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% MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol. 30, n® 5, 1996, p. 527 a 548)

MULTI-DIMENSIONAL RIEMANN PROBLEMS
FOR LINEAR HYPERBOLIC SYSTEMS (*)

by Hervé GILQUIN (1), Jér6me LAURENS (?) & Carole ROSIER (3)

Abstract. — In this paper we prove that each homogeneous linear first order hyperbolic system
of two unknowns in N space dimensions with constant coefficients can be reduced to one of three
canonical systems. Then we give the explicit solution of the multi-dimensional Riemann problem
associated with the most interesting canonical system on a structured or unstructured mesh.

Résumé. — Nous montrons d’abord que tout systéme hyperbolique linéaire 2 X 2 a coefficients
constants en N dimensions d’espace peut étre réduit a un parmi trois systémes canoniques. Nous
donnons ensuite la solution explicite du probléme de Riemann multi-dimensionnel associé au
systeme canonique le plus intéressant, pour un maillage structuré ou non structuré.

1. INTRODUCTION

Let (A;), <; <y be 2 X2 matrices with constant coefficients; we are inter-
ested in solving the Riemann Problem for a linear system of partial differential
equations

N
V(1) = (X xpt) € RYXRT, 0, W(x, 1)+ > A0, W(x,1)=0,
i=1
(1.1)

u
W(x,t):(v)(x,t)e R*, A,e R®**, 1<i<N (1.2)

Vx=(x, ., xy) € RY, W(xt=0)=Wy(x) (1.3)
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528 Hervé GILQUIN, Jérdbme LAURENS, Carole ROSIER

where W,(x) is a simple piecewise constant vector valued function.
The system is supposed to be hyperbolic according to [1] in the time
direction for any N-uple a=(a,,..,ay) € SY (the unit sphere in (RY),
N
which means that for all «, the matrix > «;A, is diagonalizable with real

i=1

eigenvalues.

2. THREE CANONICAL 2 x 2 LINEAR HYPERBOLIC SYSTEMS

In [3], a particular case of the result pointed out by Lax shows that system
(1.1) cannot be strictly hyperbolic in the time direction for all
a=(a, .., o) c S", as soon as N = 3, more precisely we have :

THEOREM 2.1 : If system (1.1) is hyperbolic in the time direction for all
o, then :

— either system (1.1) is not strictly hyperbolic in the time direction for any
a and it can be reduced to :

V(x,t)e RYxR*, aW(t,x)=0 2.1)
— either system (1.1) is strictly hyperbolic in the time direction for some

a's generating a two-dimensional subspace of R" and it can be reduced to
the canonical system

V(x,t)=(x,x,1) € R*xR*,

o,W(x,t) + A9, W(x, t)+ B3, W(x,t)=0

. 1 0 01 ,
with A = O_1>andB=(1 0): *=(xpx)eR 2.2)

— or system (1.1) can be reduced to

1 0
V(x,t) e RxR*, dW(x t)+AdW(x,t)=0 with A=<0 _ 1) (2.3)

In order to prove the theorem, we define three types of reversible actions on
the class of hyperbolic systems (1.1) which preserve hyperbolicity in the time
direction for all a € S".
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MULTI-DIMENSIONAL RIEMANN PROBLEMS 529

e A: Galilean translations. To each (x;), .,y corresponds
(%)) <i<n = (x;—t4;), this galilean translation moves W into W defined
by :

V((x), 1) e RYxR*, W((%),1)=W((%+1A),1).

If A,‘ =A,— A,1d, the system (1.1) becomes (2.4) and remains hyperbolic
N N

in the time direction since the matrix > o;A,= > A+ pld (with
i=1 i=1

i=

f € R) is diagonalizable over the real field whenever > «; A, is.

i=1
-~ N - -~ -~
W+ D Ao W=0 with Tr(A)=Tr(4,) -4 (2.4)
i=1

e B: Linear one-to-one change of space variables. Let P be a
N X N invertible matrix with constant coefficients. Defining ¥ := Px and
W(x t) =W(P '%1t) leads to:

