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HERMITE PSEUDOSPECTRAL METHOD FOR NONLINEAR PARTIAL
DIFFERENTIAL EQUATIONS

BEN-YU Guo' AND CHENG-LONG XU?

Abstract. Hermite polynomial interpolation is investigated. Some approximation results are ob-
tained. As an example, the Burgers equation on the whole line is considered. The stability and the
convergence of proposed Hermite pseudospectral scheme are proved strictly. Numerical results are
presented.
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1. INTRODUCTION

Many problems in science and engineering are set in unbounded domains. We may solve them by restricting
calculations to some bounded domains with artificial boundary conditions. Whereas this treatment causes
errors. A reasonable way is to approximate them by certain orthogonal systems in unbounded domains. Maday
et al. [13], Coulaud et al. [3], and Funaro [5] used the Laguerre spectral method for some linear problems.
Funaro and Kavian [6] considered some algorithms by using Hermite functions. Recently Guo [10] developed
the spectral method by using Hermite polynomials. However it is not easy to perform the quadratures in
unbounded domains, which are used in the Hermite spectral approximations. So the Hermite pseudospectral
method is more preferable in actual calculations. But so far, there is no work concerning it. The aim of this
paper is to develop the Hermite pseudospectral method. We establish some approximation results in the next
section. Then as an example, we provide a Hermite pseudospectral scheme for the Burgers equation on the
whole line, and prove its stability and the spectral accuracy in Section 3. The numerical results are presented
in the final section, which show the high accuracy and the convergence of this method.

2. HERMITE INTERPOLATION IN ONE DIMENSION

Let A = {z | —co<z<oo}and w(z) =e® . For 1 <p< oo, let

LE(A) = { v | v is measurable and ||v|z» < oo }
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where

"3 [

vz = (/A lv(a:)ipw(x)d:c> . 1<p<oo,

esssup |v(z)|, p = 00.
T€EA

In particular, L2 (A) is a Hilbert space with the inner product
(wo)izm = [ we@(z)ds

v
Let 0 v(z) = (az), etc. For any non-negative integer m,

H™A) ={v| e LE(A),0 <k <m}

equipped with the following inner product, semi-norm and the norm

(V) @a) = Y, (OFu, k)

1
|U|H;n(A) = lla;nanE,(A)a HUHH;n(A) = (U:”)Z;n(/\)-
For any real r > 0, the space H,(A) is defined by the space interpolation as in [1]. For simplicity, denote the semi-
norm [v|gr sy and the norm [[vl|gr(ay by |vlrw and |[v]|rw, respectively. In particular, (u,v), = (u,v)rz(a)s
lvllo = llvllow and ||v]|eo = |lvl[Leo(ay. Throughout this paper, we denote by c a generic positive constant
independent of any function. Guo [10] proved that for any v € H(A),

[o(@)| < 2¢% ol 3 (vl 2.1)
lzvllw < [|vll1w- (2.2)
The Hermite polynomial of degree [ is defined by
Hy(z) = (=1)ke® 8L (™).
Clearly Ho(z) =1 and Hi(z) = 22. We have
O Hi(z) = 2lH;_1(x), [>1. (2.3)

The set of Hermite polynomials is the L2 (A)-orthogonal system, i.e.,
[ @ Hn (@) = i m (2.0
A

where 8, ., is the Kronecker function, and v, = 2'1!/7.

We first recall some properties of the Hermite approximation. Let N be any positive integer and Pas be the
set of all algebraic polynomials of degree at most N. The L2 (A)-orthogonal projection Py : L2(A) — Py is
such a mapping that for any v € L2(A),

(v—-Pnv,9)o =0,  V§ € Py

As pointed out in [9], Py is also the best approximations associated with the inner product of the space H7*(A),
m being any non negative integer.
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Lemma 2.1 (See [9]). For anyv € H(A) and0< p <,

v — Pnollpw < eNF |0l

Lemma 2.2. For any v € HL(A) and r > 1,
12 r
(v = Prv)e™ T flog < N3~ 01,0
Proof. By (2.1) and Lemma 2.1, for any = € A,

