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1. Introduction

In this paper we study certain supersingular curves. The motivation for this
comes from the theory of codes. Binary Reed-Muller codes R(r, m) are one of the
oldest types of codes. The words of this code R(r,m) are obtained by evaluating
polynomials over F, in m variables whose total degree is <r at the points of
(F,)™ In case that r = 2 we obtain polynomial functions of degree 2 on (F,)™ by
viewing the finite field F, with ¢ =2" as a vector space over F, and by
considering quadratic forms Tr[xR(x)], where R is a so-called linearized
polynomial over [, i.e. one in which only powers of 2 occur as exponents. The
code words then are intimately related to the curves y? + y=xR(x); for example
the weight of such a word is determined by the number of points on this curve.
This leads us to the study of these curves and it turns out that they have
intriguing properties. For example, their automorphism groups over an al-
gebraic closure contain extra-special 2-groups and are very large. Moreover, our
curves are supersingular in the sense that their jacobians are isogenous to
products of supersingular elliptic curves (over an algebraic closure). We thus
find a beautiful family of supersingular curves.

We study in detail the automorphism groups of these curves and derive
consequences for the number of points on them and thus for the weights of our
code words. We have also been able to determine the number of curves in
families with a fixed number of rational points. In this way we can obtain in a
simple manner the weight distribution of certain subcodes of the second order
Reed-Muller codes, thus avoiding the tedious computations as in Berlekamp
[Be]. Moreover, this can be generalized to characteristic >2. As a corollary we
find curves over [, with the maximal and minimal number of points possible for
any genus g equal to a power of 2 and g < 22171,

The geometry of our curves over the given field F, is determined to a large
extent by the kernel (or radical) of the symplectic form Tr[xR(y)+ yR(x)] and
another (non-degenerate) symplectic form on this kernel. We use these forms to
study the automorphism group and the decomposition of the jacobian.
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The curves considered here have other applications too: curves of this type
were used by Shioda and Elkies to construct lattices (“Mordell-Weil lattices”)
which are denser than the lattices known so far.

The organization of this paper is as follows. After giving the link between
Reed-Muller codes and our curves in Section 2 we study the equation for the
radical of the associated symplectic form in Section 3. In the next two sections
we determine the automorphism groups of our curves and use this to get the
number of rational points. Then in Section 6 we study how this number varies in
families with fixed kernel and in Section 7 how the dimension of the kernel varies
in general. These results are illustrated by the example of elliptic curves in
Section 8. The next two sections deal with the decomposition of the jacobian
both over F, and over F,. In Section 11 we determine the representation of the
extra- special 2-groups of automorphisms on the first cohomology and in
Section 12 we determine the so-called a-number of the jacobians. We conclude
in Section 13 with a summary of analogs for characteristic > 2.

In Part II we shall treat, among other things, questions of moduli, the
behaviour of the automorphism group in families, linear relations between the
frequencies of the weights and the case of characteristic p > 2, and we shall give
more applications to coding theory.

It is our pleasure to thank N. Elkies, F. Oort and D. Zagier for their
comments on an earlier version of this paper.

2. Reed-Muller codes and curves
We recall some elementary notions from coding theory. We refer to [MacW-S1]
for extensive explanations. Fix a finite field [F,. A linear code C over [, of length

neZ.,is alinear subspace of the F,-vector space Fj. An element of C is called a
word. The weight w(x) of x e C is defined by

w(x) = #{i:x; # 0}.
The weight distribution of a code C is the collection of non-negative integers
A;= #{ceC:wc)=i} for0<i<n
A linear code is cyclic if with every word ¢ =(a,,...,a,)eC also the word
(a,ay,...,a,— ) belongs to C.
We recall the definition of the binary Reed-Muller code R(r,m) for natural

numbers r and m. Let P, be the [F,-vector space

P,={feF,[X,,...,X,]: total degree of f <r}.
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Then the rth order binary Reed-Muller code R(r,m) of length n=2" is
obtained by evaluating the elements of P, at the points of (F,)™: it is the image of
the linear map

B:P,—(Fy)"  with B(f) = (f (©))eer -

By deleting the component of each vector corresponding to 0e(F,)™ we get a
cyclic code of length 2™ —1, denoted by R*(r,m). Note that this construction
works as well with 2 replaced by an arbitrary prime power g.

If we take r =2 and set ¢ =2™ then we can construct elements of P, by
considering the F,-valued function Q(x) on F,, considered as an m-dimensional
[F,-vector space, defined by

0(x) = Tr[xR(x)],

where Tr is the trace map from F, to F, and R is a so-called (2-)linearized
polynomial

R =

g

ax? e F, [x].
0

1

Indeed,

Q(x+y)—0(x) - Q(y) = Tr[xR(y)+ yR(x)]

is a symmetric bilinear form, hence Q(x) is a quadratic form.
We set

R, = {R = .io ax?:a;e IFq}

and thus find that
Ch = {(Tr[xR()])xer,: RE€ Ry}

is a subcode of R(2,m). The punctured code
D, = {(Tr[xR(x)])xers: R € Ry}

is a subcode of R(2, m)*.
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Consider the cyclic code C of length g— 1 over [F, with generator polynomial
Mo (X —a2'*1), where a generates F¥. The dual C* of this code is cyclic with

zeros
{a5:1<s<2"—1, s#2"—1—(2'+1) for 0<i<h}.

By substituting one verifies that these are precisely the common zeros in [, of the
polynomials

Y «R(e)X'eF [X]/(X*"'—1) (ReR,)

t=0

and this means that C* = {[xR(x)]xeF:: ReR,}. Delsarte’s theorem asserts that
the dual of a restriction code is the trace of the dual code (cf. [MacW-S], p. 208):

(Clg)* = Tr(CY).

Hence our code D, = Tr(C%) is the dual of the binary cyclic code C|F, with zeros
{a?*1:0 <i< h}. From this we conclude

mh+1) for h < [%]

m+1 m
( ) ) forh—liz].
For h=0,1,2 the codes D, are the duals of the 1-, 2-, 3-error correcting BCH
codes.
Consider now a word wg =(Tr[xR(X)])xer, in Cp. Using the basic fact that an

element of F, has trace zero if and only if it is of the form y*+yfor some yeF, we
see that the weight of wy is given by

dim Dh =

#{xeF,: Tr[xR(x)] # 0}

g—%[number of rational points on the affine curve y?+y=xR(x)].

So the weight distribution of the codes C, (and D) is closely connected to the
family of (affine) curves defined by the equations

y* +y=xR(x)

with R running through R,. We are thus naturally led to study these curves.
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3. The kernel equation of a symplectic form on [,

In this section we study the symplectic form associated to the quadratic form
Q(x)=Tr[xR(x)] introduced in Section 2. View F, for g =2" as an F,-vector
space E of dimension m. Let S be the vector space of symplectic forms on E. We
consider the vector space R, of linearized polynomials introduced in the
preceding section. We shall assume that 1 < h < [%-]. If Re R, then the zeros of
R form an F,-vector space. To an element R € R, we associate a symplectic form
on E=F,:

Fg(x, y) = Tr[xR(y) + yR(x)].

The radical (or kernel) of the symplectic space (F,, Fg) is defined by
Wi = {xeF,: Fg(x, y) = 0 for all yeF,}.

This is an [F,-subspace of F, and if Fy is not identically zero then
m—dim Wy =0 (mod?2)

since the rank of a non-zero symplectic form is even.

(3.1) PROPOSITION. If R = =!_, a;x* e R, with a, # 0, then
Wi = {x€F,: E, g(x) =0},

where E, g(x) = (R(X))*" + Zi_ o(ax)® .
Proof. As Tr is invariant under the Frobenius automorphism we have

Tr[xR(y) + yR(x)] = Tr [ y { zh; (ax)P ' + R(x)}:l.
i=0
Then x e Wy if and only if

(@x)*" + R(x) =0,

M=

i=0

which is equivalent to

@) + RX)*" =0

M=

0o

and our proposition follows. O
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This proposition implies in particular
0 < dim(Wg) < 2h for ReR, with a, # 0.

