, to a copy of SLy(F). Since x* is
uniquely determined on SL,(F), this restriction is determined. Moreover if SL,(F) is
that copy associated with a positive root « then one sees from an examination of the
construction of SNI;,. (F) that a) the restriction of the covering to SL,(F) is S~Lz(F) and
b) the restriction of s to SLy(F) is the corresponding section for SLy(F).

Thus if e HN K one can write £ as a product in SL,(F), II £, where each #
lies in such a copy of SLy(F). Thus as

€ (L) = (R

the assertion follows. The same argument is valid on N, n K. This proves (i) and (iii).

The same argument shows that it is only necessary to prove that «*(w) = s(w)
for w a simple reflection as s | W is a homomorphism. We write w as 3w, where § e H,
32 = 1 and w, belongs to the corresponding copy of SLy(F). As «*(w) = x*(3).x"(w,)
and as

k'(8) =s(3) (by (i)
k*(w,) = s(w;) (by Kubota’s formula)

one has only to verify that
s(w) = s(3).s(w,)

and this follows from the construction of ¢ on M which we have described above. This
proves the proposition.

Observe also that, as G is totally disconnected, there is a continuous section
G — G, but this is not unique. In particular we can choose a continuous 2-cocycle,
9, cohomologous to ¢?, so that )| K x K ={1}.
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METAPLECTIC FORMS 45

We shall conclude our investigation of the structure of G by considering its
conjugacy classes. Let then CCG be a conjugacy class. Then (p9)~*(C) is a union
of conjugacy classes in G, If 51 is one of these let u(C) = {¢ e w,(F) :i({) C, = C,};
this is a subgroup of p,(F) and

(P ~4(C) = i(%) G-

U
§ € uy(F)/u(C)

This can be characterized in another way. Let x € G and let Zy(x) be the centralizer
of xin G. Let ¥ e (p)"!(x). Define

0, Zo(x) > w(F);  zhi ' (FFY

where we use the fact that G acts on G by conjugation. Then 6, is a homomorphism
and its image is (C).

We shall be interested in those classes C such that ($'))~*(C) consists of # conjugacy
classes in G, since in any application of the Selberg trace formula these are the only
ones that would contribute.

Proposition 0.x.4. — Suppose CCG is a conjugacy class of regular elements. Then
w(C) = {1} if and only if for geC, geZ{y":y eT,} where T, is the maximal torus
to whick g belongs.

Remarks. — If v is regular and g = y" then it does not necessarily follow that

o 6
w(g% ={I}. As an example let n be even, r =2, Y=( ) where 0eFX,
1 o
o
2) and as (0"%)2-1+2e2 4 Fxn jt follows that

0n/2
02 ¢ F*", Then g=1y"=
o o

u(g®) * {1}
Proof. — The proof of this proposition depends on another proposition, which we
shall now formulate.

Let ACM,(F) be a commutative F-algebra of dimension . Then we can rep-
resent A as D E; where the E; are fields and

Z[E: Fl=nr.

If u,vp € AX then choose u',v' € G so that
PU) = u,p0) =2

rI.‘hen Wy

lies in ¢(p,(F)), and does not depend on the choice of ', 2’. We can therefore define
[u, 0], = i '(u' o0’ 10’70, '

Let «:® E; > A be the isomorphism between D E, and A.
Let ( , )g be the n-th order Hilbert symbol in E,.
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Proposition o.x.5. — With the notatiors above, let u = (u;), v = (y) € SY) E,. Then
[a(w), «(2)]4 = IJI (4> 2));" (det(a(u)), det(a (o))" ™.
Before we proceed to the proof of this proposition let us show how it leads to the
proof of Proposition 0.1.4. Let C be a regular conjugacy class as in the statement of
the proposition. Let g e C. Then the centralizer of g, T, say, is a maximal torus

in G. As such there exists a sub-F-algebra A of M,(F) such that T, = A*. The

algebra A itself is isomorphic to & E; for some fields E; with 2[E;: F] =r, as above.
Suppose g = a(x). Then

w(Q) ={[w, 0];: ve DE}
by the second definition. Thus if p(C) ={1} we must have
[u> v]A =1

for all » D E;/. Let i be one of the indices and let » = () with 2 = 1(j + ).
Then we demand that

(4, 9)5;" (det(u), Ngp(5)5+>) = 1.

Equivalently, one has, by a functorial property of the Hilbert symbol ([33], p. 177)
(i *.det(u)' %, )5, = 1,

or, if A = det(u)t+*

we demand that

u‘ € )\ . E.'X”.
But since det(z) = HNEj,F(ui)
3
we have AL+20)—1 o pxn

This means that u is of the form #}.A with A+%)-1eF*"  Conversely, if u is of

this form then [u, 0], = 1 forall e D E;. Thesestatements are precisely the assertion
of the proposition.

Proof of Proposition 0.1.5. — The proof of this proposition is based on the use of the
transfer map in K-theory. We shall reduce the proof to the case that A is a field. To
do this we observe that from the definition of [-, -], one has that

[YuY_ 1: Y”Y_l]yArl = [ua D]A
for any y € G. We shall then choose y so that yAy~'C M, ....,(F) where

r; = [E;: F],

-|'t)
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M,,...,r)(F) is the subalgebra of M,(F) consisting of blocks of size 7, X r;,7, X 15, ...
astride the diagonal and «(E,) lies in the j-th block. Note that

M,,,....n(F)* = GL, (F) x GL,(F) X ... x GL, (F).

Denote by p the partition (7, 75, ..., 7) and by G,
M, ..n(F) %
Fix 4,51 <1, <t i+ 1. Suppose g g €G, 50 that ¢ = (g), & = (g)
with g =1 if j+i, and g =1 if j+ i Let g2*eG with
M) =g 1(3@) =g
Define [g, g*] by
i(leg]) =888

1

*

Again this does not depend on the choice of g, g*. The map

GL,(F) X GL,(F) »u,(F); (&¢) P[]

(where we have identified GL,}.(F) as its realization as a subgroup of G,), is a bilinear
map. As such it is a function only of det(g) and det(g*). Examining this function on
the diagonal subgroup we see that

[2, 271 = (det(g), det(g"))s+%.

This permits us to compute the commutant of «(E;) and «(E.) (¢ # i*), where
we have made use of an evident abuse of language. It therefore remains to compute
the commutant of two elements of «(E), and this is essentially the same problem as
when A is a field. We shall, however, proceed slightly differently, and take A to be of
the form E® E®E where E is a field. We consider the subgroup

S ={(x,4,2") e EX X EX X EX | xx" "' = 1}
of A*. This maps into SLyg. (F). By a simple observation made in [33] p. 95, to
know the commutator on «(S) determines the commutator we need (Hint: consider
the commutator of (x, ¥~ % 1) and (, 1,»"")). We shall therefore explain how the
commutator can be determined. In doing this we shall use the concept of the functor K,,

and we shall draw freely on the theory of this functor as developed in [33].
Recall that the Hilbert symbol induces

how: Ko(F) = p,(F)
such that, if
{, }r: FX®,F* > K,(F)
is the natural symbol map, then
e ({%9}8) = (%,9)5, -
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Let E/F be a finite extension of fields. Then in [33] the transfer map
tr: Ky(E) - K,(F)
is defined. It has the property (loc. cit.)
tr{x}s ={% Ngz(O)}y (x€F",yeEX)
where Ng; denotes the usual norm. Since
(% Nge(D))ar = ®)ne (¢ €F", yeEX)

it follows that the following diagram commutes

Ko(E) —=> K,(F)
hy £ hp,e

wn(B) == w(F)

To see this, note that 4, potr must be a power of %, z by Moore’s theorem ([33] p. 165,
[35] Theorem (3.1)). Moreover we need only to prove the assertion for E/F totally
ramified or unramified. But in these cases there exist xe F*, ye E* so that (x, Ngg())n ¢
is a primitive n-th root of unity, as one can easily verify. From these facts the assertion
follows.

Now, as earlier in this section, we can construct metaplectic covers
e8] (1) = Ky(F) —SL, (F) —SL, (F) - (1)
(1I) (1) - Ky(E) - SL, (E) - SL,(E) — (1)

which are the wuniversal covers if r;,r,> 2. Starting from an identification
Fn®, E ~ FnE:Fl we embed

a: SL,(E) - SL, 5. n(F)

from which we obtain the map tr: Ky(E) — K,(F) as the map of fundamental groups.

On the other hand, if 4, %, lie in the diagonal torus of SL, (E) then their com-
mutator in (II) is

I €Ay, by ide® (€ Ky(E))

and thus the commutator of «(#,) and a(k,) in (I) with
r, = rp[E: F]

is, by definition of tr, II tr{A, ; &, ;}5*.
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If we now apply &,  we see that the commutator of «(k,) and «(k,) in
(1) = (F) > SLy o, 1y(F) > SLygg.iy(F) > (1)

is ,H_ (hyis boj)E %
i<j

This is (in the special case that r, = 3) the result that we need. This completes the proof
of the proposition.

Remarks. — 1) If g is not regular then the situation is more complicated. Suppose
that n € G where ne€ N,. Then ¢(C) ={1}. Butif €C, AeF*, neN_, n+1
then a much more careful analysis is required. Similar questions arise if g is semisimple
but not regular.

2) When r = 2 one can easily complete the description given above. One then
has that if m e C, neN_ —{I} then p(C) ={1} if and only if A¥'*%) eF*" but
if AI e C then p(C) = {I} if and only if A'T% e F*",

2. The global metaplectic group

In this section we describe the construction of the adelic metaplectic groups associ-
ated with GL, over a global field 2. This is fairly standard, but it will be useful to set
it down here for future reference.

We shall first fix some notation. Let & be a global field and for each place v of 2
let k£, be the corresponding closure. Let G = GL,, and G, = G(%,), G, = G(&).
Let 7, be the ring of integers of %,, m, its maximal ideal and ¢, = Card(r,/m,). Suppose
that

Card(p,(k)) = n.

Let now

(1) —> pu(k) 2> GO 25 G, — (1)

be the extension constructed in § 0.1. Here p, is a local homeomorphism, a requirement
that determines the topology on G. For a non-archimedean place » let K,CG(r,)
be a subgroup over which this extension splits, and K, = G(r,) for almost all places .
We identify y,(%,) with w,(k). Let us also choose a lift K} of K, which for almost all »
should be the canonical lift of Proposition 0.1.3. Let S be a finite set of places containing
all the archimedean places. We form

G(s) = (I GY x 1; K;)/M
weESs

vES
where M = (080, (8) iy @ iy€) 71 | € € (k) 1, 02 €S,
and, if o' €S,

Jo: G9 > (M G¥x II K3)
vES w8
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is the natural injection. Moreover j,’, induces an injection

G — G(S)
which we shall also denote by 7,,. We give G{)(S) the obvious topology. Let G,(S)
be analogous group defined without the metaplectic coverings. Then one has a topo-
logical extension of groups

(1) —> () —2> BP(s) 25

— Gy(S) — (1).

Let j,: G, — G,(S) be the canonical injection. Then we have the following commuta-
tive diagram:

(1) — w(k) —> BPS) 2B 6,8 — (1)
(1) — k) —> T 2 g, (1)

Moreover if S’DS then we have an analogous diagram:

(1) — w(d) —~ TPs) 28 6,(8) — (1)
(1) — w®) =2 TPE) 25 Gus) — (1)

where Jg g and jg g are the natural injections. We can thus form G§ = Erga‘j’(S)
and G, = lim G,(S) with the appropriate topologies. Thus one has continuous injec-
tions Jg, jg and

(1) — (k) =2 G —2 G, (1)

N

(1) — w(k) = BPS) 2B Gy — (1)

Here G, is the usual adelic group and G is endowed with the finest topology with respect

. ~ . iy P . .
to which all the j5 are continuous. Hence G{ — G, is a local homeomorphism, a
stipulation which also determines the topology on G{.. There is one further fact which

will be crucial to us. Let G, - G, be the diagonal embedding. We shall show that
this lifts to G, - G¢); thus

(1) — w,(k) — @‘X’ — G, — (1)
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Let, for any place 2, s,: G, =G be the original section with respect to which ¢
(over k,) was defined. We shall define a section s,:G, —~G§ such that s,|B(%)
is an injective homomorphism. From the theory of [33] it will then follow that the
restriction of the covering to G, is trivial, and this will also imply that s, is an injective
homomorphism.

We shall first define s, on B(k) and W(CG,). Let vy belong to either of these two
groups. We let S be a finite set of places containing all the archimedean places (if there
are any) and such that if w ¢ S then K} is the canonical lift, and y € K,. Then we
define sy(y) to be the image of

IT s,(v) x I s,(y) (e IT GP x I K3)
veES w¢S vES w¢S

in G{)(S). This is well-defined by Proposition 0.1.3.
By construction

So(Y172) = So(v1)-So(y2) (Y1, Y2 €W).

Let us verify this also for v, v, € B(k). If we write Y; as byn; with k; e H(R), n, € N (k)
then (with &; = diag(h; ,))

S,(Y1 Y2) = So(Y1) -8,(Y2) ‘i”(al;lb (Ill,a’ hz, »)o (det(ky), det(hy))s).

Thus if S is choosen to be sufficiently large

Su(Y1Y2) = Su(11)-Su(ys) (@ ¢8)
whereas II ( II (By,, ks ,),- (det(hy), det(h,))S) = 1 by the reciprocity law. Hence
in GY(S) fxfe h;:

So(Y1 Y2) = So(Y1) - SolYa)-

Now let geG, be arbitrary. We can write g as b.w.n (b eB(k), weW,
n eN,_(k) and can define sy(g) by

So(8) = 8o(b) - So(w) . 5o(n).

It is easy to see that this does not depend on the choice of b or n. This therefore defines
a section. Finally, either by the theory of [33], § 11, or directly, one verifies that if
7: G, X G, = py is defined by

So(g1 82) = 1a(7(815 &2)) So(&1) - So(g2)
then 7(g, g) = 1.

Remarks. — 1) One can also use the method described by Kubota in [26] to prove
these results. In this approach one constructs an adelic 2-cocycle on G,. If one does
this, then it is again plain that the splitting of the restriction of the cover to G, is equiv-
alent to the reciprocity law for the Hilbert symbol.
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2) We shall denote s4(G;) by G and sy(y) by ¥* (y € G;). That s, is not unique
will cause us no problems.

To complete this section we must discuss the notion of a smooth function on G,
Let

e: w,(R) > C*

be an injective homomorphism. Let us assume that we are given, for each v, a smooth
function f, (i.e. smooth at the archimedean places and locally constant at the non-
archimedean places) such that

So(i:(8) &) = =(8) fole) (T ewa(R)),

and such that the following condition holds: There exists a finite set of places S containing
all the archimedean places and such that if w ¢S then a) K, is the canonical lift, and b)

Supp(f,) = K.,
fuleh) =fle)  (keKy),
and So(I) = 1.
Then & £, is defined to be the function on G{)(S’) for any §’DS, such that on the class of
(&) X (g) € T G x T K,
ves’ wis

® f; has the value IT f,(g,). This is well-defined. We regard the tensor product as
veES

being with respect to C[w,(k)]. The space of smooth functions on éf{) will then be the
space of finite linear combinations of such functions.

We note here that we shall also have to consider other spaces of functions on G,
but we shall postpone their introduction until they are needed.

3. Heisenberg groups

In this section we summarize some of the basic facts about a certain type of group
extension, usually known as Heisenberg groups. Most of the material discussed here is
known, but again we have collected together those aspects which will be useful to us.
An account of much of the basic theory is given by Weil in [49], Ch. I, but as he has a
different type of application in mind, it cannot be used here as it stands.

To define a Heisenberg group, we suppose we are given locally compact abelian
groups G, A and a bicharacter ( , ) : G X G — A, i.e. a continuous function such that
(xx',9) = (%,0) (x',») and (x, ') = (x,9)(x,0). We shall also assume that A is cyclic
in the sense that there exists a continuous faithful unitary representation ¢:A — C*,
which we consider fixed. In our case A will generally be a finite group, G will be a torus
in GL, and ( , ) will be derived from some Hilbert symbol. In the case considered
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in [49], G was a vector space (or its adelization), A ={zeC*:|z[2=1} and
(%, ) = &™®=¥ where B is a bilinear form. :

Now, ( , ) is a 2-=cocycle on G and hence there is a locally compact group G and
a central extension

(1) — A8 26— (1)

where G is set-theoretically G x A and endowed with the multiplication
(8, a). (¢, &) = (eg's (8, &) ad’).

The group G takes the product topology, and all the maps are continuous, as are mul-
tiplication and inversion in G. Then G is called a Heisenberg group.

Let us note that G is abelian if and only if (-, -) is symmetric; i.e. if (g, ) = (g2, £1)-
The extension is trivial if there is a continuous map ¢ : G — A for which

(81 82) = (81 82) ®(&1) ™" 2(ga) ™
and which therefore satisfies for g;, g,,83 € G
?(81 82 &3) P(g1) P(82) P(gs) = (g1 82) P82 8s) 2(gs &1) (I).
Let now, for g,, 8, €G,
{81, )} =1 @ &&EE
where p(g) = g;. This is well-defined and one has
{81, &} = (g1, ) (82> &)

This is a skew-symmetric bicharacter. Let G, ={geG:{g, g} =1 for all g’ e G}.
Now call a subgroup HCG isotropic if {h, '} =1 for h, k' € H, and maximal isotropic
if it is maximal with respect to this property. Otherwise expressed, H is such that
= p~'(H) is a maximal abelian subgroup of G. Observe that H is closed in G, since
its closure would have the same properties.

Examples. — 1) An interesting example of a group formed in this way is Z/4Z as
0 >Z[2Z - Z[4Z — Z|2Z — o.

Here G =2Z/2Z, A =12Z|2Z and (x,y) =0 if x or yis 0 and (1,1) = 1. In this
case G = Z[4Z is abelian, but is not isomorphic to Z/2Z X Z[2Z. Naturally { , }
is trivial and H = G.

2) Let F be a non-archimedean local field in which — 1 is not a square. Let ( , )
be the 2-Hilbert symbol; then ( , ) is a bicharacter as above ([50], XIII, § 5). In [49],
p- 176, Weil has shown that there exists a function ¢, (a € F*) with values in the fourth
roots of 1 so that

cwCileyt = (a,0); c¢p=1.
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From this, ¢2 = (a, — 1) and so ¢, does not only take the values+ 1. In this case
Gy, = G. If, moreover, (— 1, — 1) = — 1 (which happens when F = Q,), (c_,)2= —1
so that (a, b)) cannot be written as ¢(ab)/¢(a) ¢(b) for any ¢ : F* — uy(F). Thus G, is
not a trivial covering of G,.

Let us now write, for any locally compact abelian group I', I'” for the group of
characters, with its usual topology, and let <, >p:I'" X I' = C*; (x, x) > x(x) be
the natural pairing between I'” and I". Let now H be maximal isotropic in G; then set

«: (H/Gy) ~ (GH)"; k>e({d, -})
B: (GH) - (H/Go)"; gre({s -})

and one sees, by the conditions on H, that «a(H/G,) separates points in G/H, and B(G/H)
separates points in H/G,. Moreover

(Q(h), &>em = <B(8), h>H/G.

so that «, B are the transposes of one another, and are injective. Thus «, B are actually
isomorphisms, cf. [48], § 28.

Likewise one can identify G/G, and (G/G,)".

Now let (~}0 = p7}(G,) (this need not be isomorphic to G, X A, although this is
frequently the case). Let w: éo — C* be a quasicharacter, such that woi = ¢ on A.
Then there exists a quasicharacter o’ : H->cx extending o, (an easy exercise). If o'’
is another such extension of » then ’//w’ can be regarded as a quasicharacter on H/G,
and, in view of our assumption that A be finite, it is a character and hence of the
form e({g, -}). Thus if &’ is as above, every extension can be written in the form
o' .e({g, -}). We shall write ¢, for ¢({g, -}) henceforth.

Now we turn to the representations of G. We have to bear some topological
considerations in mind. We shall assume now that A is a discrete group. Let us first
describe a construction of certain representations and then we shall indicate the relations
between them. Let H be as above and let w be a quasicharacter Go, and o’ an extension
of o to H. Then we consider ind§(w’) which we denote by (m, o 1, Ve, o z)—the
process of induction we have to describe in rather more detail. To do this we recall that
if we consider all pairs of subgroups (L, L) with L' CLCG, and such that L’ is compact,
L is generated by a compact neighbourhood of I, and L/L’ is elementary then G can be
¢ exhausted * by all such pairs (cf. [49], No. 11). We choose L’ so that (L', g) =
and (g,L') = 1 for all g e L and we assume also that o is trivial on L’ considered as a
subgroup of G,. Under our assumptions such L, L’ exist exhausting G. We suppose
also that L " H exhausts H. Then we consider V,, . x(L, L) to be the space of the
functions f: TG satisfying

Slhg) = o'(B) flg) (R eFD)

and fis a Schwarz function on L/L’. Then this is naturally endowed with the Schwarz
topology and the injective limit over the (L, L) yields a space V,, , y. Compare [49],
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No. 11. In most cases the construction can be carried out much more easily, but we shall
remark on this later. In particular, if G is a p-adic group this coincides with the algebraic
induction; cf. [49]. For the sake of brevity, we consider V,, . y as a space of functions
and ignore the topological considerations from now on. As usual, «, . g acts on V
by right translation.

By an analogue of Mackey’s criterion (w, . i, Ve o, 1) is irreducible. Its class
does not depend on the choice of w’. Indeed, let "’ be another choice of extension
of o to H; then o = e, ©' and the intertwining map V,_ ., g =V, ., u is given by

S (g f(yg)-

Now we show that in fact it does not depend on the choice of H. To this end let Hl, H,
be maximal isotropic subgroups and o, (resp. w,) an extension of o to |, (resp. Hz)
Thenlet H, = Hl n H,. Again every character of 31 /Go can be represented as ¢, | H,,
thus for some y e G

m1]H1 ('\H2=s .mlelnHz.

'
o, H

We shall replace w, by e, w, (making use of the intertwining opcrator above). Now
consider the map

Fa: Vosopm, > Voums S0 (80 a5 of '(0) f(he) db)

where dk is a Haar measure on ﬁ1/ﬁ1 nH,. This integral exists—this was the purpose
of the topologicab:onsidcrations above. Analogously onedefines F1,:V,, o 5>V, o, 1,
These are both G-maps. We need only verify that these two maps are inverses to one
another, at least up to scalar multiple. But this is clear as the maps F,, and F,, are non-
trivial and the V,, ,. g, (j = 1, 2) are irreducible.

We shall close thlS section by discussing two minor topics which can be most con-
veniently accomodated here.

For the first of these we shall show how to construct maximal isotropic subgroups
in the cases which will be of interest to us. Let I' be any abelian group and ( , ):
' x I' - C* any skew-symmetric bicharacter. Let G =I" and, for ¢ €Z, define
(,)onG by

(8 &) = (g.,g,) ({ng,fllg{Y

where g = (g),8 = (g.-)- Then
{g,8}= H (&> &) (I g, T g)t+>.

Proposition 0.3.x. — Let notations be as above and suppose there are subgroups T'; CT'yCT
such that

Iy={yel: (v, Ty ={1}} |
and Ty ={yel: (T~ = {1} n{yeTs (y, Ty 1+ = {1}
66



56 D. A. KAZHDAN AND S. J. PATTERSON
Then H={(3): teTy, $eTy)

15 a maximal isotropic subgroup of G.

Progf. — We shall first check that H is isotropic. As{ , }is bimultiplicative we

have to check that {f,#'} =1, {,8} =1 and {§,8} =1 where t = (), t' = (¥),

t,t;el;, §=(3,8,...), 8§ =(8,9,...), 88 el,. That {{,¢'}=1 is clear
as (I, Ty ={1}. Also

{t, 8} = (II¢, 8) 1+ =1
k

as ([y, Ty)"~'*% = 1. Likewise
{8, sr} — (3, 8')r(r—-1+2rc) =1
as ([y, Ty)rtr—t+2re) — g

Conversely, suppose geG, {g h}=1 for all heH. Choose %k to be
(1, ..., 1,...,1), tel'; in the jth entry. Then, if g = (g)

1={g h}= (g,"‘(Il}gk)‘“", t).

