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Introduction

The starting point of the theory of non-singular projective curves is the
following well-known theorem of Abel:

Let C be a non-singular projective curve, and J(C) be its jacobian
J(C) = H(C, Qe)\H'(C, C)/H'(C, Z) = (H(C, Qo)*/H'(C, Z),

which is an abelian variety. To a divisor D of degree zero on C is associated a
point y(D) of the jacobian by integration, and so-called Abel’s theorem states
that the image of D in the jacobian vanishes if and only if D is rationally
equivalent to zero, i.e., D is a divisor of a rational function of C, in other words, it
gives an algebraic condition for y(D) = 0, whereas the jacobian is defined
complex-analytically.

We put Pic® C = the divisors of degree 0 on C modulo rational equivalence.
We have then an injection Pic® C — J(C) and the map is bijection (so called
Jacobi’s inversion problem). Let C’ be another curve, and Z be an (algebraic) 1-
cycle on the product C x C'. The cycle Z induces a map Pic® C - Pic°C, a
correspondence, together with a homomorphism of abelian varieties
J(C) = J(C'). The category of direct sums of Pic® C with the direct sums of the
above maps as morphisms is, therefore, equivalent to the subcategory of the
category of abelian varieties, consisting of direct sums of jacobian varieties.
These are additive categories, and for each of these, we consider the category
tensored with Q, i.e. the category having the same ones as objects and for sets of
morphisms those tensored with Q, and take its pseudo-abelian envelope, i.e., the
category for objects added formally the direct summands. We denote by €(1).u,ve
the category thus obtained from that of Pic® C. The category obtained from that
of jacobians is no other than that of abelian varieties up to isogeny, which is
equivalent to the category Hdg(1) of polarizable Q-Hodge structures of weight 1.
Thus, €(1).... 1S €quivalent to the category Hdg(1).
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The following conjecture of Bloch [5] can be regarded as the weight 2
counterparts of the above equivalence:

For any smooth projective variety V over C, there exists a filtration on the
Chow group of 0-cycles CHq(V), at least the beginning of which is given by

F!'CHy(V) = Ker(deg: CHy(V) — Z),
F2CHy(V) = Ker(F'CH,(V) — Alb(V)).

Let S be a surface and let z be a cycle on V x S with dimz = m = dim V. Then z
induces a map

2:CH,(V) — CHy(S).

The above filtration being functorial for correspondences, we get also

[z]:gr'CH(V) - gr" CH,(S).

CONIJECTURE ([5], 1.8). The map [z] depends only upon the cohomology
class {z} e HYV x S).

Moreover,

METACONJECTURE ([5], 1.10). There is an equivalence of category between
a suitable category of polarized Hodge structures of weight 2 and a category
built up from gr2CH(S).

The aim of this article is two-fold: to give a condition for the vanishing of
cycles in the intermediate jacobian, and to construct filtrations on the Chow
groups which satisfy the above conjectures.

The basic notion we introduce is that of product of adequate equivalence
relations. An adequate equivalence relation E consists of subgroups ECH(V) of
the Chow ring CH(V) which are stable under the correspondences. For adequate
equivalence relations E, E', the product denoted by E*E’ is the minimum
adequate equivalence relation satisfying the condition

xe ECH(W), and yeE'CH(V)=xxyeE*ECH(W xV).

As a trivial but useful consequence, the filtration H*' given by powers of
homological equivalence relation H has the following property (cf. the above
conjecture):

If we denote its associate graded by gri CH(V), the map induced by an
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algebraic cycle ze CHP * (W x V)
[z]: gry CH (W) — gryy CH?(V)

depends only on the homology class of z.
We state our main results:

Let A denote the algebraic equivalence relation, and JE(V) the algebraic part
of the p-th intermediate jacobian. We have the Abel-Jacobi map
ACH?(V) - J2(V). Then,

THEOREM (=6.2+6.4. Cf. [16], p. 534.). The kernel of the Abel-Jacobi map is,
up to finite group, equal to the product of algebraic equivalence and homological
equivalence:

A+ HCH?(V) = Ker(ACH?(V) - JE(V)) (up to finite group).

Moreover these coincide precisely for p =1, 2, dim V.

The significance of the theorem is that the left hand side is nothing to do with
the intermediate jacobian. (Note also that homological equivalence is defined
algebraically by virtue of etale cohomology.) One might hope that J2(V) can be
constructed as was done for Picard variety.

To state the second of our main results, first, consider the additive sub-
category of the category of abelian groups whose objects are direct sum of
grZ CH(S) for S surfaces and whose morphisms from grZ CH(S) to grZ CH(S")
are induced by algebraic cycles ze CH?(S x §’). We then get Q-additive category
having the same objects as above and morphisms tensored with rationals Q. We
denote its pseudo-abelian envelope by €(2),,s-

On the other hand, for a surface S, we denote by gr® H%(S, Q) the quotient of
H?(S, Q) by its (rational) Neron-Severi group. The group gr’H?*(S, Q) has a
Hodge structure of weight 2. Then we proceed as above: we consider the sub-
category of the category of polarizable Q-Hodge structures of weight 2 whose
objects are direct sums of gr®H%(S, Q) and whose morphisms are induced by
(rational) algebraic cycles. We denote by 4, its pseudo-abelian envelope. In fact,
we can define the category of motives for surfaces as planned by Grothendieck
(see [10]) and there are motives corresponding to gr®H*(S, Q). The category of
direct summands of these objects are equivalent to .#, and is semi-simple and
abelian. As the metaconjecture part of our results,

THEOREM (=7.5). We can define the functor gry CHy(S)— gr®H*(S, Q) which
gives an (anti-)equivalence of the categories €(2)s,s and M,. In particular, the
category M, is semi-simple abelian.
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We shall explain the organization.