Note that E, g(X) is also a linearized polynomial, independent of the
coefficient a, of R. Furthermore we have

Eh,R1+Rz = Eh,R1 + Eh,Rz'

We shall denote this polynomial E, x simply by E, and we shall call the equation
E, =0 the kernel equation for (the symplectic form associated to) R.
We can describe Wy in an alternative way as follows.

(3.2) PROPOSITION. Let ceF,. Then ce Wy if and only if there exists a
polynomial B in X F,[X] such that

B? + B=cR(X) + XR(c). Q)

Proof. The if-part is obvious. By equating coefficients we see that we always
can find a linearized polynomial Be XF,[X] and a scalar de[F, such that
B?+ B=cR(X)+ XR(c)+dX (cf. Remark (3.3) hereafter). Suppose that c e Wy.
Then Tr(dx) is zero on [F, and this implies d = 0. O

(3.3) REMARK. By equating the coefficients we find that a solution Be X F [ X]
of (1) is a linearized polynomial X!-!b;, ;X% whose coefficients satisfy the
relations

by = cag + R(c),
b+ b}y =caj_, forj=2,...,h,
b? = ca,. @

The compatibility of this system comes down to E,(c) =0.

Now back to the kernel equation E, =0. We want to factor the polynomial E,.
The idea is that if ¢ # O1is a zero of E, and if B is the corresponding solution of (1)
then because of B(c)*+ B(c)=cR(c)+ cR(c)=0 we have B(c)=0 or 1. Note that
the polynomial B depends on c. We can thus split the polynomial E,, in a factor
X, a factor Il e, c08()-0o(X —¢) and a factor Il e, c08¢)-1(X —c), where
Wr={ce Fq: E)(c)=0}. To make this explicit we introduce the auxiliary
polynomials

i1 . ;
Fj=7Y (@) X@*0e= forj> 1.
i=0
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(3.4) THEOREM. Let R=X%!_,a,X* €F,[X] with a, #0. Then there is a
factorization E, = XE, E;, where

h =-j__ h—j
E, = ; X¥ 7P eF,[X]

J

has degree 22"~ — 2"~1 — 1 and leading coefficient a; = and

>

Eyf =14+X*" 1 X?F¥eF,[X]

J
J

has degree 22"~1 +2"! and leading coefficient a2 .

Proof. Let ¢ # 0 be a zero of E, and let B be the corresponding solution of (1).
From B(c)®>+ B(c)=cR(c)+cR(c)=0 we see B(c)=0 or B(c)=1. If B(c)=0
(resp.=1) then c satisfies an equation

(bic+byc®+byct+--+ b )" =0 (resp.=1). ?3)

From the equations (2) we derive

L] h+i—j—1
b =Y (ca)? for 1 <i<h.

Jj=i

Substituting this in (3) we find

,Zh; <zi: (ca "N =0 (resp.=1).

After reordering we find

Zh: (lil (caj)Z"—ﬁi)cZ"H _ Zh: c2"+2"'i(Fj(c))2h—i= 0 (resp.=1).

i=0 Jj=1

In case B(c)=0 we divide by ¢?"*! and obtain a polynomial equation of degree
2k 12k —1)—1in c:

FTWF T =0

M=

]

j=1

If B(c) =1 the equation

h h—Jj Lt}
-Zl FHF ) =1
=
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has degree 2" ~!(2"+1). By replacing ¢ by X we obtain the polynomials E;.
A simple counting argument shows that Ef divide E, and that
E,= XE[ E;. O

This theorem yields us polynomials Ef or more precisely E;z. We shall
always suppress the reference to R. Even if a,=0 these expressions (in
a,...,a,, X) make sense and we use them to define polynomials E;f also for
ReR, with a,=0. In order to compute E, and E,} we note that the expressions
for E;f in Theorem (3.4) imply

Ef =14 X¥1E;
and
E, = Fy+ X(E;_ >

Here E,_, corresponds to R —a,X?", though a,_, may be zero. Moreover, we
have

E, = (a)”"X*" +E}_ +a,X.

(3.5) EXAMPLES. For h=1, 2, 3 the polynomials E,, E, , E; are as follows.
E,=a}X*+a,X, E[=a,, Ef=aX3+1,
E,=atX'"%+atX®+a?X*+a,X, E;=aiX°+alX+a,,

EF =a3X'"°+a?XS+a,X°+1,
E;=a3X%*+a5X32+a8X % +a}X* +ai X% +a,X,
E; =a{X? " + a3 X' +a2X° +atX3+aiX +a,,

Ef =a%X3°+a3X° + a2 X8 +aiX' 2+ a2X % +as X° + 1.

(3.6) PROPOSITION. Let Fq be an algebraic closure of F,. The polynomials E,
and E;f are irreducible over the purely transcendental function field Fq(al, ey ).

Proof. We treat the case of E, . Consider it as a polynomial in a,. Then it is of
the form

h-1_1 Ah-1
X1 4+ p

with PeF,[a,,...,a, X]. This is obviously irreducible as a polynomial in a,,
since either P=0 for h=1 or (P/X* ') is not a square in F,(a,,...,a,, X).
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From this we easily conclude that E, is irreducible over [_Fq(al, ..., ). A similar
argument works for E;. |

Finally we return to our F,-linear map defined in the beginning of this section:
®:R,—> S

given by
R - Fp = Tr[XR(Y) + YR(X)].

(3.7) PROPOSITION. The kernel of the map ® is

m

{agX:apeF,} forh< >

and
{ahX2h+a0X:aheFf, aoeF,} for meven and h = %

Proof. Suppose R=X"_,a,X* with ®(R) =0. Then the kernel equation is a
multiple of X?— X =0. For h <%- this implies that E, = 0,so a; =0fori> 1. For
h=2 we get E,=a2"X%+a2"X, hence a?"=a, and a;=0 for 1 <i<h—1. This
proves our proposition. O

Note that dim(S) = (%) and dim(R,) =m(h+ 1). Hence ®: Ry,,»;— S is surjective.

Let us call the number 2h the virtual corank of the symplectic form ®(R) (for
2h < m). We can use the virtual corank to define a stratification on the space of
symplectic forms. This stratification is rougher than the stratification by the
usual corank. The virtual corank remains invariant if we replace our symplectic
form Tr,[xR(y)+ yR(x)] by Tr,-[xR(y)+ yR(x)]; the usual corank will change in
general.

4. The automorphism group of the curve y? +y=xR(x)

We consider the (non-singular projective) algebraic curve C=Cy over [F, with
g=2" defined by the affine equation y*+ y=xR(x) for R=X!_, a;x* e F,[x]. By
the Hurwitz-Zeuthen formula the genus of C with deg R = 2" equals 2"~ 1. We
first determine the automorphism group over an algebraic closure F,.

(4.1) THEOREM. The subgroup Aut®(C) of Aut(C) of F,-automorphisms of C
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fixing the branch point of the hyperelliptic map C — P is the semi-direct product of
a normal subgroup G which is an extra-special 2-group of order 2**** and a cyclic
group of order g.cd. {2'+1:i > 1,a; #0}. This group G is the central product of
h—1 dihedral groups of order 8 and one quaternion group of order 8 with identified
centres. Moreover, Aut®(C)=Aut(C) for h>2.

Proof. Let G be the subgroup of Aut(C) generated by the automorphisms of C
the form

X—=>x+c

yoy+by+bx+--+b,x"=y+by+B

with ceF,, Be xF,[x]. Comparing coefficients gives
B? 4+ b% + B + b, = cR(c)+ cR(x) + xR(c).

