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ABOUT AN INVERSE EIGENVALUE PROBLEM ARISING
IN VIBRATION ANALYSIS (*)

by DAI HUA (3)

Communicated by Frangoise CHAITIN-CHATELIN

Abstract — The problem of the best approximation for a given real matrix in the Frobenius
and the weighted Frobenuts norm by real symmetric positive semidefinite matrices under the
gwven spectral constraints is considered Such a problem is related to the frequently encountered
engineering problem of a structural modification on the dynamic behaviour of a structure
Necessary and sufficient conditions are obtained for the solubility of the problem A numerical
algorithm 1s suggested Two numerical examples are given

AMS (MOS) Subject Classifications 65F15, 15A60, 49D10

Key words 1nverse eigenvalue problem, best approximation, structural modification, modal
analysis, vibration test

Résumé — On considere le probleme de la meilleure approximation d'une matrice réelle dans
la norme de Frobenius et celle de Frobenius avec poids par des matrices réelles symétriques
semi-définies positives, sous des contraintes spectrales données On rencontre fréquemment ce
type de probléme en mngénierie lorsqu’on étudie la modification structurelle du comportement
dynamique d’une structure On obtient des conditions nécessaires et suffisantes pour résoudre le
probléme On propose un algorithme de 1ésolution et deux exemples numériques sont donnés

1. INTRODUCTION

Let R”*™ denote the set of all matrices with rank r in R"*”, OR" ™" the set
of all orthogonal matrices 1n R*™", SPR"™" the set of all symmetric positive
semidefinite matrices 1 R"*". A = 0 means that A 1s a real symmetric
positive semidefinite matrix. R(A) 1s the column space of the matrix A.
A" and ||A|| . represent the Moore-Penrose generalized inverse matrix and the
Frobenius norm of a matrix A, respectively. A(A) and A( K, M) stand for the
set of all eigenvalues of the standard eigenvalue problem Ax = Ax and the
generalized eigenvalue problem Kx = AMx, respectively
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422 DAI HUA

For O0sa<pf Ilet

SPRZ" = {A € SPRV"|A(A) < [, B}

In this paper, the following two kinds of inverse eigenvalue problems are
considered

PROBLEM I Gwven a matrix A € R**", a matrix X € R"*™, a real diagonal
matrix A =diag (4, ,4,)e R"™™ and two nonnegative real numbers

a,f (a<fB) Let
S, ={A € SPR"*"|AX = XA, (AN A1) c [a, B} (11)

find A e S, such that
| A —AIlF:VAlngA A=A, (12)

PROBLEM Il Given a matrix K € R"™", an n x n real symmetric positive
definite matrix M, a matrix X e R"™™ a vreal diagonal matrix
A=diag (4, ,4,)e R™™™ and two nonnegative real numbers

o, fla<fB) Let
Sy ={K € SPR"*"|KX = MXA, \(K,M\A(A) < [e, f1}  (13)

find K € Sy such that

IW(K = K) Wil e = mf, | W(K = K) Wi, (14)

where W=M 15

Since the sets S, and S, further the solutions A and K, are determined by
the eigenvalues /4 and corresponding eigenvectors X, the above problems are
essentially two kinds of inverse eigenvalue problems A special case of
Problem I 1s considered by Zhang [12, 13], Liao [14], Wang and Chang [15]
Clearly, Problem IT 1s a generalization of Problem I to a weighted Frobenius
norm

Such problems arise m the field of vibration analysis The dynamic behav-
1our of an engineering structure 1s determined by the generalized eigenvalue
problem Kx = AMx [1,21] (where K and M are the suffness and the mass
matrices of the structure, respectively) or the equivalent standard eigenvalue
problem Ax = Ax [2] In some applications, due to the complexity of the
structure no reasonable analytical model of the stiffness matrix can be evalu-
ated, a preliminary estimate of the unknown matrix A or the stiffness matrix
K can be obtained by the finite element analysis, the experimental observation
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AN INVERSE EIGENVALUE PROBLEM IN VIBRATION ANALYSIS 423

and the information of statistical distribution, whereas the mass matrix is
known. Additional information on the dynamic behaviour of the structure is
available from a vibration test, where the excitation and the response of the
structure at many points are measured experimentally. Identification tech-
niques [3] extract a part of the eigenpairs of the structure from the measure-
ments. However, one usually obtains an incomplete set of eigenpairs from the
vibration tests [4].