In section 1, we introduce the notion of product of adequate equivalence
relations explained above. The readers who are interested only in generalization
of Abel’s theorem can proceed directly to section 6. (For notation, however, see
§5.1.)

Sections 2 and 3 are preliminaries: in section 2, we define the fundamental
class (or cohomology class) of families of subschemes, following [15], and prove
that the subfunctor of product of Hilbert schemes corresponding to the pairs of
subschemes having the same fundamental classes is representable. Section 3 is
concerning the Chow schemes by [1], i.e., families of cycles on a scheme over a
base scheme (of characteristic zero), and we show that the direct image
morphism for a proper morphism is defined on the whole of the Chow scheme,
when we add the cycle “zero” to the Chow scheme.

In section 4, we show that on a smooth projective variety over an algebrai-
cally closed uncountable field of characteristic zero, for a family of cycles
{Z(5)}cs, if at each closed point s, Z(s) is equivalent to zero with respect to a
power of homological equivalence, so is generically. This is an analogue of [11],
5.6.

From section 5 on, the ground field is assumed to be the field of complex
numbers.

In section 5, we generalize the theorem 3.2 of [12], which, in particular, says,
in Severi’s terminology [14], that a family of O-cycles on a surface in a class of
cube of homological equivalence is a circolazione algebrica. Further, we
introduce an additive category %/(]) constructed from the powers of homological
equivalence and define a functor from %(J) to the category Hdg(l) of effective
polarizable Q-Hodge structures of weight . We also prove that grfCH, of
smooth projective varieties are objects of €(2).

In section 6, we prove above-mentioned generalization of Abel’s theorem, and
section 7 is devoted to the proof of the metaconjecture.

A part of the work was done while the author was staying at the University of
Chicago. He would like to express his sincere gratitude to the university and
Prof. Spencer Bloch for the hospitality.

1. Products of adequate equivalence relations

1.1. Let k be an algebraically closed field, and we work in the category of
smooth projective varieties. First recall the definition of adequate equivalence
relation.

DEFINITION 1.1.1 ([13]). An adequate equivalence relation E is an equival-
ence relation on cycles such that
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(i) it is compatible with addition of cycles;

(ii) Let X be a cycle on V, and W,,..., W, a finite number of subvarieties on V.
Then there exists a cycle X’ equivalent to X such that X’ and W intersect
properly;

(iii) If Z is a cycle on V x W, if X is a cycle on V equivalent to zero, and if
Z(X) = pry+(Z - X x W) is defined, then the cycle Z(X) on W is equivalent to
Zero.

1.1.2. Itis well-known that the rational equivalence relation, which we denote
by 0, is the finest adequate equivalence relation and the numerical equivalence
relation is the non-trivial coarsest one. We denote the trivial adequate
equivalence relation that all cycles are equivalent by I. The cycles on ¥V modulo
rational equivalence is called the Chow ring CH(V) of V and it has a ring
structure by intersection, and is graded by codimension. The codimension p part
will be denoted by CHZ?(V).

1.2. Let E be an adequate equivalence relation and ECH(V):= {cycles on V
E-equivalent to zero}/rational equivalence. Then ECH(V) has the following
properties:

(i) ECH(V) is a graded submodule of CH(V);
(i) IF xe ECH(V) and if ze CH(V x W), then

2(x):= pry,(z-x x 1)e ECH(W).

PROPOSITION 1.2.1. Giving an adequate equivalence relation E is equivalent to
assigning ECH(V) = CH(V) to each V which satisfies the condition (i) and (ii) of
1.2.

Let E and E’ be adequate equivalence relations. Then we define the adequate
equivalence relations E + E', En E' by

(E + ECH(V):= ECH(V) + E'CH(V),
(E n E'\CH(V):= ECH(V) n E‘'CH(V).
We shall denote E < E' if ECH(V) < E'CH(V) for all V.

1.3. For adequate equivalence relations E and E’, we shall define their product
denoted by E * E’ as follows:

(E * E'YCH(V) is a submodule of CH(V) generated by the elements of the form
pry,(x-y), where xe ECH(T x V), ye EECH(T x V), T is a (smooth projective)
variety, pry: T x V— V is the projection.

LEMMA 1.3.1. E * E' satisfies the conditions of 1.2. (i), (i) and hence defines an
adequate equivalence relation. A cycle Z on V is E % E'-equivalent to zero if and
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only if Z is a sum of cycles of the forms pry (X - Y), where X is a cycleon T x V E-
equivalent to zero and Y is a cycle on T x V E'’-equivalent to zero and the cycles X
and Y intersect properly, and where T is a variety and pry:TxV—V is the
projection.

By linearity, it is sufficient to show that if ze CH(V x W) and xe ECH(V x T)
and ye E'CH(V x T), then
z(pry(x - y)) € (E * ECH(W).
z(pry(x-y)) = prw(z - pry(x-y) x 1y)
=pry(lexz-xxX1lp-yx1y)

and 1. xz-xx 1, e ECH(T x Vx W), yx 1,,€ EECH(T x V x W). The latter part
results from the moving lemma.

LEMMA 1.4. Let E, E', E" be adequate equivalence relations. Then the following
are equivalent:

(i) if xe ECH(V) and ye E'CH(V), then x-ye E'"CH(V) for arbitrary V.
(i) if xe ECH(V) and ye E‘'CH(W) then x x ye E"CH(V x W) for arbitrary V
and W.
(iii) ExE' < E".

It is clear that (i) implies (iii) and (ii) implies (i). To see that (iii) implies (ii), let
T:= Speck. Then

1 xxx 1, e ECH(TXx Vx W), 1;x1, xye ECH(T xV x W),
and
XXy =pryxw(lrxxx 1y -1px 1, xy).
1.5. For adequate equivalence relations E, E’, E”, we have

(E+E)+E"=E+(E +E",
(ExE)+E" = Ex(E'*xE"),

E+E =E +E, E+«E =E'«E,
E+ O =E, ExI=E
Ex(E+E)=E*E + ExFE",

E'c E” implies E*E c ExE".
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Let E*¥':= E*---* E (I times for [ > 0, and E*® = I), and set
gry CH(V):= EX¥CH(V)/E*!* UCH(V).