This implies

B?+ B = xR(c) + cR(x) @
b%+b, = cR(c). 5

As in Remark (3.3) equation (4) has a solution B in Fq[x] if and only if
E,(c)=0. From (5) it follows that the elements of G correspond 2—1 to the
elements of

W = {ceF,: E,(c)=0},

which is an F,-vector space of dimension 2h. The center Z of G consists of the
two automorphisms in G with ¢=0. Namely, if ¢ € G is determined by the pair
(¢, bo+ By) with ¢ # 0 then ¢ has centralizer

Z,={Y €G determined by (d, e, + B,): B,(c) = B,(d)}.

From a simple degree consideration it follows that the equation B, (c) = B(d) for
fixed ¢, can be satisfied by at most 22#~ ! values of d. This implies that the order
of Z, is at most 2%*, so ¢ ¢Z. Furthermore the quotient group G/Z =~ W is
elementary abelian. Then by Theorem 13.7 of Ch. III of [Hu] we find that G is
an extra-special 2-group, that its center is Z and that the commutator [,]
defines a non-degenerate symplectic form on G/Z.

According to [Hu] loc. cit. there are two isomorphism types of extra-special
groups of order 22#*1, They can be distinguished by the number of elements of
order two. If G is the central product of h dihedral groups of order 8 with
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identified centres then the number of elements of order <2 equals 2"(2"+1),
while for the other type the number is 252" —1).

Therefore we now determine the elements of order two in G. The pair
(c, by + B) with ¢ # 0 determines an element of order two if and only if

y+ B(Xx)+B(x+c)=y

i.e. B(c) = 0. As we saw in Section 3 this amounts to E, (c) = 0 and we know that
the degree of E, equals 22*7! —2""1 _1, Including c=0 we have 22~ 1 _2""1!
values of ¢, each inducing 2 elements of order <2 in G. This determines the
isomorphism type of our group.

For h > 2 an arbitrary automorphism of C is of the form

X = 0X + ¢, y—>5y+bo,a+ Ba,ca

since any automorphism commutes with the hyperelliptic involution y—>y+1
and thus induces an automorphism of its fixed field F,(x). We find 6> =4, hence
=1, and «**1=1 for i > 1 whenever g; # 0. We denote the automorphism
given above by o, 5, .

The map o, s, — o is a surjective homomorphism of Aut®(C) onto a cyclic
group of order g.c.d. {2'+1:i > 1, q; # 0} with kernel G. Since the order of G and
of Aut®(C)/G are coprime the extension Aut®(C) splits, cf. [Hu]. This proves our
theorem. O

(4.2) REMARKS. (i) Note that the automorphisms of order 4 in G come from the
zeros of E; or in other words correspond to pairs (c, by + B) with B(c)=1.
(i) The element c, satisfies the “affine” equation

h h—1 h—1 h—1
E(2)=R@)"+ Y a@ 2 =1 +aa; .
i=0

The map 6, ., 4, , — ¢, induces the identification of the quotient group G/Z with
W.

(iii) Let ce W with ¢ # 0. According to Proposition (3.2) there is a polynomial
B.(X) associated to c. The centralizer Z, of ¢ € G corresponding to ¢ has order
2%" and Z, corresponds to

{deW:B,(c) = B.(d)}.
We call the equation

Zh(ca X) = BX(C) +BL‘(X) = 0
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the centralizer equation of c. It is a linearized polynomial of degree 22! in X.
We have a factorization

Ey(X) = c™?"Zi(c, X)Z(c, X)+1).
Finally, using (3.4) and induction one can show the formula

Z(e, X) = (E; (©)c + Ey (X)X)cX)*™
+ &7 (X )Ne + X1 + Py,

where P,eF,[as,...,a,,c, X].

An important observation now is that the commutator defines a non-
degenerate symplectic form S(g, k) on G/Z and by Remark (4.2)(ii) then also on
W.

One can define a quadratic form Q on G/Z by sending y=gZ to 0 or 1,
depending on whether the element g2 € Z is 0 or #0in Z. In our case the element
g is determined by (c, by) and ¢ determines a polynomial B. We have

0() = B(c)

and

O(ym) = O(y) + O(m) + S(7, ).

This quadratic form defines a quadric, again denoted 0, in W, We can define
other quadratic forms with the same associated symplectic form S by setting

0.x) =0(x+c¢) for xeW.

Note that we have: ¢ is a zero of XE, if and only if the quadric 0, has
2k~1(2*_1) points.

Of course, we also want to know the automorphism group Autg (C) over F,.
Note that the subgroup Z is defined over F,. Hence the automorphism group

G(F,) = Autg(C)n G

is a subgroup of G of order 2" for some r < 2h+1 which contains Z. If the
quadratic form { is non-degenerate on G(F,)/Z then we find an extraspecial 2-
group. But § can be degenerate when restricted to G(F)/Z,eg. ifris even it is
degenerate.

From the proof of Theorem (4.1) we derive
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(4.3) THEOREM. Over [, we have a bijection
G(F,) S {(c, bo) on the affine curve y*>+y=xR(x):ce Wy},
where
Wi = {x€F,: Tr[xR(y) + yR(x)] = 0 for all yeF,}.
Moreover,

#Aut) (C)/G(F,) =gcd. {g—1,2'+1:i > 1, a; # O}.

5. The number of points of the curve y*+y=xR(x)

In this section we express the number of points on our curves in terms of the
kernel of the associated symplectic form. In the sequel we shall denote the vector
space Wy by W. Furthermore, we define the subspace

V = {xe W: Tr[xR(x)] = 0}

of W.
Since x — Tr[xR(x)] defines a linear map W — [, we have: either Tr[xR(x)] is
trivial on W or it vanishes on a subspace of dimension equal to dim W—1, i.e.

V=W ordimV=dm W — 1.

This demonstrates the following lemma.

(5.1) LEMMA. We have # G(F,)=2%"% or 24™¥*1 depending on whether the
map W — [, defined by x — Tr[xR(x)] is surjective or not.

In case dim V = dim W — 1 we find the number of points on C defined over
F,.

(5.2) PROPOSITION. If dim V = dim W — 1 then # C(F))=q+1.
Proof. Because V # W it follows that Tr[xR(x)] vanishes on half of all
elements of W. For aeF, and we W we have

Tr[(a+w)R(a+w)] = Tr[aR(a)] + Tr[wR(w)]
so Tr[xR(x)] vanishes on half of each coset of W in [F,. Hence, over half of all

clements of F, there lie two points of C, so over F, we find 2-4 =g points.
Together with the point at infinity we find g+ 1 points. O
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If Tr[xR(x)] is identically zero on W then x — Tr[xR(x)] defines an [,-valued
map on [F,/W. This map is in general not additive. But we have:

(5.3) PROPOSITION. If Tr[xR(x)] is identically zero on W then

2
Z (_ I)Tr[xR(x)]:l = qzw’
el

where w = dim W.
Proof. We have

[Z (_ 1)”[‘:'[xR(x)]]2
= <z (_ I)Tr[xR(x)]><Z (_ 1)Tr[yR(y)]> = Z (_ I)Tr[xR(x)+yR(y)]

x y

— Z (Z (__ 1)Tr[xR(z)+zR(x)]> ( _ I)Tr[zR(z)] (Wlth z=x+ y)

z

zeW

+ Z <Z (_ 1 )Tr[xR(z)+zR(x)]> (_ 1)Tr[zR(z)].

z¢W \ X

— _ 1\TrlxR(z) + zR(x)] _ 1\Tr[zR(2)]
22 (=1 (=1

The contribution of the first term is 2*¥g. Moreover, the contribution of the
second term is O since for fixed z¢ W the map from F, to F, defined by
x—>Tr[xR(z)+zR(x)] is a surjective linear map. This proves our
proposition. O

(5.4) COROLLARY. We have either #(C(F,))—1=q or #(C(F))—1=q+./q2"
with w = dim W.