N N
AW+ D Ao W=0 with 4=3 P,A,. 2.5
j=1 ’ i=1

If system (1.1) is hyperbolic in the time direction, the same holds for system
(2.5) because of the following :

N N
) _ IR
AjzzpﬁAi@Ai_; (P77);A;

N N N

N N N
IEARDILDY (P_I)UAJ=§1<21 a"(P-l)fI')Af:j:ElﬁfAj-

i=1 i=1  j=1 j i=

e C: Linear one-to-one change of unknowns. Let Q be a NXN

invertible matrix with constant coefficients. The new unknowns W := QW
satisfy :

N
0 oW+ > A0 '8 W=0
i=1

vol. 30, n° 5, 1996



530 Hervé GILQUIN, Jérdme LAURENS, Carole ROSIER

multiplying by Q on the left, one obtains :
-~ N - - -
aW+ D A0 W=0 with A=04,0". (2:6)
i=1

System (2.6) still remains hyperbolic in the time direction because two
conjugate matrices are diagonalizable over R at the same time and

N N ) N
2 aiAi=2 «Q A, 0= Q—1<E aiAi> Q.
= = =

The proof of Theorem 2.1 is carried out in eight steps.

Step 1. One performs a galilean translation (action of type A) in order to set
the trace of all the coefficient matrices to 0.

N
W+ D> A0 W=0 with Tr(A)=0. Q.7
i=1

Step 2. Then, either all matrices A, are null and the reduction is achieved
(we have reached (2.1)), or at least one of them, A, , is not null. As system (2.7)
is strictly hyperbolic in the coordinate a=(0,.., o, =1,..,0)€ sV,
A, must have two real eigenvalues with opposit signs (because
(Tr (A,) =0). Re-ordering coordinates with an action of type B exchanges
x;, and x, so one can suppose that A, is diagonizable with real eigenvalues and
Tr (A,)=0.

Step 3. An action of type C moves A, into a diagonalized form : there exists
0

a 2 x 2 invertible matrix Q such that QAQ’1 =\o-21) Then an action

of type B introduces a new space coordinate X, :=x, /A which leads to an
equivalent hyperbolic system with :

1 0 Vi M
A= 0-1) V2<sisN, A= R 2.8)

The aim of the next steps is to reduce the other matrices A, to A,,.

M? AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



MULTI-DIMENSIONAL RIEMANN PROBLEMS 531

Step 4. A new action of type B changes x; into x;,—7y,x, for all
2 < i < N, the first coordinate x, remaining unchanged, the new equivalent
system satisfies

1 0 0 y

Step S. The spatial coordinates are ordered (action de type B) to obtain :

1 0 0 wu
A={o -1 )Vi<isksNAa={(z )

00
Vk<js<NA; = A

If k=1 the reduction of (1.1) is achieved (we have reached (2.3)).

Step 6. If k> 1, one performs the change of space coordinates (action of
type B) defined by :

Vi<i<k<N, x = .

a Vi, B;

which is well defined since y; §; > 0 as the system is hyperbolic in the time
direction for a=(0,..,a,=1,..,0); one gets

— 14

0 4,
Vi<i<k<N, A,.=<1 > 5>0 (2.10)
51'

a system with coefficients such that (2.10) holds remains hyperbolic in the

time  direction, thus, for each 2<i<k<N, the matrices

0,A,—0;A, need to be diagonalizable which cannot be realized unless
, =0, or equivalently A,=A, as we can see:

0 &8-¢
V2<i<k<N, §,A4-8A=|, ", i

vol. 30, n® 5, 1996



532 Hervé GILQUIN, Jéréme LAURENS, Carole ROSIER

1 0
Step 7. The change of unknowns defined by Q =( ) gives

0 5,
1 0 01
A={ ¢ _q hVi<iska=(4 4 )
00
Vk<jsN,A].=(0 0)‘ 2.11)

Step 8. A last change of coordinates moves x;, —x, for all 2 <i < k and
completes the proof.