Hence g ( l;[gk)“z‘ el';. Thus we can write g as T;A where T;ely,
AT—i+%e e T Also, if A= (3,8,...), 8el,
[ = {g’ ’l} — (A, 8)r('—1+2rc).
The conditions on A show that
Ae{yel: (v, T "™ ={1}} n{yely: (v, TV " ={(1}} =T.

Thus g eH, as required.
Finally we shall prove the following lemma.

Lemma o.3.2. — Let F be a non-archimedean local field and let n' = Card p.,(F), where n
is a natural number. If Ry is the ring of integers of F then

Ry : RE"] =n' |nl5!
and [F*: F*"] = nn' |n|g "
Proof. — The second assertion is clearly an immediate consequence of the first.
To prove the first let d* x be a Haar measure on Ry. We shall compute the volume
of Ri". Let a:Ry — Ry be a(x) = x". This map is of degree »’ and its Jacobian is
|n|z. Hence the measure of the image of a is

#'~* ||y meas(R}),

which is equivalent to the first assertion. This proves the lemma.
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I. — LOCAL THEORY

In this chapter we shall construct principal series representations of @L‘,"(F ) where
F is a non-archimedean local field satisfying Card(w,(F)) = n. These are usually irre-
ducible, but our interest will centre on a certain quotient representation of a reducible
principal series representation. This representation we shall call “ exceptional ”, for
it is closely related to the  Ausnahmefall >’ of Hecke in [20], No. 42. In the case n =1
such representations are 1-dimensional, and when 7 = 2 they are amongst those associ-
ated with theta functions. They are amongst those investigated by Serre and Stark
in [42] and Gelbart, Piatetski-Shapiro et al. [g], [10], [11]. The nature of this condition
is most naturally expressed in terms of coinvariants (as in [6], 5.4), and by the * period-
icity theorem >, Theorem 1.2.9 ¢). Note that this does not depend on the existence
and uniqueness of a Whittaker model of the representation in question.

As was intimated in the introduction, we shall have to understand the Whittaker
models of these exceptional representations in order to be able to draw global conse-
quences. They shall be classified in § I. 3.

In § I.4 we give some more detailed information about the Whittaker models of
these representations and, in particular, we compute the “ class-1 Whittaker functions
associated with them.

In § I.5 we establish a connection between the character of a representation and its
Whittaker models. In § 1.6 we consider briefly the case when F is an archimedean
field.

Our notations will be carried over from Chapter o, except that we shall suppress
the dependence of the metaplectic groups on the parameter ¢. Thus we shall write G
for G but it should not be forgotten that the dependence on ¢ is important.

In this chapter & € F will be a uniformizer of F and ¢ = |=|z %

I.x1. Principal Series Representations

Let G, H, N_, é, ﬁ, N’ be as before, B =HN_, B = ITINT,_. We also let
H,={k:heH}, H,=p~'(H,). NotethatH, Z is the centre of H. Welet f,0H, Z
be a maximal abelian subgroup of H. We fixan injective character ¢: p,(F) — C*.

Let @ be the set of roots of G and let ®(Z) be the lattice spanned by ® in
Hom,,(H,, H,), where H, is the diagonal sub-algebraic-group of GL, and H, = GL,.
For any commutative ring R let ®(R) = ®(Z) ®, R. Let { , > be the Killing form
on ®(R).
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If u= X u(e) x e ®(C) and heH then we define |A*|; to be II |A*[4*.
We shall also ::izsider the function kb |£*|p as a function on "
i) B which factors through B — B/N, = H,
ii) H which factors through H 2 H, and

o

i) B which factors through B 5B —B/N, = H.

In particular let

I

e =Ea§®+a
and set w(h) = | #°|g,

which we also regard as a function on all of the groups listed above.

Let W be the group of permutation matrices and let s be the section of p constructed
in § 0.1. One then has

s(w, w;) = s(wy) s(w,) i((det(w,), det(wy)))".

Thus s fails to be a homomorphism only in the case that ¢ is odd and (— 1, — 1) = — 1.
This last condition implies that » = 2 (mod. 4) and so if we let ¢’ = ¢ 4 n/2 then ¢’ is
even and 2¢c = 2¢’ (mod. n). We have already remarked in the discussion preceeding
Proposition 0.1.1 that we cannot distinguish representation-theoretically between G
and G), and so we can assume that when n = 2 (mod. 4) the parameter ¢ will be taken to
be even. 'With this assumption s is always a homomorphism and we shall henceforth
identify s(W) and W.

Let @ be a quasicharacter of ﬁ,,i such that wo7 =¢. Extend o to a quasi-
character o’ of ﬁ,. Now let ﬁ_ = ﬁ, N% and extend o’ to T?;, by

o'(hn) = o'(k) (heH,, neN).
Let V(w') be the space of functions f: G — C such that
1) flbg) = (o' v) (6) fle) (b Bl);

2) there is an open subgroup K,C G such that f(gk) =flg) (ke K)), and iet G act
on this space by right translations. This is an admissible representation of G and we
denote it by (n(0’), V(0")).

Observe that this can be constructed in several steps: first by inducing o’ to f,
yielding mg(w’), then by extending this to B by pulling back via B —>§/N§_ ~ f,
yielding mz(e’), and finally inducing p® mz(w’) to G. This shows that the
class (n(w’), V(o')) depends only on o, since the class of ng(«’) depends only on o, as
we saw in § 0.3.
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Let us observe that &' is a representation on H, and that @~ !oi =2 The
representation (n(w’~?), V(e'~")) can be identified with the (algebraic) contragredient of
(m(w"), V(w')) by means of the pairing

V(o) X V(o'™!) -G
(fuf) > <fufy = T [ filnwoyn) fulnwy n) dn,
nEH,Z\H "
where wy = (8;,,1-;) € W.
The invariance of this pairing follows in the usual way.

Let now © be as above; then there exist real numbers 6,5, 643, ..., G, ,, Gy SO

that, if heH, Z, p(h) = diag(k;) then
|(R)] = [hyfhg 52 | Rofhg |5 . . . |By_sfhy|5r By .. By[fo.

If we write o, for o; ;. , if « is the simple root (z,7 4 1), then writing
o(w) = Xo, a

one has in a self-explanatory notation
lo(B)] = [p(A)™|¢ | det p(B)[fe.

One thinks of ¢(w) as a kind of “ real part *’ of w.

If o is a quasicharacter as above then for w e W, Yo, defined by

(“w) (B) = o(h)

is also of the same type. Note that
(o) = wo(w).

We say that o is dominant if 6(w) lies in the dominant Weyl chamber; that is, if
«>o0 then <« o(w))>>o0. This means that if we write |w(k)| =TII|k[§ then
LE>t,>t> ... >, Welet o":H - G* be the quasicharacter defined by

o"(h) = o(s(k")).

We call o unramified if o™ is trivial on H n GL,(Ry).

We shall end this section with some considerations special to those F with |z|p = 1.
We first construct a special H, which we will take as standard. In this case we apply
Proposition 0.3.1 with T, = R} F*" T, = Ry Fxnr—1+2)  These satisfy the
conditions of Proposition 0.3.1 by [50] XIII-5, Prop. 6. Note that the corresponding f,
is normalized by W. When |z|s = 1 we shall take K* to be the canonical lift of GL,(Ry)

characterized by Proposition 0.1.3. We now make an observation which simplifies
much of our later work.

Lemma X.x.x. — Let F be such that |n|y = 1 and let o be an unramified quasicharacter
of I-I" Z. Then there exists a quasicharacter v, of ¥* such that «-(y odetop) tis trivial on
ZnK
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Proof. — Let for A e Ry, A"—1+%e g Fxn
0, (0) = o((M)).
This is a character of RF. As w isunramified, o, is trivial on R¥". Now we can observe
(as AA+ZI—1 g Fxn)
o (A) = wy(det())'** (A eRf).
We now let y be an extension of w; **%) to FX. Then

o)(x o det o p)
is trivial on Z N K.

Corollary 1.x.2. — With the notations above y, can be chosen so that .(y o detop) is
unttary on L.

Progf. — Clear.

When |n]|y = 1 we shall call o normalized if  is trivial on Z nK*. Suppose
that e is an unramified, normalized quasicharacter of H, Z. If H, is as above then there
exists a unique extension ' of @ to H, characterized by

w'|ﬁ,ﬂK‘=I.

These extensions of ﬁ” Z and o we shall also term canonical.

Lemma X.1.3. — Suppose that |n|p = 1 and that o as above is unramified and nor-
malized. Let (m, V) = (n(w’), V(0')). Then

dim{zeV: nk)v=0v (keK)}=1.

Proof. — We may choose I-I,, and «’ to be canonical. Then as G = U §, 7K*,
where 7 runs through a set of representatives of ﬁ,\ﬁ, a function f in V(') which
satisfies w(R) f = f is determined by its values f(n). If & el N K* then there is a
consistency condition, namely that

S(nh) = f(ahn~ . 7)

so that (o’ @) (nhn~™') =1 if f(x) #+ o. But this condition is verified if 7 eH, (by
construction) but not for any 7 ¢ H, (by the maximality of ﬁ,). This proves the
lemma.

Notation. — Under the assumptions of the lemma and supposing that H,, ' are
canonical we shall let 7,(o’) € V(w') be that element which is K*-invariant and for
which 74(w’) (I) = 1. If no confusion should arise we shall write v, instead of vy(w’).
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I.2. Coinvariants and intertwining operators

In this section we shall use the general methods of [4] to investigate the principal
series representations introduced in § I.1. In particular, we shall investigate the
reducibility of these representations. Similar techniques can also be found in [46]
Chapters 1 and 2.

Let PCG be a standard parabolic subgroup of G. One has P = M; U, where
M; is the standard Levi component and U, is the unipotent radical of P. Then we
let U CNY be the lift of U to G. Let I'\V/IP = p~!(Mp). Thenif (x, V) be an admiss-
ible representation, we defined

op(V) = VKn(n) v —v|v eV, neUp).

This is an admissible Mp-modulc (Jacquet’s theorem, cf. [3] 1.9 (e)), and ¢p is an exact
functor from the category of admissible G-modules to that of admissible Mp-modulcs
(cf. [3] 1.9 (a)). Itis often called the Jacquet functor (e.g. in [46]), but in [3] it is called
the localization functor, and in [6] it is called the functor of coinvariants.

We shall first make use of this in the case P = B, in which case we write ¢, for ¢g.

Proposition 1.2.x. — The H-module ¢q((n(e"), V(«'))) has a Jordan-Hlder series whose
composition factors are

ind%.  (“w’.p)  (weW).

wH, w1
If Yo+ o forall weW, w1 then
2ol(n(w), V() = D ind (%0’ p).

weEW wH,, w-1

Remark. — The representation indg (o'.w) is the representation (w,, V,) of § 0.4
(by definition).

Progf. — This is a variant of the Geometrical Lemma 2.12 of [3]. It follows at
once from [3] Theorem 5.2, which is proved in sufficient generality to cover our case
(cf. [3] 6.4). The last statement is then immediate.

Let us now call o regular if Yo + o for all weW, w+ 1.

As an immediate application Proposition I.2.1 one has:

Proposition I.2.2. — Let ,, o, be two quasicharacters of ﬁ” 7 and let ], w, be extensions
to H,. Then, if o, is regular

dim Homg(V(e;), V(w,)) < 1
with equality if and only if @, = Y0, for some weW.
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Proof. — This follows at once from Proposition I.2.1 and [3] 1.9 (a), (b).

It is now our intention to construct a homomorphism V(') - V(“e’) explicitly.
We do this by writing, for f e V(e')

(10.f) (8) = [y S ng) dn

where N’ (w) is the subgroup of N, corresponding to roots « > o such that w~'a < o.
If this converges for all feV(w’) and is non-trivial then it is a generator of
Hom(V(e'), V(*o’)). Here Yo’ is a quasicharacter of (ﬁ,)""l, which is also a maximal
abelian subgroup of H.

Let s € ®(C) (for the notation see § I.1) and let w, be the quasicharacter k> |A*|;
of H, H, Band B. Write s in the form X s, a, where the sum is over the positive simple
roots. Let, for any positive simple root «,

Xo(s) = |75,

where = is a uniformizer of F.
We let Q,: G — C* be defined as

Q,(g) = o,(h)

if, in the Iwasawa decomposition G = N, HK, g = nkk. This we alsoregard as a func-
tion on G. Note that if fe V(o) then Q, feV(w,w'); this can be regarded as triv-
jalizing the vector bundle whose fibre over the quasicharacter w of H,Z is V(w'),
when the maps ®(C) — {Quasicharacters on H,Z}: s o, &' are used to define the
structure of a (disconnected) complex manifold on the set of quasicharacters of I-I” Z.
We shall write f, for Q, f.

We now introduce the notion of the length, /(w) of w € W; this is the minimal
number of simple reflections s,, ..., s, needed to write w as s; 55 ... 5;. Thereis in W
a unique longest element, which we shall denote by w,; it is charactenzed by wyx < 0
for all «> o. It is the same element as was introduced in § I. 1.

If o is a quasicharacter of H, Z and « is a root we let, for x € F¥,

ol(x) = o"(diag(1, ..., I, % 1, ..., x4 ..., 1)),

where, if « = (4,7), the xis in the i-th position and x~! in the j-th position. This is a
quasicharacter of F*. Moreover we recall that given any quasicharacter x of F* we can
define the associated L-function L(y) as

L(x) = (1 — x(x))~!' (x unramified, = a uniformizer of F)

=1 (x ramified).

Proposition 1.2.3. — a) Suppose w,, w, € W, [(w, wy) = l(w;) + l(w,). Suppose
also that
I, : V(®') > V("1"20'); Iw2: V(o) - V(20')

Wy
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are defined in the sense that the integral above is everywhere absolutely convergent. Then
Lpwy V(o) > V(50)
is defined and

I"’l“’a = I“’l I“’z'
b) If weW then 1, is defined for o satisfying
{a,6(w)>>0 for a>0  such that wa < o.

Moreover if t € ®(C), <a, o(e, ®)>> 0 for a> 0 such that wa < o, then, for fe V(a'),
I L(( ©)2) " L,(f)

wa <0

is a polynomial in {X,(t), X, (6)"': a> 0, wa < 0}.

Proposition I.2.4. — Let F be such that |n|z = 1 and suppose that « is unramified and
normalized. Let vy(w') be defined as in § I.1. Let m = meas(Ry) be the measure of Ry
with respect to the additive measure. Then if o satisfies the conditions of Proposition 1.2.3

I, vo(0") = { EomL(mZ) L(| |p 037} 95(*e’).

wa <0

Proofs. — We have grouped these two propositions together since their proofs involve
the same techniques.

First of all, Proposition I.2.3 is a simple application of Fubini’s theorem.

Now let us assume we have proved Propositions I.2.3 and I.2.4 when w =,
a simple reflection. Then one deduces the general case by induction on /(w). More
specifically, assume that for some / that these have been proved for all w’ e W with
l(w') <1l. Suppose that /(w) =I. Then we can find a simple reflection s such that
l(w) = l(ws) 4+ 1. By Proposition I.2.3

I, =1,.1,.
Moreover, if « is the simple root associated with s then
{B:B>o0,wp<o}={a}U{sp'>0:p" >0, ws(p) <o},

the union being disjoint. From these two facts it is easy to derive the validity of the
two assertions for w from the corresponding ones for ws and s.

Thus we have reduced the general case to that when w =, a simple reflection.
Recall that, if fe V(w’) then

Lf(g) = J.N:(s)f,(s_’ ng) dn.

We have to verify that the integral is absolutely convergent. Consider now a fixed
function f e V(') and let L be an open neighbourhood of I in G such that Sleh) =f(g)
(! eL). Let % run through a fixed set of representatives R of ﬁ,\ﬁ Then we can find
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a compact neighbourhood L, of I in N* (s) such that if n e N% (s) — L;,s"" ng can be
written as

s~ing = b(n) n(n) gl(n)  (b(n) €B,,n(n) e R, I(n) e L).
Thus

—_ —1 ’
LA@) = [, A6 m0) dnt I ([ ey @@ G0)) d8) fi(ng)
(1)
Let « be the root associated with s. Then it is clear that, as L; is compact, the first
term is a polynomial in X, (), X,(¢)~*. Thus we have to verify that the integral in the
second term is absolutely convergent and we must compute it. The computation involved
is very similar to the one involved in computing I 7,(w’), so we shall discuss this and then
treat the two computations together. The integral above we shall call the  first case .
Since v, is unique (Lemma I.1.3) I 75(w’) is a multiple of 74(°w’). However,

as 7y(°w’) can be regarded as a function on G, and its value at I is 1, we see that the
multiple is I,9,(»’)(I). This is

J.N:(a) vo(sn) dn.

This integral is the sum of m.yy(s) = m and

fN:(s) —N%(s)nK* vo(sm) dn.
If neN%(s) — N%.(s) nK* we can write
sTin=b(n) n(n) ko(n)  (b(n) €B,, n(n) e R, ko(n) e K).

Then this second integral is

(o ) (b(n)) dn

f(neNi(s)—Ni(s)r\K" sm(n) =1}

which is the same type of integral as above. This we call the “ second case .
If we write n = s(I 4 Ze,) then

sTin= ha(E) Mo S(I - Eea) S(I + E_l e_ a)

where &,(£) = s(diag(1, ..., 1,74 €,1,...,1)) (where, if a = (4,1 4+ 1), §'is in
the i-th place, £ in the (¢4 1)-th), and v, = s(diag(1, 1, ..., — 1,1, ..., 1)), where
the — 1 isin the i-th position. In thefirstcase, if L, islarge enough s(I + £ 'e_,) eglg™?,
whereas in the second case s(I +% 'e_,)eK* Thus in the first case we can consider
the integral split into classes modulo n#-th powers, so that it is a sum of integrals of the form

"—lf(a:mpc) (o @ @) (hy(EM) |n]p |EIRd™ &

- n_l-’.{E:|5|F>c} (0)‘ 0)): (g)_l |nIF d* &,

64



METAPLECTIC FORMS 65

This is a familiar integral, convergent whenever
(@ @)g (=)~ > 1,

which is precisely the stated condition. Moreover this integral is o if w} is ramified,

and is of the form mX,(t)¥/(1 — X,(#)" (n)) if w, is unramified. This proves Prop-
osition I.2.3 when w = .

In the second case we write § = n~'x where j = o (mod z), > o and x ranges
over Ry. The integral is then

I o Shalm15) o) di-|mlf = B 02w m(x — |x]y)
i>o0

=m(1 — |=]) oz(m)/(1 — wi(m) (2)

Thus we have

J‘I‘T:(n)vo(r1 n)dn =m(1 + (1 — |x|p) 0i(n)/(1 — wl(n)))
=m(1 — ¢~ wi(n)) /(1 — wi(n)),

as required. This completes the proofs of the propositions.

As a further application of the computations carried out above we can deduce a
rather technical result which will be needed later. Let « be a simple root, s the associated
reflection. We shall investigate the case that o) = 1, or, equivalently, ‘0w = w.

In this case o’ is an extension of » to H:. Thus V(w') and V(°w’) are equivalent
and we wish to make the relationship between them explicit, following the principles set
out in § 0.3.

First of all note that on H, n ﬁj, o’ and °w’ are extensions of w. Thus
. (*’)~! is a character of H, n H? trivial on H,Z. Since the quotient group is of
exponent 7 it follows that o’.(°w’)™! is of order dividing #n. Indeed,

o' (f0)" () = o' (s k1)
= ¢(— 1, b det(h)) c(h;/k;)

where « = (1,7) and ¢(§) = o’ s(diag(1, ..., 1,§,87% 1, ..., 1)), when thisis defined
¢ being in the i-th position.

One knows, as o'(*w’)~ ! is a character trivial on ﬁn Z, that ¢ is a character on a
subgroup of F* containing F*" and ¢ is trivial on F*". As¢ can be extended to a character
of F* we see that ¢() = ¢(x, ) for some x € F*. Thus, with the notations above,

o' ('0’) 71 (B) = €0 i (hy(%) M) ™" A(Ra(x) o) A,
Hence we construct a map «,: V(°0’) - V(e') such that

(&) = [z g, (@ WOV x5 A (k) 1)~ 22) .

Here the integral is simply a finite sum; let Ay be the measure of H, n ﬁ:\ﬁ, with respect
to the chosen measure. Then the lemma referred to above is the following:
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Lemma x.2.5. — Let notations be as above. Then, for feV(w') one has
o, (lim L(| |p (e @)g) L((w ©)7) 7' L) = Af
where A =mn1|n|g A,.

Proof. — From the formulae (1), (2) encountered in the proof of Proposition I.2.3
one has that

lim L] [p (@)2) L((©)2) ' L(2)
= Z [ElrS(ha(®) 08 I L(| 1o (00D [, . pupy sy (108 (Ra(8)) 4%

EER,

since L(| |g) = (1 — |=|)~%
The limit appearing here has in essence already been evaluated and the right-hand
side of the above equation becomes

mn= ! |nlp 3 |E|pSf(Re(E) m0 8)
EER,
since [FX:F*"] =n’|n|z' (Lemma 0.3.2). The result of applying «, to this is

matlnly B [ e Bl (0) ()7 ARGE) molha(e) 1)) .

ER,

After carrying out the integration over y the only non-zero summand is that arising from
E£ = x. This yields the assertion.
Now we shall discuss the question of the “ regularization > of the I, that is, the

"definition of the intertwining operators V(o’) - V(Y&’) for arbitrary . This is done
by noting that for ¢ such that o, is dominant I,: V(w,0’) > V(*(e0")) is defined
and

I L((ex ©)2) 7 1,(f)

wa <0
is a polynomial in {X,(f), X, (#)"':«> 0, we < o0}. This means that we can define
a homomorphism of G-modules

“ 11 L(e)™'L,”: V() > V(")
x>0

wa <0
by “ I L) L7f =1 I L((o )™ Lfli-o-
w:<0 wa <0

This we shall use as a definition henceforth. Moreover, if L(w}) is finite for all «> o
we can speak of I, as

I L(e?)« I L) 1,”.
a>0 a>0
wa <0 wa <0 :
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There is another approach, due to I. N. Bernstein, which can be used to define
the I, in general, and which, since we find it very illuminating, we discuss here. The
underlying idea is to remark that if we regard the X (¢) as indeterminates which we shall
now write as X,., the space V(w, '), which can be regarded as a vector space over
C(Xyas )~((23), «+vs Xip_1,) and which we write as G(X,), becomes a representation
space of G over this field.

Let us ask whether there exists a homomorphism of G-modules

V(e @) = V(*(ey o)

where o, is regarded as a function of the X,. Clearly, for such a homomorphism to exist
is equivalent to the solubility of a countable set of equations. These equations are poly-
nomial in the X, (« > o, simple), since only such functions arise. Thus either this set
of equations is identically satisfied, or there exists a countable collection of algebraic sets
in (€*)"~! such that (X,) must lie in one of these so that the equations may have a
solution. But we have already seen in Proposition I.2.g that for X, lying in the open
set such that o, ® is dominant there is a solution. Hence this second possibility is
untenable, and so the equations have a solution for generic X, .

This means that there is a map V((e; @')) = V(“(e; »’)) in this generic sense.
However, by Proposition I.2.2, this map is unique up to a scalar multiple. Moreover,
it coincides up to a scalar function of the X, (a priori not necessarily rational) with
our I,. But we have shown in Proposition I.2.3 b) that our I, do in fact induce a
homomorphism V(e o) - V(¥(0, »’)) of the above type.

Now, for any quasicharacter y of F* let P{® be its conductor. We set

L= I (nlrd " m i L( |y o) L)) L,
wa <0

which is defined, as a G-homomorphism V(') - V(“e’), for all o',
Theorem 1.2.6. — I, , =1, I, .