The second assertion in this corollary can also be proved by looking at the
quadratic form Tr[xR(x)]. Assuming that it vanishes on W we find a non-

singular quadric in F,/W. It therefore has 2"~ (2" + 1) points (with m=2n+w).
Hence there are

2202+ 1) = Ha+/2)

points x € F, with Tr[xR(x)] = 0.
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6. One-dimensional families of curves y2+ y=xR(x) with fixed radical

We study the family & of curves y? + y = x(R + apx), where R =
=!_, ax* eF,[x] is a fixed polynomial with a, # 0 and where a, ranges over F,.
The kernel equation E, =0 is the same for all curves in our family & . As always,
by w we denote the dimension of the F,-subspace W of zeros of E, in F,. Note
that Tr[xR'(x)] is a fixed quadratic form, while the expression

Trlaox*]=Tr[\/a, x] ranges over Hom(F,, F,).

(6.1) PROPOSITION. Suppose that C is a curve in & . The number of curves in
which are isomorphic over [, to the given curve C equals at least

#C(F)—1

2w+1

Proof. Apply to C an [ -transformation

h—1 '
Xx>x+¢,yo>y+bo+ Y b x*=y+by+B,
i=0

with
(¢, bo) e affine curve C°(F,),
b, = R'(¢),
b?+b;,y =ca; forj=23,....,h—1,
b? = cay,
The image C' of C has the equation

y2+y = xR'(x)+(ap+b?+ b, +ca,)x?,

so C' is completely determined by c. The image curve is equal to the original one
if and only if

b? +b, = ca,

and this amounts to E,(c)=0 (see Remark (3.3)) and accordingly our trans-
formation is an F -automorphism. For that reason &% contains at least
(# C(F,)—1)/2- 2" members which are F -isomorphic to C. O

We let t =g+ 1— # C(F,), the so-called trace of Frobenius. Then we have:
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(6.2) PROPOSITION. In the family & the three possible values of the trace of
Frobenius t =0,t = +./q2" and t = — . /q2" occur with multiplicities

2" —1 4—/22"

Mo=""%w" & M+ =T

and

_q+y/q2"

- 2w+1 ’

respectively.

Proof. Since W is fixed for all curves in & the indicated values of ¢ follow from
Corollary (5.4). Suppose that Tr[xR(x)] is identically zero on W for some
member of #. Then t # O for this curve. The kernel of the map from F, onto
Hom(W, F,) which associates to aeF, the linear map L,(x)=Tr[ax?] has
dimension m—w. Hence there are g/2* elements in & with ¢t # 0. So we find

q

nytno =5, 6
2¥—1

nog = o q. )

From
2 , 2 q+1

# {(ao, x)€(F,)*: Tr[xR'(x) +aox*] =0} = 5 )
we derive

q q—+/92" q++/92" q+1

4 1 vee 2 VI, = . 9

5 ny + > n, + 2 n ( s )

As a result of (6), (7) and (9) we find the claimed multiplicities. To finish the proof
we have to see that not all members of # have t = 0. But ¢t = 0 for all members
contradicts (8). |

Coding theorists may notice that the weight distribution of a coset of the
Reed-Muller code R(1,m) in R(2,m) follows at once from this theorem
(cf. [MacW-S]).

The equation y*>+y=xR(x) with ReR, defines a proper curve C, over
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Spec(F,[ao, ..., a,—y,ay, a; ']). It is easy to see that this variety is a rational

variety. Using the results above we can easily calculate its number of points over
F,.
q

(6.3) COROLLARY. The number of points on the variety C, over F, equals
q"" Hg—1).
7. The variation of the dimension of the radical W,
In this section we study the behaviour of w=dim W; as R ranges over
R,={R=X!_ya;x*:a;eF,}. Since W is independent of a, we shall assume that
ao=0. Set RY={ReR,:a, # 0}. For 1 < h < m/2 we define

N® = #{ReR,:ay =0, dim Wy =w}
and

n® = #{ReRy: a, = 0, dim Wy = w}.
We have

n® = N®_ N&-D),
For convenience we set

N© =0.

Note that n® =0 if w %= m(mod 2).
(7.1) THEOREM. The numbers n® satisfy the following linear relations:

Y n® =q""Yq-1), (100)

Z QRvY—1n® = 2q—1)%¢""2 for h =2, (10,)
and

% @¥—1n) =q-1, (11y)

or more generally, for 0 <r <h

> I @ -22mP=2¢"""q-1) [] (@—2%) (10,)

0sw<2h 0<s<r 0<s<r
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while for r = h and m even

Y I @=22mP=02"-1) [] @—2%). (113

0<w<2h 0<s<h 0<s<h

These identities determine the n® uniquely.

For a full discussion and proof of these and other identities we refer to Part I
Here we restrict ourselves to giving a proof of the first few relations. We prove
(10o), (10,), (114), (10,) and (11,).

Proof. The equalities are shown by identifying both sides as the cardinality of
the same set. Recall that for a fixed R the commutator defines a symplectic form
S on W = Wy and by restriction also on W = Wy. The form is non-degenerate
on W, but can be degenerate on W.

We first show (10,). We have:

Y= Y 1=¢""Yq—1) (h=1).

(@y,....a)eFha, #0

Next, we show (10,). Consider the set
A={(R, c)eR) xF,: ce Wy, ¢ # 0}.

Obviously, # A=X (2" —1)n®. On the other hand, 4 can be viewed as the set of
F,-rational points of the algebraic set given by E,=0, a,X #0 in ay,...,a, X-
space:

A={(ay,...,ap, X)eFi* 1 E(X)=0, a,X #0}.

As we saw in Section 3 the polynomial E, splits as XE, E;" and accordingly the
algebraic set A splits into two components given by the equations
X?"*1E, (X)= 6 with §€ {0, 1}. Since there is only one term involving a, in E,
and since it is of the form th_l‘lafm, each choice of a,,...,a,, X uniquely
determines a,. We thus find # A4 = 24" %(q—1)%. From a geometric point of
view the two equations X2"*!E, (X) = § define purely inseparable coverings of
Spec(F,[as, ..., @,_y, ap ay ', X, X ~1]). These two coverings thus each possess
(g—1)%>¢q"* 2 points. We find

T @ —1n = 2Ag— 17"

The proof of (11,) is analogous to the proof of (10,) except that
X’E; =X3a; =0 does not contribute, while in X3E; =1 the choice of X
determines a;. We thus find # A=g—1 here.
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Let now h> 2. We shall prove (10,) by showing the identity

Y Il @ =-29nD=2¢""3¢q-1) [] (q-29, (10%)

0<w<2h 0<s<1 0<s<1

observing that (10%)=(10,)+2-(10,).
Consider the set

B={(R, (¢1, c2)) € R} x F}: (cy, c)€ W, dim({cy, ¢5)) =2}
For every ReR) the radical Wy contains (2* —1)(2* —2) F,-independent pairs
(cy,c,) and hence the left-hand side of (103) expresses the cardinality of B.