By virtue of lemma 1.4, we have

LEMMA 1.5.1. The ring structure of CH(V) defines the bigraded ring structure
on gryCH'(V). In particular, ze CH?*9(V x W) defines the map

[z]: griCH,(V) - gri CHA(W), x > z(x)

and it depends only on the class of z in griCH(V x W).

REMARKS 1.6.1. Let E, E’ be adequate equivalence relations. Then ze CH(V)
is in (ExE)CH(V) if and only if there exists a finite number of
X15..., X €ECH(T x V) and y,,...,y,€ E'CH(T x V) such that

z= ZPTV,.(xi "y

In fact, the following formula shows that we can take the variety T common
to all of terms in the sum: if xe ECH(T x V) and ye E'CH(T x V), then for any
variety T, and a point t' of T’, we have

pry,(x"y) = pry, (' X x- 17X y),

where pry: T' x T x V— V is the projection, and
t'xxe ECH(T' x T x V)

and
1. xye EECH(T' x T x V).

1.6.2. More generally, let E, ..., E, be adequate equivalence relations and Z a
cycle of codimension p on V. Then Z is (E,  --- * E))-equivalent to zero if and
only if there exist a variety W, a (projective) morphism f: W— ¥, cycles X; of
codimension p;; on W, E;-equivalent to zero (1 <i <1, 1 <j<k) such that
X1, ..., Xy intersect properly on W,

Zpij=p—dimV+dimW for all i,
7
and that

Z= Z f*(le' ‘“'ij)-
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By 1.4, itis clear that Z is (E, * --- * E)-equivalent to zero. To see the converse,
by induction, it suffices to consider the case I = 3. Let ue(E, * E,)CH(T x V),
ve E;CH(T x V). By linearity, we may assume that u = pry,y.(x-y), where
xeE,CH(T'x T x V) and ye E,CH(T' x T x V). Then,

pry,(u-v) = pry,(Prrxy,(x ) v)

= pry,(x -y 1. xv),

where pry,: T'x T x V — V is the projection and 1. x ve E;CH(T' x T x V).

1.7. Let E be an adequate equivalence relation. We define the adequate
equivalence relation (E), as the equivalence relation generated by 0-cycles E-
equivalent to zero. More precisely,

CE»CH(V) = }_ 2(CHy(T)),
where T runs over all smooth projective varieties, and z runs over the cycles on
T x V. It is clear that (E),CH(V) defines an adequate equivalence relation.
LEMMA 1.7.1. Let E, E' be adequate equivalence relations.

(i) <E)o < E, and {E'>q < E if and only if E'CHy(V) < ECH(V) for every
variety V.
(i) CE>o*<EDo = KE*E'),.

Proof. (i) is trivial, and (ii) follows from the formula
z(x) X z'(x") = (z x 2')(x x x')

for ze CH(V x T), xe ECHy(T), 2 e CH(V' x T"), and x’€ E‘CHy(T").

EXAMPLE 1.8. We work in the category of varieties over the complex numbers
C. We denote by Hg the @-homological equivalence in H'(V, Q) and H = Hz the
homological equivalence in H'(V,Z), which are both adequate equivalence
relations. We have a filtration of CH by powers of H:

I=H*>H=H* >H*? > H*} > ... 5 H¥ o H** D 5 ..., (1.8.1)
We set
Gr'CH(V) = (H*')CH(V)/(<H*">o n H*!* DYCH(V) (1.8.2)

By 1.7.1, Gr" CH'(V) has a bigraded ring structure, and for ze CH(T x V), the
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induced map
[z]: Gr'CH(T) — Gr'CH(V)

depends only on the cohomology class of z. For 0-cycles, notice that Gr'CH(V)
is the associated graded to the filtration 1.8.1.

EXAMPLE 1.9. Let ACH(V) denote the classes of cycles which are algebraically
equivalent to zero. Then ACH(V) defines an adequate equivalence relation, and
A*' is nothing but the I-cubic equivalence relation [13]. Note that

A= <H>o = <HQ>0.

LEMMA 1.10. Let E and E' be adequate equivalence relations, and assume that
E'CH(V) are divisible for all V. Then E + E‘CH(V) are also divisible. In particular,
A* ECH(V) is divisible for each smooth projective variety V.

EXAMPLE 1.11. Let T?(V) denote the Griffiths intermediate jacobian; we have
the Abel-Jacobi map

cP: HCH?(V) - TH(V)

and the image of the restriction to ACHP?(V) is, by definition, JE(V). For
ze CHP*4(W x V), the diagram

HCH (W)—g— HCH?(V)

L

W) —— TV

commutes, where the map below is induced by the fundamental class
{z} e H***29(W x V, Z). 1t follows that

JCHP(V) = Ker(HCHP?(V) - TP?(V))

JCH?(V) = Ker(ACH?(V) — JE(V))
define adequate equivalence relations J and J. We have J = Jn A. It also
follows from the diagram above that ¢?(H * Ho CH?(V)) = 0, which shows that

H*?* c Hy* H < J. In particular,

(H**)g c (Hg*HYo = {J)o = In{H)o=TNnA=.
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Hence we have a surjective canonical map
yP:Gr!CH? (V) > JE(V).

For p=1, JCH'(V) = JCHY V) = 0, hence H*>CH'(V) =0, and we have a
bijection

y1:GriCHY(V) - JL(V) = Pic(V).