Proof. — The proof, following [12], Ch. 3,§ 7.6, depends on a preliminary reduction
to the case w; = w, =5, a simple reflection. To see this, notice that W is generated
by the simple reflections subject to the relations

a) sP=1
b) ssts = st sst

b

where, in b), s and s! are “ neighbouring * reflections. To verify the relations of the

type b) is elementary as
Isstsy =1(ss)) +1=1I(s) +2 =3
I(stssty =U(sts) +1=1I(s') +2=3
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and so b) follows by Proposition I.2.3 (a), since
Iaa‘a = Is Is‘ In Ia‘ss‘ =L 1,

where these are defined, and this is equivalent to the statement.

Thus we have to prove that I'? is the identity. Let us show that this can be reduced
to the cox;responding question in éVLz. Let V,(w) be the space of locally constant func-
tions on G which satisfy

flbg) = (o) (8) fla) (b eB,).

Notice that I, can be defined on V() just as before. As H acts on the left on V,(w),
we obtain the different V(w’) by decomposing V,(w) with respect to characters of H,.
Thus all statements about the I, on V(w’) are valid for V,(®) and conversely. We

shall study the I, defined on V,(w). Let us consider a copy of GL, in G, containing
the roots + «, where « is associated with s. We can restrict to this (which would not have
been valid if we had used V(w')), and thus it suffices to prove the equality in the case
r = 2. Note also that, by Proposition I.2.2, I; I, is a multiple of the identity. Our
problem is to determine which multiple. This we do by writing I; I, as an integral
transform and then using techniques from the theory of such transforms.

Let then 7 =2 andlet feV,(w). To thisweascribe a family [f](k, -) (k € H)
of functions on F which are defined by

1w e) =1 (ws(s (] %))

Thus [ f] (k) is locally constant and as y» — o
L1 &5") w2(9) |21k
is ultimately constant (as f is constant near &', for 2’ € ﬁ) Note also that

[f1(9h, &) = opm)[f1(hE) (nefl).

For this reason we can regard [ f] (%, -), as & runs through a set of representatives of
ﬁ,,\H, as a finite family of functions satisfying the continuity and asymptotic properties
above. Conversely, given such a family we can reconstruct a corresponding f.

After a brief computation one verifies that

[L.f1(k, &)
= 3w taleu®?|xlit [ IF1E AR 0, & + »7) 0l()) 47

z € FXn\Fx
where A(x) = s(diag(x, x~!)) and %, = s(diag(— 1, 1)). Iterating this yields
LLAIED = 2 0 n} | safsfe e(ea, )
[ [ Lf TR A(— ifx0), &+ 5157 + %238) @h( 1) &3] w0l 30) 7 4 3y
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where the integrals are to be understood as their regularizations, and x,, x, run through
a set of representatives of F*"\F*.

Since this is a multiple of [ f] (&, &) it follows that we need only consider those terms
with — x,/x; e F*". Thus we can assume that x, = — x,; the integral is then, on
replacing 9, by », » and writing F* = U x, F*",

Sl AL E+ (5" — 1) %) @i(5) 4%y} d* x.
This can be reformulated as saying that, if ¢ is a Schwarz function on F, then
=t aly [ ([, (0" = 1)) @2(5) @ p)d* x

is a multiple of ¢(0). Our problem is to determine which multiple.
By definition of the regularization, the integral above is equal to

it alp lim [ ([ e(x(0" — 1)) 02() d* 5} |#[pd" 5.

A0

The double integral is convergent for Re()) large enough, and so we can write it as
ntnfp lim ([ 02(0) 0" — 1> d*)). [ e(x) | %[} d* .
However
lim A [ o(x) | %[} d*x = m(1 — ¢7) (log ). 9(0)
and thus the multiple which we are trying to find is
ma=* nly (1 — ¢7*) (log ¢)~* lim A~* [ @2(5) | )" — 1[5 *d" ».

We shall next express the final integral in more familiar terms. By means of the
exact sequence

(1) > p,(F) > F* > F** - (1)
we can regard o}, which is a quasicharacter of F* trivial on y,(F), as a quasicharacter
on F*", Let @ be an extension of w} to F*. Let X, be the group of characters of F*

of order n, or, equivalently, of characters trivial on F**, Then as [F* : F*"] = n? |n|5*
(cf. Lemma 0.3.2) we have

wtale [ 02(0) 10" — 12y
= 2 n % aly [ (ox) O) |1 — 2[5 *d*).
rEX,

The integrals appearing on the right-hand side of this formula are beta-functions,
in the sense of [12] p. 145. By the analogue of Euler’s formula (loc. cit.) this is

= nly 2 T{oy) I(] [ )/T(ex | 7).

n
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Since I'(| |¢) hasa zero at ¢ =1 and, as ¢ -1,

I(| [f) ~— (log g) m.(1 — ¢~ )7}t — 1)
it follows that the multiple which we are seeking is

n? nlp.m?. B T(wx)/T(ex| |g).
X E€Xy

It therefore remains to evaluate this sum.
By [12] p. 150 (18) and (18)

I'(0)/T(o] |5 = < (?i;—)()l(x_—q_q‘)_ )

= ¢ (¢ ramified, conductor P{*),

(w unramified, w(x) = ¢~°)

Thus we can compute the multiple above explicitly.

First of all suppose that " is unramified, ©?(x) = |#|¥, say. Then we can take
o(x) = |x|t. There exist n characters in X, which are unramified. Let X], be the group
of characters on Ry, of order n; this group is of order » |n|z*. The multiple is

L Ul S

n 2 n|ym® X (x +atnl,m X g™
=1

1—¢'qhHa - x € Xp— {1}
q—nl _ _ _ B _

— 2) _—1)2 1,—1 1 ool
|n|pm T _q_,.,)g(l ) +nly +vn leX?_({)q

If, however, o} is ramified then the multiple is

n ¥ |nlpm® X g lex),
XEX,
Now let us evaluate these when |n|p = 1. When o is unramified then ¢~/ = ¢!
(x € X, —{I}) and so we obtain
[nlem*(x — g™~ (1 — ") (1 — ¢ ™)1 — ¢") 7
as required. If w? is ramified then the multiplier is, as required, m?.g~"“%),

To deal with the cases when |z|z < 1 it seems to be most convenient to resort to
global methods. The point is that a global analogue of the functional equations in ques-
tion can be proved by means of the theory of Eisenstein series (Theorem II.1.4 below).
This is independent of any local theorems and therefore can be exploited to complete
the proof here. We shall merely sketch the latter; it runs in tandem with the proof of
Theorem I1.6.3.

Let % be a global field with Card(w,(k)) = n, and which has a place » such that
k, = F. Then we can make use of the considerations of § II.1. There we have shown
that if I is @ I, ., the tensor product being taken over all places of 2, and with respect

to w,(k), then
(I)? = 1d.
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Let now the global w be such that o}, is ramified at all places z of # with |n|, < 1 except
4 =0. A priori we know that at these places one has (I,,)? = (const) Id. By The-
orem I.6.3 we can assume that the archimedean analogue is true. It thus follows from
the global functional equation that when (w}), is unramified, (I, ,)? is of the form

(const) (1 — ¢~™~) (1 — 1) (1 — )7 (1 — ) 1d.

However from the expression which we have already derived it is clear that the constant
here has to be |n|ym2 This proves the theorem in this case.

Finally we observe that {(}), : © | H; = 1, o} unramified at « with |z|, < 1, u % 2}
is dense in the set of all local w} at k,. Therefore, to prove the local assertion, it suffices
to prove it for these (w}),. But since it is true at all other places of %, and is true
globally, it follows that it is true at ». This proves the theorem.

Remark. — These methods have shown that
X g =14 (n—1)¢g ! («"unramified)

XEX,
= ng~ 1" (" ramified).
It seems possible to verify these assertions by purely local considerations; at least Bob
Coleman has shown us how to do this in certain cases.

After these rather lengthy preliminaries we can return to our principal objective,
which is the understanding of the V(w’). We base our analysis on the following lemma.

Lemma X.2.%. — Let (n, W) be an admissible representation of G and let o, be as in Prop-
osition 1.2.1. Then indg (o ) is a sub-ﬁ-representation of 9o(W) if and only if there exists

a non-zero morphism of G-representations «: W — V(w').
Proof. — This follows from [3] 1.49.
Corollary X.2.8. — Suppose that o * | |§! (x € ®F). Then V(o) is irreducible.

Proof. — By Theorem I.2.6, under the assumptions of the corollary,
“ I L) 'L,”: V(') > V(*)

a>0
wa <0

is an isomorphism. Thus if WCV(w’) is a non-zero subrepresentation W can also be
realized as a subrepresentation of V(“w’). Hence, by the lemma, ¢o(W) contains
mdg?_.(”w’ w), for each weW. So, by Proposition I.2.1, (W) = go(V(e)).
As WCV(w') and as ¢, is exact, ¢o(V(w')/W) ={o0}; hence,by[3]2.4 V(«')/W ={o0}.
Thus W = V(’), and so V(') is irreducible.

We now call o exceptional if ) = | |z for all positive simple roots a. Such an e is
clearly dominant. Then we can construct the representations which we shall study.
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Theorem X.2.9. — Let o be exceptional. Let
Vy(@') = Im(I,, : V(') - V(*a')),
where wy is the longest element of W.  Then

a) Vo(w') is the unique irreducible subrepresentation of V(**w'),

b) V(w’) is the unique irreducible quotient representation of V(o'),

¢) Vo(e') = NKer(l,: V(*w') - V(™w')), where s runs through the simple reflections,

d) Ker(I, : V(o) > V(*™w')) is generated by the set of Im(I,: V(') > V(w')) as
s runs through the set of simple reflections in W,

€) @o(Vo(w')  indy g, ("0’ 1),

f) if |nlp =1 and o is normalized then Vy(w') contains a K'-invariant vector.

A representation V(') will be called exceptional.

Proof. — We begin with a general remark concerning the I, in those cases when
oy £+ 1 for any «. Then I,:V(e') > V(') is defined as the regularized value of

Lo f(8) = [y, /(0" n8) dn.

Let L be a sufficiently small compact open subgroup of G, and let S be the right
L-invariant function in V(') with support B, L and such that S@) =1. Let g = w;
then the integral is convergent and so can be understood in the usual sense. By choosing L
small enough one has I, f(w) + o, and hence I, #+ o. Notice that ' is exceptional
if and only if L(| |p 0" ,)~' = o for every positive simple root o.
With ' fixed as in the theorem let
M(w) = indf, ("0’ ).

Then we shall first prove €), i.e. that ¢o(Vy(w')) & M(w,). Clearlyby Lemmal.2.7
M(w,) is a component of ¢o(Vy(w')). Conversely, if M(w) is another component then,
by Lemma I.2.7%, there would be a morphism o : Vy(w') - V(*w’). Then the com-
posite map oI, : V(w') - V(*ew’) is, by Proposition I.2.2, a multiple of I,. It
cannot be O by construction. Thus for some ¢+ O one has

oo Iw. = (,‘Iw.

Suppose now s is a simple reflection such that /(ws) > [(w). Then by Theorem I.2.6
I,,I, =O but I,I,+ O. Thisis a contradiction and hence we have proved e).
Since M(w,) is an irreducible H-module it now follows from [3] 2.4 that V(')
is irreducible. Part a) of the theorem follows at once from this and Lemma I.2.7.
Next we shall prove b). Let V be another irreducible quotient of V(') and
let M(w) be a component of ¢o(V). Then V can be realized as a subspace of V(*w'),
let «:V(w') - V(“w’) be the map whose image is V. By Proposition I.2.2 thisis a
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multiple of I,, and as I, = I, . I, it follows that V,(w’) is a quotient of V. As V
is irreducible V 2 V((«’) (and w = w,). This proves b).

We next prove c). Let V, be the space defined by the right-hand side of the
statement. Then as I, I, = O, VDV (0'). Next note that the argument above
shows that M(ww') is a component of @o(Im(I,: V(*«') - V(*“’))), and hence
M(ww') is not a component of g¢y(Ker(I,: V(*«’) = V(*«’))). Taking w’ = w,,
we see that M(ww,) is not a component of ¢y(Ker(I,)). But this shows, as ¢, is exact,
that

vo( N, Ker(I, V("))

is either O or M(w,). Since by Theorem I.2.6
V(') CKer(I, V(*w'))

we see that
Vo(w') = le Ker(I, V(*»')).

But now if we choose s such that /(w) = [(ws) + 1 then
Ker(I, V(*e')) CKer(I, V(*w'))

and c) follows at once. Part d) follows by a “ dual ” argument.
Finally, f) is a corollary of Proposition I.2.4.

Remarks. — The class of the representation V(') depends only on . Our notation
will imply a realization of the representation in the form given by either a) or b) of the
theorem.

We shall refer to Theorem I.2.9 e), which plays an especially important role in
our investigation, as the *“ Periodicity Theorem ”. The reason for the name will become
clearer in § I.4.

I.3. Whittaker models

In this section we shall discuss the Whittaker models of V(w’) and of Vy(w'). To
explain the relevant concepts, let ¢, be a non-trivial additive character on F and define
the character ¢: N, — CG* by

e(n) = ¢ X% ni,i+1),

1<i<r

which we also regard as a character of N%. . Fix a quasicharacter w, of 'Z, and form the
character wy X ¢ of ZN’ by

(g X €) (2n) = wo(2) e(n) (z € Z,ne N%).

73
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We shall suppose that wyo?z =¢ on ,(F). Then we form the representation (p,, L,)
of G induced from wy X ¢; that is, we regard L, as the space of functions f: G->cC
such that

a) flxg) = (@9 X €) (1) fle) (v eZN)), N
b) for each feL, there exists an open subgroup K,CG such that

Sflek) =flg) (keK))

on which G acts by right translation. The representation (p,, L,) is algebraic.

We say that a Whittaker model of an admissible representation (=, V) is a injection
(7, V) = (p., L,). Let us recall how these are in general constructed. Let (x’, V') be
the dual representation to (=, V), i.e. V' is the dual space of V, the action of 2" € V'
on v €V being denoted by <2’,2)>. Then =’ is defined by

(n'(g) v'y0) = ¥, w(g) T o).
Now suppose that A € V' and satisfies

w'(n) A =¢(n) A
and that n|Z = w,. Then if veV, (g <A n(g)2)) eL,. If (V) is irre-
ducible and A # o this is clearly injective. Conversely if ¢:(x, V) — (p,, L,)
then A(v) = ¢(9)(I) is an element of V' as above. We denote the vector space of such A
by Wh(V).

Another characterization can be given. Let (x, V) be as above and let
e*(m, V) = V[ n(n) v —e(n) v|v eV, ne N, );

then ¢°(m, V) is the e-localization of = in the terminology of [3]. Clearly ¢°(x, V) is
a 'Z'N;-space, and it is dual to Wh(V).

Remark. — Let Z° be the centre of G and Z° = p~1(Z°). Then Wh(V) is naturally
a Z°-module.

Let us now consider the case of (w, V) = (n(e’), V(e’)) so that @y = o | Z.
For 7 eH we form

Ongs [ = [, () f (5" ) .

Asin Lemma 1.2.3 b) this exists if o is dominant (as we have shown there that the integral
is absolutely convergent). Clearly 2, satisfies the above condition, so that A, e Wh(V).
Clearly if # e H, and 7 e f

My = (07 1) ()
Lemma X.3.x. — There exists f, € V(w') so that
() #0 i nineH,
=o 9 'n¢H,.
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Proof. — Choose a fixed set of representatives R of H\F. Then let L be an
open compact subgroup of G, which we shall take to be sufficiently small. Let Joa(meR)
be defined by

Ja(bnlwg) = (o' p) (b) (b GE" leL),
Jag) =0 (g ¢ B, nLay).

Then we shall check that this has the required properties. One has
s S = [, Sul0 o) e(n) dn.
But there is only a contribution when
v’ wyn € B, nLu,,
or () (w, nwy’?) € B, L.
This however requires that w,nwy'eL, n~'v’ eH,, if L is sufficiently small. Thus
the integral is zero if 1'% ¢H,. If v7'%' €eH, we can assume that ' = . Then
<)\"’f;7> =fN:nw;‘Lw. ! dn * 0.

This proves the lemma.

Lemma 1.3.2. — One has
dim(Wh(V(e’))) = Card(H\f).
Here Card(S) means the cardinality of S; the notation will only be used for finite sets S.

Proof. — The equivalent statement that
dim(¢*(V(w’)) = Card(H\H)

is contained in [3], Theorem 5.2.

Thus if @ is dominant the A, (y € ?I,,\ITI) span the vector space Wh(V(w')). Since
one can easily verify that the A, (f;) are rational functions of the X(f), the method of
Bernstein explained after Lemma I.2.4 applies and shows that the A, are defined
generically.

The objective of this section is to describe ¢°(Vy(w’)) or equivalently Wh(Vy(w'))
from the description of Vy(w’) given by Theorem I.2.9. We can unfortunately only
obtain complete results when |z|z = 1. In § I.5 we shall discuss a different approach
which permits us to avoid some of the problems occuring when |n|p < 1. ,

First of all we shall explain the basic idea of the approach of this section. If w e W
the linear form on V(')

S g, L,

where A, e Wh(V(“w’)), is defined in Bernstein’s generic sense. Since it lies in Wh(V(w’))
it can be written as

E;T(wa o', 0, 7],) <)\n',f>s
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where A, e Wh(V(w")). We shall write 1,(v, %) for 7(», ’, 9, ') if no confusion should
arise. The sum in v’ is taken over ﬁ,\ﬁ These equations define the transpose action
of the I, on Wh(V(’)).

Now let ¢ be a function on H which satisfies

c(hn) = (o' w) ()~ e(n) (heH,, nef).
Define Me)= Z _c(n)A,.

1€ H\H
Suppose next that «’ is exceptional. Then A € Wh(Vy(w’)) yields an element
of Wh(V(w')) via
V(@) = Vo(@),
and this is then a A(c). Since A(c) is trivial on the kernel of I, we must have
Me), Lf>=0 (feV(w))
where s runs through the simple reflections of W. Conversely if A(c) satisfies these
conditions it follows from Theorem I.2.9 d) that A(c) is trivial on Ker(I,) and hence
defines an element of Wh(Vy(’)).
Moreover {(A(c),I,f> =0
if and only if
Zc(n) t("o’, 5,1, 1) = o.
As s runs through the set of simple reflections in W we obtain a system of linear equations
in c¢. If cis a solution of this system we can define an element A(c) of Wh(V,y(w’)) by

CA(€), Iy, 5 = {Me), f>
and every element of Wh(Vy(w’)) arises uniquely in this way.
We shall now explain how the 7,(», #') can be computed. Let
K, ={keGL,(Rg) : 2 =1 (mod Pg)},
and suppose that m > 1 is large enough so that the covering p splits over K,,. Let

k> k" be such a splitting, and let K, be the image of K,,in G. Let K =N + NK,.
Then, as in the proof of Lemma I.3.1 we define f{™ to be that element of V(') with

a) Supp(fi™) = B, nu, K3, = B, muo(K32)',
b) fi™ is right-K; -invariant, and
¢) fiM(wo) = 1.
If m is sufficiently large, such an f{™ exists. Aswe have seen in the proof of Lemmal.g3.1:
O iy +0 (n=1)
=0 (n*17).
Then one has

s L SIS = (1, 1) s S,
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so that
(M 1) = gy L i[O, S
Moreover in the proof of Lemma I.3.1 we saw that
s S35 = meas((K})")
if m is large enough; consequently one has
t{w, &, 9, 1) = lim (i, L f4> /meas((K£)").
Now thai we have explained the approach we shall carry it out when |z|; = 1.
WE shall take B, to be the standard group constructed at the end of § I.1. Note that
p(H,) is then
{diag(h_,-) :ordF(hj) = (2¢ + 1) }l‘.‘.ordF(h,,) (mod n)}.
Let = be a uniformizer of F, let £ = (f;, ...,f,) €Z’ and let
! = s((diag(xh))).
If we let :
A={feZ: f,= (20 + 1)§f,‘(modn)}

and construct a set of representatives A for Z’'/A then {=n': fe A} is a set of represen-
tatives for H\ f.

Suppose now that the conductor of ¢, is Ry and let dx be the self-dual Haar measure
on F. For J €eZ/nZ define the Gauss sum

gV = q [ o(m, %) e/ dx.

Suppose next that o is a quasicharacter of H, Z such that «? is unramified for a given
simple positive root «. Since H, is the standard maximal isotropic subgroup we can
choose o’ on H, extending  such that ’ is trivial on

k' {diag(1, ..., 1,3, L1, ...,1): e RF}
where «* is the canonical lift of K and, if « = (i, ¢ + 1), the y (resp. y~') is in the i-th
(resp. (¢ + 1)-th) position. Let _

u; = «"(diag(1, 1, ..., I, — 1, 1, ..., 1))
where the — 1 is in the j-th position. If , »’ are as above and if |n|; = 1, let

b = o'(y),

it is not difficult to see that this is well-defined. Then one has:

Lemma X.3.3. — Suppose that F is such that |n|g = 1. Let o = (1,1 + 1) be a simple
root and s € W the associated reflection.  Suppose that % is unramified and that «' is choosen as
above. Then

(s, ', by B*) = O(i(h, B*) + 2(h, %)),
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where
a) for j=1,2, % eﬁ, kR eﬁ, one has

(e, B ') =0’ w(h). (" ) (&)~ 7i(n, 1),
b) if £,£*€Z" then

ti(n, 7") =0 unless £* = £ (mod A),

and, with
£ = (foofor - oficvfivi — LS+ Lfives - 0 f)
P(rn, 7)) =0 unless £* = £, (mod A),
c) one has
i, ) = (5 — () (x — g7 gh~on (a0,
and 2w, wh) = e(— 1, m)fifisr g=2 gllia—fi—1),

Remark. — This lemma clearly determines <(s, o', &, #*) completely.

The proof is an application of the formula derived above, and we shall postpone
it to the end of this section.
Let p=(1,2,...,7) €Z’. We define an action of W on Z’ by

wm]=wm—p)+p mMmeZ,weW)
where if m= (m,my, ..., m,)
we set w(m) = (My14), My1ig)s - - 5 M)
Note that if |m| = Xm; then
|w[m]| = [m].
The action of W on Z’ induces one on Z'[nZ’.

Corollary1.3.4. — Suppose that F is suck that |n|z = 1 and that o is exceptional. Let c
be a function on H satisfying :

c(nh) = (o' w) () e())  (neH,, he)
Jfor which \(c) induces an element of Wh(Vy(w’)). Then
c(m) = Oghi—fioat 1=l =6i=2 o(__ 1 m)fifien gllin=f=1) g(nf)
if s is the simple reflection associated with the-root (i, i + 1). Conversely, given a non-zero func-

tion ¢ satisfying these conditions \(c) induces a non-zero element of Wh(Vy(w')).

Proof. — We have seen that we must have

(s, ‘o', 7, 7w c(nf) = o,
t
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where f is summed over a set of representatives for Z’/A, in order that A(c) should induce
an element of Wh(Vy(w’)). We show now that this is equivalent to the stated condition
for each 5. Suppose s is associated with the root (3,7 4+ 1). By Lemma I.3.3 the
condition above is

(s, ', 7, ) e(n') + 1(s, 'o’, 7, 7') ¢(nt) = o.
This is, as «’ is exceptional,
— Oghi—fisr = 1+ 06~ fival/n] c(n')
+ q—z a(— I, ‘n:)("'+ 1)(fi+1—1)g(f.‘—fi+1+1) c(ﬂh) = o.

In this we replace f; by f and note that £, = s[f]; the quoted condition follows immedi-
ately.
This leads at once the following theorem, which is the objective on this section.

Theorem X.3.5. — Suppose that F is suck that |n|z = 1 and that o is exceptional. Let
N. be the number of images of free orbits of W acting on Z'[nZ’ (orbits of sizer!) in Z'[A. Then

dim(Wh(V,(’))) = N.