1 0 01 00
A=log_q1) Al o) V3sisN, A=l () (2.12)

3. ANALYTIC SOLUTION OF THE MULTI-DIMENSIONAL RIEMANN PROBLEM FOR
THE CANONICAL LINEAR SYSTEM

We look for the solution of the multi-dimensional Riemann problem for the
three canonical systems pointed out by the previous theorem. For systems
(2.1) and (2.3), one can easily exhibit the exact solution of any Cauchy
problem as linear combinations of plane waves with various propagation
speed, so we focus on the interesting case (3.1).

2
Y(x,y,t) e R*xR" IW(x,y,t)+A axW(x,y,t)+BayW(x,y,t)=0

) 1 0 01 u
with A=(O_1), B=(] 0), W'—'(v)‘ 3.1

The two-dimensional elementary Riemann data are :
Wo(x,y) =W, H(x) H(y) + W® | H(-x) H(y) +
+ W2 _H(=x)H(=y)+ W, _ H(x)H(-y) (32)

where WOii refer to four constant vectors of R and H( . ) refers to the
Heaviside function.

THEOREM 3.1: When R>xR™ is decomposed into the six domains
(D")l < i< ¢ Which sections at time t> 0 are given on figure 1, the solution
of the multi-dimensional Riemann Problem (3.1)+ (3.2) is constant on
every (D'-)2 <i<e Tregular in D' (inside a light cone), its values are given in
table 1.

M? AN Modélisation mathématique et Analyse numérique
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Figure 1. — Plane decomposition associated to the solution of the Riemann problem (3.1) + (3.3).

Table 1. — Explicit formulae for « and v on a structured mesh.

Domain u(z,y,t) = v(z,y,t) =
0 0
el cos™? °Y i cos™! a:zy 5
2 0\/79—17‘5 12 —y? | 27 VEE—z3/t2 —y
-z —z
Dt cos ! ———= — == cosT —mme—
Z)r V=2 2:: N
w0 1Y P et Y
97 o0 12 — z2 + 97 <% 12 — z?
D? u® v
D3 0 0
D 0 — o0 20— ud
2 2
D? 0 20
D6 __uo + UD 'UO - uo
2 2

vol. 30, n° 5, 1996
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According to [4] and [5], system (3.1) is well posed in all Hy ( R?),
(s € R) because it is a linear symmetric system with constant coefficients.
Given initial data W, in H}_(R?®), the solution W(x,y,.) belongs to
€*(R, H;_*(R*)) for each nonnegative integer k. As the initial data W, is in
H?oc( IRZ), there exists a unique solution W(x,y,.) of (3.1)+(3.2) in
€°(R, Hy (R*)).

Moreover it is well known that the solution of (3.1) + (3.2) being self-

similar is a function of ’%, % and that it depends linearly on the constants

Woii. Considering linear combinations of plane waves solutions, one can
reduce the general Riemann problem to the simpler case where

W(l_ =w?_=w° + =0, in other words
Wy(x,y) =W H(x)H(y), W’e R, (3.3)

It is easy to verify that each component of a smooth solution
W= "(u,v) of 3.1)+(3.2) belongs to ¥~ (R™* x R?) and is a solution of
the d’Alembert equation

ow—Aw=0. 3.4
We take two sets of initial data for these d’Alembert equations

juo(x,y) =u(x,y,t=0)
ug(x,y) =0u(x,y,t=0)=~0uyx,y)— E)yvo(x, y) (3.5)
=-u’8 _ H(y) - " H(x) 6

L ly=o

the previous one for u# and the next one for v :

(Vo(x,y) =v(x,y,t=0)
v (x,y) =9v(x,y,t=0)=~ ayuo(x, y)+9.0,(x,y) (3.6)
=06 H(y)-u"H(x)6 .

o

.