A frequently encountered engineering problem is one in which the designer
would like to improve the stiffness matrix of an existing structure such that the
improved model predicts the observed dynamic behaviour. Then the improved
model may be considered to be a better dynamic representation of the
structure. This model may be used with greater confidence for the analysis of
the structure under different boundary conditions or with physical structural
changes. This structural modification problem is essentially equivalent to the
above-mentioned problems.

There are many publications concerning the stiffness matrix improvements
{5-11]. In [5-9], Baruch, Wei and Berman used the Lagrange multiplier method
to correct the stiffness matrix from vibration tests. The improved stiffness
matrix which satisfies the dynamic equation is symmetric, but not necessarily
positive semidefinite. However, from a physical and mechanical point of view,
the stiffness matrix should be symmetric positive semi-definite. Accordingly,
our corrected stiffness matrix will be symmetric positive semidefinite.

The paper is organized as follows. In Section 2 we study the necessary and
sufficient condition under which S, is nonempty, give the general form of
S, and propose the expression of solution to Problem I. Problem II is dis-
cussed in Section 3. All results on Problem I can be transferred to Problem II.
In Section 4 a numerical algorithm and two numerical examples are presented.

For Problem I and II, without loss of generality we may assume that there
are t (t < m) distinct eigenvalues in the given m eigenvalues, the ¢ distinct

eigenvalues are still written by A4,,..,4, and their multiplicities are
t
my, ..., m, respectively. Then m= > m, and let
i=1
A=diag (A 1, ... A1, ). (1.5)

The given matrix X can be expressed as
X=(X, X, .n X)) (1.6)
where X, € R"*™ (i=1,..,t), and every column of X, is the eigenvector

corresponding to the eigenvalue A,

vol. 29, n° 4, 1995
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2. THE SOLUTION OF PROBLEM I

We decompose the given matrix X € R"*™ by the singular-value decom-
position (SVD) (see, e g, Horn and Johnson {16, pp 414-415])

2,0 -
X=U‘<O O>V1 2n
where U1=(Ui“', Ué”)ehoR"x", V1=(V'il), V{Zl))e OR™ "™
El:dlag(a(ll)’ ’Ggl))’ J;A)>O (l=17 ’r)a r=rank(X)s

UEAI) e Rnxr’ Vgl)e Rmxr

LEMMA 21 ([13]D Suppose X=(X,, ,X)e R’ X e R"™"
(=1, ,t) and A =diag (4 L., A, Im,) (4, = ;tj, t #7j), then there
exists a matrix A € SPR"™" such that AX = XA f and only if

20, (A-A)X/X =0, 1,7=1, ,t (22)

When the above condition 1s satisfied, the general solution A € SPR"™*" of
the equation AX = X/ can be expressed as

A=x4x* + UV GultY 23)

where G is an arbitrary (n —r) X (n—r) symmetric positive sermdefinite
matrix

Furthermore, 1t rank(X,)=7r, (t=1, ,t) and the equation
11

AX = XA has a solution Ae SPR"™", then r=3r and t<r
=1
The following theorem gives a necessary and sufficient condition for S,
being nonempty

THEOREM 2 1 Suppose X=(X,, ,X)e R X e R
(i=1, ,t), A=d1ag(111ml, AT (/ll-,él],l#],L,]:l, , 1),
then S, 1s nonempty if and only if A and X satisfy the condition (2 2)

Moreover, under the condition, S 4 can be expressed as

S, ={xax" + U GU;'"V|G e SPRY. )27 24

Proof It follows by Lemma 2 1 that the general solution A € SPR"™" of
the equation AX = XA may be expressed as (23) Let u,, ,u, _, be the

eigenvalues of G € SPR Nxn=n) Yy »Y,_, the eigenvectors of G corre
sponding to the eigenvalues y,, ,u,_,

Y=(y, ,¥,_,)s mu=dwag(y, ,u,_,) 253)
Then GY=7Yu
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From X' U{" =0, UV U =1 and (2.3), we have
AU Y=xAx* U Y+ USP U UV Y= UV Gy = UL .

From AX=XA and A(US"Y)=(U'"Y)y it then follows that
Ay - 4, are the eigenvalues of A, their multiplicities are r,, ..., r,, respectively,
and the corresponding eigenvectors belong to R(X, ), ..., R(X,), respectively,
whereas the n — r other eigenvalues of A are exactly the n — r eigenvalues
of G, and the corresponding eigenvectors are the corresponding columns of the
matrix U, Dy,

Let Ge SPR<[" ﬁr])x(" 7 e, a<s w<p (i=1,.,n-r), then
AANUA) < [a, B]. Thus S, can be expressed as (2.4). W

It is easy to obtain the followmg corollary from Theorem 2.1.