To get the right-hand side of (103) we observe that B can be viewed as the set
of h+2-tuples (ay,...,a X, Y)eFi*? satisfying

Eh(X)=0’ Eh(Y) = 0, ay # 09
X#0, Y#0, X=#Y *)

This latter set consists of 23 components corresponding to the equations
X*HE(X)=5, YPYE;(Y)=¢  ZiX,V)=1,
where we write Z,(X, Y)= Bx(Y)+ By(X) for the centralizer polynomial intro-

duced in (4.2)(iii) and where J,¢,n€e{0,1}.
Since we can write

Zu(X, Y) = (E; (X)X + E; (V)V)YX Y

+ad [XY(X + Y17+ Py,

where

P,eF,[as,...,a4, X, Y]
each component has 23¢"~3(q—1)*(g—2) points. This proves (10,) and hence
(10,). In geometric terms we use the fact that each of the components is a purely

inseparable covering of the affine space

Spec(F,[as, ..., ah-1, ap az L, X, X, Y, YL (X+Y)™1]).

For (11,) we note that if h=2 then P, =0 and we find that 6 =e¢=n=01leads to
a, =0, so we find one component less. Moreover, if =¢=n=1 the equation
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reads
GLIXYX+Y)]P=X*+X2Y?+ Y4,
so we must exclude the solutions of X*+ X?Y?+ Y*=0. Hence we find here

6(g—1)g—2)+(q—1)g—4)
points satisfying the equations (*). Hence

Y I @ =2 =(g—1)79-16).

osw<4 0<s<1

Combining this with (10,) for h =2 we obtain (11,). O

We refer to Part II for an exhaustive discussion and proofs of the remaining
identities and similar relations in characteristic p > 2.

(7.2) REMARK. One can prove more refined identities like

Y @-12v=2%""%q-1)* (h>3),

ReR?
/

where p = dim(rad(W)). This formula together with (10,) with r=0,1,2 gives
finer information.

Combining the relations from (7.1) with Proposition (6.2) one gets the number
of curves in the family {Cg:R€eR,} with a prescribed number of F,-rational
points. Thus this theorem yields a way to derive the weight distribution of
subcodes of the second-order Reed-Muller codes without making use of the
MacWilliams identities, in contrast with the method of Berlekamp in [Be]. His
method does not seem to generalize to characteristic p > 2. In Part II we shall
discuss these matters in more detail.

(7.3) EXAMPLE. From (10,) and (10,) we deduce

-2
n® =(g—1) <qT) and n®=(g—1) <__5q;— 2).

From (10,), (10,) and (11,) we deduce

@ —(g_1 (1=4 @ (g1 (144
ng (q 1)<60>’ ny’ =(q 1)( 2 )

6q+6
= -1 (429),
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Combining Proposition (6.2) with these expressions for n'?’ we easily obtain in a
direct way the weight distribution of the dual triple error correcting BCH codes
of length n=¢q—1 (cf. [MacW-S], p. 669).

Finally we give another application of Theorem (7.1). From (11,) we derive
immediately

h 2j—2
q—2
hy — (oh _ 4=
N2h - (2 1) =1 (zzh_zzj—2>'
The formula for N¢) reveals that we have found infinite families of maximal and
minimal curves. These are curves of genus g over F, with the maximum number
and minimum number of points (equal to the Hasse-Weil bound g+ 1+ 2g\/a),
cf. [Se].

(7.4) THEOREM. Let m be even. The curves C = Cg with R € R, such that w = 2h
and Tr[xR(x)] is identically zero on W are curves of genus 2"~ withq+ 1+ 2"\/&
points over F,. They are either maximal or minimal curves. For every h there exist
maximal and minimal curves.

Proof. The Hasse-Weil bound for a curve C of genus g is

q+1-29./q9 < #C(F) < q+1+29./q.

For the curves indicated above either the upper or lower bound is attained.
From the formula for N¥ and Theorem (6.2) it follows that both signs occur for
every h < m/2.

For h = m/2 we only have maximal curves. However, by replacing for a
minimal curve the expression xR(x) by xR(x) 4+ c, where c € F has trace equal to

1, we obtain a minimal curve. 0

8. Supersingular elliptic curves
As an easy illustration we consider the family of elliptic curves & with equations
y?>+y=xR(x), where R(x)=ax?+bx with ae Fy and befF,, so h=1. By a
coordinate change

X — ax + b/a, y— a?y

the equation of such a curve changes into

y2+a 2%y =x3+b%a *x.



354 G. van der Geer and M. van der Viugt

This is a family of supersingular curves. For m odd we have w = 1 and for m even
we have w =0 or w=2. Theorem (7.1) implies

n=qg—1 formodd,

n) = (g—1)/3 for m even
and consequently
n) = 2(g—1)/3 for m even.

If we combine these results with Proposition (6.2) we easily derive
(8.1) THEOREM. In the family of supersingular elliptic curves & the frequency f of

the value t of the trace of Frobenius is as follows:

if g = 2™ with m odd:

0 —J%  +Jx4
flla=1) a2 @+/29)/4 (a—/29)/4

if ¢ =2™ with m even:

t A +/4q -2./4 +2./q
Cfla—1) g/A @+JDB @—JDB3 @+2/D24 (a-2/9)/24.

Note that Theorem (8.1) gives an alternative approach to computing the
weight distribution of the dual of the double-error correcting BCH-code of
length g —1 (cf. [MacW-S]).

Now we shall show that for g > 4 every F,-isomorphism class of supersingular
elliptic curves occurs in the family &. Let E be an elliptic curve over F,. It can be
given in Weierstrass form

Vi +axy+asy=x3+a,x*+a,x+ae

with discriminant A # 0 and j-invariant j = a}2/A. If the invariant j = 0 then the
coordinate change x - x +a, gives us the standard form

Y +azy = x3+ ax + aq,

where now A = a$. Such a curve has an automorphism group of order 24 over an
algebraic closure of [, cf. Theorem (4.1). It is well-known that the j-invariant



Reed-Muller codes and supersingular curves. I 355

classifies elliptic curves up to isomorphism over an algebraically closed field. In
order to classify elliptic curves over F, one needs Galois cohomology. The
“twists” of a given elliptic curve E, ie. the F_ -isomorphism classes of elliptic
curves which are Fq-isomorphic to a given elliptic curve E over F,, arein 1 —1-
correspondence with the elements of the cohomology set

H'(Gal(F,, F,), Aut(E)).

Note that the elliptic curves occurring in & are those which possess a standard
form

V2 +asy = x> + ayx.
(8.2) LEMMA. If q > 4 the curve E with j = 0 given by y*+a;y=x>+a,x+ag
has at least three points over [,

Proof. By dividing the equation by a3 and by applying a simple coordinate
change the equation becomes

V2 +y = a3 (x> +azx+ag).
Note that

#E(F,) = 1+2- #{xeF,: Tr(a; *(x> + a4x +ag)) = 0}.
Suppose that

Tr(a; 2(x*+asx+ag) =1 on F,

Then

q+1-2/q9 < #EF,) =1,
which contradicts the assumption q > 4. O

(8.3) PROPOSITION. Assume that q > 4. Any supersingular elliptic curve E over
F, is isomorphic to a curve from &.

Proof. Let E be given by y*>+asy = x> +a,x + as. According to Lemma (8.2)
this curve possesses a non-zero point (c, by). By applying the transformation
x—->x+ec, y—>b0+\/5x we find an equation y*+asy=x3+a,x+as with
ag=0. O

By a slight modification of the method used in Proposition 6.1 we obtain:
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(8.4) REMARK. The number of curves in our family & which are F -isomorphic
to a fixed curve C from the family & equals

#C(F)—1

@D A ()

where Autfr’q(C) is the subgroup of automorphisms fixing the origin.

We could use this to derive the frequencies in Theorem (8.1) in an alternative
way.

9. Decomposing the jacobian over the algebraic closure

In this section we shall show that the jacobian of a curve y*+ y=xR(x) with

ReR, of degree 2" is isogenous to a product of supersingular elliptic curves over

R. We decompose the jacobian using the non-hyperelliptic involutions in G.
If ¢ is a non-hyperelliptic involution we let

C,=Cl$.