22 1 1
((v—Pyv)e” 7| < 2|jv — Pyolldllv — Prolif,

< eN&F o)1
We now turn to the Hermite-Gauss interpolation. We first introduce some notations. For any two sequences
of {a;} and {b;} of nonzero real numbers, we write a; < b;, if there exists a positive constant d independent of [,
such that a; < db; for all [ large enough. Moreover we write a;~by, if a; < b and b; < ;. Let 0,(0 < 73 < N) be
the N + 1 simple zeros of Hy41(2), oy < on—1 < ... < 0g. They are situated symmetrically around the origin,

see [17]. Let A, = 0,1 — 0,41 and ay = V2N be the Nth Mhaskar-Rahmanov-Saff number. It is proved
in [11] that

—ant1(1—=N"3) <oy, 0o =<ans1(1—N73), (2.5)

and uniformly for N>1and 1<j< N -1,

1 |U| 1
1 - 2 2, 2.6
N+1( aN+1) (2.6)

Let Ay = {0, | 0 < j < N}. For any v € C(A), the Hermite-Gauss interpolant Iyv € Py is determined by
Inv(z) = v(z), z € An.
Next, Let w, be the Christoffel numbers with respect to w(x),

2NN /7

Wy = o775 7 <J<
T (N +1)HR (o))

It is shown as in Lubinsky and Moricz [12] that for 0 <y < IV,

|0 Hy 11(0;)| ~ 2% N3 /(N + D)lrie

ok
7~
=
|
Q|
qs
o
N——
I

Thus by (2.3),

and so

1
1 —a? iUJ] 2
w, \/1\_"6 s <1 aN+1) . 2.7
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The discrete inner product and norm related to the Hermite-Gauss interpolation are as follows,

N

WV =3 wlo)w(0)wy,  olloy = @,9)% v
2=0
Clearly
(Inv —v,0)u,n =0, V¢ € Pn. (2.8)

In order to study the properties of the Hermite-Gauss interpolation, we need some preparations. Firstly, by
Szegd [16], for any ¢ € Pany1,

N
[ st =Y 6o, (2.9)
A =
By (2.9), we assert that for any ¢9p € Pany1,
(6, %)w = (6, %) N, (2.10)
and for any ¢ € Py,
9llw = l|llw,n- (2.11)
Furthermore let N
Inv(z) =Y DH(z).
1=0

By (2.8), for any v € C(A),
(’U,Hl)w N = (IN’U,Hl)w,N = (INU,Hl)w =570, 0<I<N.

Hence we can take (2.8) as the definition of Iy.
We are going to the main result in this section.

Lemma 2.3. For any v € H}(A),
[0]lo,n < eNF|Jollw + N8 |J0]1,0-

Proof. By virtue of (2.7),

N

IoliZ.y < aNE Y e oo - A2l )4 (2.12)
=0 aN+1

It is shown in [2] that for —co0 < a < b < o0,

2 C2 2 2
< - 1 .
5 W@ < 2 ol + ealb = Dl o

Let A, = (0541,05-1),1 <3 < N. Then

2
e“’azvz(aj) < 2—2/ e"m2vz(x)dz + e, (BI (e”év(x))> dz. (2.13)
3 JA,

Ay
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863
Moreover the combination of (2.1) and (2.5) leads to that for j = 0, N,

1
)

e=0%(a,) (1 - ’—"‘—) < es N [ollu 0]
aAN+1

(2.14)
By substituting (2.13) and (2.14) into (2.12), we assert that

N-1
[ol2 n < cresN 4 [olluvllie + cicaN-F 3 A (1
2
N-1

-3
——m—> / e = v2(z)dz
AN+1 A,
taaNt Y A, (1_M> / e~ (22v2(z) + (Bzv(x))2) da.
= AN+1 A

J
Furthermore, (2.6) implies that

[S=|

(2.15)

—1
2
N-iA (1 ~ dosl. ) < e
AN+1
Besides, (2.5) leads to

(2.16)

So using (2.6) again yields that

__;_ —1
NT3A, (1 - ﬂl—) <cgN7? <1 - |‘7—J|> (2.17)

aN+1
Furthermore |z| < /2N + 3 for z € A, and thus

/ :c2e_’”2v2(:c)d:cs5N/ e % v2(z)dz.
A, A,

(2.18)
By substituting (2.16)-(2.18) into (2.15), we get that

[0l12 5 < 2eN78|[v]|wl|v]|1w + cN 3 / e~% v2(z)dz + cN~3 / e (8,v(z))? da
A A
where ¢ = max(<52