2. Fundamental classes for Hilbert scheme

2.1. Let S be a locally noetherian scheme and f: X — S be a compactifiable
morphism, F an etale sheaf on S. For an integer n, we define

H,(X/S, F):= H%S, R™",Rf'F).

If g: Y — S is a compactifiable morphism and h: X — Y is a proper S-morphism,
we have

h,:H,(X/S, F) - H,(Y/S, F)
induced by adjunction Rf,Rf'F = Rg,Rh,Rh'Rg'F — Rg, Rg'F. It is clear that

h— h, is functorial. For a morphism ¢:S’ — S, we have a cartesian diagram

x—2 5 x

Then we obtain ¢*: H,(X/S, F) » H,(X'/S’, p*F), ie,,
H(S, R, Rf'F) > H%S, ¢, R ", Rf"9*F) as follows:

By [3], 2.3.1, we have ¢"*Rf'F — Rf"o*F, or Rf'F — R¢' ,Rf"¢*F. Applying
Rf,, we get

Rf,Rf'F - Rf,R¢' ,Rf"¢*F = Ro Rf’ ,Rf"¢*F.
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By Leray spectral sequence, we obtain
R Rf'F - ¢ ,R™"f' ,Rf"¢*F.

The following diagram is commutative:

H,(X/S, F) —"— H,(Y/S, F)

H,(X'[S', *F)—— H,(Y'/S’, ¢*F).

*

2.2. Let g: Z — S be a flat morphism of pure relative dimension r, and e be a
prime integer invertible in S. By definition,

H,(Z/S, Z,(—1)) = H%S, R"¥g,Rg'Z,(—7)).
On the other hand, we have

Hom(Z,, R™*9,Rg'Z (—r)) = Hom(Z,, Rg,Rg'Z(—r)[—2r])
= Hom(g*Z,, Rg'Z.(—r)[—2r])
= Hom(Rg\g*Z,(r)[2r], Z.)
= Hom(Rzrg!g*Ze(r)’ Ze)'
We have the trace map ([3], §2)
Trg: Rng!g*Ze(r) - Ze,
hence the corresponding map Tr,:Z, - R‘z’g*Rg!Ze(—r). Therefore we get
H°S,Z,) - H,,(Z/S,Z,(—r)). Suppose Z is a closed subscheme of X over
S:j:Z ¢ X. The image of 1 H(S, Z,) by
HO(S, Z,) > H,,(Z/S, Z ,(—1)—*— H,,(X/S, Z,(—7))

will be called the fundamental class of Z/S and denoted by {Z/S}. For ¢:S' — S,
and Z' = Z xS, the base-change of Z, we have

0*{Z/S} ={Z'/S'} e H,(X'[S', Z.(—T)).
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If X is smooth of pure relative dimension m over S, denoting p = m — r, we have

{Z/S} EHZr(X/S’ Ze(_r)) = HO(S9 R—z'f*Rf!Ze(—r))
= H%S, R™f,Z,(p)[2m])
= H(S, R**f, Z(p)).

2.3. Suppose X is smooth projective over S of pure relative dimension m, and let
Hilb,(X/S) denote the set of subschemes flat of pure relative dimension r over S.
We have

{ /8}:Hilb,(X/S) » H(S, R*f, Z.(p)), Z—{Z/S},

and set
Hilb,(X/S)**# = Ker(Hilb,(X/S) x Hilb,(X/S)% H(S, R**f,Z,(p)).
/S}pr,

It is clear that, for ¢:S" — S,
o*: Hilb,(X/8)*>* - Hilb,(X'/8)*>¥, (Z,, Z))(Z}, Z))
defines a function Hilby %/ on locally noetherian schemes over S.

PROPOSITION 2.4. With above hypotheses, the functor Hilbx ¥ is represent-
able by an open subscheme of the product of Hilbert schemes

Hilby,s, xsHilbys,.

It is enough to show that if (Z,, Z,) e Hilb,(X/S) x Hilb,(X/S) and if, for se S,
((Z))s, (Z,),) e Hilb,(X,/s)**H, then there exists an open neighbourhood U of s
such that

(Z )y, (Z5)y) eHilb, (X ;/U)*>H,

Let 0 = {Z,/S} — {Z,/S} e H(S, R**f,Z.(p)). If 5 is a geometric point of s, the
pull back of ¢ in H*?(X;, Z,(p)) vanishes. It suffices to see that there exists an
open neighbourhood U of s where ¢ = 0.

LEMMA 24.1. Let f: X — S be a smooth proper morphism and s a geometric
point of S, 6 € H(S, R, Z.(k)). If the pull back of o in H¥(X, Z(k)) is zero, then
o = 0 on the connected component of S containing s.
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We have ¢ = (0,)e(HS, R"f(Z/ev(k)))), and the hypothesis means that
(0,)s =0 in H(X, Z/e*(k)) = (R"f,(Z/e*(k))), for any v, since f is proper. The
morphism f is smooth proper, hence R"f, (Z/e"(k)) is a locally constant. Let U be
an etale neighbourhood of s where R, (Z/e*(k)) is constant. Then
0,|U = 0<(0,); = 0 at some geometric point t of U. It follows that ¢, = 0 on
the connected component of S containing s, and ¢ = 0 on it.

REMARKS 2.4.2. If S is the spectre of an algebraically closed field k, and Z is a
closed subscheme of pure dimension r of a smooth projective variety V over k,
then {Z/k} € H*(V, Z,(p)) is the fundamental class of the cycle associated to the
subscheme Z, cf. [15], 3.3.4.

2.4.3. The homological equivalence relation we have considered above is the Z,-
homological equivalence. We can also consider the Q_,-homological equivalence
and in that case, the proposition remains true. In fact, with the notation of proof
of the proposition, if the pull back of ¢ in H2?(X;, Q,(p)) vanishes, thenk-a = 0
in H??(X;, Z,(p)) with k # 0, hence k- ¢ vanishes in a neighbourhood of s with
Z ~coefficient, hence ¢ vanishes there with Q,-coefficient.