We now show that C, is of the form y*+y=xS(x) with S a linearized
polynomial of degree 2"~ '. In fact, we can compute an equation for C,.

(9.1) PROPOSITION. Let ¢ be a non-hyperelliptic involution of Cg given by
x> Xx+¢, y—>y+by+B. Then C/¢ is the curve with equation

02 40 = ¢ 2uP(u),
where u= x(x+c), v=y+c *x(boc” *x+ B) and where P(u) e Fq [u] is a linearized
polynomial of degree 2"~ 1.

Proof. For an involution ¢ we have B(c)=0. One checks that u and v are
invariant under ¢. Furthermore, one has

V240 =y +y+c 2x2B?+ ¢ XxB+c T *b3x* 4+ ¢ 7 2box>.

By (4) and (5) of Section 4 we have

¥ +y = xR(x) = ¢ 'x(B* + B + xR(c))
= ¢~ 'x(B?+ B)+ ¢~ *x*(b} + by).
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Substitution gives:
0240 = ¢ 2u(B*+b3c™ 2x>+bic ™ 'x).
The linearized polynomial
B? + b3c™2x?+bjc 'x

has zeros 0 and ¢, so can be written as a linearized polynomial P in u and our
result follows. O

Let ¢ be an involution not in Z = (1). Then the norm map of the function
fields F(C)— F(C,) induces a morphism Nm,: Jac(C) —Jac(C,). On the other
hand, if ©, is the canonical morphism C — C, we have an induced morphism

ny: Jac(Cy) = Jac(C).

In characteristic 2 arguments similar to those used in [Mul, Section 1] show
that n} and Nmy are each other’s transpose. Moreover, Nm,, - 73 is multiplica-
tion by 2 on Jac(Cy). If i denotes the hyperelliptic involution we have
Nmy,-n% =0 and Nmy- 7}, =0, as one sees by computing its effect on divisor
classes. We thus find an isogeny

n = (Nmy, Nmy,): Jac(C)— Jac(Cy) x Jac(Cy,).
Its transpose is 7* = (n} + },). We thus see that

deg(n) = deg(n*)
and

(deg(m))® = deg[2] = 2%,
with [2] denoting multiplication by 2. Since 7, is separable and ramified =3 and
similarly 7}, are closed immersions and hence the kernel of n* is a group scheme
H of Jac(C,) x Jac(C,,) which is the graph of an isomorphism

Jac(Cy)[2] = Jac(Cy,)[2]
such that H is maximal isotropic for the Weil-pairing, equivalently, that

(Jac(C4) x Jac(Cy,))/H has a principal polarization. Here [2] denotes the kernel
of multiplication by 2. We summarize.
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(9.2) PROPOSITION. Let ¢ be a non-hyperelliptic involution of C. Then Jac(C) is
isomorphic to the quotient [Jac(C,) x Jac(C,,)]/H, where H is a subgroup scheme
of order 227" which is the graph of a symplectic isomorphism Jac(C,)
[2] - Jac(Cy,) [2].

Let U be a maximal isotropic subspace of W =~ G/Z for the non-degenerate
symplectic form induced by the commutator. Let p: G — G/Z be the canonical
homomorphism. Then U’ = p~'(U) is an abelian subgroup of G since the
symplectic form comes from the commutator. It is a maximal abelian subgroup
of order 2**! and of type (4,2,...,2), cf. [Hu, p.355]. Let 4 be an abelian
subgroup of U’ of order 2! and exponent 2 such that AnZ = {e}.

(9.3) LEMMA. The quotient C/A is a supersingular elliptic curve.

Proof. This is obvious for h= 1. We carry out induction on h. Note that for
non-trivial ¢e A the curve C/¢ is again of type y*+y=uR'(u) for some
linearized polynomial R’ of degree 2"~'. If Z, is the centralizer of ¢ then
H=2Z,/{¢) is an extra-special 2-group contained in the automorphism group
of C/¢. The subgroup A determines an abelian subgroup A’ of H and this is a
group of order 2"~2 and exponent 2. By induction C/A=(C/¢)/A’ is a
supersingular elliptic curve. O

For each choice of a group A in p~(U) we find a factor of the jacobian of C.
For fixed U we have 2"~ ! possibilities for 4 and we thus find 2"~ ! factors E .

(9.4) THEOREM. Over the algebraic closure ﬂ_:q the jacobian Jac(C) is isogenous to
the product of these 2"~ supersingular elliptic curves E 4. In other words, C or
Jac(C) is geometrically supersingular.

Proof. We use induction on h. It is true for h= 1. By induction we may assume
that it is true for the factors Jac(C,) and Jac(C,,) of (9.2). As observed in the proof
of (9.3) A induces A" in Aut(C,) and C/A=C,/A’. Hence the factor E ;. of Jac(C,)
can be identified with E . O

(9.5) REMARK. If ¢ and ¢ are two distinct commuting non-hyperelliptic
involutions in Aut(C) then the intersection of Jac(C,) and Jac(C,) inside Jac(C) is
of dimension 2"~ for h>2 and can up to isogeny be identified with
Jac(C/<¢, ¥>). The elliptic curve E 4 is contained in all factors Jac(C,) with ¢ € A4.

10. The decomposition of the jacobian over [,

The decomposition of the jacobian of y* + y = xR(x) into isogeny factors over F,
is much more subtle than over Fq. In order to split this jacobian up to isogeny as
a product of abelian varieties (or even jacobians) of dimension 2* it suffices to
find an abelian subgroup B in G(F,) which is of order 2" ~* and of exponent 2 and



Reed-Muller codes and supersingular curves. I 359

which contains Z. Indeed, such a subgroup B contains 2"~ *~1 subgroups B’ of
order 2*"¥~1 with B'n Z = {e}. Then C/B' is a curve of genus 2* and defines a
factor of Jac(C). The product of the 2*~*~! factors Jac(C/B’) of dimension 2*
constitutes up to isogeny the jacobian Jac(C).

We thus look for the maximal abelian subgroup B of exponent 2 (and
containing Z) in G(F,). Suppose that # B =2 Then B/Z defines an isotropic
subspace U of dimension d—1 in G/Z. Recall

V = {xe W:Tr[xR(x)] = 0}.
We write
V =V, ®rad(V),

with rad(V) the radical of the symplectic space (V,S|V). Since S is non-
degenerate on the 2h-dimensional space W we have

(V) < codim(V = W)
with r(V) = dim(rad(V)). A maximal isotropic subspace U of V has dimension
(V) + dim(V})/2.

We study here the case that W is maximal.
We define for a non-singular projective curve X defined over F, the
polynomial P(X/F,, T)e Q[T] by

P(X/F,, T) = (1— TX1 —qT)Z(X/F,, T),

with Z(X/F,, T) the zeta function of X over F, Furthermore, for a jacobian
A=1Jac(X) of a curve over F, we put P(4/F,, T)=P(X/F,, T).

(10.1) THEOREM. Suppose that m is even and that W is maximal (i.e.
dim(W)=2h). Then the jacobian of C splits up to isogeny as a power of a
supersingular elliptic curve over F, or as a product of a g/2th power of a
supersingular elliptic curve with trace of Frobenius + 2ﬁ and a g/2th power of a
supersingular elliptic curve with trace of Frobenius —2\/(}.

Proof. (a) We first prove that the jacobian is isogenous to a product of elliptic
curves.

If V = W then we can find an isotropic subspace of dimension h. Lifting it to
G(F,) we find an abelian subgroup B of order 2" and this must be a maximal
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abelian subgroup, hence of type (4,2,...,2). By the argument above Jac(C) is
isogenous to a product of elliptic curves.

If V is of codimension 1 in W then rad(V) has dimension 1 and combining a
maximal isotropic subspace H of V and rad(V) we obtain a total isotropic
subspace of dimension h contained in V. By the argument above this suffices.