5, AR, cico0s + Ewlc—c:cﬁ) The proof is complete.
Theorem 2.1. For anyv € HL(A),r>1and 0 < p <,

o = Invllpw < eN3+5T 0]l
Proof. It is proved in [9] that for any ¢ € Py and p > 0,

ll¢

pow S eNE(|B]lo.
This fact with Lemma 2.3 lead to that

(2.19)
1Pnv — Inv|lpw < eN || Pyv — Inv

lo < eN% | In(v — Pyv)|lw = cN % v — Pyv|lwn
< cN3te|y— Pn|lw + eN-sth lv — Pnoll1 w-
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Finally by Lemma 2.1,

v — INU”#M <|v- PNUH#,w + [ Inv — PNU!I#,w < C}V%+#T_r “U“T,w'

Theorem 2.2. For any v € HL(A) and r > 1,
(v~ Inv)e™ oo < N5 o]l
Proof. By (2.1) and Theorem 2.1, for any z € A,
[v(@) = Inv(@)| < ce?=’ v = Invll3[lv — Invl{,,
< ce? NE 5 v,
which implies the desired result.
Theorem 2.3. For anyv € H[(A) andr > 1,
o~ Invllw,n < eN37F ]|,
Proof. By (2.8), for any ¢ € P,

llv—Invl2 n = (v = Inv,v — d)un

whence
lv— 1T = inf — .
llv = Invllw,n Jof v — @llw,n

By taking ¢ = Pyv and using Lemma 2.3 and Theorem 2.1, we get that
v — Invllw,n < N |lv — Pyvlly + cN8|jv — Pyvlfrw < N5 o]l
We have from (2.8), (2.10) and Theorem 2.1 that for any v € H/(A),¢ € Py and r > 1,
(v, D)o — (v, @)oo, n| = |(v = Inv, @)u| < cllv — Inv]lwl|@]lw
< N3 E o]l g (2.20)
3. APPLICATION TO BURGERS EQUATION ON THE WHOLE LINE

In this section, we consider the Hermite pseudospectral method for the Burgers equation on the whole line.
We first change it to an alternative formulation by a similarity transformation, which is suitable for the Hermite
approximation. We shall prove the stability and the spectral accuracy of the designed scheme strictly.

Let u > 0 be the kinetic viscosity. g(y, s) and V,(y, s) are the source term and the initial value, respectively.
T is a fixed positive number. We consider the following problem

1 2 217 _
{8SV+—2—(9y(V)—p6yV_g, —co<y<oo,0<s<T, (3.1)

V(y,0) = Vo(y), y €A

In addition, V" and 8,V satisfy certain conditions at the infinity. If we multiply (3.1) by V(y)w(y) and sum the
result for o; € Ay, then by (2.9) and integration by parts, the last term of the left side of (3.1) becomes

au(V,V) = /Aaywway(vw)w(y»dy, W e Py
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It can be checked that
wlVV) = 10,V Iz, =2 [ 9V )0,V o)y
10,V By + 1V Bygsy —2 [ 47Vt

It is not clear whether or not a,,(V,V) > 0. So (3.1) is not suitable for Hermite pseudospectral approximation.
To remedy this trouble, we follow Guo [10] to make the similarity transformation

_ Y z2 t ¢ 224t t o4
= —————, t=1In(l+3s), Uz, t) =€* V(2 /uze2,e" — 1), f(z,t) =¢ g(2\/pzxez,e" —1).
Sy P ), U =V 2y ) (@) (v )

Then (3.1) reads

1 1 1 2, ¢ om0 1.,

Z — 20, ——e¥ 29, z S = f, S < +T),
8tU+2U+2w3U+4\/'Ee Oz (e U#) 4(91U fy zeA0<t<In(l )
U = Uy, t=0.

(3.2)

As in [13], we suppose that V5 and g fulfill some conditions such that for certain o > 0,

lim e®V(|V(y, )| +18,V(y,9)]) =0, 0< s < T

ly|—o0

Then
lim e(‘1°“‘et_1)“”2(|U(cc7 ) +10:U(z,t)]) =0, 0 <t <In(1+7T).

|z|—o0
If a > ﬁ, then for all ¢ > 0, 4aue® —1 > —%. So U € H}(A), and we can use the Hermite approximation.