COROLLARY 2.1:In Problem I, ifX € R"™™ is a column orthogonal matrix
and A = 0, then S, is nonempty.

THEOREM 2.2 : If S, is nonempty, then' S, is a closed convex set.

Proof : 1t follows from Theorem 2.1 that §A is closed. Let ¢, = O,
¢, 20,¢c,+c,=1,

Ay =XAX* (2:6)
A=A,+UV G UVes,

A=A, + UV G, UV e s,

where G,, G, € SPIR([" ﬂ’])x(" ),

Clearly, ¢, G, +¢,G, € SPIR('l 7>*(*=7 By the bounds for the eigen-
values of the sum of two symmetric matrices (see, e.g., Wilkinson [17, p. 101])
we have

¢, G, +¢, G, e SPR- D"
Thus, ¢, A, +c,A,€S,. A
Since any matrix B € R"*" may be uniquely expressed as the sum of the
symmetric matrix B; and the skew-symmetric matrix B, ie

B=B,+B,
B,=(B+B")2, B,=(B-B"H. 27
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We decompose the matrix B, using the spectral decomposition

n
T
B, = puu (2.8)
1=1
where
B Zom 2>z 2 E g 2 ey, 2 2,
u (i=1,..,n) are the orthonormal eigenvectors of B,.
i g 1
Let
k K+l n
T T T
(Blop= 2 fuu/+ > puu + o, u; . 2.9)
=1 t=k+1 t=k+1+1

It is clear that [B], , is umquely determined by B, a and B, and
[Bl,s€ SP[R’E:”;].
It is easy to prove the following lemma from the definition of [B], B

LEMMA 2.2: (1) If Be SPR{ ", then [B], ,=B. (2) If D is a diagonal

matrix, then there exists a unique matrix D € SPR( ", such that

D-D|.= inf B-D|,.
I (= vl i I 7

[ 8

Moreover. D= [D]a,,s-

LEMMA 2.3: Suppose Be R"™", then there is a unique matrix
Be SPR’E:.Z’] such that

ué—éufvgei;%{:% IB—Bl. (2.10)

Moreover,
B=[B],,. (2.11)
Proof : Let Be SPR( . From the fact that

IS+ K)2=|SI2+ |K|2 if ST=S and K'=-K, we have
F F F
”B B~”i"‘”B_B—1”i‘l ”B—zni'

where B, =(B+B")2, B,=(B-B")2, and so the problem reduces

to that of approximating B, 1n SPIR'E:"},]. Let B, =0"D0 (Qe OR™™",
D =diag (d,, ...,d,)) be a spectral decomposition, and let QBQT =F.

Then Fe SPR % and |B- B/|l;=|F-D|, From Lemma22, it
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follows that there is a unique matrix F= (D], p such that

|F-Dl .= m%‘ |F-Dl By the definition (2.9),
Spin,

b= Q0= 0" D). C0=181.,=[8l., ®
If [a,f] =10, + ), then SPIR"l o 8] -SP[R”X" By the definition (2.9)
and Lemma 2.3, we obtain the followmg corollary.

COROLLARY 2.2 ([19]) : Suppose Be IR"X" then there is a unique matrix
Be SPR™"  such that |B-B|,= ve s . B= Bl Moreover,
B=(B,+H)?2, where B, =(B+B)P?, B =QH is a polar
decomposition (H=0,Q¢€ OR"X").

Now we prove the following theorem.

THEOREM 2.3 : Suppose Ae R™" X=(X,,..X)e R,
X e RV™ (i=1,..,1), A= dlag(A1 s s Ay L)
(/1 # /1 i#j,i,j=1,..,1), X and A satisfy the condition (2.2), and the
SVD of X is (2.1). Then there is a unique matrixA e S 4 satisfying (1.2), and
A can be expressed as

A=xAx* + UPUT VAU, ,URY (2.12)

Proof : From Theorem 2.2 and the best approximation theorem (see, e.g.,
Aubin [18, p. 15]), it follows that there is a unique matrix A € S, satisfying
(1.2).