As an immediate corollary one has:

Corollary 1.3.6. — With the above notations one has that dim(Wh(Vy('))) = 1 if and
only if either
: r=n—1, 2(c+1) =0 (modn),

or r=n.

Remarks. — 1) Although we shall not dwell on it here it is interesting to observe
that Wh(V,(w')) is a Zo-module on which Z acts by (op)~ ' For example, if r=rn
then Z° is abelian but Z°+ Z. Thus Wh(V,(«’)) determines a distinguished extension
of (op)~'to 79, which could be computed. The significance of this extension is unclear.
When r=n or n — 1 Theorem I.3.5 implies that Wh(V(w’)) is an irreducible
Zo-module.

2) Although Theorem I.3.5 does not hold if |n]|z = 1 is not assumed, a weaker
version does. Moreover this assumption is not needed for Corollary I.3.6. Such
results will be derived by global methods—see Corollary II.2.6.

Progfs. — The corollary is a simple combinatorial exercise given the theorem and
we shall leave it as such for the reader. We shall therefore just prove the theorem.

As H, is standard c is determined by the values c(n') (f e A). Moreover from
Corollary I.3.4 one sees that if ¢(x*) is non-zero then it is of the form #(w, f) c(=')
where ¢(w, f) is computable. Hence ¢(n') determines the ¢(x*"). Suppose that f lies
in a non-free orbit under W. Then, as one can easily see, there existsa w € W and a
simple reflection s so that

s[w[f]] = w[f] (mod n).

79



8o D. A. KAZHDAN AND S. J. PATTERSON

Replace £ by w[f]. Then if s corresponds to the simple reflection (,7 4 1) one has
that

fi=fiz1— 1 (modn)
and, by Corollary I.3.4,

c(rll) = — ghi—fi+ 1= == g(xf),
But also

e(rt) = (o ) (=0 () 1)~ o(n)

and so, if c¢(n') + 0 we must have
o p(nt. () ~1)~1 = — ghi~fia+ 1= —h=2n],

But as w is exceptional the absolute value of the left hand side is ¢"™*", with
F = f; — fi;1 + 1, and that of the right-hand side is q‘”"“’"+ 1, This is a contradiction;
thus ¢(n) = o if f lies in a non-free orbit.

Suppose now that f lies in a free orbit.© With the notations above one can easily
verify that

a) if s is a simple reflection then ¢(s, £).¢(s, s[f]) = 1, and
b) if s, s’ are * neighbouring *’ simple reflections then

(s, s S[ED) . 4(s", S[€]) - £(s, £) = £(s", ss'[£]) ¢(s, '[£]) ¢(s', £).
Thus given ¢(r!) we can inductively define c(r"%) for all w e W. If for some

w, w' € W we have
7l — g vl

with & e H, then, as | w[f]| = |w'[£]|, we would have w[f] = w'[f] (mod n) and, by
assumption, this would imply that w = w’. Hence & = 1. Thus the prescription

c(hntl) = (o' w(h)~te(nxd) (ke fl,)
c(n) =0 (q ¢wgwﬁ.-n“"“),

defines a solution to the system of linear equations which ¢ had to satisfy. If
e U H, 0

weEW
then, for some w e W, £’ — w[f] is of the form (a,aq, ..., a) where
a.(r—1 +2r) =0 (modn).

From this the theorem follows at once.
It now remains to prove Lemma I.3.3.

Proof of Lemma 1.3.3. — We have
(0, 1) = Oy, LA ) [meas((K3)%)
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for sufficiently large m. This then takes the form
e (K27 e
meas((KZ7)*) Jxg Ungi

where the integrals are to be understood as their regularized values. We shall first
evaluate the inner integral. To do so we first determine when sn, nwy ' n, can lie in
B, K, w, = B, 0 wy'(K})*. Suppose that

S (s, a0yt ) dnl} 2(ny) dn,

smyomwy tny = b wytk (beB,, ke (KL,
or p(s) p(m) = p(b) p(n') p(wy  hng twwy) p(m)~ L.

We shall express matrices in G in (r, + 2 + r,) X (r, + 2 + r,) block form so
that p(s) is

o
o
b

We can then write p(n,) as

I o 0
o(lz‘)o
01
o) ") I

with £ eF, p(b) as

by % X,
0 by x4
lo o b,

with by, by, by upper-triangular, p(n) (resp. p(7’)) as

m 0 0 m 0 0
0 My O resp. [o n; o
o 0 g 0 0 7w

with =; (resp. »;) diagonal, and p(w; * kny ' w,) as

n, o o
U, n, O
Uy Uz My
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where ny, n,, n; are lower-triangular matrices. From

B(s) p(m) = p(8) p(n’) plg " hemgy ") p(n) ™"
one obtains after a short computation that

Uy =0, Uy=0, U3=0,

¥, =0, X3,=0, X3=0,

nn=I n=I

r—1 r—1

by =y~ by = g3 g
0o 1 -
and (I g)=ban2”2712 g
One also demands that

mny' o o
o b, o

0 0 gzt

should belong to B,. From the last of the equations above

-1
bz=( : I)nén{‘

o g
and "= (e 3)
where v = p(n)~
1 o 0|
Let now b(E) = |o (0— a g) o p(n) p(n')™"
0 0 1]
I o 0 \
and hE) =s]|o (0_ & ‘é) 0
o o I

The integral is then
’ v r—1 —
zezF:/Pg' {fE’(z, ) (m P‘) (ha(a) m ) di} eo(z)
where =(5 9, 1) ={EeF vet + ze P, B (8) m~t e HL).

It must still be regarded as a regularized value, first of the integral inside the braces and
then of the sum.
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If z does not represent the zero class of F/Py then the inner integral is simply
(o ) (= va™) ™) (2) ¢~ | 275,

if B (—vz~Y) yn'~t e H, and is zero otherwise.
The integral over &'(o, v, n’) is

A(m) = [ u(E(8) m'~") d&

integrated over those £ in vPy™ such that ’l;;(ﬁ) mle I':'I,,. This integral is” a geo-
metric series if we regard it as a sum over subintegrals of the form |£]| =R. The
regularization process simply means that we take the formal sum. It proves however
more convenient to compute the integral by an indirect method.

Consider now the sum over z; this sum we also arrange as the sum of the integral
over E'(0, 1, v') and the sum of the subsums over |z| = ¢/ (j> —m). In these subsums
we replace z by 20 with 6 e R, 6 = 1 (mod Py), and sum over all such 6 modulo Py.
Since the conductor of ¢, is Ry this sum vanishes unless |z]| < g¢.

Since the sum in question converges in an open set of  this argument is valid there
and the consequence remains valid after regularization. The terms remaining are those
with |z| = ¢, which yield ’

(0 ) (ha(—vaY) 1) g(2) ¢

2€PrY/Ry
z¢ Re/Re

and those with |z| < 1, namely

Bm) = X (o ) (hu(— vzt ™) g7 2|72
ZERg/Pg
2 ¢ PI/PP
In these last two sums there is an additional restriction on the 2, viz. that the argument
of (o' ) should lie in H,.

Hence =(s, ', , v') is the sum of

T (0 ) (he(— veY) m' 1) E(z) g

zEPs'/Re
z ¢ Re/Rp

and A(m) + B(m) for m sufficiently large. Thus A(m) 4 B(m) is constant, as a func-
tion of m, for m sufficiently large.
If in the integral defining A(m -+ n) we replace £ by n~" £,, we see that for all m
A(m + n) = ofy(n) A(m).
Moreover, if m > 0, m = o (mod n) one has

Bim+n) =Bm) + X (o p)(h(— vz my'"Y) g ™" 2|2
z € PR/PR"
Y3 i i
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In the second term here we replace z by n™ z; and obtain
B(m + n) = B(m) + «"(x™").B(n).
From these if follows firstly that for large m, m = o (mod n), one has
w3(r) A(m) + B(m) + o (z"") B(n) = A(m) + B(m),

and secondly that this equation then holds for all m > 0o, m = o (mod n). Thus one
has, for m = o (mod n),

A(m) = wi(n™") (1 — wy(r))~*.B(n)
and so A(m) + B(m) = A(o) + B(o)
= B(n) (1 — wi(n)) ™%
Therefore (s, @', 1, 7’) is the sum of
D (0 w) (Ba(—va) ') 2(2) . g2

z€PF'/Rp
z¢ Re/Rp
and (1 —ai(m)™t T (0 p) (F(—ve) mm'~Y) g" | 2|2
2 ERGP}
s ¢ PP

We are now in a position to deliver the coup de grice. In the first term set z = y/=.

Take 7 to be of the form n!. Under the assumption made on ' the sum becomes

Z (0 ) (ha(— ve) mn' ) e(m )T e o) g
y ERp/Pr
v ¢ Py/Pr
Clearly the class of ' in H\H is determined and we see that it is the class of n. If now
J=fispi—fi—1
then the sum is
g (0" 1) (ha(— ve) m ") g% -
which after a short computation can be seen to be
0g2 g(J) e(—1, .,r)f.'fm.
Now consider the second term. It is invariant under replacing z by 20 (0 eRy)
and from this one sees that the only terms which contribute are those with

ord(vz™!) = o (mod n). But the class of ' in ﬁ,\ﬁ has to be that of  if the sum is
not to vanish. Thus we can restrict our attention to the case %’ = 7, and here we obtain

(1 — @l(m) 11 — g7 (@ 1) (he(— ve™Y) | 2]7?

where z is chosen with o0 < ord(z) < n. Since v = nfi~fis1 we choose

7 = qofi = fisr =0l = fi 1))
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which yields
e(l — &)2(7?))—1(1 — q"l) qfi—fiu w’;(ﬁ[(fi"fiﬂ)/”]);

with this the proof of the lemma is complete.

I.4. Hecke Theory

In the last section we constructed the space Wh(Vy(w’)); in this section we shall
study the function

H>Cihb ), moh) 0>
for A e Wh(V,y(e’)) and v € Vy(w').

To describe the results we regard Vy(w’) as a subrepresentation of V(“*w’). As
such it is the image of I, . Let c¢: H — C be a function satisfying

c(nh) = o' u(n)"te(h) (a e, ke
and which satisfies the conditions discussed in § I. 3, namely
Zix(s, "o’y m, 7') €(n) = o0
for all simple reflections s and %' € H Ifve Vo(o') and 7 € V(w’) is chosen so that
L, (0) =v
then A(c): Vy(o’) = C can be defined by
CA(e), 0> = (A(e), 7>

and yields a Whittaker functional on V(w’).
With these notations we can state our first main result.

Theorem X.4.x. — With the notations above, let ¢ be fixed and v € Vy(w'). Then there
exist numbers A, A’ > o so that

a) if he H and for some positive simple root « we have

|p(R)*| > A

then CA(e), mo(B) 95 = o,

b) if ke and for all positive simple roots o we have
|p(R)*] < A

then CA(e), (k) 0> = Z e(n) u(n)? o(n k)

the sum being taken over FIN\H.

Proof. — Part a) of the theorem is a triviality as V(') is admissible so that we
need only give a proof for part ).
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To do this first let 4, € H,Z and form
u = mo(hy) v — “wu(hy) 03

from Theorem I.2.9 ¢) it follows that ¢4(2) = 0, where ¢, is the coinvariants functor
of § I.2. Hence there exists an open compact subgroup N, of N*_ so that

J.N‘ mo(n) udn = o
(cf. [46], Lemma 2.2.1). Thusfor ke H, ae Wh(Vy(e’)) we have
jN. (0, (k) To(n) ud dn = o.
But for a suitable A;> o
|p(R)*| < Ay
for all positive simple « implies that
e| ANg ™1 = 1.
Thus, under this condition we have that the integrand is constant and hence
. O, mo(h) 43 = o,
Thus we obtain
(h mo(hhy) 0) = (Mwp) (hy) (N, o(k) 2).
Since V(') is admissible
H,Z/reB,Z | my(h) o = v}

is ﬁnitely generated and from this one deduces that given » € Vo(w') k€ H there exists
A, > 0 so that the function

hy > P op(hy) ™t (N, mo(hy B) 03
defined on
{hyeH,Z:|p(h)*| < A, for all positive simple «}

is constant. We next compute the right-hand side if A = A(¢).
Replace n by k, nh7'. Then we have that this expression is equal to

S c(y). fN‘ 2(hy nh7Y) 5(nwy tnh) dn.
As hy —o0
e(hy nhTY) > 1
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and as the integral is absolutely convergent we see, by Lebesgue’s dominated convergence
theorem, that

i (1)~ CA(e), oty ) 0 = T e(a) [, 5y ab) d
= 5 e(n) w(n)? [, 5y v ) dn

The integral is however simply I, (7) (n **k), or v(n **k). This proves the theorem.

Let us now assume that |n|; = 1 and that ¢, has conductor R;. If  is unramified
and ' normalized we let 75 € Vy(w’) be that K*-invariant element for which one has
9(I) = 1. Call heH weakly dominant if |p(k)*| < 1 for all positive roots «.

Theorem X.4.2. — With the notations above
CA(c), mo(h) 26> = e((A™) ") u(h)®
if heH is weakly dominant and o otherwise.

Note that Theorem'I.4.1 is the ‘“ asymptotic ”” form of this theorem.
It will be a consequence of the following theorem, of interest in itself:

Theorem 1. 4.3. — With the notations above, if h IN'I,, V4 is weakly dominant we have

f et e Tolh) 20 dn = “eaua (k) .06

Reminder. — The assumption that «’ was normalized carried with it the assumption
that K* is canonical. Hence N’ nK* is a lift of N, n K.

o~

Deduction of Theorem X.4.2 from Theorem 1.4.3. — Let h e H, h, e H, 7 be weakly
dominant. Then by Theorem I.4.3 one has

Jin o o) 0 dn = “ea(hy) o (R) 2.

Apply A(c) to both sides of this; as
AN, nK*) A~'CN’, nK*
we obtain
CA(c), mo(hhy) v = *wp(hy) CA(c€), mo(h) vo)-

We choose now £, so that khk, lies in the region where Theorem I.4.1 4) is valid. This
theorem yields for the left-hand side the expression

Z c(n) p(n)? vo(n " (hhy))
and, from the construction of v, this is simply
c(((hhy)*)™") . (khy)*.
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Thus if 4 is weakly dominant we see that
CA(€), mo(h) Bo> = ("o (k)™ . e(((Ahy)*™) ") . n(hhy)?
= c((k,)7") u(h)™

This proves the required formula when % is weakly dominant. If £ is not weakly
dominant then it is easy to show that {A(c), wy(k) 75> = o.

We now turn to the proof of Theorem I.4.3. For this we make use of some
auxillary considerations. Let x*: K — K* be the canonical lift. Let K,CK be the
Iwahori subgroup of K, i.e. that subgroup of matrices which are, modulo =, upper-
triangular; let K} = «*(K,).

Proposition 1.4.4. — One has, with the notations above,

{v € Vo(0') : mo(R) v = v, k e Ki} = C.7,.
We shall first assume this and deduce Theorem I.4.3. Let N_ be the group of

lower-triangular unipotent matrices and choose n’ e x* (N_ N K,). Ifnow 2 eN, n K"
it follows from the Bruhat decomposition that we can write n’ n in the form

n'n=u(n,n).a(n,n').u(n,n)
where
u(n,n’) eNy, NK*

a(n,n’) e HnAK
u'(n, n') ex*(N_ nKj).

Moreover one sees that n > u(n, n’) is a measure-preserving map, by first proving this
statement for SL,(F) and then applying induction. We shall now verify that, for 4 e H, Z
dominant,

sznK‘ 7io(nk) vy dn

is invariant under Kj. To prove this it is sufficient to prove that it is invariant under
k*(N_ nK,), since it is clearly invariant under N? N K* and K*nH and these
groups together generate K;. Thus, we let »’ e x*(N_ n K;) and we shall verify that
the vector above is left fixed by n’. One has

mo(n') fN:nK‘ mo(nk) vy dn = ngnK* mo(u(n, n') a(n, n') u'(n, n’) k) v, dn.
Since v, is K*-invariant and since % and a(n, n') commute the right-hand side is
fmx‘ o(u(n, n') k) v, dn.

As n> u(n,n') is measure-preserving and is clearly injective it is also surjective. Thus
this last integral can be written as

fmm 7io(uh) 7o dn,
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which demonstrates the invariance claimed. Hence, by Proposition I.4.4 there exists
a scalar 6(%) so that

fmmno(nh) 9y dn = 0(k) v,.

It is easy to see that 6(k) = “wu(k) by applying the functor ¢, to this equation. This
completes the proof of Theorem I.4.3, once Proposition I.4.4 has been proved.

Proof of Proposition I.4.4. — We continue to regard Vy(w’) as the image of V(w’)
by I, in V(*«’). Then if »; € Vo(w') is Ki-invariant there exists 7; € V(w’) which
is also Kj-invariant and such that I, (#;) = v; this follows by the familiar averaging
argument since K} is compact. We shall define a basis f, (w e W) of

Y ={U EV(O)’) :ﬂo(k) 9= (k EK;)}>

and it will suffice to show that all the I, (f,) are equal. To that effect it will suffice to
show that

L(fo —fw) =0
for all simple reflections s. The element f,, of V(') is defined to be that Kj-invariant
element of V(w') with

Supp(f,) = B, wK;
and Sow) = 1.

It is easy to verify that this exists. To see that these form a basis of such functions we
observe that {ww:n €T, w e W}, where T is set of representatives in H for IN'I,\I'NI, is
a set of representatives for B\G/K:. But it is easy to verify that if ¢ is Ki-invariant
then ¢(nw) = o0 when 4 ¢ H,. Hence the Jfo (weW) do form a base. Moreover
we see that if ¢ is Kj-invariant then ¢(w) = o (w € W) implies that ¢ = o.

Now let us verify that

Is(j;o _'fsw) =0

for a simple reflection s. By the principle which we have just explained, it suffices to show
that

L(fo —fo) (@) =0

for all w’ e W. However, if w' #+w, sw, then I (f,) =o, I,(f,) = o as the inte-
grand of the integral defining I, is zero. It will therefore suffice to show that

Is(ﬁo '—fm) (w) =0,

since the other condition, that with @’ = sw, arises from replacing w by sw.
Thus we have to show that

f oy Ju(T2) dn = JN:(,) Jou(snw) dn.
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Let « be the root corresponding to s. Then one finds that in order that s(1 + £e,)*w
should lie in B, wK} one requires that |£|> 1 and then

S+ Ee) w=R(E) (T +E e ) w

where 71;(5) has the same meaning asin § I.3. Since ' is exceptional it follows that
n+1

fols(1 +Ee)* w) = |E| ™  if ord(E) = o (modn) and |E|> 1,
= 0 otherwise.

Assume now that meas(Rgy) = 1.
Then the left-hand side in the equality which we have to prove is

(I _ q—-l) 3 q+nk_q—k(n+1) —_ q—l.
k>0
Consider next the right-hand side of the proposed equality. The condition that

(1 + Ee,)* should lie in B, swK} is |£] < 1. But the integrand is then 1 and the integral
is again ¢~!. This proves the equality and the proposition.

I.5. Characters and Whittaker Models.

Our objective in this section is to establish a connection between a numerical
invariant derived from the character yy of an irreducible, admissible representation V
of G, and dim(Wh(V)). This result could be used with a knowledge of the character
of Vy(w), if this were available, to compute dim(Wh(Vy(w))) when [z]|; < 1. We
shall give a simple example of this (Theorem I. 5.7 below), based on Flicker’s formulation
of the Shimura Correspondence in [7].

Before we can formulate the main result of this section we have to recall some
standard facts about characters. Thus let (r, V) be an admissible representation of G,
and let f be a smooth function of compact support on G. Then the map

w(f): V>V;  on| f(x).n(x) vdx
has finite rank, and has therefore a trace, which we denote by Tr(n(f)). Since

S Tr(=(f))

is a distribution, we can write it as
[s(%) f (%) dx
where yy is a generalized function (or distribution) on G. Itisinvariant in the sense that
w(*) = xs(x)  (»€G).
Let G,,, be the set of regular elements of G, and let émg = p7H(Gyp)-
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Letnow a« = (r;, 75, ..., 1,) be a partition of r and let II, be a standard parabolic
subgroup of G with Levi component isomorphic to GL, (F) X ... x GL, (F). LetQ, be
the character of the representation of G induced from the identity representation of II,.
Then one can compute the Q, explicitly (cf. [14] § 20.4, § 21.5, [12] Ch. 2, § 5). We
shall not give the explicit formulae here, but we note the following consequences:

1. Q, does not depend on the choice of Il ;
2. let U be a neighbourhood of I in G; then the Q, | U are linearly independent, and
3. let a0y = (1,1,...,1); then
m QB ) =0  («% ).
h regular
Let Q, = Q,o0p.

Theorem X.5.x. — Suppose that Char(F) = o, and that V is an irreducible admissible
representation of G. Then one has:

(1) v can be represented by a locally constant function on ﬁreg;
(i1) there exists a neighbourhood U of 1 so that yy is represented on U by a locally integrable function;
more precisely there exist ¢, € G (o a partition of 1) such that

Xv | U = an.gal U.

Proof. — Part (i) follows by writing the proofof [1g9], Cor. to Theorem 4 in the context
of metaplectic groups. Part (ii) will follow from [18], Theorem 20 once we have verified:

a) there exist G-invariant open neighbourhoods Y ofIin G, and Y of I in G such that
pl ¥:Y->Y

is a homeomorphism, and
b) the Q, | U have the same span as the ““ v, > of [18].

Since the Q, | U are linearly independent, and since the Q, actually appear as the
germs of characters, b) follows easily.
We shall now verify a). Let K, CGL,(Ry) be an open normal subgroup such that

(i) there exists a GL,(Ry)-invariant section k, of p over K; (i.e. x3(xY) = ()Y if
x eK,, vy e GL,(Ry)), and
(i) if K, = {#":x € K;} then K, is a subgroup of K,,
K; »K,; zxpa”
is a bijection and the inverse map is given by the binomial series for (I 4 (y — I))!",

It is easy to see that such a K, exists.
We now let

¥ =x(Ky)% Y=K§
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we have to verify that p is injective. To do this suppose that x, 2’ € K,, g, ¢’ € G are
such that (x)? = (x')”; we have to verify that

Ky (%) = %y (x')"7.

To do this we can clearly assume that g’ ' =1. Let x =" x' =" Since
the binomial series for (I + (" — I)9)"* converges and is equal to that for
(I+ (B* —I))¥")? we obtain & = . 3But then x,(x)! = k;(E"? = (k,(E)*)"; as
K (8)! = xy(7).1({) for some ¢ e p,(F), this yields

(%)) = k()" = K, (") = Ky (¢).
This completes the proof of the theorem.

We now choose a non-degenerate character ¢: N7 —C* as in § I.3 and
define Wh(V) as there for any admissible representation V of G.

Theorem 1.5.2. — (i). Let V be an irreducible, admissible representation of G. Then
Wh(V) is finite-dimensional.

(ii) Suppose that V is cuspidal (i.e. op(V) = {0} forall P+ G). Then Wh(V) =+ {o}.

Here ¢; is the functor of coinvariants associated with the parabolic subgroup P
of G as introduced in § I.2.

Proofs. — (i) This seems to be well-known but we could not find a reference; there-
fore we sketch a proof here. It suffices to prove the statement for V cuspidal, since, by
the obvious analogue to [3] 4.5 for the metaplectic group, the general case can be deduced
from this one. Under the assumption that V is admissible and irreducible there exists
a finite subset V, of V such that V = ¢B.V,>.

Thus if A e Wh(V), A is determined by the functions

H->C; Rkoax@E) ) (0eVy).
Since V is admissible there exists ¢; > o so that, if for some « € ®* one has
Ip(h)a |F > C1s

then AMr(h)v) =0 (veVy).
We shall show that likewise there exists ¢, > 0 so that, if for some « € ®* one has
[p(B)* [ < ca
then Mr(h)v) =0 (veV,).