Let uy be the approximation to U. The Hermite pseudospectral scheme for (3.2) is to find uy € Py for all
t <In(1+ T), such that

Owun + dun + Lzduy + ﬁemu%&.(e_%?uﬁ;) — 302uny =INf, z€An,0<t<In(1+1T),
un(0) = un,0 = InUo, z € An,t=0.
(3.3)

Let
B(v,w,z) = (e“zaz (e“hz'vw) , z)w N

3

According to (2.10), (3.3) stands for

(Beun(t), @), + 3(un(t), d)w + ﬁe%B(’uN,uN,sb) + 1 Oun(t), 0:0) = (f(), ®)Nw,
V¢ € Pn,0 <t <In(l+T),
uny =un,0 = InUp, t=0.
(3.4)

We now consider the stability of (3.3). Since (3.3) is nonlinear, it is not possible to prove the stability in the
sense of Courant [4], also see [14]. But it may be stable in the sense of Guo [7,8]. To do this, assume that f
and uy,0 have the errors f and @ o, respectively. They induce the error of uy, denoted by #%y. The errors
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fulfill the following equation

(Bein (t), @), + 5(an(t), $)w + ﬁe%B(ﬁN, in, }) +%B (an(t), un(t), d)
+ 5020 (), 0eb)w = (F(8); D)o, Vé € Pn,0 <t <In(l1+7T),
’iZN(O) = ’IIN,O.

By taking ¢ = 24y in (3.5), it follows that

G OIE + 31O+ 57BN, 380, 3n(0) + BN, ux(e), in(0) < AFOIE, v

In order to estimate the nonlinear term in (3.6), we need the following lemma.

Lemma 3.1. For any v,w € HL(A) and z € L2(A),

1 1 1 1 1 1
|B(v,w, 2)| < cllz] 3217 (Ilazvllw,zvllwllﬁII'wIIf,w + ||5‘zw||w,zv||v||5IIUIIf,w)

101 1 1
+ cllvllSvllf o llwllSllwll? ol 2llw,~-

Proof. We have

3
B(v,w,z2) = Z B;(v,w, 2)
i=1

where
2 2
Bi(v,w, 2) = (e‘z Bmvw,z) , Bo(v,w,z)= (e‘x 'Uc'“)mw,z) ,
B3(v,w, z) = =2 (a:e‘mzv'w, z)
W,
By (2.1),
$rotd 112 a1
|B1(v, w, 2)| < c[|8pvllw,nllwld lwlf,l1213]2]7 .-

Similarly

11 1o
|B2(v, w, 2)| < c||v]|&[|v]lF L1 0zwllw, NI 2115 1215 .-
Moreover by (2.1) and (2.10),

(M

1 1 1
|Bs(v,w, )| < cl|vll3][v]l, [[wl]&[lw]

N
3 2
2 olzllon | Dok
2

1
< cljullS o]

1 1
Lol wll&wlif 2l

The above statements lead to the desired result.
By Lemma 3.1, (2.11) and the Holder inequality, we obtain that

B (an (t), in(t), an(t)) | < er(p, TN (&) |lollin O o
B (an (t), un (), an (1) | < calun, u, T)an @7 + ellan )i

where ¢;(p, T) is some positive constant depending only on p and 7', and

ca(un, i, T) =

ci(p, T) :
o lunlie@inaemymay,  €>0.

(3.6)

(3.7)
(3.8)
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By substituting (3.7) and (3.8) into (3.6), and integrating it for ¢, we obtain that

t T
lan@12+ [ (5~ aluDlanl ) lax (I a0 < p (v f.6) + catumsT) [ lin(lZan (39

where .
plano, F,1) = llawoll? + 2 / 1F )12, .
0

Lemma 3.2 (see [10]). Assume that

(i) the constants by > 0,b3 > 0,b3 >0 and d > 0,

(ii) Z(t) and A(t) are non-negative functions of t,
2

(iii) d < Il—%e‘bz‘tl for certain t1 > 0,
(iv) for all t < tq, ) .
2() + / (b — b2 2 () A(m)dn < d + bs /O Z(n)dn.
Then for all t < tq, Z(t) < de®*. ’
Applying Lemma 3.2 to (3.9), we obtain the following result.
Theorem 3.1. Let o > i and un be the solution of (3.8). If for certain t;,