2.4.4. Let E be a set consisting of some prime integer invertible in S. We could
consider the intersection of Z_-homological equivalence, i.c.,

Hilb, (X/S)* >H:E
={(Z\, Z,), {Z,/S} ={Z,/S} in H(S, R**f,Z.(p)) for ec E}.
In view of lemma 2.4.1, the functor S — Hilb,(X/S)* >%E is also representable by

an open subscheme of Hilby, xsHilbys,. Moreover, we can replace the
equivalent relation by the mixture of the type considered in 2.4.3.

3. Direct image morphism of Chow schemes

3.1. Let S be a locally noetherian scheme. Recall that a morphism h: X — S of
finite type is called of pure relative dimension r if X, = h~'(s) is of pure
dimension r for every seh(X). We set

X(r) = {xeX; dim h~'(h(x)) = r}.
Then X(r) is a closed subset of X.

Note that h is of pure relative dimension r if and only if X(r) = X, provided
that all the fibres of h are of dimension <r.



302 H. Saito

PROPOSITION 3.2. Let X, Y be S-schemes of finite type, f:X — Y be a proper
surjective S-morphism with Y irreducible and X — S of pure relative dimension r.
Suppose that there exists s€ S such that diim Y, = r. Then Y — S is of pure relative
dimension r.

The conclusion is equivalent to Y = Y(r). If f is finite, then f;: X — Y, is also
finite, and it is clear that Y= Y(r). In general case, let Y° be the maximum open
subscheme of Y such that f° = fiy: X° — Y° is finite; then Y° # ¢. In fact,
consider X, — Y. If xe X| is the generic point of a component of X such that
dim f(x) = r, then the restriction % —y‘% of f; is generically finite (the bars
denote the closure in the fibres), and f(x) € Y°. Since X — Y, is surjective, such an
x exists by hypothesis, hence Y° # ¢. Let g: Y—> S, and ¢g°: Y°—> S be its
restriction. Then Y°(r):= {ye Y°;dim,g° " '(g°(y)) = r} = Y° n Y(r). For ye Y°,
dim, g°~ (g°(y)) = dim,(Y° n g~ '(g(y))) = dim, g~ '(g(y)). Since f°:X° - Y° is
finite, Y°(r) = Y°, so that Y° = Y°(r) = Y° n Y(r) = Y{(r) = Y. Since the closure
of Y°is Y Y(r)=Y.

LEMMA 3.3. Let S be a locally noetherian scheme and f: X — Y be a proper S-
morphism, and suppose that X — S is of pure relative dimension r. Then there exist
closed subsets Y, Y, of Y such that f(X) =Y, U Y, and Y, — S is of pure relative
dimension r, and dim(Y,), < r for any s€S.

We can suppose X reduced, and replacing f by X — f(X), we may assume f is
surjective. If Y is a union of closed subsets Y;, then for ye Y, c Y, since

dim, Y; = supdim, (Y)), <r,
i

Y(r) is the union of Y(r). Let X = (J1 X is the decomposition into irreducible
components. Then Y= U 1 f(X,). Consider X,; —f(X,), and we have either
F(X )P =f(X,) or f(X,;)r) = ¢ by 3.2. It will suffice to put ¥; = f(X)r) and

Y= (X5

where the union is over those X; with f(X,)r) = ¢.

3.4. Let S be an affine scheme of characteristic zero, and X be a smooth

projective S-scheme of pure relative dimension m. Then for an integer p,

0 < p < m, we have the Chow scheme C¥% s of cycles of relative codimension p on

X/S ([1]), while C%s is, in fact, only an algebraic space in general. If X is a

subscheme of SxPV for some N, then, C%s is embedded in

Cyxprd= Chv""P xS, and since (CBy™*P), 4 is the usual Chow variety of PV,
%/s is an S-scheme, a countable union of proper S-schemes.
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We set

C_g(/s = CI),{/S ]_I o(S), o(S) = §.

Intuitively, o(S) corresponds to the cycle “zero” of codimension p. We shall show
that, for a proper S-morphism f: X —Y of smooth projective S-scheme, we can
define the direct image morphism

-C ~p+n—
f*-cﬂ/s“’chsn "

of Chow schemes, where n is the relative dimension of Y/S. To do this, it suffices
to define a morphism as functors.

Let S’ be an S-scheme, and put

X' =X xg8, Y=Y %48,

f=fxidg: X' >Y,

CAX'[S") = Cyys(S),

Cr(X'/S) = Cys(8") = Cn(x/8") 1] {ids }.
Recall that an element of CP(X'/S’) is a pair (Z, ¢) of a closed subset Z < X' of
pure relative dimension r =m — p over §, and an element ce H5(X', Q%/s/)
which satisfy some conditions (cr. [1], 4.1, 4.2). By Lemma 3.3,
Z' =f'(Z) = Z| v Z),, where Z is of pure relative dimension r over S, and Z, is

of relative dimension <r.
Note that

RT-z)(X', ) = RT4(Y', R,
Putting d = m — n, we have

Hom(Rf,Q% s, Qs [—d])
=Hom(Q% s, Rf’!Qf}Jg‘, [—d])
=Hom(Q% s, RI"Qys. [n] ® (f"*Qys)¥ [—m])
= Hom(Q% s, Q% [m] ® (f*Qys) Y [—m])
=Hom(Q% /s ® f*Qys'» Qxjs7),

and the canonical map

Qs @ [* Qs = Qs @ Lyys > Ly
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hence, we get

Rf;Qg('/S' g 95'75" [—4]
Therefore we obtain

HY(X', Q%.s)) = Hf-1z9(X", Qi js7)
= H%(Y', Rf ;Qﬁ'/S')
- HE (Y, Q§74).