Granted this, it follows that the functions above are determined by a finite collection of
their values.

Let now « be a simple positive root and let P,DB be that maximal parabolic
subgroup of G whose unipotent radical N, contains the unipotent subgroup of G cor-
responding to «. Then as

ep, (V) =0
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there exists a compact open subgroup Y of N, such that
[rm)vdn =0 (veV,).

Let ¢,(«) be such that, if |p(k)*|z < ¢y(a), then
hYR='CKer(e);

this being so we have
0 = ([, m(#) m(n) vdn) = A(x(h) 0). [ dn.
Thus A(w(k) v) = o,

for all & with |p(h)*|y < ¢cy(«). This clearly implies the assertion we needed.

We now come to the central theorem of this section. To formulate it we must first
introduce some notations. If g e G let P(g) be the discriminant of the characteristic
polynomial of g and let

Ag) = | P(g) [ | det(g) [y "™
If g is split with eigenvalues Ay, ..., A, then one has
Adg) = IL 1% — Al | det(g) [~

Naturally, A is a class-function on G; we call it the Weyl factor.

Theorem X.5.3. — Suppose that Char(F) = o. Let V be an irreducible, admissible
representation of G with character yy. Then

dim(Wh(V)) = % lim A(K) xy(s(A),

where h € H with h regular.

Remark. — It is not difficult to show using Kubota’s formula (following Prop-
osition 0.1.2) that s | H is a continuous section of p | H (although it is not a homo-
morphism).

This theorem is a variant of one of Rodier’s [41].

Proof. — The proof of this theorem is based on the relationship between G and the
group P, = p~'(P,) where P, ={geG:(o,...,0,1) g = (0,0, ...,0,1)}. We shall
make use of the structure theory of representations of ’13,, and, in particular, the notion
of derived representations as discussed in [3] § 3. These are considered there only on P
but the results apply also to P.

We shall paraphrase those results of [3] § 3 which we need. Let W be an algebraic
representation of B,. Then there exist representations (derived representations) W®
of (N},_k and a filtration oCW,CW,_,C...CW, =W of W such that

Wi/Wyy1 = indé,_k.N;(W"‘@ €—1)
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where

Ni={neN:p);=o0 ifi<j<r—&}
and 6_1(n) =¢( X p(n) 141 (neNp),
r—k<i<r

here the subscripts denote the relevant matrix entries. Note also that W*®¢, | is
well-defined on G,_,.N.. We shall here consider the W¥ as the coinvariants defined
without the intervention of the modulus function which is used in [3] 1.8 (b); as we
have used the usual induction functor we have also used the corresponding modification
in 1.8 (a) (1). Thus this leads merely to a slight difference in definition.

Let ¢ be a locally constant function of compact support on B. We shall call ¢
cuspidal if for every parabolic subgroup T of G, such that TICP one has

fu} o(ug)du = o

where Uy, is the unipotent radical of IT and U}, is the canonical lift of U to B. Examples
of such functions are given by the matrix coefficients of cuspidal representations of G
restricted to P. Denote the space of cuspidal functions on P by Cq(P).

Proposition 1.5.4. — Let ¢ € Co(ﬁ) and let W be an algebraic representation of P
Suppose moreover that W' is finite dimensional.  Let < (resp. ;) be the action of P on W (resp. W,).
Then (o) has finite rank and

Tr(w(9)) = Tr(z,(9))-

Proof. — Since ¢ is continuous and of compact support one has that () exists
and that it respects the filtration oCW,CW,_,C...CW,; = W. We shall show that

T(p) Wy = =(¢) W,CW,.

This will be proved by an inductive argument, of which the %-th step consists of the
statements

a) t(p) W;CW,,, (1<j+%k<7), and,
by) if ©(p) : W/W; 4 _>Wj+k/\&-l;k+l (1<) +Ek<7)
is the induced map, then <(¢9) = o.

Clearly b,) implies a,,). On the other hand a,) implies that t(¢) is well-defined.
If 2 = o b,) also is meaningful and a,) is a triviality. Now note that by) is true since
¢ € Cy(P), andsoisb,) (k> 1) by [3] 3.2. Thus a,) is true for all 2. In particular
() W, CW,. The filtration gives 0 Ct(p) W,_,C... Ct(p) W;CW,. Observe that
the natural induced maps

WJ'/WJ'+1 ")T(CP) Wj/'r((?) Wj+1 (1 <j< r)
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are surjective, and o (by 4,)); hence it follows that
o) Wi=r1(e) We=... =1(e) W,

as required.
Thus it remains to prove that t(¢) has finite rank in the case that (v, W) is

(to, Wo) = indf. xu.,,(F)(e X e).

The representation space for this latter representation consists of locally constant func-
tions f on P such that

a) flg.i(%) = (0 fle) (Ceu(F),gcP
b)  flng) =e(n)flg) (neN,geP)
c) |f|, which is defined on N\P, has compact support.

Then  (vo(9).f) (8) = j; Sv) o(g7y) dy,

and dy is a left-invariant Haar measure on P.

Since there is a compact subgroup K,(¢), which depends only on ¢, such that
<(¢) f is K,(¢)-invariant, it will suffice to show that there exists a compact subset K(o),
which again depends only on ¢, such that

Supp(7e(9) f) CN.K(9).

To demonstrate this we shall use induction on 7.
Let us write matrices in P in ((r — 1) + 1) X ((r — 1) 4 1)-block form; let

N, be the subgroup of matrices of the form (i :) (x eFr~Y), and G,_, the subgroup

of the form (& © (g € GL,_,(F)). Let nr>n" be the canonical lift of N, to P and
o 1 r r

let G,_, =$p"%(G,_,). We have a bijection

F-1xG,_,»>P (@xor (i ':)' .8

We can therefore parameterize P by this map, the multiplication becomes
(% 8).(x's &) = (» + g%, gg'),

where gx’ is, by definition, p(g) «'.
In the above integral we now replace g and y by (o, g;) and (§, y,). The left-
invariant measure can be taken to be

dy = |det(y,) [z *.| d§].dy,
where dy, is a bi-invariant Haar measure on G,_,. Thus
(vo(®) f) (0, &1)
= J5_. S0 12) [det(r) | [poms colEr 1) - @87 &5 2) | €| -da.
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It is now convenient to replace § by g, §; then the right-hand side of the above expression
becomes

JE S0, v1) |det(gi " v1) |FIJ‘F’_1 eo(;glgr—-l,jaj) ?(§, gr ' v1) | dE]|.dy,.

In this expression & = (§,...,&,_,) and g; is the 7j-th matrix coefficient of p(g,).
Note that there exist compact sets K; CF "~ K2C(~3'r,_1 such that

Supp 9 CK, X K,

and also that ¢ is locally constant on Nj X é,_l.

It follows from the last fact that there exists ¢, > o such that the integral over &; is
zero unless |g,_, ;[p< ¢;. Secondly, as ¢ has compact support in the above sense, there
exists a constant ¢, > o such that, if |g,_,;|p< ¢; for all j, then

[ (e s eer vl =] eEendE=o
F j=1 F-1

since ¢ is cuspidal.

It follows now that in order that (t(¢) f) (0, g,) should be non-zero we need that
|g_4,jl¢ < ¢y for all j, and that there should exist at least one j such tha~t |8 —1ilg> €.
It follows easily from this that there is a compact subset K; of G,_; such that
=(9) f(0, g,) = 0 unless g, €P, ,.K;, where P,_, is the subgroup of G,_,, defined
as P was in G. Moreover, in the integral representation of t(¢) f(o, g,) above
& ' v, € K,; thus the integral need only be extended over ’ﬁ,_l. K; K;. Observe here
that K;.K, is also compact.

We have now to show that there exists a compact set K, C ?,_ . such that, if g, e K,
then the map

P._,~C;  pr(e)flo, pg)

has support contained in (N* N ﬁ,_l) .K,. However, since t(¢) f(0, g) is, as a function
of g, right-invariant under an open subgroup which depends only on ¢, we see that it
suffices to prove this latter statement for any fixed g, € K;. This we shall do by reducing
the question to ?,_1, when it will be justified by the induction hypothesis.

Suppose that ¢(E, g) is, as a function of g, right-invariant under a compact open
subgroup K5C6},_1. Then we can assume that f(o, g) is too, since we can average
it over K;. Thus there exists a finite set vy, ; € é,_1~(1 < j< N), and positive con-
stants ¢; (1 <7< N), so that 74(¢) (0, pg,) (where p e P,_;) is given by

2 G|, Sflo,qyy;) |det(p™ g) [zt |det(gr Py |7

1<j<n P'_l
r—1
J;H eo( 2 & -1, &) @6 &1 "7 qva,) [dE| dg
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where dg is a left-invariant Haar measure on ’I\",_l. Thus our contention will be proved,
by virtue of the induction hypothesis, if we verify that the function on P,_, given by

poolde Dl [ el _E & 1aB) o6 et pra) 148

L 1<k<r—

satisfies the same conditions on ﬁ_l as ¢ did on T’, ; for then the integral above can be
interpreted as a ““ 74(¢) f(p) > and the conclusion follows.

This function is clearly of compact support and locally constant. That it is cuspidal
is almost immediate from the corresponding condition on ¢. Hence the induction is
completed, and Proposition I.5.4 is proved.

We next need the existence of sufficiently many ¢. We let (t,, W,) be the represen-
tation of P:

(To, Wo) = indgt X u,.(F)(e X 5).
Lemmal.5.5.— Let LC P bean open compact subgroup of B.  Then there exists pE Co(ﬁ)
such that

Supp(e) CL
and Tr(re(9)) * 0.

Proof. — We shall first show that there exists such a ¢ + o but without the restric-

tion that Tr(ty(¢)) + 0. We can also assume that L is of the form K% NP where K2 is
the lift of

w=1{k e GL,(Rg) : £ = I (mod =™},
the lift exists for m large enough.

It will now suffice to show that there exists a non-zero locally constant function ¢,
on G with Supp(e,) CKj, such that for every parabolic subgroup II CG one has

[ ®1(ug) du = o.
I

This is so since, for some & € K (= GL,(Ry)), one will have that the function p - ¢,(p")
on P is non-zero.

Let now keK be such that its image under the reduction map
GL,(Rp) — GL,(Ry/(w))

is elliptic. We let « € F*, to be chosen later. Then define
Pu(¥) = eo(a Tr(xh))  (x €Ky)
= o (otherwise).
Here we are identifying K with K,, in writing Tr(x%). We have clearly only to show

that ¢, is cuspidal. To do this let IT be parabolic in G. Then II is conjugate to a stan-
dard parabolic subgroup II,, and Uy, is then also conjugate, by the same element, to Uy .
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However, II, normalizes Uy and G = II; K so that there exists # €K such that
Uy = (Up)* Thus it suffices to show that

k —
[iogp®r(#8) du =0

for all 2 eK and all standard parabolic subgroups IICG. Now since K}, is (for m
large enough) normalized by K it follows that one can assume that 2 = 1. It then
follows from the Iwasawa decomposition that if (Up)*g N K} + ¢ then geUy.K}.
Thus we need only show that

fU'ﬁnK;, u(uk) du = o
where % €K;,. However, written out explicitly this is

fuhnK;'eo(a Tr(ukh)) du = o.
Let I’ be the opposite parabolic subgroup to II; then since k% has elliptic reduc-
tion (mod =)

p(kh) ¢ K,. (I A K).
Thus Tr((kh) p(Uz N K2)) = 7" Ry

and so, for a suitable fixed « (depending only on m) the above integral is 0. Thus ¢, is
cuspidal.

Now let ¢ be as constructed. We observe that there exists an algebraic represen-
tation (p, Y) of P such that p(¢) £ 0o (for example the regular representation). Thus
from the discussion in the proof of Proposition I.5.4 one has p,(¢) 0. Since p, is of
the form 7, ® X, where the action of P, on X is trivial, it follows also that (t,),(¢) % o.
Note that

(v0s W) = indfu ., (e X €)

is unitarizable. Hence if ¢’ = ¢ * ¢ one has

a) wo(9) + 0 and Tr(z(¢')) + 0
b) Supp(¢’) CL, and
¢) @ €Gy(P),

as one sees at once. Thus the lemma is proved.

We are now in a position to prove Theorem I.5.3. We shall consider the restric-
tion of V to B. This is algebraic and the multiplicity of (t,, W), in V,, or, for that
matter V, is dim(Wh(V)); this we write as N(V), which is finite by Theorem I.5.2.
Hence by Proposition I.5.4 one has, if = denotes the action of G on V and if P € Co('ﬁ),

Tr(n(g)) = N(V). Tr(r(9)).
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However, let LCG be a sufficiently small compact open subgroup, and let y;, be
the normalized characteristic function of L. Here ¢ sufficiently small > means that the
image of w(¢) is to be L-invariant. Then y, % ¢ is locally constant and of compact
support on G, and () = w(xy, * ¢). Thus we see that

v YL * 90 = N(V) Tr(7o(e)).

From Theorem I.5.1 we have that there exists an open neighbourhood @ of I in G
and an expansion of the following form:

Wl 0 =Zc (V) G, 0.

We now choose LC@ and ¢ such that
Supp(p) CO.

Then we verify at once that
G e>=0

for all « # o, where II,, = B, since y;, * ¢ is cuspidal (or since dim(Wh(ind$_(1))) = o).
Thus

Ctws A * @) = 60,(V) <8y 31 % 035
hence there exists a constant vy, such that
N(V) = 1.6, (V).

This involves yy only in a neighbourhood of I; since the representation of G of which Q,_ is
the character has a unique Whittaker model it follows that y; = 1. Thus one has

ca (V) = lim Q, (B)~" yy(s(B))

where £ is taken to be regular. It then follows that
N(V) = ()~ lim A(K) xo(s(8)
since, in a neighbourhood of I on H
Q, (k) = r'[A(R),
as one can see from Proposition I.5.6 below. This proves the theorem.

Let V(w) be the representation defined in § I.1. Then one has

Proposition 1.5.6. — The character of V(w) is represented by a locally integrable func-
tion Yy, which is supported on (H, Z)® and whose value at a regular element b of H, Z is given by

[H: #A7AR)-1 T “wk).
weW
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Remarks. — 1. This proposition is a generalization of the computation of characters
of principal series representations, which have been known for a long time (cf. [14]
§ 20.4, [12] Ch. 2, § 5).

2. If n=1, o =1 we obtain the formula for Q, used above.
3. From Theorem I.5.3 it would follow that

dim Wh(V(e)) = [H: 8,];

this agrees with Lemma I.3.2.

4. In the case r = 2 this formula was given by Flicker [7] p. 141, but the factor
[H:H,] has been inadvertently omitted.

Proof. — This is a generalization of [7] Lemma 2.1, and the proof is essentially the
same. We shall merely note the modifications which have to be made. Firstly, if A ¢ H
then the Jacobian of N, - N,; n>nkn~'h~! is A(k)/u(k); thus the computation at
the bottom of p. 141 of [7] can easily be generalized. The other point to note is that
in [7] p. 142 the author has omitted the integration (in his terminology) over A\\A and
this accounts for the missing factor [ﬁ : I'?I‘].

Theorem 1.5.9. — Let n=3, r=2 and ¢ = — 1 (mod 3). Then
dim Wh(Vy(e)) = 1.

Proof. — In the sense of [7], Definition 1, p. 172 and Theorem 5.2 the represen-
tation V(o) corresponds to a one-dimensional representation of G, which, by computing
its N7, -coinvariants by [7] Theorem 5.2 is seen to be x where

(B = w(s(#) (W)t (h H).

It is then easy to compute dim(Wh(V (w))) by Theorem I.5.3. This yields the result
quoted.

Remarks. — Theorem I.5.7 is also a special case of Corollary II.2.6. The proof
sketched here is quite different and appears to us to give different insights. We plan
to return to the discussion of the generalization of the Shimura Correspondence as for-
mulated in [7] and its consequences in a later publication.

I1.6. Archimedean fields

In this section we shall discuss the analogues of the results obtained in the previous
sections of this chapter for archimedean fields. We have three distinct cases to consider.
These are
i.2=1, F=R,C
2. n=2, F=R
3. 2> 1, F=C,
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In cases 1 and g G is isomorphic to G X p,(F), and we need only review some
well-known results. In case 2 the situation is a little more involved, but since G is a real
reductive Lie group, locally isomorphic to G, it is also covered by the general theory.

We shall begin by defining the analogues of the V(') and discussing the inter-
twining operators. Then we shall consider the irreducibility of the representations, as
in Theorem I.2.9. In cases 1 and 2 the results are analogous to those of § I.2; in case 3
the ““ relevant ” V(w') is actually irreducible. Finally we shall derive those results con-
cerning Whittaker models which we shall later need.

We define H, N, as before, likewise ﬁ, IT'I,,, N%.. Incases1,3 ﬁ, =H=Hx wa(F),
whereas in case 2 the index of H, in H is 2072, We let I-I” =p Y :heH); thisis H
in cases 1 and 3, and of index 2 in case 2. Let Z be the centre of G (and of B); it is
p YA : N ~1eF*}. Thusin cases1 and 3, Z =p~{al: 1 eF*}, and in case 2

Z=p1Al:2eR*} (r odd)
=p {AL: 2 eRX} (r even).

The function p can be defined as before; note, however, that we shall always take
| z|¢ = 22.

Now let o be a quasicharacter of H, Z, extending ¢ : p,(F) - G, and let ' be
an extension of w as a quasicharacter to H,. We let V(') be the space of func-
tions f: G — C which satisfy
(i) flbg) = (o' w) (B) fle) (b eB(=FH.NY)

where we have extended o’ to B, by requiring that o' | N%, =1,
(ii) g f(g) is a smooth function.
Now we define, as before, I,: V(o) - V(¥»’) by
— —1
(Lof ) (&) = [y /" 7) dn

which, as we shall see below, converges when « is dominant.
Let us also define »” and o(w) as before. We shall define, as usual, the L-function
associated with a quasicharacter y of F* as follows:

L(y) == 2T(s/2) F=R, () =]|x|g or
= [*[p*
= (2m)'~* I'(s) F=C y(x) =|x|gx™™ or
lxlcx™™ (m> o).
We can also define o, f; exactly asin § I. 2.
The analogue to Proposition I.2.g (a) is clearly valid. Consequently, asin § I.2,

most of the problems involving I, can be reduced to the corresponding problems in the
case of r = 2. In particular, one has the following analogue to Proposition I.2.3 (b).
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Proposition X.6.x. — If w € W then the integral defining 1,, converges if {a, o(w)>> 0
Jor all o> o suchk that we < o and the function t>1,f, is analytic in the corresponding
region. Moreover the function

to I L(( )™ L)
wee 0
can be extended from its original domain of definition, viz.
{t: Re({a, tD) > — (a, 6(w0) ), for «> 0, wa < 0},
to a holomorphic function on ®(C).

We shall not give the proof in detail here; we remark merely that it reduces to the
case where w = s, a simple reflection, in which case we can treat the integral directly
in order to determine its poles. They are amongst those of L((«, w)3) and the holo-
morphy follows from this. One should note that the holomorphic function above has
Zeros.

We shall now formulate a version of Lemma I.2.5. Asin § I.2 we can define
o, : V(°0') - V(w’), in the case that o} = 1 where « is the positive simple root cor-
responding to s.

Lemma X.6.2. — Suppose that s is a simple reflection associated with the root «. Then,
Jor feV(ow'), one has

o, (lim L(| [e(e 0)3) L((0 @)2) 7' L) = Af
where
A=n"tnlpA,

and A, is the measure of I-I,,/I-If N H, used in the definition of a, .

Remark. — As usual here, we take the measure associated with dx on R, and with
dz A dz on G,

Proof. — We write £ for the complex conjugate of £ when F =G, and ¥ =§
when F = R. Then one readily verifies that

lim L(| [e(@)") L((@2)") " L/(e)
is equal to

lim L(| Je(0)?) L)) [ (@ow)a(r + E8) P AR(E) mog) dE

[Elp>1

1
where v, is as in § I.2 and A%(E) = K, (E/(EE)2), with %, as before.
When F =R, we set Ry ={1, — 1} and the limit becomes

1 X f(ha(x) m08)

ZER,
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from which it follows that
a(m L(| [5(0,)") L((0.)") " L) (&)

is equal to Ay f(g) both when # =1 and n = 2. This proves the lemma in this case.
When F = C then f(%;(8) 108) =f(nog) (as o} =1) and then the limit
becomes nf(nyg). This yields, for a,(%i_fx% L(| |p(e)") L((0)™~*Lf) (g), the value

n.f(no g), as required.

As a consequence of Proposition I.6.1, Il L(e%)~'I, can be given a meaning
>0
wa <0

for all w; this we understand to be the regularization of I,,. Note that it involves a process
of analytic continuation.
Since II L(w?)~'I, is sometimes zero we need some finer information, which
>0

wa <0

will be given by the analogue of Theorem I.2.6. We define

1
L= 1II (In|e®L( |5 o) L{«})™) I,
a>0

wa <0

which is defined at generic ® but which does have singularities.
Theorem1.6.3. — I, , =1, I, .

Proof. — We begin by making some simplifications. First of all, as in the proof of
Theorem I.2.6 we can restrict ourselves to proving that I)2 = I, where s is a simple
reflection. Next, we note that when F = C

|n]p 2L(| |p 02 L(ol) ™! = L(| |p o) L(wg)™*

where ,(*¥) = w(h,(*)); thus in this case we can assume n = 1.

It would be possible to mimic the proof of Theorem I.2.6, but it is easier here to
exploit the theory of Eisenstein series as we did at the end of the proof of Theorem I.2.6,

Let us first deal with the case F = C. Since we can take n = 1 we choose an
imaginary quadratic field 2 (eg. Q(4/—1)). Then, since we did not need the theory
of Eisenstein series to prove the functional equation at those places w with |r|, =1,
we can assume that Theorem I.2.6 is valid for all finite places of 2. Since the global
functional equation is also known, its validity at the one archimedean place of % follows
immediately.

The same proof, with n =1, £ = Q, shows that the assertion is also valid for
F=R, n=1.

Now let 2’ be an imaginary quadratic field with 2’ ®,Q,= Q,®Q,. The proof
of Theorem I.2.6 applies to this case and so we derive the validity of Theorem I.2.6
for F = Q,, with n = 2. Now finally we can apply the argument above to Q to derive
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the validity of Theorem I.6.3 in the case F =R, n = 2. The remaining cases of
Theorem I.2.6 now follow.

We next call an o as above exceptional if for all positive simple « one has «? = | |.
We also let, as before, Vo(') be the image in V(*«’) of V(w’) under I,,. We suppose
here that w’ is exceptional. Then one has

Theorem 1.6.4. — The representation Vy(e') is the unique irreducible subrepresentatzon
of V(') and the unique irreducible quotient representation of V(w'). Moreover
a) if n =1 then Vy(w') is the one-dimensional representation the restriction of which to H is “owp.,
b) if n =2, F =R then Vy(w') is a proper subrepresentation of V(™) and a proper quotient
representation of V ('),
c) if r<a, F=GC, V(o) = V(o) 2 V(™).

Proof. — The initial statement follows from the general principles of [31]. State-
ment a) is well-known. To prove c) regard G as G X (k). Then V(o) = (W®y) X ¢

where y is a one-dimensional representation and W is induced from the representation
1 1

w".n of H. Since, if r< n there is no root « for which (p"), = | |p; it follows that Wis

a non-degenerate representation in a complementary series.

To prove b) we check that if s is a simple reflection associated with the simple root «,
then the composite map

«L{wg) 11 I, :
V(') —— V(o) — V(')

is 0. Thus, by Theorem I.6.3, the image of V(*w’) under I, lies in the kernel of I,, .
(One observes that, by Proposition I.6.1, both maps are defined, that the composite is o
follows from Theorem I.6.3.) On the other hand on examining the proof of Prop-
osition I.6.1 one sees that “ L(w?) ~'I,” is non-zero. Hence the kernel of I,,, is non-
zero. From [31] it follows also that the image of V(«’) under I, is non-zero. Hence
V(') is reducible.