- 1
1% aN,Oa fa tl < e_CZ(uN’M’T)tl 3
( ) 64ct(p, T')

then for all t < tq,
~ 1 [t - =
lan ()12 + g/o lan (M3 wdn < p(iino, f,t)e2n» Tt

Theorem 3.1 indicates that the error of the numerical solution is controlled by the errors of the data uy ¢ and

f, provided that the average error p(@in o, f,t) does not exceed certain critical value. It means that (3.3) is of
generalized stability in the sense of Guo [7,8], and of restricted stability in the sense of Stetter [15].

We next deal with the convergence. Let U be the solution of (3.2), and Uy = PyU. We derive from (3.2)
that

OUN(1), 8)+  (UN (), 8),, + 232 B (Un (), Un (), ) + 2 (0aUn (1), 82),, + G(t,8) = (F(1), 8)u v
V¢ € Pn,0<t<In(1+7T) (3.10)
where .
Gt 9) = 3 Cilt, o),
and =
Gi(t,¢) = (0:U(t) — 0:Un (1), ¢),, ,
Ga(t, ) = 5 (U() — Un(t),6),.,
Ga(t, &) = 4\1/ﬁe% ((ezzaz (e—2m2U2(t)) ,(,f))w o G Gt (0) ,¢)W’N> ,
Ga(t,0) = (f(t), D)w,ny — (f(2); D)




868 B.Y. GUO AND C.L. XU

Let uny be the solution of (3.3), and Uy =un — Un. By (3.4) and (3.10), we deduce that

(0.0n(),0) +4 (On(1),0) + 258 (On®),On(),6) + 2B (On(t), U (2),0)

~ (3.11)
+1 (6xUN(t),8x¢)w = G(t,d)0, VoEPN,0<t<In(l+T)

In addition, Uy (0) = 0. Comparing with (3.11) with (3.5), we can derive a result similar to that of Theorem 3.1.
But un, tn,0 and f are now replaced by Un, U ~(0) and G(t, ¢), respectively. Therefore we only have to estimate
the term |G(t, Un(t))|. We first have from Lemma 2.1 that

1G1(t, Un ()] < eN72)|0:U (1) || U (B) |
|Ga(t, Un(t)] < eNTE U)o |Un ()l
Next 4/l 5 Ga(t, Un(8)) = Ar(t, Un (8)) + As(t, Un (1))

where
Av(t, Un (b)) = (ezzam (6—222112(7:)) ,UN(t)>w - (emzam (e—zsz?v(t)) 7(7N(t>)w

S (e—zz (U2(t) — UZ@)) ﬁﬁw(t))w,
Aa(t, On (@) = (0. (727 UR®)) , On () = (" 0x (72" UR(1)) , Un (D))

By virtue of (2.1) and Lemma 2.1,

w,N

436, O (®)] < elU® + Un@ISITE) + Un @U@ - Un@ISIT @ - O @I IO B
< ION Ol + N IUN @
Furthermore

As(t,Un(t)) = D1(t, Un(t)) + Do(t, Un(t))
where

Dit, Un(t)) =2 (e‘IZUN(t)axUN(t),(:W(t))w - (e‘$2UN(t)8mUN(t), ﬁN(t))w y
Da(t,On(8) = ~2 (we VR (1), Un(®)) _ +2 (2= VZ (1), Un (1))

Thanks to (2.20),

1D1(t, U (t),8)| < eN3 5 le™ U ()05 Un (t) | 1T (8) -
‘We have

o (e—z’UN (t)@zUN(t)) =" (OLUNOUn + 85 UnUn) + prl(@)e ™ UnOpUy + - -
where p,(z) is polynomial of degree r. By virtue of (2.1), (2.2) and Lemma 2.1,
D1(t, Un ()] < N3 U017, + TN @S-
We can estimate Dy (t, Uy (t)) similarly. Besides, (2.20) implies that

|Ga(t, Un ()] < NS 112, + (|12
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TABLE 1. The errors E};)(l).