LEMMA 3.5. The canonical map
HE (Y, Q4 é) > HE XY, Q378)
is an isomorphism.

SUBLEMMA 3.5.1. (cf. [2]) Let g:Y—S be a morphism of relative
dimension < r of locally noetherian schemes, then we have

RigO0s=0 fori< —r.

The question is local on Y. For any ze Y, we have a commutative diagram

zeU—j—>Y

Ay ——— S
a

where j is an open immersion, and h is a quasi-finite morphism. By Zariski’s
Main theorem, there is a finite morphism h: V— A5~ ! and an open immersion
k:U — V such that h = h-k. We have

Rig! Os|U = Ri(g ’j)!os
= Ri(a*h-k)Os
i+r-1p0r=1
= R*TIRQ U,
RR'Q) g = i*R Homy .- (O, Q.
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where h:(V, 0y) —» (45~ *, h,0,). Since h is flat, we have

RA'QY, . =0fori<O.

AL ‘/S

Therefore we have Rig'Og =0fori+r—1<0,ie,fori< —r+ 1.

LEMMA 3.5.2. Let g: Y — S be a smooth morphism of locally noetherian schemes
of pure relative dimension n, E a locally free Oy-Module of finiterank and Z < Y a
closed subscheme of relative dimension < r over S and set p' = n — r. Then we have

Exti(0;,E)=0, and HYY,E)=0fori<p

Let j: Z — Y denote the closed immersion. We get

Ext(0,, E) = Hom(0,, E[i])
= Hom(0,, Q};s ® Hom(Q} 5, E)[i])
= Hom(0, ® Hom(E, Q}/5), Q% s[n][i — n])
= Hom(Rj, j*Hom(E, Qs), Rg'Os[i—n])
=Hom(j*Hom(E, QY 5), R(g-j)Os[i — nl),

and we have a spectral sequence
E%"™% = Ext(j*Hom(E, Q}5), R"™“""(g -j}05) = Ext{(0, E).
By sublemma 3.5.1, R "*"%g-j)0s=0 for i—a—n< —r, ie, for i—a<p.

Since E%'% = Ounlessa > 0and i — a > p/, Ext'(04, E) = Ofor i < p'. It follows
that H,(X,E)=0fori<p.

The proof of lemma 3.5 is now easy: we have an exact sequence

HY 5 {(Y\Z,, Y/s)—'Hﬁ""(Y’ Qe
—>HE XY, Q¢d) - HY 5 (Y\Z, Q¢

and the both extremes vanish by virtue of sublemma 3.5.2, because Z'\Z;, c Z5,.

3.6. We define

[y CrX'[S) — C(Y'/S")
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as follows: the image of idg. (= o(SXS") is ids. € C?(Y'/S"). For (Z, ¢) e CP(X'/S"), we
have

fe HYX', Qs) > HE (Y, Qfid) & HEZ (Y, Q).
If Z| # ¢, we put

f;((Z’ C)) = (Z’I’ f;(C)),

and otherwise,
[(Z, o) =idg..

PROPOSITION 3.7. Under the above hypothesis. f',(Z, c)) e C*(Y'/S’), and we
have a morphism of functors

It suffices to see [, ((Z, c)e C*(Y'/S").

Let Z€Z}, and (U, B, ¢') be a projection of Z| around z'. It is also a
projection of Z) around z” for any generization z” € Z of Z, hence (Z), f f(0) is
a Chow class at z' if it is a Chow class at z”. Let Z, be the pull-back of Z' by
Z < X' 5 Y, and let Z/ be the closed set of Z} of points y such that the fiber of
Z, — Z, over y has positive dimension Take an irreducible component of Z'; it
is not contained in Z’, nor in Z, i.., z’ has its generization z" € Z',\(Z] v Z3). To
show (Z, f(c)) is a Chow class at 2, set Y = Y'\(Z{U Z,), X" =f""Y"),
f": X" — Y” the base-change of f’. Then, we have

f" (restriction of ¢ to Hgx (X", Q&s7)

= restriction of f,(c) in H, Z'nY (Y, Q57 4%),

and Z N X" is finite over Y”. In that case, the proof can be found in [1], 6.3.

3.8. With the notations and hypotheses in 3.2, let (Z,c) and (Z', ¢') be Chow
classes. We have the sum ¢ + ¢’ of ¢ and ¢’ by the natural maps

HY(X, Qgr/s) - H 'ZuZ'(X s Qgr/s),
and

HZ.(X, Q%) > Hzoz (X, Qs),
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respectively and (Z U Z', ¢ + ¢') is a Chow class, hence we get a morphism of
functors +: CP(X/S) x CP(X/S) — CP(X/S). We extend it to the morphism of
functors

+:CP(X/S) x CP(X/S) — CP(X/S)

as follows: it coincides with + above on CP(X/S)x CP(X/S), and the first
projection on CP(X/S) x {ids}, the second projection on {ids} x C?(X/S), and the
image of (idg, idg) is idg. Therefore we obtain the morphism of algebraic spaces

+: Clx'/s XS C‘i/s nd C&/‘g.

4. Genericity Theorem

4.1. In this section, the ground field k is supposed to be algebraically closed of
characteristic zero and uncountable. Recall that we denote by Hg the Q-
homological equivalence relation and we have the adequate equivalence
relations HE' (See 1.5). The purpose of this section is to prove the following

THEOREM 4.2. Let V be a smooth projective variety of dimension m, S a smooth
variety, | an integer and Z a cycle on S x V of codimension p. Assume that for an
arbitrary closed point s€ S, the cycle Z(s) is defined, and is H§'-equivalent to zero.
Then there exist a smooth variety T, a dominant morphism e: T — S, a smooth
projective morphism n: # — T, cycles X;; of codimension p;;on F x V(1 <i <],
1 <j < k) such that

() Y,;pj=p+dmF —dim T,
(i) For any teT, (j,xidy)*(X;;) is Q-homologous to zero on % xV, where
Ji: % — & is the inclusion.
(iii) (e xidy)*(Z) = Y j(n x idy) (X" -+ - Xy;) in CH(T x V).