Now we can discuss the Whittaker models of the Vy(w'). Let ¢ be a non-

degenerate character of N,.. Then if » is dominant, n e H, we can define the linear
functional A, on V(') by

g f> = [y 70) S0 ) dn.
If hef, then one has
= (o 1) (B) 2
These define Whittaker functionals. Let, as before Wh(V) be the space of all Whittaker
functionals on V.
Theorem 1.6.5. — a) When n = 1, Wh(Vy(e’)) = o.
b) When n =2, r=2, F=R
dim(Wh(Vy(w))) =
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c) When r< n, F =G, then Vy(o') is isomorphic to V(w') and
Wh(V(e')) = ()

Proof. — a) is obvious in view of Theorem I1.6.4.

b) is proved in [8] § 4.
¢) is well-known (see, e.g. [44], Corollary to Theorem 2.2 which is much stronger).

Remark. — It would be possible to show, as in [44], that the A, can be regularized,
and that these give rise to all of Wh(V(w’)). Then, by studying the effect to the inter-
twining operators I, on the A, (as in § I. 3, in the p-adic case) one could show that, when
n=2, r>2, F=R, Wh(Vy(o)) =0. We shall not need this result. More gen-
erally, if 7> n then Wh(V,(e')) = o. L

We shall need however one particular result of this type when F = C and o is
arbitrary. This result is a special case of the functional equation proved by Jacquet
in [22] (see also [43], [44]), so that we shall merely reformulate these known results in
our terminology.

We let A =2;. Then the function ¢+ (},f;> has a meromorphic extension
to ®(C); hence A can be defined on a generic V(w'). If weW then fi (NI, f>
is also a Whittaker functional on V(w’). Since we know that dim(Wh(V(e’))) =1
this must be proportional to A. We shall determine the factor of proportionality.

If y is a quasicharacter of G, then x(x) can be written either as x~™ | x|; or X~ ™| x|,
where m is a positive integer. We define then

m

e(x) ="
We fix the additive character ¢ of C to be

e(z) — ezni(z+z—).

If o is a quasicharacter of H we let, for « € @,
(%) = @(hy(x)).

Moreover we define, for « € ®, v, e H to be diag(1,1,...,1, — 1,1, ..., 1) where,
if « = (¢7), the — 1 is in the i-th position. Then the functional equation is given by:

Theorem 1.6.6. — With the notations above, f e V(w') )
L= 1T (0n,) e(w) ™! Liog) L(| | 7)) <A/

x>0
wa <0

Remark. — We could also deduce this from the ¢ global > functional equation of
Theorem II. 1.3, the procedure being the inverse of that which we shall use in the proof
of Corollary II.2.4. This suffices to determine the factor of proportionality up to a
constant. (To complete the proof one reduces the evaluation of this constant to the
case r = 2 and then makes a special choice of f.)
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II. — GLOBAL THEORY

In this chapter we shall apply the local theory of Chapter I and the theory of
Eisenstein series to construct an automorphic representation of the global metaplectic
group G, over a global field k with Card(y,(k)) = n. We shall show that this represen-
tation is, in an appropriate sense, a tensor product of the * exceptional > representations
of Theorem I.2.9 and § I.6.

In § IL.1 we shall recall those aspects of the theory of Eisenstein series which we
need. The automorphic representation referred to above is then described in The-
orem II.2.1. Although this is of interest in itself one can only derive consequences of
arithmetic interest after some further work. The automorphic forms have ¢ Fourier
coefficients > which may be described in two different ways.

Firstly, as we have represented the representation as a restricted tensor product,
these Fourier coefficients are described by the local Whittaker models as in The-
orem II.2.2. One consequence of this is that one can use global methods to complete
the local theory in certain points. Thus, for example, one can show that if r ==z or
if r=n—1 and 2(¢c + 1) = 0 (mod n) in our customary notations then all the local
factors of the representation have a unique Whittaker model whereas we could only
deduce the corresponding statement for almost all local factors from the local theory at
our disposal. For this see Theorem II.2.5 and Corollary II.2.6.

The other approach is to observe that the Fourier coefficients can be expressed as
residues of the corresponding Fourier coefficients of Eisenstein series. These, in their
turn, are Dirichlet series, here denoted by ¥ or ¥, whose coefficients are typically Gauss
sums.

Although we shall not discuss these functions in general here we shall investigate
the special case 7 = 2 in § II.3. Thus our treatment of the arithmetic implications of
the theory of metaplectic forms will be rather cursory, but our intention has been to stress
the representation theoretic aspects here. Moreover we shall restrict our attention to
the case of a number field %, although the case of a function field is also of interest, and is
in some senses simpler since |z|, = 1 for all places v of k.

The arithmetrically interesting consequences follow from a comparison of these
two approaches and are given in Theorem II.2.3, Corollary II.2.4 and in the conse-
quences of Theorem II.3.3.

We conclude this introduction with a notational remark; we shall write G, in place
of G{f), but the dependence on ¢ should not be forgotten.
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II.1. Eisenstein series on the metaplectic group

Let 2 be a global field satlsfymg Card(y,(k)) = n, and let G, be constructed as
in § 0.2. Let H,, a (resp. Z,) be the subgroup each of whose local components lies
in H,, (resp. Z x). Let Gi, H; be the images of G;, H; under the lifting described
in § 0.2.

Lemma II.x.1. — Hj, ﬁn, A ZA s a maximal abelian subgroup of 31 A-

Proof. — Recall that, relative to the n-th order Hilbert symbol on % the sub-
group £* kY is maximal isotropic; cf. [50] XIII-5, Prop. 8. The assertion then follows
from Proposition 0.3.1.

Next for each place v of £ we choose a maximal abelian subgroup ITI,,,, of H, which,
at all but a finite number of places, is the one appearing in the discussion preceeding
Lemma I.1.1. Then let ﬁ, a be the subgroup of H a all of whose componcnts lie in the
corresponding H, o+ This H, a1s a second maximal abelian subgroup of HA, the material
in § 0.3 was introduced chiefly in order to compare it with Hj H,, A Zp.

Let » be a quasxcharacter of H,, o Z, which is trivial on Hj N (H,, aZ,), and
let oy be the extension of w to Hj, H”, a Z, which is trivial on H;. Let o, be any extension
of  to ﬁ,, a- Asinthe local case we shall fix an injective homomorphism ¢ : p, (k) — C*,
and we shall only consider those o for which wo? =c¢.

We remark also that there exist 6(w) in ®(R), T € R so that, if o(w) = X 6,(0).a
then

|(B)] = TT{| pa(R)*[|=". | det(pa(R)) I3

where || ||: %5 — R is the idele norm.
We observe next that, as the map p, in

(1) — () - Gy 2 G, — (1)

is a finite covering map, then the usual consequences of reduction theory ([4], [15]) hold
also for the discrete subgroup Gj of G,; see for example the remark in the proof of The-
orem II.1.3. In particular the assumptions necessary for the development of the theory
of Eisenstein series in [16], [29], [g6] are fulfilled.
I
Let p,(h) = ||pa(h)?[|a where p = 5 & o«

@€ ot
The theory of Eisenstein series begins by constructing (analogously to the (n(w),V(w))

of Chapter I) representations (w,, V,) of (N}A which are realized in a space of slowly
increasing functions on G{\G,. The Eisenstein series form the intertwining operator
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from the standard representation into this space. They are first defined when o(w) — p
lies in the dominant Weyl chamber, this definition is then extended to almost all w by
analytic continuation (due to Roelcke, Selberg and Langlands).

To be able to express these results we must first describe the analytic structure on
the set of all @. To do this we define for s € ®(C) the quasicharacter o, of 1 by

o (h) = TL ||pa(m)*[[§* if s = X s(a) e
acd X=X

This is trivial on i(p,(k)) and H;. Welet Q, = {0, w:s € ®(C)} where w is as above,
then the map ®(C) - Q_; s o, » defines an analytic structure on Q,. We regard Q,
as the component of @ in the set Q of all quasicharacters o : ITI”’ s Zy > C%, with
woi=c¢, o trivial on H; n (H, , Z,).
Let K, = px!(K,) where K, is the standard maximal compact subgroup of G,.
Let K, ,, (resp. K, ;) be the product of the archimedean (resp. non-archimedean)
components of K,. Then there is a natural product decomposition
KA = KA,w X KA,f'
Corresponding to this one obtains a product decomposition of K,,
IN{A = KA,m X ) Ka, 15

where IA{'A'«, (resp. I"(‘A,f) is a w,(R)-covering of K, ., (resp. K, ;). We therefore have
a map from the usual product to G,
RawxRap>Gai  (hos B) b (ko X )
(this defines the notation to be used).
We call a function f: G, — G right K,-smooth if
a) for all ge éA the function
KA,oo - C; k }_)f(g(koo X I))

is smooth, and
b) there exists an open subgroup L of KAJ so that for all g € G, one has

S x k) =flg) (ke L).
Naturally this definition does not depend on the choice of K,.

For each » € Q let F,(w) be the space of right ,-smooth functions f, on G,
which satisfy
Jo(bg) = (o pa) () fole) (b€ (i H, A Zy) N3 )
(where g 1, is taken to be trivial on N ,). There is a trivial holomorphic vector
bundle &, over Q with fibre #(w) at . We shall also have occasion to speak of the

space %,(U) of holomorphic sections over an open subset UCQ.
Let now o, be an extension of  to H, ,; as

(H;H,,Z) nH, )/H,,Z,
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is finite we can assume that o, =, on (Hj I-I,,, aZy) O ITI,,, a- Let #,(0,) be the
space of right K,-smooth functions f, on G, which satisfy

filbg) = (0, ug) (0) file) (b e, ,.N% ),

just as above one can form a vector bundle &, and so on if we choose w, so that
(0, ), = 0, o,.

From § o.3 one sees that there are inverse isomorphisms %y(w,) — Z,(,),
Z.(0,) > Fy(wy). To simplify notations we let f;, £, be functions in %y(w,) and Z,(»,)
respectively which correspond under these isomorphisms. We recall that

file) =] (0 wa) (B) = fo(hg) dh

ﬁn,AﬁA\ﬁw, A
and Jolg) = Su(hg).

h € Hy, ; ZE\Hf

Notice that from its definition, f, can be written as a finite sum of functions of the

form & fuv(g,) where g = (g,) € f'}A in the sense discussed in § 0.3, and f, ,(g,) satisfies
Joo(by 8) = (0, 1) (B,) £,,4(8)

(te. fo,€V(w,,)). Note that at almost all », f,, is the Kj-invariant vector with
Joo(I) = 1. Also, w, , is the -th component of w,, and p, is ¢ as in Chapter I with
F =k,

Now we can define the Eisenstein series themselves; if f, € #,(0) let

E(g: ")’f) = YE§;\GE fO(Yg)'

This converges absolutely if o(w) — p lies in the dominant Weyl chamber ([16], [29]).
The convergence is locally uniform and if UC{w € Q:6(w) — p lies in the dominant
Weyl chamber}, f, € #,(U), then

E(-, -, fo) : U — Slowly increasing functions on G,';\é,,

is analytic.

One of the major achievements of the theory of Eisenstein series is the proof that E
has an analytic continuation as a meromorphic function, in the sense that E is defined as
a meromorphic function on any U X %,(U) (with values in the space of slowly increasing
functions on G,‘,\é a) with the obvious compatibility under restriction from U to U, CU
and which agrees with the original class of U. The analytic properties of E can be
described quite accurately. As we shall need a few of the intermediate results we shall
sketch some of the important features of the theory. The first concept which we need
is that of the constant term.

Normalize the additive Haar measure on &, so that it is selfdual with respect to a
character ¢, trivial on %, [50] VII-2); then meas(k\ky) = 1 (loc. cit. Cor. 2 to Thm. 1).
We can assume that this measure is a product measure formed from the local Haar measure
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self-dual with respect to the v-th component ¢, , of ¢;. Other measures on adelic groups
will be those given be the Tamagawa construction.

Proposition IL.x.2. — Let notations be as above. Then
— 0
[is e E 08 @:.10) dn = T () (8)
where I Folow) = Fy(w)
is defined by
0 _ -1
L) (8) = [, Jol™ 18) d.

Moreover if I%): F,(0,) > Z.("w,) is the corresponding map, and if f= & JSuus then
ILf=® (X o fu,0), where 1, is, with ¥ =k, the operator introduced in § 1.2 or § 1.6.

Proof. — The proof is based on the Bruhat decomposition of Gj, viz.
* * 00— 1 N*
G; —wwakw N7 (w)y.
Since E(g o.f)) = X fo(ve)
¥ € Bp\Gk

we have immediately that

E(ng, o, f,) dn = X Y folw'n' ng) dn.

-[Ni,k\Ni,A w INLANL A ' e N¥w),
On factoring the integral into two parts we see that the right-hand side is equal to

—1
,Ew j N[l \N%[10] J.N:(w)A Jo(w™" ny 1 8) dny. dny

where N* [w] corresponds to those « € ®* such that w™ '« >0 (as N (w) corresponds

to those « € @ such that w~ '« < 0). Since fis left N, j-invariant, and as dn, is a
product of self-dual measures, this is

—1
Z fm(w)‘ folw™1ng) dn.

This proves the first assertion of the proposition. The second statement, the translation
in terms of &,, is formal. This proves the proposition.

Now let « e ®, o = (37); we let Hj: 25 — ﬁA be the homomorphism such that
H%(¢) = s(diag(1, ..., 1,E" ..., E7" ..., 1)) where &" sits at the i-th place, £" at
the j-th. Then we let o}, = w o Hj; this is a Grossencharacter, which is to say, a quasi-
character of £ trivial on £*. If v is any place of 2 we let L,(w}) be the corresponding
L-function, and L(w?) = IIL,(o").

We now redefine I, by setting, when f, = Q? Soos

L) = I L) L(ll-+[la 003 O MLl lae) Lu(ol) ™ Lao(fon)]:

wa <0
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The expression in [ ] is, by Proposition I.2.4, the canonical K*-invariant vector at almost
all places. Thus this operator has an analytic continuation as a meromorphic operator
since the L-functions have analytic continuations as meromorphic functions.
Let
Q, ={weQ:{(cw),ad>0 (xed¥)}
and Q ={weQ:{s(w),ad>0 (xedh)}

Note that the only singularities of I;(f,) in Q} lie on the * hyperplanes ”’
T, ={o:eg=|| [la} (xe®¥).

Theorem XX.x.3. — The operator E can be analytically continued to a meromorphic operator
on Q in the sense explained above, and salisfies the following functional equations

E(g, o,f;) = E(g, "0, (f3) (we W),

and I, =1 1.

Let U be an open subset of Q, UDQ, and let f, € F4(U). Then the function
or TLL(| o) E(g, 0,55

in analytic on Q, — ago T,.
Proof. — This follows from the general results of [16], [29], [36]; we shall first discuss
the analytic continuation and functional equation.
In the case that % is an algebraic number field we need only remark that if K is a
compact open subgroup of px*( II G,) then G)\G,/Z, K can be covered by a finite
v1 oo

number of spaces of the form I'\ Il (é,,/z,), where T' is arithmetic: thus the assumptions
v|

of [29] are satisfied. When £ is a function field the arguments of [36] can be modified,
as L. Morris indicated to us. We do observe, however, that since in this case the analytic
continuation of the IJ is known, the analytic continuation follows from the * principle
of the constant term ” ([29], Lemma 6.2). This leads to substantially simpler proofs
in our case. The functional equations follow from the Maass-Selberg relations, which
will be discussed in the course of the proof of Theorem II.1.4. They are essentially
equivalent to the local functional equations (Theorems I.2.6 and I.6.3), along with
the functional equation of Hecke-Tate.

It will be useful to make this a little more explicit. Let us recall the functional
equation of Hecke-Tate; it is

L(w) = ¢(o) L(|| la0™)
where, with a choice of ¢, as above, ¢(w) has the form [I¢,(w,, ¢, ,) where the e-functions
are monomials and are given in [23] pp. 104-5, 194-5, or, essentially, [50] VII-7.

111



112 D. A. KAZHDAN AND S. J. PATTERSON

We consider instead of the I%, the If. Then if f, = & Soo €F(0,), we can

write

Lf= I {L() Ll lla02) ™"} @ Lyl [1a k) Lo(e) " Ly o( £2 )]

wa<0

= I {LAl Nlale2)™) LAl [1a 037"

wa<0

® [lnl 5 €o,0) L(|] [1a 03) Ly(0l) ™1 I o (S 0)]-
If we write I, (f,) for
II (In], 25,(07, €0.0) Lo(ll [la @3) Ly(w?) ™) I o( L)

a>0
wa <0

then one verifies easily that, equivalently to Theorems I.2.6 and I1.6.3, one has
I:ﬂl w " III III

Wy, Wy, V

and the global functional equation follows from these local ones. This, however, is not

a proof since we used the global functional equations in the proofs of the local ones, but it
serves to demonstrate the equivalence.

Now that we have made these remarks we can return to the study of the singularities
of

aI;IOL(” ”A (’)2) E(ga w).ﬂ))‘

By the principle of the constant term these are determined by the singularities of the
constant term. We shall write the constant term of the above function in terms of f,,

which we assume to have the form ® Suo3 itis

2 I LA laof) IT L] (la ()™ ) ® (15,10

weEW a>0
wa >0 wo <0
Since L(y) is holomorphic except where y = 1, || [[a, We see that the singularities in Q_
lie in the sets of = || [|x, I (¢ € ®*). The content of the assertion of the theorem is

that there is (essentially) no singularity along o} = 1.
We shall first show that it suffices to prove that the constant term is analytic at
those © € Q, — UT, for which there exists exactly one pe®* with o} = 1; such
[«

a B is necessarily simple. Consider a singular point

o eQ — (@ v UT,).

It follows from the functional equation and Proposition I.2.8 5) that the divisor of the

singularity is Staby(w,)-invariant. Since the divisor is disjoint from Q% — U T, it
follows that it must be a union of some of the hyperplanes

{o: " =1} (xe®F)
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which pass through ,. It therefore suffices to show that the constant term is analytic
at those points of Q, — Q% described above.

We shall therefore consider a positive simple root «, with associated reflection s,
and show that at © e Q,_ — LaJTa with o} =1 but oj+1 (xe®" —{o}) the

constant term is analytic. The constant term consists of a sum over W; we shall show
that the sum of the terms corresponding to w and ws, is analytic at . To see this observe
that {« > 0; ws; « < o} differs from {«> 0; wa < 0} by exactly ;. Thus,as o}, —1
the products of L-functions differ by one factor, which has a pole, and in the two terms
the residue of one is just the negation of the residue of the other. Thus we have to show
that

@ It;'sl,vf;,v - @ It:;,,v v — 0

or, equivalently,

QI =&
81, VJ %0 P *0°

v

Now recall that o, was an extension of w; the assumption that «, = 1 is equivalent to
“w = w. Thus "0, is a second extension of w,. As we have seen there is locally an
isomorphism «, ,: V(%w,,) - V(e,,) (see the discussion leading up to Lemma I.2.5).
These yield an isomorphism «, : Z,(%0,) = Z,(®,), and one verifies from the construc-
tion of the maps involved that the diagram

Fo0) —— Fohe) = Fyw)

F(0,) < F(%0,)

commutes. Thus we have to show that

(& 1, £.) = O f.,

where now the equation takes place inside &, (w,). But by Lemmas I.2.5 and 1.6.2
the left-hand side is a positive multiple of the right-hand side. Moreover, as I2, =1
it follows that this multiple can only be 1. Hence we have proved the equality, and
with it, the theorem.

The final result of this section is a simple, but important consequence of the Maass-
Selberg relations. We call o exceptional if «} = || ||, for all positive, simple roots «.
At such points the Eisenstein series have their greatest singularity. Let » be exceptiona
and let

0(g, fo) = lim (I L((0)3)~") E(g, o', fo)-

o> a>0
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This depends on the choice of w, and we shall write 0(g, , f) if it is necessary to make
the choice of @ explicit.

By Proposition II.1.2

[t o 81 So) dn =T (fo, @) (0)
where Ty (for ©) = Jim ( II L((@)D7") I, (fo, o).
If we express this in terms of f,, as usual taken to be in the form & Je,us then

To(fi 0) = Zy(2) 7" 0Z(3) 7Y L Z() T X ()
where Z,(s) = LIl 1I2)-

Note that if o/ and »® are exceptional then «!). (®)~! is of the form y odetop,
where y is a Grossencharakter. Thus we can alter a given o by such a character so that
@ | Z, is unitary. This we shall do, and fix such an exceptional o' such that o' |Z, is
unitary. Then the result which we referred to above is the inner product formula in the
following theorem.

Theorem X1 1. 4. — With the notations above, if o' | Z, is unitary

[ia,/3, 062,008 fa0) de

is equal to
S, [y, Toom007) T (foo) (e ) dn

where ¢ is a non-zero constant which depends on the choices of Haar measures.

Remark. — We observe, before beginning the proof, that under the assumptions of
the theorem,

ol = o) (heH;H,,\Zy)
as one easily verifies. Thus the integral is well-defined.
Proof. — The proof is an adaption of the technique used by Langlands in [30].
We must begin by developing some general principles. Let o, (s € ®(C)) be as above.

If o, ..., «,_, are the positive simple roots in the usual order we can write s = X; «;.
We then let ds be the differential form

dsyAdsygA ... Nds,_y

on ®(C). From now on, we take % to be a number field, leaving the modifications for
the function field case to the reader.
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Fix now a quasicharacter y on Z,, trivial on Z, N H;, and consider the space ¥
of functions on G, which satisfy the following conditions:

if $e¥ then

(i) b(hng 2) = x(2) Y(g) (heHj, neN;, 2 eZy)
(ii) ¢ is right K,-finite,
(iif) ¢ has a representation of the form

Y(e) =2 (2mi) =" e, Bo) ds (o € O(R))

where (a) @ is a quasicharacter of Hj ﬁ"’ A V4 a, trivial on Hj and
Ying, &) = Bua(®) U6, ®) (ke HH, 2, Zy,n Ny ),

b) if Q is the set of quasicharacters satisfying ) and Qy = {w,: s € ®(C)} then (noting
that Q is a Q;-homogenous space), the G-sum is over a set of representatives of Q\Q,
¢) the function s §(g, @w,) is analytic and there exists B> r such that, for any
norm || - - || on ®(C), given a compact set CC ®(R) one hasfor Re(s) (= Re(w,)) e C

$(g Bo)) < (1 4 [[s)7

moreover (-, &) = o for & lying in all but finitely many elements of Q,\Q.
d) f ( )indicates that the integral is taken over the product of lines Re(s) = ¢ given the

usual orientation.

Before we continue, some remarks on this rather lengthy definition are in order.
The fundamental part of the definition is given in (i), (ii). Parts @) and b) of (iii) state
that ¢ is a Fourier transform with respect to H;\H;, IT'I,‘, aZr/Z, and ¢) imposes fairly
stringent regularity conditions which, although they could be relaxed, suffice for our
purposes. Note that, if the Haar measures are suitably chosen

Ueo @) = [ i 5z, ()™ (B) b(he) dh.
Given ¢ e ¥ we define

Eg, )= 2 d(va);

v € BF\GE
under the assumptions above this converges absolutely and locally uniformly. One

has, by (iii) above,

E(g, §) = (emi)~ "~V [ (g, wo,, §) ds

(o)

where o satisfies 6(w) + 6> p. Moreover, if y is unitary, as we shall henceforth assume,
then

.“G};\GA/ZA i E(g’ q)) |2 dg < oo,
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Let ¥ be the space of {(g, w) as above. We define for y, J, ¢ ¥
~ ~ _ ~ A—"—___l
[9 8l (@) = [ 5 2 s, Balren s @) ol , 672) d dy,
Then the Maass-Selberg relation is, in this case, the inner-product formula

[ Bl W E@ b de=c; T X (2m) =0 [ [, T3l (*(00,)) ds

where ¢, is a constant depending on the choice of Haar measure and — (6(®) + ¢ + p)
is dominant. This is a variant of [29] Lemma 4.6 and is proved in the same way.