T N =38 N =16 N =32
0.01 1.389E-05 | 1.389E-05 | 1.389E-05
0.001 1.381E-06 | 1.381E-06 | 1.381E-06

0.000001 | 1.397E-08 | 1.419E-10 | 2.838E-12
TABLE 2. The errors EI(\})(I)

T N=38§ N =16 N =32
0.01 2.396E-03 | 2.396E-03 | 2.396E-03
0.001 2.382E-04 | 2.382E-04 | 2.382E-04

0.000001 | 2.409E-06 | 2.447E-08 | 4.895E-10

869

Therefore

G On O] < GITN IS+ elTn (I3 + el TIN (IV@I2, 5., + 18U)

r+3%,

2 HIFOI2s,,) -

Obviously, the last term in the above inequality tends to zero as N goes to the infinity. Finally we obtain the

following result.

Theorem 3.2. If o > i, r >0, U € L%0,In(1 + T; H:,+§(A)) N HY0,In(1 + T); HL(A)) and f €
2

12 (o, In(1 +7T); Hy*3 (A)), then for all t < In(1+T),

lun(t) — U@ + / lun(n) — U2 pdn < N

where c* is a positive constant depending only on wp, T and the norms of U and f in the mentioned spaces.

Remark 3.1. In the proof of Theorem 3.1 and Theorem 3.2, we require that for U € H}(A) and so

Iz .
e~ 2 (|U(x,t)| + |0.U(z,t)]) — 0 as |z] — oo. A sufficient condition for it is that for certain o > glﬁ,

eV’ ([V(y, s)| + 104V (y,8)]) — 0, as |y| — oo, see [10]. It means that V(y,s) should decay fast enough. It
agrees the experience in actual computations as described by Funaro and Kavian [6].

Remark 3.2. In this paper, we use the variable transformation and so obtain the error estimations. In fact, a
similar transformation was used in actual computations by Funaro and Kavian [6]. This trick can be generalized
to other problems such as the two-dimensional heat equation and the Navier-Stokes equations.

4. NUMERICAL RESULTS

We now present some numerical results. Take the following test function
U(z,t) = sech®(az — bt — c).

We use (3.3) to solve (3.2) with @ = 0.3,b = 0.5,¢c = —3 and x = 1. In actual computation, we use standard
fourth order Runge-Kutta method in time ¢ with the step 7. Let Es)(t) = U(t) — un(t)|lw,~ and E](\})(t) =
:| U(t) - uN(t)
U0

for ¢ = 1 and various values of N and 7. They indicate the high accuracy and the convergence of the this

. . (1) F(1)
|lw,~ be the errors of numerical solution uy. Tables 1 and 2 show the errors Ey’(t) and Ey’(t)
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TABLE 3. The errors E](\})(t) and E
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t

EM(t)

EM(¢)

1.0

1.381E-06

2.382E-04

2.0

1.249E-06

5.848E-04

3.0

8.869E-07

1.127E-03

4.0

5.812E-07

2.008E-03

5.0

3.680E-07

3.456E-03

TABLE 4. The errors E®(1).

{
V(@)

T N=28 N =16 N =32
0.01 1.189E-05 | 1.187E-05 | 1.186E-05
0.001 | 5.965E-06 | 5.883E-06 | 5.883E-06

0.000001 | 6.510E-08 | 2.380E-10 | 8.194E-12
TABLE 5. The errors E®)(1).

T N =38 N =16 N =32
0.01 2.051E-03 | 2.047E-03 | 2.045E-03
0.001 6.028E-04 | 3.014E-04 | 6.698E-04

0.000001 | 1.122E-05 | 4.106E-08 | 1.431E-09

TABLE 6. The errors E®)(t) and E?)(t).

t

E® (t)

E®@)(z)

1.0

5.883E-06

6.698E-04

2.0

3.230E-06

1.513E-03

3.0

1.508E-06

1.918E-03

4.0

7.37TE-07

2.549E-03

5.0

4.012E-07

3.768E-03

method. Moreover the errors EI(\})(t) and E](\})(t) with N = 32, 7 = 0.001 and various values of ¢ are listed in
Table 3 which shows the stability of calculation.