Let n,: &, — T, (x € A) be countable families of smooth projective morphisms
such that T, are affine algebraic schemes over k and that for any smooth
projective variety W, there exist an a€ 4 and te T, with W ~ (£)),.

For a smooth projective morphism g: X — T, integers p,,...,p; = 0, let

U={Zy,....,Z)eCqr x -+ X C&¥r

(Z,),...,(Z), intersect properly for te T}.
9 is an open subscheme of H,-,TCQ',T and we have a morphism ([1], 8.1).
Hi/TCpXi/T SU > C‘}/T,

w w p=Y b
Zy,....2Z) —_— Z1T'"‘
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By [1], 7.1.6, there is a morphism
Hilb,}‘,%.’,'ﬂc Hilb%r x Hilbg)r - C¥r x C¥ir

where Hilb,}‘,zT’fQ are defined in 2.4.3 (cf. also, 2.4; note that Q-homological and
Q.-homological equivalences coincide since we are in characteristic zero),
r; = rel .dim X/T — p;, hence their product

= | Hl]bx/ Q—* [Tir (CRr % C¥p)-

Let 21" be the set of maps from the interval [1, /] of integers to the set {0, 1} and
for o 2!t let

pr,: Hi/T (C¥r x Cqp) ~> ]__[i/T Cq¥r

be the product of projections pr,, where pr,; is the projection to the first factor
if o(i) = 0, and to the second factor if (i) = 1. Then we have

m pr, (%) = H;/T (C¥r x C%r)
and,

ﬂ pr, (%) — C x/T X CX/T

w w

Z©, ZM) —> <|G|Z=o [Tz ZE®, MZzl l'li/TZE""'”>,

where |o| = ) ; (i), and |6] = 0 means that the summation is over all ¢ with even
|o], and |o-| = 1 means the summation over ¢ with odd |a].

AP = Chyr x 1 Cyr-

Consider the morphisms

P —_ P1s---P1 Ipl 'PI
Hyxg s, = HV s, = Cyx 75, 5. Cvx gz s,
~P ~P
= Cyysys. % Crusys,
=CbxCbxS,— CbxCp,
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where p=(py,...,p), Ipl=2pi p=Ipl—rel.dim&/S,, and Cis=
C%s]]o(S) (cf. 3.4) and the second arrow is induced by the morphism
Vx #,—» Vx8§,.

For an integer n>1 and a sequence of I-tuples py,...,p, Wwith
lp;l = p + rel.dim &#,/S,, putting

PiyeeesPn P;
“@a - HJ’/Sa '#le FJS,

we get a morphism
Pi,sPn 1Py, Pr. gP1,.ey Pn ~ Apy X ~ =
Vyiss, = Yot g (Ch x Cp) " - Cp x CF,

the second arrow being the sum given by

(Y1, Y3),..., (Y, Y;))H(Z Y, Y Yi-),

(cf. 3.8). For a k-rational point x of the left hand side 27"~ the image in
Ct x C} is given as follows:

Let s be the image of x in S,. Then x consists of subschemes (Z(9, Z{!)) of
V x (%), of codimension p; ; (where p; = (p, j, ..., P;,;)) such that the associated
cycles to Z{) and Z{*) are Q-homologically equivalent on V'x (&,),. The image of
x in C& x CP corresponds to the pairs of cycles

(Z (nu *(Z(la,(jl)) e Z}frj(l)))’ Z I lz:I (na)*(Z(la.(jl» RN Z};jl)))) R
Jj lel=

j lel=0

where for simplicity, we denote by Z{%? the associated cycles on V'x (£,); to the
subschemes Z{™, and by =, the morphism =,:Vx(%),— V. Since
Hilby, #,s, , CY« s, is surjective, any r-cycles on V which are Hequivalent
to zero can be written as the differences z — z’ of pairs (Z, Z’) in this form for
some « (cf. 1.6.2). We have a morphism defined by

CE x CP. x QFx,....P"M P« CPx CP x CP—> ~P s« CP
v XLy x2Z, y XLy xCy v X Cy.
€ €
(Z,2,,23,Z) —>(Z,+ 23,2, + Z,)

Denote by ;" the pull-back of the diagonal of C} x C}, and consider the
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projection mhtPr: gghtPr  CP x Cp. The union of the images for all n,

Pi---> P and a
U Im n:l,...,pn =CLxCh

is the set of the pairs (Z, Z’) of effective r-cycles which are H#-equivalent.

Since the set of possible n, py,...,p,, « is countable and the number of
irreducible components of .@;;';ji is countable, the above union is a countable
union of irreducible subsets. Now, shrinking S if necessary, write Z as a
difference of effective cycles which are non-degenerate on S:Z =Z* — Z". It
defines a morphism

@:S > C) x Ch.
By hypotheses,

Ime = (JImal
as k-rational point. Since the ground field k is uncountable, we can find n,

P1,...,P. and a such that there exists a locally closed subvariety of %‘f)xng
such that the image of the restriction of z}"~"~ to the subvariety contains the

generic point of Im ¢. Hence we have a diagram

PireesPn Py,...,.P
Scpxcy X Ryy5 s > RV TS,
PoePn
s — > xC

and the left vertical arrow is dominant. There exist, therefore, a smooth affine
variety T, and a dominant morphism e: T — S which sit in the diagram

T—> LSV
R 5,

S——F— CpxCy.
We have the morphism T — S, and let

F =F, x5, T
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By base-change, we get an element ¢ of @':,:';_’7; (T) whose image by n"’,;";;’; is

@oeeCh x CE(T). Let the image of £ under the morphism induced by 1

be (Z(9, Z{V)). If we denote the generic point of T by t, the pull-backs (Z{%), and

LJ? »J — = .
(ZY), are the cycles on V x #,/k(z). Let Z{%) and Z{}) be the closures of them in

V x %, and put
7(0 7(1
X,;=2Z9-7Z1}).