By Theorem 2.1, A € S, can be expressed as

00
A=XAX" + U GUIYY = xax " + Ul(o G) ur (2.13)

where G € SP[R('l p'])x(" .
From UT(I)X 0, X°* U(l)—O and (2.13), we have

+ 00 T A
XAX*+ U\ - )UI-4

. 2
la-Al}=

,
= | UTD xax+ U - UTDAUY )2

+ |UTVAUS|I:

+ [UFVAUL |2+ 116 - URVAUSD |12

(2.14)
vol. 29, n° 4, 1995
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Thus, Problem I 1s reduced to find G € SPR{ D> (=7 guch that

o £)
16 - UXDAUY |, = o SPHIR(r[afﬂ,])x( G- UfVAUSY ), 215)
It then follows from Lemma 2 3 that
G=[USVAU, 4 (2 16)

Substituting (2 16) n (2 13), we get (212) H
If [a,f]=10,+0c) 1n ProblemI, the following result 1s obtained
immediately from Theorem 2 3 and Corollary 2 2

COROLLARY 23 Suppose Ae R"™", X= (X, .X,)e€ RI™ X e R
(1=1, ,t), A=dag(4 L, AL ) (4 # /lj,z #757=1, ,t), X and
A satisfy the condition (2 2), and the SVD of X 1s (21) Then there exists a
unique matrix Ae S, = {Ae SPR"*"|AX = XA} such that

~

”A_A”Fz\mlgfs,‘ ||A—A||F, and A can be expressed as
A=XAX" +ZUD(A, +H)) UKD 217)

where A1=%U;(l)(/§ +A") U(21), A, =Q H, 1s a polar decomposition
n m{n=rYx(n-r)x
O e OR )]

3. THE SOLUTION OF PROBLEM II

1
Let M2 be the unique positive definite square root of the positive definite
matrix M (see, e g, Horn and Johnson [16, pp 405-406]),

Z= M% X 31
1 1
E=M 2KM" 2 32
Then the equation KX = MXA 1s equivalent to
EZ=74 33)
and

MK, M) =AE) (3 4)

M? AN Modelisation mathematique et Analyse numerique
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We decompose the matrix Z € R"™™ using SVD

2, 0 T
Z= U(O O)V (3.5)

where U,= (U, UP) e OR™, v,=(V?, Vi) e OR™™™,

—dlag(a(z), ...,ofz)), o".(z)>0 (i=1,.,1r), r=rank (Z) =rank (X),
U(2) Rnxr V§2> c Rmxr.

From Theorem 2.1, we obtain the following result.

THEOREM 3.1: Suppose X=(X,..,X)e IR':X'", XeR™™ (i=1,.,1),
A =diag (4,1 - A, Im,) (4, = Aj, i#j,i,j=1,..,1), then Sy is non-
empty if and only if

420, (4-A)X/MX,=0, ij=1,..,t. (3.6)

1

Moreover, when the above condition is satisfied, SK may be expressed as

= [MXA(M3X)* M3+ M3 U GUT™ M3|G e SPRY, """} .
(3.7)

Similarly to Theorem 2.3, we have the following theorem.

THEOREM 3.2: Suppose Ke R™", X= (X, ..X)e R’™", X e R™™
(=1 0)y A= ding (g Ly oGy 1,) (% dpi % i f= 1, 00), X

A and M satisfy the Condttlon (3.6), and the SVD ofM° X is (3.5). Then there
exists a unique matrix Ke Sy satisfying (1.4), and K can be expressed as

. 1 1 1 1. 1 1
K=MXAMIX)" M2+ M2UPLUTD M KM 2 U], , US™ M3.(3.8)
Proof : By Theorem 3.1, K € S, may be expressed as
Lo+ 1 1 00 r, 1
K=MXAM2X)" M2+ M2U, 0 G U, M2 3.9)

(n—r)x(n— r)
where G e SPR[a A1

vol. 29, n° 4, 1995



430 DAI HUA
7(2) 1o+ 72
From U, "M2X=0, (M2X)" U,”’ =0 and (3.9), we have
y ) 0 S S DU P 1 Lo,
NW(K—-K)YWlo= M ZKM 2-M 2KM 2|z= |(M2X) A(MZX)

00 ro i1
+ U, 0 G U,-M 2KM 2|

= WU MEXAMIX) M 3R T) U2
+ U™ M 3RMEUP |2
+ UMD M RM S U
+1G - U M 3RM 3 U |2

It then follows from Lemma 2.3 that there is a unique matrix
G = (U™ M 3R U inimizi G- U™y 5KkM 1 U

=[U, N ]a,ﬁ minimizing |G~ U, 2K 5 e
Thus there exists a unique matrix
N 1 1 1 1. 1 i
K=MXAM:IX)" M2+ M2 USP[U;Y M~ 2RM™ 2 USY, , U M2
minimizing |W(K-K) W[, =

If [a, f] =[0,+ o) in ProblemIl, it is easy to obtain the following
corollary from Theorem 3.2 and Corollary 2.2.