(b) We prove that if V' = W all factors are isogenous to each other. We do this
by induction. It is trivially true for h = 1. Assume that h > 2. Since dim(W) > 4
we have dim(V) > 4. So we have at least one non-hyperelliptic involution ¢. The
curves C/¢ and C/¢1 have maximal kernel space. By our induction hypothesis
the jacobian of each of them is a power of a supersingular elliptic curve (say E,
(resp. E;,)). But since dim(V) > 4 there exists another non-hyperelliptic invol-
ution  different from ¢ and ¢i. Then Jac(C/y) is up to isogeny a power of an
elliptic curve E, and admits non-trivial maps Jac(C/y)— Jac(C/¢$) and
Jac(C/yr) = Jac(C/¢1) using the projections on both isogeny factors. Therefore
we find a non-trivial morphism of the elliptic curve E, to E, and to E,, and this
implies that they are all isogenous.

(c) If V' # W then the trace of Frobenius satisfies t =0. Over F,.. we have
V =W and the jacobian is (up to isogeny) a power of an elliptic curve E/F,.
with trace of Frobenius t; = + 2¢. But then the trace of the factors of Jac(C) over
F, is zero if t; = —2q and iZ\/a if ty = +2q. Hence the factors of Jac(C)/[F, are
elliptic curves with trace of Frobenius all equal to zero (and then they are
isogenous to each other) or equal to + 2\/6 and in the latter case there must be
as many factors with a plus sign as with a minus sign since t =0. O

THEOREM (10.2). Suppose that m is odd and dim(W)=2h—1. Then the
following holds.

(i) If V = W the jacobian Jac(C) splits up to isogeny as a gth power of a
supersingular elliptic curve with P=1+ \/Z T +qT>

i) If V # W and r(V) = 2 then Jac(C) is up to isogeny the product of the g/2th
power of a supersingular elliptic curve with P=1 +\/2—qT + qT? and the g/2th
power of a supersingular elliptic curve with P=1 —\/Z T +qT>

(i) If V # W, (V) = 0 and over F ;. we have V = W, then Jac(C) is isogenous to
the g/2th power of a simple abelian surface with P =(1 —qT?)? or is isogenous to
the gth power of a supersingular elliptic curve with P=(1+qT?).

(iv) If V # W, (V) = 0 and over F ;. we have V # W, then Jac(C) is up to isogeny
the product of the g/2th powers of two elliptic curves E, and E, with
Py=1+./2qT + qT? and P,=1—./2qT + qT>.

Proof. (i) A maximal isotropic subspace lifts to an abelian subgroup of G of
order 2"*! and type (4, 2, ..., 2). Applying the arguments of (10.1) gives the
decomposition of Jac(C) as a gth power of a supersingular elliptic curve with

P=1+aT + qT? with a=+./2q if V = W by (5.4).
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(i) There is an involution ¢ # 1 with ¢ mod Z erad(V). The quotient curves
C/¢ and C/¢1 have V = W and W is maximal. We then apply (i) to them and
note that for C the trace of Frobenius equals zero.

(iii) and (iv). If V # W and r(V) = 0 then we can find an abelian subgroup B of
G(F,) of order 2"~ 2 and exponent 2 with BN Z = {e}. We claim that for h > 2 the
jacobian Jac(C) is a power of an abelian surface A over F,. Indeed, as in part b of
the proof of Theorem (10.1) we find an involution ¢ and by induction the
jacobian of C/¢ (resp. C/¢1) is a power of an abelian surface A4, (resp. 4,,). Also
we find another involution § and non-trivial maps A, — A4, (resp. A, — A4,)
which over F . have to be isogenies, hence they are isogenies over F,.

We first assume that V = W over F,.. Then we know that over F,. A is (up to
isogeny) a power of an elliptic curve E with

P(E/Fpz, T) =1+ 29T + ¢*T>
Using the relation
P(A/Fp, T?) = P(A/F,, T)P(A/F,, —T)
and
P(A/F,, T?) = P(E/Fp, T?)?
we find
P(A/F,, T) = (1£qT?>
If P(A/F, T)=(1+ qT?)? then A is (up to isogeny) a second power of an elliptic
curve, while if P(4/F,, T)=(1—qT?)* then by [T] the abelian surface 4 is simple.

Next, if over F . we have V # W then we have by Theorem (10.1)

(1+¢*T»?* or

P 2. =
(A/Fg T) {(1 +29T + ¢*’TH(1—-29T + q*T?).

In the first case we find as above

P(A/F, T)=14+¢*T*=(1+./29T + qT*(1—./29T + qT?),

and A is isogenous over [F, to a product of two elliptic curves with traces of

Frobenius+./2q and —./29q. In the second case we have
P(A/F,, T)=(1—q*T*), and this is impossible. O
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As a partial converse to Theorems (10.1) and (10.2) we have:

(10.3) PROPOSITION. If the jacobian Jac(C) is isogenous over [, to a power of a
supersingular elliptic curve then we either have V # W or dim(W)>2h—2. In
particular, if m is odd then W is maximal.

Proof. Let Jac(C) be isogenous to E?. Then on the one hand we have ¢{(C)=0 or
HC)= i\/qZ—w, while on the other hand #C)=2""1¢(E), where t() denotes the
trace of Frobenius. Hence either #E)=0 and hence #C)=0 or
HCO)=+2""1 /q2"® with 0 < w(E) <2 and w(E) = m (mod 2). Thus we have
w=2h—2+w(E). O

From the zeta function Z(C/F,, T) of the curve we can determine whether
V = W in extensions of F,.

(10.4) EXAMPLE. Let Cg be a curve over F, with m odd and with

w=dim(W)=2h—1, ¥V = W and with trace of Frobenius t=—./¢2". From
Theorem (10.2) it follows that

(14+./2qT + qT?F
CR > = s
ZCx/Fp T) (1—qT)1—T)

where g=2""1. If we write

14/29T + qT? = (1—aTY1—&T),
then

#C(F ) = g+ 1 —g(* +a").
We easily derive that

o + @ = (/q)- 2 cosGnk).

Note that this is an integer. The result now reads:

3k
#C(F 1) = ¢*—2gq"" cos T" +1.

So for C with W maximal and # C(F,))=q+1+./¢2"* we have

V # W over Fu if and only if k = 2 (mod 4).
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Finally, as an example we consider a case where W is relatively small
(h=2,v=w=1) and prove simpleness.

(10.5) PROPOSITION. Let h=2 and m odd. Suppose that v=w=1. Then Jac(C)
is simple over F,.

Proof. We have V=W, so t= i\@. If there exists a non-hyperelliptic
involution ¢ then J=1Jac(C) is isogenous to C4 x C,,, and both of the factors
have v=w=1, hence t= i\/f&. So #J)=0 or #(J)= i2\/27q, in contradiction
with t= i\/ﬁ. Therefore, p~ (V)= Z/4Z = {y). Suppose that J contains an
elliptic curve E defined over F,. If Y(E)=E we find an elliptic curve with
# Aut(E) = 4. It is supersingular and has either #(E)=gq or it is of the form Cy for
some ReR, by (8.3); hence v=>1, w>1, so v=w and HE) = i\/Z- By
Poincaré’s Complete Reducibility Theorem (cf. [Mu2], p. 173) we can find
another elliptic curve E' in J. If again Y(E)=FE' then #(E)= +./2q and
t(J)=t(Ex E)=0or + 2\/2— , a contradiction. So we find a supersingular elliptic
curve E such that Y(E) # E and J is isogenous to E2. Again, t(E)=q or {(E)=0 or
(E)=+ \/Z—q But then t(J)=2t(E)=2q, 0 or +2./2gq, again a contradiction. So
J does not contain elliptic curves. This proves our claim. O

11. The induced representation on cohomology

Here we determine the type of the representation on the first cohomology
induced by the action of G = Aut(C). The representation theory of our group is
well-known, cf. [Hu, p. 562]. Let C= C; with ReR, of degree h. Then the
cohomology group H§(C/F,, Q) for a prime 1#2 is a Q,vectorspace of
dimension 2g =2". The action of G on C induces an action of G on

Hélt = Hét(c/"_:q’ @1)
Call this representation .