The right-hand side of the equation above thus defines an inner product which
gives ¥ the structure of a pre-Hilbert space.

Let now o satisfy Yo = o (w € W) and let o be unitary; for example, if o' is
as in the statement of the theorem then

© = (01 (.L; i/n
satisfies these conditions. Let ¥'(w) be the subspace of those ¢ of the form
d(g) = (am) ™=V e, wo) ds.

Recall that ( , > denotes the Killing form on ®(C).
We let ¥ be the Hilbert space completion of ¥, and ¥(w)® the closure of ¥ (w)
in it. We define an operator

A: ¥(w) > ¥(0)
by (AY)™ (g, ww,) = (s, 5> §(g, 0w,)

which is a symmetric operator with an essentially self-adjoint extension.
Let now Lz(G,:\éA, x) be the space of functions f on G a Which satisfy

flrgd) =x(a)f(9) (veGi,zeZy
and such that
e . . 2
1112 =[5, 2, 1 SO de
is finite. Let, for f, f5 € L2(G,:\§A, ¥) be the inner product
(S fo) = [, 1(8) Fald) de.

Thus E (the Eisenstein series function) can be regarded as a continuous map
E:¥ »Lz(Gz\GA/'ZA, x). Let L, be the image, under E, of ¥(w); then A induces
a map (which will also be denoted by A) from L, to its completion L in LZ(G,:\(N} As X)-

Let O (w!) be the subspace of L2(G,:\(~}A, x) (where y=o!'|Z, and
o' = wpy") generated by the 0(g,f;) (f, € F(oh)).

116



METAPLECTIC FORMS 117

Let & be the spectral resolution of A on LY. Then the argument of Langlands
is based on the following facts:

a) (E(Y), 0(/o)) = e[, T, (fo) 1 (wopeil™)

where ¢, is as above. This is proved by the same techniques as are used to prove the
Maass-Selberg relations.

From this it follows that

(AE(Y), 8(fo)) =n7%<p, 0> (E(4), 0(fo))

and hence @(w!) lies in the range of

6 =60 — 6a—) (a=5 b 0)).

n2
b) For a certain constant c,
(G E(41), & E($e) = cals, T, Fa] (opefl®).

This is proved by a transcription of the argument on pp. 145-148 of [30], using the version

of the Maass-Selberg relations above instead of the corresponding result used by Lang-
lands.

Now we choose {§, such that
‘30(‘0}’-1‘”) = fo-
Then, combining @) and 5) we see that
(€5 E(¢1), & E(do) — (ca/cr) 0(So)) = o
and hence o E(do) = (c2/cy) 0(fo)
and, in particular, the range of &, is precisely ®@(w!). Also
(E(), 0(/5) = &(¥), 0(f)
= (ea/e3) (0(9()), 0( So))
and so, writing f; = J(wl) we have, by a),
(O£, 0(f0) = leal /5> T (fo)] (copedl”)

which is the assertion of the theorem.

II1.2. The Main Theorems

We are now in a position to state and prove our main results. These involve the

construction of an automorphic representation (r,, V) of G,, which we shall identify
locally.
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We first remark that if (m, V) is an admissible irreducible representation of G,
then there exist representations (r,, V,) of é,,, and, for almost all s, a K}-invariant
g9 eV, such that (=, V) is the restricted tensor product (over C[w,(k)]) of the (=,, V,)
with respect to the family (£)). Compare [23], Proposition 9.1. The (=x,, V,) are
irreducible and admissible.

Let o be as in § II.1, and suppose that  is exceptional (which we could express
as oy =y, for all « e®). Then O(f;) is defined. Let V, be the space spanned
by the 0( f;) as f, runs through % (®), and let =, be the representation of c’”;A by right
translation on V,. Since 0(yg, f;) = 0(g,fy) (v € Gj) the representation (mgy, Vy) is
automorphic. (One sees easily that 6(g, fy) is slowly increasing, and even that (mx,, V)

is unitary when wy, * is unitary (by Theorem II.1.4).)

We write & = & «,, where the tensor product is with respect to C[y,(k)]. Then

it is possible to describe the local structure of (wy, Vo).

Theorem IL.2.x. — With the notations above
(mq, Vo) = @c[u,,(k)] (700,55 Vo(®,))

where (7 ,, Vo(,)) = Im(I, : V(w,) = V(“w,)) is the representation discussed in § I.2.

Progf. — This is an immediate consequence of Theorem II.1.4.

We come now to the discussion of Whittaker models of these representations. Let
¢, be an non-trivial character of &, trivial on .. We can write ¢, = & ¢p,,- We define
the character e on N, 4 by e(n) = ¢y 1<2.']< rp(n),-’i +1), and an analogous character e,

on N’ ,. Let us denote the -th factor of (my, V) by (9,05 Vo). Recall that a
Whittaker model of V,, , is a linear map A,:V, — G such that A,(w,(n) v) = e(n) A,(v).
We let Wh, be the space of such functionals. At almost all places we have a preferred
vector &) of V, ,, as was described above.

Now, the same definition holds for (w,, V,). However we can construct a Whit-
taker functional A, on V| as follows:

MOUD)) =, . 0(nf)e(n) dn.

The space #,(»,) can be regarded as the restricted tensor product of the V(e,,). Thus
we can form

AN A

& gty V(03) —> Fo(w) —> Vo 2> C.

This is a Whittaker functional on the left-hand space which factors through I, . Let S be
a finite set of places of £ containing all the archimedean places and all the places » with
|n|,< 1 and such thatif » ¢ S then V(w,) has a K}-invariant vector. We can assume
that o,(v ¢ S) is canonical in the sense of § I.1.
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Let V(S) be the subspace of ®c[u,.(k)]V(‘*);) which is the image of
(& V(wy) ® (X 1,),
vES v¢s

where v, € V(w,) is the K}-invariant vector with 7,(I) = 1, in V(w;). All the tensor
products over V(w,) are to be taken with respect to G[u,(k)].
The space V(S) is a G ,(S)-representation and A, is a Whittaker functional on V/(S).
Let H,(S) = f, n G,(S) and H, ,(S) = f, , n G,(S). Then from § I.3 we sce
that there exists a function cg on H,(S) satisfying
cs(mh) = (o, pa) (n) ™ es(k)

if 1eH,,(S) and &eH,(S), such that
MOJ(®f) = % cg(n) uglsm,,fo

ne i, AB\HA®)

where (n,), ¢ g Projects to n in I3 A(S). Here ), is as defined in § I.3. Moreover as J fac-
tors through I, we have that ¢g has to satisfy various relations. Let 2 €S, v non-

archimedean. Then there is a projection « of H, x II H, into H,(s).
wES
wtv

Let n* e II ﬁw; then we require that for each simple reflection s the following
holds: ﬁi?,

2 cgla(n X)) (e, 5,m,7m) =0 (%)
nef, \H,

where 7 is as in § I.3. Moreover since
Ay Y900 =1

and Ogym> =0  (n¢H,)

for almost all v it follows that if S is large enough and if S'DS then
¢ = Cg | ﬁA(S)'

Thus the family of ¢y defines a function ¢ on 13| A
In this sense we can write

MOJ(®L)) = = | o(n) - T, -

n € He A\Ha
Let U(w) be the space of functions f: A a —> G which satisfy
SOuk) = (o, ua) (0) 7' f(R)

when 7 eﬁ,’ a- Let U%w) be the subspace satisfying the relations () adumbrated
above. Then we have shown:
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Theorem X .2.2. — There exists ¢ € U(w) so that, when fye Fo(w) is such that

Sfo.= ®f,,,', then
fN:,k\m,f(”) O(n,fo) dn= 3 _ c(n).l'vIO\,,v, foo>-

1 € Hy, aA\Ha

Remark. — This result is particularly strong if we know that U%(w) is 1-dimensional.
We see that this is so precisely when dim(Wh(Vy(w,))) =1 for all ». By Cor-
ollary I.3.6 this is so if % is a function-field and

r=n or r=n—1 and 2(c-+ 1) =0 (modn).
We shall see in Theorem II.2.5 that the same conclusion holds when % is a number
field.

Note that we have not shown that ¢ & o. If r> n then, as dim(Wh(Vy(w,))) =0
when |z|, =1, ¢ = 0. However, we shall also show in Theorem II.2.5 that, if r< #,
then ¢+ o.

Theorem II.2.2 is one of the major results of this work. In principle the
space U’(w) can be fully described by the methods of § I. 3.

When 7 = 2 the theorem has content only when 7 = 2; in this case it is easy to
see that (mg, V) is the Weil representation r, discussed in [11].

When n = 3, r = 2 we obtain the results of [6] and [37].

There is another formulation of this theorem which is frequently useful. 'We observe
that, for o ep, Q% and f e %(Q),

fN: e, E) B 0, fy) dn = fN: e E@) 3 folm) dn.

Y € B\G}

Using the non-degeneracy of ¢ and the Bruhat decomposition the right-hand side can be
written as

J‘N:’Az(n) Jo(w n) dn.

If we write this in terms of f, = & J., we see that it is
v

Ev(n) .f*,v(y)wo 71) dn.

-nEH;,k ZI\H} v fN:,v

This we write as ¥*(w, f,) which is essentially a Dirichlet series in several variables whose
coefficients involve Gauss sums. Now define

‘{’(w,f;) = al;IOL(“ ”A (")2) Tw(‘”sﬂ)’
Also define I by
L(® L) =L (f.)

v

where I, was defined in § II.1. Then one has:
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Theorem I1.2.3. — ¥'(w, f,) can be continued to a meromorphic function in o whose singu-
larities in Q lie in L>]0{co €Q, 1wl =|| ||a}. It satisfies the functional equations
a

P, f)) = ¥, f) (weW).

Moreover, there exists a constant a> o so that if f, = & Juo then one has

Jim, (‘F(wf)(H L(ep)™") =a. X _ C('n)HO\n,,f.J

N € He A\Ha

Proof. — The analytic properties of ¥ (w, f,) follow directly from the corresponding
properties of the Eisenstein series given in Theorem II.1.3. The description of the
singularity follows from Theorem II.2.2. The value of a is

Z(2)" "1 Z,(3) " Z(4)" 0 . .. Zy().

When % is a number field this formulation has the unattractive feature that the
function ¥(w, f,) involves factors which are Whittaker functions associated with the
archimedean places. Since there are transcendental functions of a not particularly well
understood type, and since they can be factored out, it is desirable to do this.

We assume now that £ is a totally imaginary number field. We let

Dy = H(’) °sv’ l“'oo=vll_£l“'u

v| o

which are quasicharacters of II H We define

v

¥i(o,f) = 2(1) foo(n200 1) dn} @0, s (P (1))

'IIEH:'/‘ Z;\H,', ‘vfao J.N:,a
Li(x) = {{0 L,(x)

and Y, f) = 1L Ly(ll lla o) ¥i(e,f).

The function ¥;(w, f,) is a Dirichlet series and it appears to be a fundamental function
in this connection. Its coefficients are Gauss sums.

Let now o, be a quasicharacter of Hy; we define

—1

Ie(oy) = H H L( 0y, al IJ/”

We now observe that if we make use of the Gauss-Legendre multiplication formula, viz.,

T(ns) = o™ ¥(em)~— V2 D(s) T (s + %) ...T (J L n ; 1)’

121
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where I' is the usual gamma-function, then we can verify that the formula of Theorem I.6.6
can be expressed as

IT Lo(| 18 03) <ML =TT e(0g)" ! o(n,) wf(n)™?

a>0 a>0

wo <0 Im(wm)
“Tota) o Lell lowl) L
where f, e V(o) and v, is as in Theorem I.6.6.
We now let 2 be as above and

() = I1 Ti(o,).
Then if £, is of the form & J.» we see that the following corollary holds.
v oo

Corollary X1.2.4. — Let k be a totally imaginary number field. Then I'y(0) ¥i(o, f.)
can be continued to a meromorphic function in w. It satisfies the functional equations

I% (%) ¥y (e, L, f) = H {&(0a,0) """ @y (n) 63(n) }. T () Fy(o, £,).

The singularities of T, (w) ¥i(w, f,) in Q lie in U {m €Q, ol =|| ||a} Also, if &' is
exceptional there exists a constant a’' > o so that, y‘ f, @ Soo th
lim, T%(0) ¥i(0,f) I Ly(a)~"
=« B el I Onpfod- T o, mn).

ne H. aA\Hy v1 o
Proof. — The only statement which remains to be proved is that the singularities
are as described. To do this it suffices to consider ¢(w) lying in the closure of the dominant
Weyl chamber in ®(R). Thus, in this region we have to show that the functional (when
F =C)

So—> Pz(‘*’)—lul;lo Le(] | @8) <\, fo>

on V(o) is non-zero. For this see [44], § 2.
The following theorem closes our investigation.

Theorem X .2.5. — a) Suppose that for each place v of k for whick |n|, = 1 one has
dim(Wh(V,,)) > 0. Then ¢+ o.

b) Suppose that for each place v of k for which |n|, = 1 one has dim(Wh(V,,)) = 1.
Then one has dim(Wh(V, ,)) = 1 for every place v of k.

Proof. — This is based on the ideas of [13]. We must first make some remarks about
representations of local groups, concentrating on those over non-archimedean fields.
Thus we fix a non-archimedean local field F and consider an exceptional represen-
tation (,, v,) of G.
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Let P be the subgroup of G defined by
P={geG:(0,0,...,0,1)g=(0,...,0,1)}

and let P = p~1(P). Let Z9 be the centre of G and Z0 = p=*(Z%). Let ¢ be a non-
degenerate character of N%.. Let us now regard Vjas a P-reprcsentatlon. Then there
exists a filtration

V,d2V,dV,D>...0V,_,Do
of Vyas a P X o F) Z9%-module where
Vi = indrlq):xu,.(i‘) (e X ¢) ®c[u,,(1~‘)] (Vo)
and (Vo) = Vi[{my(n) v —e(n) v|v € Vo, n e N% D,

This is analogous to [3] 3.5. Here r(V,) is to be regarded as a C[p,(F)]-module. The
group P acts on this through the first and Z, through the second factor. From the dis-
cussion of § I. g it follows that r(V,) is finite dimensional, and is non-zero if Wh(V,) # {o}.

Let us observe that V,_, is cuspidal in the sense that if N, % {I} is a unipotent
subgroup of P and is also the unipotent radical of a parabolic subgroup of G then,
letting N} be the lift of N, to P,

V,_1[{v —my(n) v|veV,_;,neN]> ={o}

If F is archimedean similar considerations can be applied—see [45]. These we shall
pass over in silence. Note however that it follows from our assumptions, Theorem I.3.5

and Theorem I.6.5 that
dim(Wh(V,,,)) =

for archimedean v.

Let us now return to the global situation. We shall reformulate assertion a) in a
suitable fashion. Let S be a finite set of places which

a) contains all archimedean places,
b) contains at least one non-archimedean place, and
¢) is sufficiently large in a sense to be made precise later.

For v ¢ S let K, be a compact open subgroup of G, over which p, splits, and such
K, = GL,(r,) if |n|,=1. If |n],< 1 we assume K, has the form

K, ={keGL,(r,) : £ =1 (mod ™)}

where p, is the maximal ideal of r,, and m, is some suitable integer. Let G® = I G,,
vg8

the restricted topological product with respect to this family. Let K% = II K,.
v¢8
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Consider the diagonal embedding G, <> G® and let I'y= G, N K5 Let now
Gg=1II G, and

vES
Gs = (I C/<i(0) 407" [ 5,0 €S, Teu (k).

Lct «*:K8 >G, and s,:G, > G, be the liftings which we have discussed. Let
Ga(S)C G, be the subgroup Ggx (K5 discussed in § 0.2 where (K5* = x"(K%).
Let sp: Ty —> Gy be the map defined by sp X« =s, in Gg x (K%* = G,(S).
Now let f be a function on G, such that
a) Svg) =f(g) (v eGj), and
b) flek) =flg) (ke (K%)).
Let ag: Gg — G, be the composite
Gs > Gy x (K8 = G,
where the first map is the injection into the first factor. Let fg be the function on és
defined by f3(g) = f (ag(g)); then fy satisfies
a) Ja(sr(y) &) =fs(g) (v eTy).

Conversely, given f; satisfying a’) we can construct f on (N}'A satisfying @) and &), and
which has support G;. G a(S). Moreover it follows from Kneser’s Strong Approximation
Theorem [24] that if S is large enough then

G;.G,(8) =G
if this is so then f is uniquely determined by fsand a), ). We shall henceforth demand
that S is so large that this holds, and also that for each w €S one has ||, = 1.
The theory developed above for éA, G;, can now be developed without essential
change for the pair (N}s, I'y (=:sp(I'g)). Indeed this new theory is nothing other than

the theory of (K%)*invariant vectors of the original theory.
Denote by 7® the ring of S-integers of 2 and let

r ={xerf:ord,(x) > m, if |n],<1}.
Let ¢y = H €, be a character of II %, which is trivial on 7. Let D be the fractional
ideal of ,s deﬁned by N

D '={xek:exy) =1 forall yer}

We shall assume that S is so large that 1 is a principal ideal domain. We can
then write © as (3), & ek*.

For d= (dyg,d 3, --5d,_y,)
with diiv €D —{o} (1<i<r)
we set ed(n) = 80( 2 di,i+1 ni,'i-‘l-l)

. 1<i<r
where n= (n;) e N,(II&,).
vES
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We regard ¢; also as a character of (N3)g = (N%), N Gg. We write e for e; with
d=(1,1,...,1).
Now, if veS let T,CV,, be the sub-space V,_, discussed above, Ty = ® T,,

the product being taken with respect to C[u,(k)]. Let now PgC Gy be the group whose
local factors are the p;'(P(k,)) (v €S). Let, for g e Gq,

Bg : ?S g §s§ P _>pg
be an embedding of ﬁs in (N}s. Let
T(g) = m(g™") (Ty)-

Then T( )CVO g isa Bg(PS)-module Both B8,(Pg) and T(g) depend only on the class
of gin By Z \Gs, where the notations used should be self-explanatory.

Let 6:V, s — G be the I'g-invariant linear form given by the theory of Eisenstein
series. We shall show that if

mﬁ(no(fl)f) dn =

€,
fN:,sﬁPE\N:,s

for all d as above and for all fe Vo g, then 0| T(y) ={o} for all y eI'y. If this is
so then, as I'y.Bg. 79 is dense in Gy, we deduce that 6 | T( g) ={o} forall ge Gy and
hence 0 is zero on the space spanned by all the T(g) (g € Gs) But this latter space
is Gg-invariant and hence 6 = o. But this contradicts the fact that

fN:',snrz\Nz,se(""(”)f ) dn

is not identically zero.
Hence it will follow that there exists at least one d and one f €V, g such that

IN:,SGFE\N:,Sm 0(mo(n) f) dn + o.

On translating this back into terms of the group éA one sees that the e-th Fourier
coefficient * is not identically zero. This is what we had to prove.

It therefore remains to prove that, given the assumption above, 0| T(y) ={o}
for all y e 'y. It will suffice to show that 6 | T(I) ={o} since 0 is I'-invariant. To
do this consider fe T(I); as S contains at least one non-archimedean place, f is then
cuspidal with respect to any unipotent subgroup of P. The function b 0(mo(p) f)
can then be expanded in a * Fourier series ”

6(f) = 3 [t rina. o @ O(molnp) ) dn

d pE(NLs, nTEN(TsnTY

by following step for step the proof of [40] Theorem 1. Here we have assumed that the
measure on N’ g is so normalised that the measure of (N% g N I'5)\N% 4 is one.
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But, by assumption, all the terms in this sum are zero. Hence 0(f) = o, as we
required. This completes the proof of @).
We shall now prove 4). Let S be the finite set of places

S ={v:v a place of k, |n|, <1}
Under the assumptions made the group 'Zﬂ is abelian for all . Moreover, since Wh(V, )
is one-dimensional when » ¢ S we see that there exists a quasicharacter ¥, of Z° so that
Z) acts on Wh(V, ) by y,. It follows easily from a) that the y, are local components

of a quasicharacter y’ of Z3 trivial on Z%.
We can factor

&, = Gy x &8
7 =7,%x78
with the products being taken over w,(k). Likewise one has
Vo=V, s®V?®
where the tensor product is with respect to C[u,(%)].
For a non-archimedean place w of % define T, as above and form
Vi = wzs (T, ®V8vivh,

w non-arch
Again the argument of [40] Theorem 1 yields the expansion

0L, J(x®y) = YENEM My(x ®))).

If we now choose A° to be a generator of Wh(V®) then we see that there exists a
Ag € Wh(Vg) such that for x’ e Vg, » € V® one has

M ©y) = Ag(x) 2%(5).
The local results recalled at the beginning of the proof of this theorem can easily be
extended to the semi-local case and we obtain an embedding

J+indg (e X €) X Wh(Vg)' - Vg
where we have extended some of our notations in what we hope is a self-evident fashion.
Here Wh(Vy)’ is the dual space to Wh(Vg). We shall suppose that the induced rep-

resentation here is realised by functions on P in the usual way. If A € Wh(V,) then
one has for fin the induced representation and for / € Wh(Vy)’

Aj(fen) =10 D,

Since Z3 acts on Wh(V)’ we can consider j as a homomorphism of Py Z4-modules.
Suppose now that

dim(Wh(Vg)) > 1.
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Then there exists [ € Wh(Vy)’, 4+ 0 such that {Ag,!> =o0. It follows that there
exists a Py Zg-subspace Ug of V, g so that

Ag(w) =0  (ueUyg).

We now construct U, = Ug® V5, ,CV,; it is a ?A i‘,’,—subspace. From the
Fourier expansion given above we also have

O(LJ(w) =0 (ueU,).
For u € U, one can therefore regard

g 0(g, J(u))

as a function on G,‘,\é a Which is zero on the subset Pj Zg"\'ﬁ,A Z a- This subset is dense
in the sense above and it follows that for « € U, one has 6(g, J(u)) = o forall ge (~}A.
Thus U, generates a proper G p-subspace of V. This is however impossible since Vi,
is irreducible. This shows that the assumption that dim(Wh(Vg)) > 1 is untenable.
Thus
dim(Wh(Vg)) =1

by a), and the assertion 5) follows at once.

We record here a corollary of this theorem, an immediate consequence of it and
Theorem I.3.5.

Corollary IN.2.6. — Let F be a non-archimedean local field with Card(y,(k)) = n.
With the notations of Theorem 1.3.5 one has
a) if N> o then dim(Wh(V,(w'))) > o,
b) if N =1 then dim(Wh(Vy(w'))) = 1.

Remarks. — 1) We are indebted to I. I. Piatetski-Shapiro for pointing out The-
orem II.2.5 4) and Corollary I1.2.6 4) and their proofs to us.
2) Examples based on Theorem I.5.3 and [7] show that one does not always have

dim(Wh(V,(e'))) = N.

3) This corollary completes the local theory in an essential point. Its significance
for the global theory is that it shows ¢ to be determined up to a constant by local con-
siderations. Whereas it is possible to give a purely local proof of Corollary II.2.6 a) we
have not found one for Corollary II.2.6 4). Another approach to this question can
be given by the techniques of § I.5 and a generalisation of the Shimura Correspondence.
We hope to return to this in a later publication.