Thus the Kirchhof formula (3.9) is used to get explicit formulae that will be
proven to define the unique solution of (3.1) + (3.2). They rely on two
auxiliary- functions F, (x,y,t) and G (x,y,1) (we {u, v}) defined in the
sense of distribution by (3.7) and (3.8) :

H(t2_x2_y2)

2n ——22—2 (:y) th( X, )’) (37)
tr—x -y

Gw(x, Yy, t) = 7 —;\/.sz___———_y—z (x’,ky) wo(x, y) (38)
V(x,y,t) e RZxR*, w(xy t)=F(x,51)+3G,(xy1t). (3.9)
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We now evaluate F, and G, in the domains denoted (D), ., ., (fig. 1)
suggested by elementary considerations of finite propagation speed. For each
domain, the results are given for both u(x,y,t) and v(x,y,t) but we only
carry out the calculations for the first one.

e D' :={(xy,t)e R*xR* such that x*+y* <.
Inside Dl, we have :

0 0

- dn il d
F(x,y,t)= “f + f __dE
u 27 ;Z’,Fé,zw/tz-—xz—nz 2n ),

sSxnsy
VA=

0
Gu(x’y’t)=2u—nff{é —dé_dL_
Exrs
and similarly for v(x, y, t). Explicit formulae in terms of elementary functions
follow from a simple calculations for F, and the use of Gauss-Bonnet
theorem (3.11) after a change in space variables for G,. We can express the
solution in terms of @ and ¥ defined below :

_i_—=b
®(a,b) :=cos l——=—==
V1-d?

Va, bsuchthata® + b < 1, . (3.10)
Y(a,b) :=cos™! a
( Vi-p*Vi-4°

dudv
uzav2h ————————= Y(a,b) +a®P(a,b) + bd(b,a) —n(a+b
ff{, 2 < vl—u2—02 ( )

Y(a,b)e (-1,1)° 3.11)
one gets finally

Py ==470(33) -7 0(53). a0 =150 (33)

and the solutions are :

=M (XYY _ U p(XY)_V p(Lx
Y(x,y.t)e D', u(xy.1) 507[31/(”) 3,:‘1’(:’:) Ez(p(t’t)

vol. 30, n°® S, 1996
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One can easily verify that u(x,y, t) and v(x, y, t) belong to %~(D") and are
classical smooth solutions of (3.1) inside this light cone.

e D*:={(x,y,t) e R°*xR" such that x=¢ and y=1}.
Inside Dz, both functions F, and F, are identically O and

(0
o dédy __ _ o
Gu<x,y,f>——Zn“g”zs,z\/,z—_;z—_?‘“ i
o

The same computation holds for G (x,y,t) = v°¢ thus:

0

V(x,y,t)eDZ, u(x,y,t)=u and v(x,y,t)Evo. (3.13)

o D :={x2+y22 tx<0,y SO}u{xs—t}u{yS—t}.

Inside D>, all of the functions F, F, G, and G, are identically O and
V(x,y,t) e D*, u(x,y,t)=v(x,y,t)=0. (3.14)

e D' ={+y = 0sx<-t<y<ojufx=y|y <1}

Inside D* we have :

- d
fernest]
27 x"ﬁﬁérz tz_x2—’72
_Lo_f dé _=
2n ¢=fy§é,2‘/22—52—y2 2

o 7=y —Vi2_,? (v
n=-—1 °

0 0
Similar calculations give F (x,y,t) = _2u and G (x,y,1t) = % (y+1),s0

(4] 0 0 0
Y(x,y,t) € D*, u(x,y,t)sugv and v(x,yt)=2 5". (3.15)
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e D’ ={x’+y’ =2 -1<x<0,0sy<tu{lx| <sy=1}
This Domain D’ is treated in the same way as D4, one has :

0 0
F(xy )=, Gluyt)=%5(x+1),

° °
F(x,y, 1) =7 G,(x,y,1) =7 (x+1t)

V(x,y,t)eDS, u(x,y,t)=0 and v(x,y,t)_=_v°. (3.16)

e DP:={(x,y,t)e R®xR*, X¥*+y’ =27, 0<x<rtrand 0<y<rt}.