(11.1) PROPOSITION. The representation \y of G on H, is the unique irreducible
representation of G of dimension 2" for which the center acts by scalar
multiplication.

Proof. The hyperelliptic involution 1 acts by — 1 on the jacobian, hence by —1
on the l-adic cohomology. Since the group G affords only one irreducible
representation on which the center Z acts non-trivially and this has dimension
2" (see [Hu, Ch. V, Thm. 16.14]) the proposition follows. O
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12. The a-number

Let A be an abelian variety over a field k of characteristic p. Let a, be the group
scheme Spec(k[ X]/(X?)) with comultiplication given by

X->1X+XQ®1

Since End(x,) =k we can view the group Hom(x,, A) as a k-vector space. One
defines the a-number a(A4) of 4 as the dimension of the vector space Hom(a,,, A).
One has 0 < a(4) <dim(4). Moreover, one has a(A4 x B)=a(A)+ a(B), so a
product of g supersingular elliptic curves has a-number g. If 4 is supersingular,
that is, if A is isogenous to a product of supersingular elliptic curves, we have
1 < a(A).

(12.1) THEOREM. For a linearized polynomial R e[ [x] the jacobian Jac(Cg)
has a-number equal to 2"~ 2 for h>2 and 1 for h = 1.

Proof. We compute the Hasse-Witt matrix. The space of regular differentials
has a basis {@w;=x"dx:0 <i < 2"~'—1}. The Cartier operator acts by C(w,;) =0,
C(®w,;+1)=w;. Therefore, the rank of the Hasse-Witt matrix is zero if h=1 and
2"=2 for h> 1. Since the kernel of multiplication by 2 on Jac(Cpg) is a group
scheme of type local-local the a-number is the rank of the kernel of the Hasse-
Witt matrix. O

(12.2) COROLLARY. For h = 2 the jacobian Jac(C) is not isomorphic to a direct
product of supersingular elliptic curves.

13. The case of characteristic p > 3
Most of the results for p =2 have analogs for p > 3. We indicate a number of
them.

Let [, be the finite field with g=p™ elements, where p is an odd prime and m is

a positive integer. For 0<h<m/2 we consider the set of p-linearized
polynomials

h
R, = {R =Y a,.xp‘:a,.eth}
i=0

and the corresponding family of Artin-Schreier curves Cy (or C) defined for
ReR, by

Y’ —y = xR(x).
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By Hurwitz-Zeuthen this curve Cy has genus (p— 1)p" for R of degree p*. To R
we associate the bilinear form

Tr[xR(y) + yR(x)]

on F,, where Tr is the trace map from F, to F,. Now the bilinear form is
symmetric, but no longer alternating. Again we have a kernel

Wr(=W)={xeF,: Tr[xR(y)+ yR(x)] =0 for all yeF}.
The analog of Proposition (3.1) reads as follows.
(13.1) PROPOSITION. If R(x)=ZX!_,a;x" R, then Wy={xe€ F,:E, r(x) =0},

where

) = R+ $ (0

As in Proposition (3.2) the condition c € Wy is equivalent to the existence of a
polynomial Be XF,[X] such that B?—B=cR(X)+XR(c). For h=0 we have
Ey,=2a,X, and for h > 1 the polynomials satisfy the recurrence relation

E, = al'X?" + (E,_ )P +a,X,

where E, _, is the polynomial associated to R —a,x”". Note that E,/X, viewed as
a polynomial in a, is of the form

E,/X =2a8"X"" 14+ P,
where P lies in F,[a,, ..., a,, X]. Then the analog of Proposition (3.6) becomes:

(13.2) PROPOSITION. Let ﬂ_:q be an algebraic closure of F,. The polynomial
E,/X is irreducible over the purely transcendental function field Fq(ao, ayy...,ap).

The analog of Theorem (4.1) for the automorphism group of Cy is as follows.
(13.3) THEOREM. The group Aut®(C) of F,-automorphisms of C fixing the point

at infinity is the semi-direct product of a normal subgroup G of order p****, and a
cyclic group of order

2

e? ged. {p'+1:i >0, a; # 0},
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where e =2 if the i’s with a; # 0 have the same parity, otherwise e = 1. In case
h > 0 the subgroup G is an extra-special p-group of exponent p, while it is cyclic for
h=0.

As for p =2 an important instrument is the symplectic form on G/Z (with Z
the center of G) defined by the commutator in G. Moreover, we can identify G/Z
with

W = {ceF,: E,(c) = 0}.

However, unlike the case p=2 the quadratic form Tr[xR(x)] now always
vanishes on Wg, so Autf (C)n G has order p*™™*1,
By counting points on quadrics we find immediately (cf. [Jo]):

(13.4) PROPOSITION. Let w=dim(Wjy) and set n=m—w. Then

q+1 for n odd,

C(F) =
#C(Fy) {q+li(p—1) /qp* for n even

with the “+” sign depending on the type of the quadric Tr[xR(x)] =0 in F /W.
The counterpart of Proposition (9.1) is:

(13.5) PROPOSITION. Let ¢ be a non-central automorphism of Cg, R € R, with
h > 1, given by x > x + ¢, y >y + by + B. Then C/¢ is the curve with equation

vP—v = —c PuP(u),

where u=xP—cP~'x,v=y+c~ 2box?—c~ 'xB and where P(u)e F,[u] is a lineari-
zed polynomial of degree p"~ 1.

We now turn to the decomposition of the jacobian. Let U be a maximal
totally isotropic subspace of W. Let p: G — G/Z be the canonical homomorph-
ism. Then U’ = p~!(U) is a maximal abelian subgroup of G of order p***. This is
an elementary abelian p-group. Let A be a subgroup of order p* with
ANZ ={e}. There are exactly p" such subgroups 4. The analog of Lemma (9.3)
is now

(13.6) LEMMA. The quotient C/A is a hyperelliptic curve over I]_:q with an equation
of the form yP — y=x?2. This is a supersingular curve.

Proof. By the proposition above we find that C/A is the curve with equation
yP—y=x? over a finite field extension k. This curve is obviously hyperelliptic
and of genus (p—1)/2 by Hurwitz-Zeuthen. Curves with equations y? —y=x*
have been studied by Hasse and Davenport [H-D]. They assert that the
eigenvalues of Frobenius on H}, are the p— 1 ordinary Gauss sums. This implies
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that over a quadratic extension of k all eigenvalues are equal. Consequently, the
characteristic polynomial is a (p — 1)th power of a linear polynomial, and hence
Jac(C) is isogenous to a product of elliptic curves. O

(13.7) THEOREM. Over R the jacobian of Cy is isogenous to a product of
supersingular elliptic curves.

For more results we refer to Part II of this paper.

(13.8) CONCLUDING REMARK. In the same vein as the family of curves Cy
with equation y?—y=xR(x) with ReR, we can treat the curves Cp with
equation y?—y=xR(x) with R e R, where

h
R = {R =Y aX"e [F,,[X]}.
i=0

Here p is a prime, t a positive divisor of m and 1 < h < [m/2t]. The polynomials
in R{Y are p“linearized which means that the vector spaces involved are [ -
vector spaces. This generalization is suggested by coding theory.

Another generalization is obtained by looking at equations y” —y=xR(x)
with Re R{). The corresponding groups of automorphisms G are special p-
groups instead of extra-special ones.
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