For comparison, we also use the Hermite spectral method in [10] for the same problem. The corresponding
scheme is as follows B

(Beun(t), 9), + 5 (un(t), ), + Bun(t),un(t),d)+ 1 (0sun(t),0:0), = (f(t),9), .
V¢ € Pn,0 <t <In(l+T), (4.1)
un,0 = PnUp

where
1

I
In actual computation, the Hermite coefficients are determined by the Hermite quadratures with the
M interpolation points, M > N. Its numerical errors E®)(t) and E®(t) are defined in the same way as
for ES\}) (t) and EI(\}) (t). The errors with M = N are shown in Tables 4 and 5. Moreover the errors with N = 32
and 7 = 0.001 are listed in Table 6. Comparing the errors in Tables 1 to 3 with those in Tables 4 to 6, we find

B(u,v,¢) = — e%(e”xzuv,o”'mq&)w.
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TABLE 7. The errors E](\?)(l).

T N=8 | N=16 | N=32
0.01 1.026E-03 | 4.997E-04 | 6.058E-05
0.001 1.075E-03 | 4.992E-04 | 6.030E-05

0.000001 | 1.075E-03 | 4.991E-04 | 6.027E-05

TABLE 8. The errors E3,(1).

T N =38 N =16 N =32
0.01 3.568E-01 | 2.283E-01 | 2.977E-02
0.001 3.568E-01 | 2.281E-01 | 2.963E-02

0.000001 | 3.567E-01 | 2.281E-01 | 2.962E-02

that the Hermite pseudospectral method has the accuracy of the same order as the Hermite spectral method.
But the former method saves the work, since it avoids the quadratures on the whole line.

Finally we restrict the computation to a finite interval [Yp, Y1], Yo = —25.0 and Y7 = 25.0. The corresponding
artificial boundary values are given by

V(Ys,t) = V(Yo,0), V(¥yy,t) = V(¥1,0).
Take the transformation
{ y =3(Yo + Y1) +3(Y1 - Yo)z,
W(z,5) = V(y,s) — 3(1 4+ 2)Vo(Y1) — (1 — 2)Vo(¥).

Then problem (3.1) becomes
z€(-1,1),t € (0,T),

s €10,7T),
z € [-1,1].

BW + pigs0. (W + 21+ 2)Vo(¥1) + 3(1 — 2)Vo(Yo))” — (e 2ryz O2W =g,

W(l,s) = W(-1,s) =0,

W(z,0)=Vo(3(V1 + Yo) + 3(V1 — Yo)2) — (1 + 2)Vo (Y1) — 3(1 — 2)Vo(Y0),
(4.2)

Let L;(z) be the Legendre polynomial of degree I, and A} = {z,|j = 1,2,...N — 1} be the set of the zeros of
Ln_1(z) . The Legendre pseudospectral scheme for (4.2) is to find Wy € P%(—1,1), such that

z € Ay, t€(0,T),

{ AWy + 3230 (Wi + L1+ 2)Vo(V1) + L(1 - 2)Vo(¥0))” — 5riz02W = g,
— z € Ay

(Y1—-Y0)?
Wi (2,0) = Vo(L(Yi +Yo) + 5(¥1 — Y0)2) — (1 + 2)Vo(¥2) — L1 — 2)V(Ya),

(4.3)

Set Vn(z,8) = Wi (z,s) + 3(1L + 2)Vo(Y1) + 3(1 — 2)Vo(Yo). The numerical errors E,(\:;')(t) =[|[V(t) — V@)~
and EJ(\?) @& = V—(Q‘/_(\t/)ﬂ ||~ are presented in Tables 7 to 9, where ||v||x is the corresponding Legendre discrete
norm. Comparing the results in Tables 1 to 3 with those in Tables 7 to 9, we know that the Hermite
pseudospectral method provides better numerical results than the usual method by restricting the computation
to a finite interval. In particular, for N = 32, the points in the Hermite pseudospectral method are sampled
over an interval of size |onx| ~ v2N = 8. The size of this interval is still smaller than the truncated interval of
size 25. But the Hermite pseudospectral method provides much better results than (4.3).
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TABLE 9. The errors Eg};) (t) and EJ(\:?) (t).

B.Y. GUO AND C.L. XU

t | ED(@) EM(t)
1.0 | 6.030E-05 | 2.963E-02
2.0 | 3.213E-05 | 2.137E-02
3.0 | 1.893E-05 | 1.562E-02
4.0 | 1.229E-05 | 1.126E-02
5.0 | 9.869E-06 | 1.103E-02
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