Inside DG, we obtain :

3
_v_"f e _ =+
2l fia Vo8 -y 2
0 ¢=x -Ve_g2
n=Vi-¢ dn
Gulx 7, )=2u_7zf j — Va7 )%
E==t\dy==-Vi?-& V" & —p
= fe=Ve-g dé
"2u_.[ (j VFiF VR (x+y)
&=- =&
0 0 0
For v, we get Fv(x,y,t)=v Eu and Gu(x,y,t)=v—(%y), which

finally gives

0,,0 0o 0
V(x,y,t) e D%, u(x,y,t)E—u;v and v(x,y,t)EEE—u. 3.17)

We have to verify that W = T( u, v), defined in R?>x R* with initial data
(3.2), is a weak solution of (3.1). W(x, y, t) must satisfy :

Vo e Gy (R*xR"), (3.18)
(W, 0@ +AdDP+B 6yd5> =(W(x,y,0), d(x,y,0)).
Deﬁne 0 =(-R, R) x [0, T) which contains the support of &. Let

"=D'"Q and let I’ =D'ND be the boundary separating D' and
D’ We consider $ the set of all (i,j) such that I/ has codim1: for

—.
(i,j)e $, n’ is the normal to I'V from D' to D’(n,:— nj). Let
vol. 30, n°® 5, 1996
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T'W be the trace of W, pi on the boundary D'  and

[W] =T, W, —T; W).; be the jump of W across I'"’. We finally set
. _ . -

I' := D' m dQ when it is not empty and denote by n , the exterior normal to

r

For each test function @ we integrate by parts the left hand side of (3.18)
separately on each D':

”J. "W(o,®+A0,D+BoD)dxdydt=
Q

> f” T®(9W+A oW+ BoW)dxdydt
D

i

S ”_z[mg(m.mm,..xA+;>;.;>B>¢dy
(ijyesvvr

jj TW(R . T+ TA . TB) B dy
a0

-
t

>

- -
where ( x, y ) is the canonical basis of R* x R. One has

Vi, f“ "o W+AdW+BaoW)dxdydt=0
D;

since for all i the exact solution W belongs to (¢'(D'))* and verifies
OW+AIW+BIW=0

in the classical sense inside D'.
Now, we indicate how to calculate the integrals over I’/ taking

(i,j)=(1,6) as an example. On ™% with »* +y2 =1*-0, x and y
nonnegative, the trace of W, T'W, is given by :

-y UO L= X 0 xy 0

0
DM o1 et A ’lﬁ—=‘u_
u(x,y, 1) =—5—cos Ol 5 7C08 |x|+2ncos B

0 —_ (4] (4] 0 [0}
_v 1Y u mx L,V Y v —u
v(x, y,z)—zncos K 5 7C08 I~ + 55 cos BN
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on I'"® with x*+ y2 =7"+0, x and y being nonnegative, the trace of W,
TS W, is given by :

0 0 0 0
+v v’ —
u(x,y, 1) ==+, v(xy 1) ="—5*

thus, we obtain that [ W] é is identically O. Similarly, one can prove that :
e T e T
V(i,j)e ¥, J.f _T[W]’,.( ni.tld+ n;. xA+ n;.yB)®dy=0
ri
The last identity is quite obvious and completes the proof :

” "W(n.Tld+7n.xXA+7n.yB)®dy=
aQ

J..[ W(x,y,0) &(x,y,0) dxdy
(- R,R)

We next present as an example in figure 2 and figure 3 isovalue curves at
time ¢ = 1 for the two components u, v of the solution of problem (3.1) with
initial data (3.3) when the parameters are set to

u°=1, =0,

2 L T T T
Lo 1
1F
1
2
0 1
s
~1F 1}
-1 0 1 2

Figure 2. — Isovalue curves for u solution of (3.1) + (3.3) + (3.19).

vol. 30, n° 5, 1996
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2 T T L T Y T

rO| =

Figure 3. — Isovalue curves for v solution of (3.1} + (3.3) + (3.19).

4. ANALYTIC EXPRESSION OF THE SOLUTION OF THE MULTI-DIMENSIONAL
RIEMANN PROBLEM FOR A GENERAL LINEAR SYSTEM

We now consider the hyperbolic system (4.1) of two equations in three
space dimensions, where (A;),_, , ; are 2 X 2 matrices with constant coeffi-
cients, W° is a constant vector of R* and ¢ is in {1, 1}{"*%)

3
3, W(x,t)+ ZAi axiW(x,t)=0, xe R te R
=

@.1)
W(x,, X, %,) = WO H(a(1) x,) H(a(2) x,) H(0(3) x,) -

According to Theorem 2.1, system (4.1) can be reduced to one of the three
forms (2.1), (2.2) and (2.3). The solution of the Cauchy problem for (2.1) and
(2.3) is easy to obtain ; thus the following system is the most interesting.