II.3. Examples

In this section we give some examples to show how the theorems of the previous
section relate to more familiar concepts. We restrict our attention to the case r = 2.
What we shall do is to choose (f, ,) conveniently and to make Corollary II.2.4 explicit.
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Let % be a totally imaginary number field. Let U be an integral ideal of £ such that
if v is a place of & for which |z]|,< 1 holds then |%|,< 1 also holds. We shall also
assume that for each » for which |%|,< 1 holds we have furthermore

(1 + ) CR2.
Let S(A) ={v:v a place of #, |A|, <1}
If veS(A) we let

L,(A) = {k € GLy(r,) : & = I(Ar,)}

and we let L}(A) be the Kubota lift of this to G ([26], Theorem 2). For convenience

we shall take ¢ = o.
We shall next define the H, ,. Ifvis a finite place of 2, v ¢ S(U), then we take ITI,Y'J

to be the standard group p~'(H, ,) where

a, o
H,,= ( ):ajek;‘,ord,,(aj)so(modn) (J=1,2)}

*,0 o a2

If, however, » € S(A) then we can take ﬁ,‘v to be p~'(H, ,) where

a4, O
H = ! ta, €kRX" a, eRX ).
*, 0 o a, 1 v 3“2 v

That this is a maximal isotropic subgroup is special feature of the case r = 2.

For our applications the set S(A) can be taken to be large, and to simplify our dis-
cussion we shall assume that it is sufficiently large. Recall that we have already assumed
that

S(U) S{v:|nl, <1}
we supplement this with:

(A) the ring of S(N)-integers is a principal ideal domain.

Let e:p,(k) > C* be an injective character. We shall next denote by Q. (%)
the group of quasicharacters of ﬁn, A, Which restrict to € on 7(p, (%)), and whose ramification
is restricted by the following conditions on the local components o, of an « € Q ()
at the non-archimedean places of :

o (H,, nK) =1 (2¢5W),
and o, | F,, ALy =1 (v eS(A).
We are assuming here that K, = GL,(r,) and Kj is the canonical lift of K,, which
is defined whenever v is a non-archimedean place of 2, v ¢ S().
Note that if o € Q (A) then ww, e Q () (s e P(C) = Q).

Let U(A) be the group of units of the ring of S(A)-integers. If S is any finite set
of non-archimedean places of % let 7° be the ring of S-integers of .
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We now observe that « € Q, () can be extended to ITI*, a in such a fashion that

o, | KinH,, =1 (0¢5),
o, | L@ nH,, =1 (vesS),

and w*]H,‘;nITI*,A= I.

To see this we first note that
{x ek :ord,(x) = o (modn) (veS(A))}

is, by (A), £*".U,(A), where
U, ={uecUA) :uck™ (»eSAA))}

~ a o
Then p(E;NH, ) = H,,'k.{(o b) taeUy ), beUMM|.

We seek therefore o, , on I“Ni,,,,, such that

a o I “0 U,(), b e U
(o b)Hoesoo(u)w""(s”(o b))’ (a € U,(), & < TQA)

where So(A) = S(A) U {v:v archimedean},

should be trivial. Since this quasicharacter has trivial restriction to

a o
{(0 b):a,beU"(m)},

where U'A) ={uecUA) :ueck*"};

the existence of such o, , is easy to see. That o,,|Ly (%) N ﬁ,,,, =1 (veS(A)) is
automatic.

Now that we have constructed , we shall construct an element f? € V(w,). This
is & f°, where

(i) if » ¢ S(A) but v is non-archimedean then f?, is the element of V(w,,) which is
s-invariant and such that £, (I) = 1;
(i) if 2eS(A) we let f), eV(e,,) be the Lj(U)-invariant vector with sup-
port B, , Li(%) w, and such that f°,(w,) =1, and
(iii) if » is archimedean then f, is arbitrary.
As in Corollary II.2.4 we shall remove the archimedean places from our discussion.
From f° and % e H, we form £, by

f(8) =f(gh)-

We shall mainly have to consider % e Hj.
Let ¢, be a character of &, such that the conductor of the local factor ¢, , is 7, at all
non-archimedean o ¢ S(A). It follows from assumption (A) that such an ¢, can be
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found. Let D(¢,), or simply D, be the fractional ideal of £ associated with the differential
idele of ¢, as in [50], VII-2.

Let o be the unique positive root of GL,.

If we define, for v,, 4, € ﬁ,,,

Gy, s ) = [, (0., o, 00 m) dn,

then we are to investigate

‘Ff(m’f;) = Lf(” ”A 0)2) . E Wy p‘oo(.')) ‘}1’ Gv((’)a,v: Su(ﬂ), hv)

n € Hy ¢ /HE

where Oy te(N) = 1|1 0, ty(S,y(M))-

More precisely we shall show that ¥, (w; f,) is a Dirichlet series the coefficients of which
are Gauss sums. In the obvious sense ¥;(«, f,) has an analytic continuation to Q () as

a meromorphic function. There is a pole at w}, = || || and (using the isomorphism
C = ®(C); s —s.a) the residue at ' with (o)} = || ||s is given by
&2 (). IT <, , £, IT o, p,(n,)
nEH,,aA\Ha vt v|oo

as in Corollary II.2.4, where ¢ € U%(w).
To formulate the results we let

bu(w, h) = ¥i(w, £);
let ' be exceptional, i.e. (w')f =]| ||s, and
pule’, B) = Res, (o, A).
Let IN'I,' a (resp. ﬁ,,, r,a) be the group for which
H, >~ 'H) f, x IN-If'A (resp. ﬁ”'A ~ ”II'EO IN-I,,',, X ITIM’ A
where all the products are with respect to yu,(k). Then I?I,, a (resp. I':I'”, r a) is naturally

a subgroup of I'NIA (resp. IT'I,,’ a)- In particular, we can make use of the restrictions of «
and g, to H, ; , as these are well-defined.

Theorem X.3.x. — There exist c,, c, € RY for each non-archimedean place v of k such
that ¢,=c,=1 for v ¢S(A) and
a) if, for one place v of k one has
| £(k,)*|o > €5,
then pa(w’y B) = o,
b) if BV kP e f, KRt eH,, . and
b |, <e, (j=1,2)
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Jor all non-archimedean places v of k then one has

oA K1)~ og(e’, AY) = pg(o’, A7)

Remark. — All the other consequences of Theorems I.4.1 and I.4.2 can be deduced
from this one, as we shall explain in more detail later. Note that the corresponding
identity for the {y(w, &) does not hold.

Proof. — Part a) of the theorem is an immediate consequence of Theorem I.4.1.
Likewise part b) follows from Theorems I.4.1 and I.4.2.
Let ¢, : p,(k) - C* be a homomorphism. Let ¢ er®¥, ¢+ o, and define the

restricted Legendre symbol (g) by
%

((—01)% T 'I;I 4

ve8()

for d coprime to ¢ in %™, Let, for x €&,
eoo(x) =1I eo,u(x))
v|o

where ¢, is the character of &, defined above. Then we define, for X e r*®

w5 () (4

where d is summed over a set of representatives for (r*™/cr8™)* which also satisfy
|d], < [eDTIXTY, (v eS(W).

We define the quasicharacter o of II kX" by
0 € 8co(%)

o) = II o,u(s oo .
T vesem " \o

v

Regarding U,(A) as a subgroup of II kX" we see that ow®(u) =1 (v € U,(N)).

v € 8(Y)

Conversely it is easy to see that if a quasicharacter ¢ of II %" is given such that
v € 8eo(¥)

o(u) =1 (2eU,(A)), then there exists a quasicharacter « € Q,(A) of ﬁ”' a trivial
on Hj such that o) = ¢.

Let ¢ be as above and define, for X e %™, ¢, : u (k) — G* injective,

4)8((?, €1 X) = (%gﬁl(sb Xa 6‘) CP(C)) Lf(” ”A cP,ll))

where the sum is taken over ¢ € ™ such that ¢ e k" for v € S (), and modulo U,(A)
(multiplicatively). Here ¢} is the Grossencharakter of %2 unramified outside S ()
and whose S ()-factor is

(%) = o((x3))-
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Note that the series is well-defined, and, as one can easily verify, that it converges absolutely
if o(p) > 3/2, where o(p) e R satisfies

lo(e) | =Tle ] (@) e T k).

v € 8eo(%)

That o(¢) exists follows from Dirichlet’s Unit Theorem.

Observe that whereas « involves a choice of character ¢: p, (k) - CG*, the quasi-
character ¢ involves no such choice.

It is convenient here to record a proposition which will be of use to us later. Let
A, ¢ be as above.

Proposition IL.3.2. — Let p be a prime ideal of k, coprime to . Let = ™™ be such
that 7S = p. .S, Let v be the place of k associated with p. Let ¢’ be the quasicharacter of

11 I
w € 8o(A)

which is @ on the first factor, is unramified on the second factor and is trivial on U,(Up). Let
X er®™ and let | = ord,(X), and X, = Xn~' Suppose that

(i) =*tek™  (weS,(U)),
and (ii) the natural map U, (A) — r)[r}" s surjective.
Suppose that e, is injective. Let N be the absolute norm. Then we have

"pgl(q’, €1, X)

1 —N(r)" lo(n") — (1 — N(m) ") (N(x") @(=")) 1+ 0™ | ;
{ I —N(n”) (P(,nn) ]Kpup(@ ,sl,Xon)

+ g‘l[(sll+ls XO, TC) N(n)l q’(nH-l) "I"O‘Hp(cp” €1» Xo n"—l—z)’

Proof. — In the series defining 3 (o, &;, X) we replace ¢ by 7*¢,, where |¢|, =1

and ¢, € *¥, It is summed over a set of representatives modulo U,(%). Since
1k 6\’ )\~ 1 1
gu(er, Xom, eo) = &, || o8 | guler, Xo 7', ) guley, Xo's )
T Ju Co/u

and since, as we shall see, we may assume that

ﬁk, Co € H ku:m
w € 80(Y)

for otherwise the term which we are computing will be zero, we obtain from the reci-
procity law

gﬁl(sl’ X; Tck 60) = g‘l[(sli XO 7:13 7"‘-k) . g?l(sla XO nl_zka 60)'
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Then
ba(e, &1, X)
= Lf(” ”A cP’I‘) {kgo czg‘ll(ela Xo TC’, 7":k) g‘!l(el’ Xo n‘_zk’ 00) CP(CO Trk) }'

Observe that
g‘!l(ela Xo nl’ Tck) =0

unless </, k=0 (modn) or k=174 1. As

cote II kX"
w € 8o(¥U)

it follows from assumption (i) that

e II k™.
w € So(U)

It is easy to verify that the summand does not change if ¢, is replaced by ¢, u
(u € U,(A)); hence by assumption (ii) we can assume that
Co ETX".
Thus the summation is now carried out over ¢, € 5™,
modulo

e II R xr* and
% € Beo(U)

{ueU,A):uer "}
multiplicatively. Since
U,(Up) ={ueU,(N) :ueri"}.a"?

this set of elements is also a set of representatives for those ¢, e ™) ¢ e II kX"
. = SO
taken modulo U,(Ap). Hence we obtain € Seo(p)

"'pgl((P) 51: X)
= Lf(” ”A CP?) -{k§0gu(€1, =t X0> T"'k) (P(T"'k) "‘pglp(q)’: €1 Xo 7‘:‘_2")}'

However guley, @ Xy, @) = O(n*) (R <[k = o (mod n)),

= N(n)lg‘)l(sll+1> Xm 7t) (k =1 + I):

= 0 (otherwise),
where @ is the Euler totient function in 2. Hence the term in braces becomes

X D(nF). o(n")} P (¢, &1, X )
0<k<1
+ gﬁl(ell+la X09 TC) N(Tcl) ‘cp(nH_l) . 4)8119((?,5 €15 XO n_n—l-—2).

k=0 (mod n)
On carrying out the summation this gives the expression of the statement.
Let D, be the discriminant of 2. The central point in these computations is that
Jg(w, k) can be expressed in terms of Py, at least if & e Hj.
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Theorem I.3.3. — Suppose that h e H; and let X = p(h)*. Let o € Q(A) and
let o be defined as above. Then

Ya(w, £) = [UA) : U, (W] N~ | Dy |~ ("0ow)  (B) ! Pg(a, e, X)
if XeqA DY,
= 0 otherwise.

The proof of this theorem is based on a fairly long computation, so that it will be
more convenient for us to discuss its significance now and to postpone its proof to the end
of this section.

The first conclusion that one can draw is that ¢%(¢, €, X) (¢ injective) has an analytic
continuation to the group of all ¢, that it has at most a simple pole in o(¢) > 1 and this
where ¢ = ¢, with

1
. 1+;.
(po((xw ) - wel;{o(mlxw w .
Let pu(e, X) = Res ¢iu(e, €, X).

From Proposition II. 3.2 we see that if X, X,, p, «, [ are as in the enunciation of
that proposition then one has

e X) = {‘—E%%:} fole X)

— (-
+ {8a(e'*", Xo, ) pap(e, Xo 7"~ %) N(m) &)
1

— N(n)"‘[;']" o%(e, X)}-

If we assume, as we may, that = € A then we can deduce from Theorem II.g.1
that pY(e, X, #') is ultimately periodic with period n in [ for large [, as =" e k> N kg™
Hence we can deduce that

pu(e, X) = (1 + N(m)™%) . o (e, X)

and, if 0 </<n—1, that
_it1
pup(es Ko ) = gu(e' ™Y, Ko, ) N(w) ™ pipy(e, Xn"7' 7).

These represent the arithmetic form of our results. The restrictions on = represented
by conditions (i) and (ii) of Proposition II.g3.2 are quite stringent, but other variants
can be given. Those quoted in [39], p. 180, are such; we shall not give a proof for those
formulae here. Nevertheless the formal similarity between those derived here and those
in [39] should convince the reader that the latter formulae are a consequence of the
techniques developed here. The variations lie in the choice of I-I‘,w and f), if w e S(U),
and these lead to variations on Proposition II.g.2.
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Observe that, if n = 3, then

Pu(e, Xo7%) =0

and if re II &

w € 8co(Y)
pu(e, Xom) = gu(e™?, Xy, w) N(m) 2 pyy(e, X,)-
Moreover e (e, Xom®) = p¥ (e, Xo)

if m e "™, by Theorem II.3.1. Hence py(e, X, 7*) (k> 0) is determined essentially
by p%(e, Xo). This observation is that of Corollary II.2.4 in a different guise.

The arithmetic significance of these p¥(c, X) for general n has been discussed in [39].
The significance of these results with n = g for the construction of the * cubic theta
function ” in [g7] should also be clear, since the ¢ Fourier coefficients > of that function
are essentially o «/:_:a)(e’ X). The results discussed here would not determine this function

(13 b

completely, but explain the ¢ multiplicative ” relations between different Fourier coef-
ficients. In this connection the reader should also consult [6].

We turn finally to the proof of Theorem II.g.8. This is based on the evaluation
of the G,(, ,, 7,, &,) given by the following lemma. The additive measure on %, will
be taken to be the self-dual measure with respect to ¢, ,.

Lemma IL.3.4. — a) Suppose that v € S(N); then
Go(ww,u’ 7’”’ ho) = l%l” Ib lll’lz y'v(hv)z(m# l')')o(‘qv h::,o)
if e, ad  |ph)l< A DY,
= 0 otherwise.

b) Suppose that v is a non-archimedean place of k, v ¢ S(W). Let w, be a uniformizer of k,
and let g, be the modulus of k,. Let

h, o
and let p(h,) =( P )
2

Let | = ord,(h,[h,), and

gz()J)(ﬂv) = Z S((TL'”, cv))J Eo,v(c/nv)°
¢ (mod 7t,)
(e, my) =1

Then
Gv(“)*,v’ Nv> hv) = ("‘)* ("')v("]v hv ;'Ev) gt(r_l_l)(“v) .6(11:0, kl/hz);ls(_ I, hz)v

I — 9—_1@2 v(nv) _ (I _ qv_1) (’)2 u(nv)1+[l/"]
E) (k)2 : :
+ (o, w)y(n, £°) wo(h,) P
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if 1> o0; if the argument of (o, w), in either term does not lie in IT'I,,,, then that term is taken
to be zero. If 1< o then

Gp((")t,w 7)1)9 ku) = 0.

M O k, O
Proof. — Let us write 7, = s( )i(C) and &, = s( )i((').
M2 2

o o k&
Let n=s(I E). Then
o I
o ks ,
m, Wo nh, = s( )1((”)1 ks, hy), CE')
7)2/‘1 ")z’lzﬁ

and this is equal to both

Ny by o\, L , o I
s( o Mg hl)’(("h 25 hl)v‘cc) S(I h2 E_./hl)

o B BNk 0
and S (A ECN R A

o hamg & Jhe &1

a) In this case, using the Iwasawa decomposition given above, one sees that one
must have

by €RS"
and lhz E/hllvs IQIIU'

The integral defining G,(w, ,, %,, #,) is then simply

mhy 0\ , =
@o(s( ", i, B, ). 2,4(8) 4.
7’2 1 |5|uglw|nlh1/hz|v

The integral here is non-zero if and only if
| U, | hofhe |, < DY

when this condition is satisfied the integral is
| %, | hyfhel, | DI

by [50] VII-2, Cor. g to Prop. 2. Since
p(B)* = hfh,

the statement in the lemma follows at once.
b) We split the integral into two parts, that over {&:|&|, < |hy/hy|,} and that
over {&:|E|,> |hy/hy|,}. The first of these can be treated as we treated a); we find

(00, w)p(n, By) (k)2 if 1> o.
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Now we turn to other integral, which is

J (2, ) (s( & ° )z(( . hyy by £) CC')) (&) dE
* v ’ v <€y v
[Elo> Ima/hgly : o . mahyk " 25 M2 0,

from the second of the two formulae above. To compute this integral we let § = n~*

with ¢> — ord,(k,/k,) and x er. Thus we obtain

X

— Ny by
)y <co.u).,(s( A ° _,)z‘(mhz,n-'hz).,cc'))

> — ord,(hy/hy) o N by 7,
qij e(ny kg, x), Eo,o<x/“;) dx
r

since o, , is unramified in the sense discussed above. Observe that with our conventions
the summand is non-zero only when

ord,(n, k) + t = o (mod =)
and ord,(n, hy) — t = 0 (mod 7).

Moreover the integral over r) is non-zero only when ¢< o, ord,(n, k) = o (mod n)
or ¢t = 1. In the former case it has the value (1 — ¢;!), and in the latter

g, .8 (m,)
with J = ord,(ny k).

From these remarks it follows that our integral has become

S (s Vi ) 0 — g ¢
— ordy(hyfhg) < £ <O O, n),|s o Ny hz ﬂ"v_‘ Mt 1)y . qv qv
¢ = — ord,(my hy) (mod n)
— by, o . _ ,
+ (mt “‘)v (S ( —1) z((”ll h2’ T ! hz)v cc )) g.(,J)(W.,),
Y Mg by T,

under the assumption that [ > o. In the first term we replace =}, by ky !k, 7% where u is
summed over

— ord,(by/hy) <u<o0, u=o0(modn).
The u-th summand is then
(wt P‘)v(“‘v h‘:o) . mz,v(nv)—“/”' |h1/h2 Io(I - qv_l)’

The sum is now a geometric series, which is easily computed. Combined with the first
integral it yields the second term in the quoted formula.
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In the second term we observe that
ord,(n, £) = — 1 (mod n)

J = —1— 1 (modn).

so that
After a little rearrangement this yields the first term in the formula of the lemma.

Finally we observe that if /< o the integral is zero as in Theorem I.4.1.
We are now in a position to prove Theorem II.3.3. This we shall do by bringing

both expressions $g(w, &) and ¢%(, ™!, X) to forms which can be easily compared.

Observe first that
2 woo P'oo(n) ”];‘L Gﬂ(w‘,ﬂ, sv("])’ s')(h))

»h) =L :
Yy (w, k) /(” ”Aﬁ) )neH,.,k\Hk

and hence, by Lemma II.3.4, {y(w, k) =0 unless X(= p(h)*) e A~ *D~'. Hence

we can make this assumption henceforth.
The factors corresponding to v € S(U)

Let us examine the factors in the product.

yield
N7 D7 T1 (o, 1) (S4(n) 84(A™)) p, (k)%
vE §(%A)
It is now convenient to replace n by 7. (h%)~ %
; we require that m, € II kX". Let p(h) = ( 1 )
v E 8(%) o bhy
Then the

Suppose that 5 = ( ! )
0 Y
We let Z(A) be the set of non-archimedean places of % not in S(2).

product of those G,(w, ,, s,(n(k*)~ "), s,(k)) can be taken to be the sum over all finite

subsets ' of Z(A) of
L (o, wo(s,(n(h) ") 5,(k) %,) g5~ %(m,) .e(m,, hifhe)y ! e(— 1, hy),

X I (o, p)u(sa(n(B%) ") s,(B%)) pa(h)?
weEZ(A)—Z
1 G0 (M) — (1 — g5") 0, olmd ™|

X
I — m:,w(nw)

where l, = ord,(h,/h,).

In order that this be non-zero we require that
ord,(n;) = o (mod n)

ord,(n,) = o (mod n)

if peZ(A) —2', and
ord,(n, X) = — 1 (mod n)

ord,(1y X~%) = 1 (mod n),
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if »eZ’. Recall that n, and 7, are to be chosen modulo n-th powers, and that each
summand is unchanged if either of these is replaced by a multiple of itself by an n-th power.
Because 7** is a principal ideal domain we can choose 7, to be ¢~ where

ord,(c) =0 (veZ(A) —Z')
=ord,(X) +1 (veX).

This is then to be chosen modulo U,(%). Let %, = cu, where u € U(A), and u is to
be taken modulo U, (). It is clear that if write 4 as

1 o\ (¢! o
b6
(and noting that

I;I ((”-u p‘)v(sv(:) z)) =1

by the assumption made on ®, at the outset) the summation over u can be carried out
and yields the factor

(U®) : U,(W)].
Combining these, and using the reciprocity law, we see that

Yor(, b) = Ly(]] -]|a 07 - (oop2) o (B) T N(U) ™7 | D, | ~[U(A) : U, (W)

¢! o
X I (0, @) (Su (O C))-”IEIE, &5 (m,) py(h)~? e(e, Xm),

¢, L' vE 8x(A)

I — qu_l mz,u(ﬂv) - (I - q;l) (»:,V(TCQ)U"/”]
ez - x I — o ,(m,) .

Observe that here ¥’ can be characterized as {v € Z(¥) : |¢|,< 1}, so that the
summation may be taken to be over ¢ alone. The product over S_ () is «™(c).
In the product over £’ we can take =, = ¢/X. Hence we obtain

Lo(I] [la %) - N~ [De]|~[UA) : U, (W] NX)~
- Z o). g:,gi""”(dx) | X" e(hy, X),

I-I I — q;l o):"v(‘lrv) — (1 — qu—l) wz,p('f’f,,)[l"l"]
ez L () '

We shall now show that the sum over ¢ is ¢g(al®), e7% X) L,(|| || «3)~ " First observe
that if ¢, is injective gy(e,;, X, ¢) is zero unless for each 2 € Z(A) one has either

ord,(¢) = o (mod n), |X[c|, <1
or ord,(X/e) = — 1.
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Thus, if we let
Z'(c) ={veZ(W):ord,(X[c) = — 1}

we obtain by a familiar transformation

gu(e™h X, 0) = I gF4=9(e/X).|X |75 TI  Card((r,fer,)*)

veEZ(e) vE (A — Z'(c)
Consider next a fixed set X’ and
{c: Z'(c) =2}

If this set is non-empty there is an element ¢, in it with ord,(c,) =0 for v € Z(A) — =’
since %™ is a principal ideal domain. Then the sum of gy(e~% X, ¢) @(c) over this set
is equal to :

@ (¢o) ”gz, &7 (eof/X) | X!

o [P g telm) — (1 —ga) (4l p(m))t
weXW-x | I — g, (m)

where =, € 2* is a uniformizer of 2,. Now notice that

(1)/( m — n -1 —-n
o) = II b (e ¢

(( v)) 0 € Soy(®D) a,w( w) | w [w
and so ol o (m,) = o(m,). g

Finally observe that if ¢ is as above

II(—r1¢,=1

vEZ'

Hence, comparing the two expressions, we see that the identity asserted in the theorem
is true. This completes the proof of the theorem.
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