COROLLARY 3.1: Suppose Ke RV, X=(X,,..X,) e R'*", X e R""™
(i=1,.,1), A=diag(i1L,,...41,) (L=Ai=jij=1.,1), X

1
A and M satisfy the condition (3.6), and the SVD of M2 X is (3.5). Then there
is a unique matrix Ke Sy ={Ke SPR""|KX=MXA} such that
1, . 1 1 . 1 .

M 2(K-KYM 2| .= VKing \M 2(K-K)YM z||, and K can be
expressed as N

, 1 ! 1 1
K=MXA(M2X)* M2+ %Mz UP(K,+H,) USP M2 (3.10)
) - 1
where K, =% Ug(z) M 3K+ KHYM 2UP, K,=Q,H, is a polar
decomposition (H, = 0,0, ¢ OR = x(n=r)y
4. NUMERICAL ALGORITHM AND EXAMPLES

According to the conclusions in Section 2 and 3, the numerical algorithm
for solving Problem II is presented as follows.
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ALGORITHM IEP :
1 1
1) Compute the square root M2 of M and Z=Mz2X.
2) Compute the SVD of Z as (3.5).

3) If X, 4 and M satisfy (3.6), go to 4) ; otherwise no solution exists, and stop.

1 ) - 1
4) Compute (MiX)* and K,=3UI®M 3(K+K)M 2UP.

5) Make the spectral decomposition of X|.
6) Compute K by (3.8).

Remark 4.1 : By letting M =1 in the above algorithm, we obtain imme-
diately a numerical algorithm for solving Problem I.

Now we give two numerical examples.
Example 4.1 ([20]). In Problem I n =S5, m =2, the accurate matrix A is

as follows :

101 2 3 4
1 9 -1 2 -3

A=|2 -1 7 3 -5
3 2 3 12 -1
4 -3 -5-115

Let the two smallest eigenvalues of the matrix A and corresponding eigen-
vectors be Ade R*** and Xe R**% respectively, « = 9.365555,
B =19.175421,

105 09 18 32 39
12 88 —-13 1.7 -32
A=|23 -11 75 26 -438
29 24 35 116 -12
42 -27 -53 —-1.1 158

We obtain the solution A of Problem I using the above algorithm on the
computer IBM-4341.

10.07599775 0.98021677  2.00383676  3.04770252  4.08744433

0.98021677 8.98430476 — 1.13808698 1.87516977 — 2.82244908
2.00383676 - 1.13808698 7.12765001  3.03148332 - 5.07523492
3.04770252 1.87516977  3.03148332 11.99745382 - 0.90800744
4.08744433 — 2.82244908 - 5.07523492 - 0.90800744 15.07229038

>)
1]

vol. 29, n°® 4, 1995



432 DAI HUA

Let }ti and ;li (i=1,...,5) be the eigenvalues arranged in increasing order
of the matrices A and A, respectively. We calculate that

“A _A“F -2 %Zih;til .
AT = 1.6687 x 10”2, ] = 0.00000000 (i=1,2),
A ’ hg— A
I—k—%’: 1.6394 x 10”2, l—%:assss x 1073,
P 3 4
|'15_’15| _ - 8
s 5 52150 x 107 8,

[4s]

Example 4.2. In Problem Il n =5, m = 3, the accurate matrices K and M
arc as follows :

102 3 1 1 12 1 -1 2 1
2 12 1 2 1 1 14 1 -1 1
K=(3 1 11 1 -1}, M=}{-1 1 16 -1 1
I 2 1 9 1 2 -1-112 -1
1 1 -11 15 1 1 1 -1 11

Let the three smallest eigenvalues of Kx = AMx and corresponding
eigenvectors be 4 e R**® and X € R**?, respectively, a=1, f=1.5,

/111320\
311 2 1 1
K=|[3 0 10 1 -2

1 4 0 10 0
21 -1 2 16

Using Algorithm IEP, we get

10.08457957 2.08707884 3.08002574 1.05934994 0.99774933
2.08707884 12.09319760 1.08021530 2.06578516 1.01308064

K =] 3.08002574 1.08021530 11.07705150 1.05328254 — 1.01157568
1.05934994 2.06578516 1.05328254 9.04782732 1.01875114
0.99774933 1.01308064 - 1.01157568 1.01875114 15.06692894

[lk“K”p -2 !j’i—;til
We calculate that W: 1.1317 x 10 7, _l_[_ = 0.00000000
A F s i
. |4_ 4|_ - 2 As = 5‘__ — 3
(i=1,2,3), —)——1.8605><10 , —A—~5.1240><10 ,

~ ‘4 5
where A, and 4, (i =1, ..., 5) are the eigenvalues arranged in increasing order
of Kx=AMx and Kx = AMx, respectively.
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