, 10 , (01 ALY ,
W'+l g 1 )W+l o)W+l o )W =0.

The new coordinates {x7, x;, x;) are lincar functions of (¢, x,, x,, x;) and
W’is a linear function of W, they are defined by the transformations given in

M? AN Modélisation mathématique et Analyse numérique
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the proof of theorem 2.1. In order to determine the modified initial data, we
have to intersect the plane {x} = 0} with the initial data of system (4.1) ; then
W'(t=0) is locally constant except along the lines 4, , 4,, and/or 4, drawn
in figure 4.

a) b) c)
As
A A A
A, 1 2 1 A,

Figure 4, — The Riemann data in new coordinates.

Since all the systems are linear, cases a) and &) of figure 4 directly stem
from the last one. So we will only give the explicit solution of the following
Riemann problem with scalar unknowns u and v :

ou+du+ ayu =0
“4.2)

oY -9 v+ou=0

with the simplest interesting initial data described in figure 5 where u° and
v° are scalar constants and @ lies between 0 and %:

u u°
Vx,ye R, <v ) (x,y,t=0)=<UO>H(y)H(xsin0—ycosl9). 4.3)

Az

-----_-_---_>
<

u=10 X u=20
v=0 E v=0

Figure §. — Simplest Riemann data (4.3).

vol. 30, n° 5, 1996
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Let us use the rotated pair of coordinates

X (x,y)=xcosf+ysinf
{ f X2+ =2 +y. (4.4)

Y (x,y)=xsinf —ycosf,

A

Figure 6. — Plane decomposition associated to the Riemann data (4.3).

As previously, the exact solution of the Riemann problem (4.2) + (4.3)
presents a simple structure and is given in figure 6 for each domain
(Dy), <;<gOf R>x R*. The mtcrcstmg behaviour of the solution is confined
to the interior of the cone {x +y’ <7’} and is discussed here in more
details. Inside this cone, the solution is defined through two auxiliary functions
defined in the sense of distributions :

we {u, v} , wx,y,t)=F (x,y,t)+0G,(xy1).

The expression for F, (w e {u, v}) is a straightforward extension of (3.7) with
new initial data :

Up (%, y) = (= ¥ sin 0 +v° cos 0) H(y) 8y, = V° 8, _o H(Y,)
0o (x,¥) = (1 cos 0+ v° sin 0) H(y) 3,0 — 1”6, H(Y,)
-X 0

—u’sin@+v°cos @ -1 0 - —x

F(x,y,t)= " cos = Yz—2ncos 12—y2
-X 0

u’cos O +v° sinf . 0 _u -1 —x

Fy(xy.1)= 2n t2—Y§ 27 08 tz_yz'
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The expression for G (w € {u, v}) requires more specific calculations.

(]
Gw(x,y,z)z-;’—nJ.f (x=&P+ -1y <i 75 dé‘i"’ =
VE—(x=&P+(y—n)

O0<ncos@<¢sinb

For all 0 in [0, %], we define (See fig. 8)

Dya,b) ={E+n"<1,0<({-a)cosO < (y-b)sinf) (4.5

I(a,b)= J. s _V%_n—g_z——;f' (4.6)

This allows to simplify G, by an homogeneous change of variables :

0 Xy
Gu(xy1) = %”z”e(m) '

In order to estimate the integral /,, a change of variables in (4.6) leads to

21,(a,b)=area [2,(a,b)],
Qya,b) ={(xy2)e S*1(x,y) e Dy(a,b)}.

In figure 7, the domain of the sphere £,(a, b) is enclosed between the
curves I'' and I which are both part of circles drawn on $? and have constant
geodesic curvatures. Let (p, ¢) be the polar coordinates of the point
M(a, b) of the (&, #)-plane in figure 8. We give the coordinates of center C
and the radius R of the circle supporting I” ! (point C and distance CP in
figure 8) and the length L of the arc.

— sin@

C(I')y=psin(p-0)| cosb
0

R(I') =V1-p*sin’(p - 6),
- -0
L(I')=2R(I'") cos 1p_co_s_g_¢1___)‘
R(I™)
If the orientation is specified by figure 7, the geodesic curvature x( I ') is
constant along the curves and given by

iy _(PT __0OC \_psin(p—0)
W I)=\cp2=0PCP)= " r(ry -
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- --___---____--.::_-_

Figure 8. — Geometrical construction for the Gauss-Bonnet theorem.

We apply similar results for r taking into account that these results corre-
spond to @ =0 and to a change in the orientation of the curve. We evaluate
I,(a, b) through the application of the Gauss-Bonnet theorem from which we
obtain

——— . . 5
21(a,b)=2(w—meas ( 7, 12))+K(1")L(1")+K(F')L(I“2). 4.7
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In order to complete the calculation of the integral Iy(a, b), it remains to

= =
estimate the measure of the angle ( 7, 7,) We introduce (?i )iy two
vectors tangent to (I7),_, , at the edge oriented in the convenient way.

— cos @ 1
— sind 0
e pcos(p—0) |’ 2 cos

V1-p? V1 -p?
TANEA

—1—(1—pz)cosﬁ—pzcos(w—ﬁ)cosq)
Vi —pzs'ngo\rl—pzsinz((a—e) .

- -
meas ( T, T,)=COs

Finally, we can evaluate the left hand side of (4.7) in terms of a and b given
two straight-forward formulae :

Va=pcosgp,b=psing, with p <1

pcos(p—0) _ acos @+ bsin b
\/1 —p2sin2(¢—9) \/1—(asin67—bcosﬂ)2
(1—pz)cosH+p2cos((o—0)cosgo_ (1-b*)cos @+ absin 0

W—pz sinzfp\/l -—pzsinz((p— a) _\/l - b’ \/1 — (asin - bcos 0)*
and we obtain

1 (1—b2)c036+absin0
V1 - b2 \/1—(asin0—bcos0)2

I(a,b)=cos

acos @+ bsinf

-1
—bcos ———.
V1 = (asin 0 - bcos ) V1 - b2

+(bcosO—asinf)cos”

We describe the exact solution of the Riemann problem (4.2) + (4.3) as we
did in Section 3, giving the analytical expression associated to each signifi-
cative domain (D)), ., ., of R*xR™.

=
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° D}? ={(x,y,t) e RZxR*, x*+y*< tz}.

V(x,y, t) e D:,,

0 . 0 -
_ 2] _ (xy)
Vi =Yy (x,)
2
__lﬁcos_l—————x —4——150—005_—1 ; COS(0)+yY0(x,y)
27 \/t2_y2 27 ‘\/t2_y2 \/ZZ—YZ(X,)’)
0 (U _ —X(x’y)
u cos () +v Sm(g)cos ! J (4.10)

v(x,y, t) =
o Vit - Yi(xy)

0 o _, trcos(8)+yY,(x,y)

u -1 —-Xx v
— 5 - COs + cos .
2n \/tz__yz 27n \[tz__yz \/tZ—Y?,(x,y)

e Inside (D’{A,)2 < i< ¢ the solution of table 2 is obtained as in the previous
section.

Table 2. — The explicit formulae for 1 and v on an unstructured mesh.

-
Domain u(z,y,t) = v(z,y,t) =
D} u? v°
D§ 0 0
2° — 0 20 — o°
Dy
2 2
Dg 1—2sin0u0 cozsﬂv0 C°259uo 1+2sin0v0
—siné cosf —1 cosf —1 sin @
DS sImo o 0 0 0
¢ g 2’ g T "
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Figure 9. — Isovalue curves for u solution of (4.2) + (4.3) + (4.11).

-1 0 1 2

Figure 10. — Isovalue curves for v solution of (4.2) + (4.3) + (4.11).
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We next present as an example in figure 9 and figure 10 isovalue curves at
time ¢ = 1 for the two components «, v of the solution of problem (4.2) with
the initial data (4.3) when the parameters are set to

=1, =0, 0=

w(N
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