Then X;; and e: T— S satisfy the conditions of the theorem.

5. Definition of the functor

In the sequel, the ground field is assumed to be the field of complex numbers.

5.1. Recall the definition of coniveau filtration (cf. [12]):
For a smooth variety, let

NPH™(V, Q):= | Im(H}(V, Q) > H*(V, Q) (5.1.1)
= |JKer(H*(V, Q) - H'(V\F, Q)),

where F runs over the set of Zariski closed subsets of V of codimension > p.
NPH"(V,Q) define a decreasing filtration of H"(V,Q) and we denote by
gr?H"(V, Q) the associated graded module:

grPH(V, Q) = NPH™(V, Q)/N? " H"(V, Q).

We have H"(V,Q)= N°H"(V,Q) and NPH"(V,Q)=0 if n < 2p. Note that
H"(V, Q) has a mixed @-Hodge structure. In view of 5.1.1, N’ H"(V, Q) is a mixed
Hodge sub-structure of H*(V, Q), and hence, gr’H"(V, Q) has also a mixed Q-
Hodge structure. If V is projective, it is pure of weight n.

The coniveau filtration has the following functorial properties:

(i) For a morphism f:V —» W, N°H"W, Q) < H*(W, Q) is mapped into
NPH"(V, Q) by the pull-back f*: NY(W, Q) —» H*(V, Q); hence f* induces the map

[*:grPHY(W, Q) - gr?H"(V, Q).

(ii) For a proper morphism f:V—-W, NP H"(V, Q) c H*(V, Q) is mapped into
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NP~4H"~ 24, Q)(—d) by the push-forward f*: HY(V, Q) » H" 24(W, QX —d),
where d = dim W — dim V. Hence f* induces the map

Sy 8P HY(V, @) - gr* = H" ™ >(W, Q)(—d).

(iii) The cup-product U: H(V, Q) x H*(V, Q) » H**"(V, Q) maps

NPH"(V,Q) x N"H"(V, Q)
into

Np+p'Hn +n'(V; Q)’
hence we get

u.gr’ H'(V, Q) x gr” H*(V, Q) - gr? " H"*"(V, Q).

The fundamental class of an algebraic cycle z of codimension p on V will be
denoted by {z} e gr’H??(V, Q)(p) = N?H**(V, Q)(p) = H**(V, Q)(p)-

For smooth varieties 7, V, with V projective, dimV=m, and for
ze CHX(T x V), | an integer, r = m — p, we define a morphism of mixed Hodge
structure

{z}:gr" H*(V, Q)(r) > gr°HY(T, Q)

as the composite

e H2 *(V, Q)Y —= g H**Y(T x ¥, Q)r)

—— gr"H2 (T x ¥, Q)m)——> gr’HY(T; Q),

where the second map is defined by the cup-product with

{'z} e gr? H*/(T x V, QX p).
THEOREM 5.2. Let V be a smooth projective variety of dimension m, S a smooth
variety, ze CHP(S x V), r = m — p, and | an integer. If z(s)e H§'* VCH?(V) for all
S€S, then the map

{'z}:gr" H* (¥, Q)(r) > gr®H'(S, Q)

is zero.
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Let Z be a cycle on S x V representing ze CH?(S x V). By shrinking S, if
necessary, we may assume that Z(s) are defined for all se S. Then Z(s) are H§' * V-
equivalent to zero. By theorem 4.2, there exist a smooth variety T, a dominant
morphism e: T— S, a smooth projective morphism n: & — T, and cycles X; of
codimension p;; on # x V (0 <i <, 1 <j < n) such that

Y pyj=dim# —dimT + p;
7

For any te T, X;;| # x V are Q-homologous to zero;

(exid))*(2Z) = Y m,(Xo; - X,;) in CH(T x V).

J

We have a factorization
{e x idy)*(Z)}: gr' H* *(V; Q(r) —2> groHY(S, @) —> gr°H(T; Q),

and e* is injective (cf. [12], 1.7). The following lemma will complete the proof of
the theorem:

LEMMA 5.2.1. Let T, X, V be smooth varieties, g: X — V be a morphism and
f:X > T a smooth proper morphism of relative dimension m, Z, (0 <i <) be
cycles on X of codimension p; such that the restriction of Z; to a fiber X, is Q-
homologically equivalent to zero. Put p=py + -+ + p;, ¥ = m — p, and

z={Zy}u--u{Z}eH**X, Q(p)).
Then the map
H (¥, Q) —Z> H (X, Q) —Z> H2 (X, Qm)—L—> HY(T, Q)

is zero.

We have the Leray spectral sequence
EZ""(f) = HX(T, R""7f, Q(k)) = FP H'(X, Q(k)).

(i) By intersection, we get a pairing of spectral sequence

HY(T, R"™7f, Q(k)) x H(T, R" "f,Q(k))——>H*?(T, R"*""? "7, Q(k + k)

ﬂ JJ JJ

HYX, Qk) x H"(X, QK) —> H**" (X, Q(k + k')
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in particular, we have
FPH"(X, Q(k) v FPH"(X, Q(K)) = FP*PH"*" (X, Q(k + k).

(i) Iff': X’ - T is smooth of relative dimension m’ and h: X — X' is a proper
T-morphism, and if d = m — m’, we have a morphism of spectral sequence

B"Nf) =  HNTRMQK) = FPHYX, Q)

h,l "tl
ey~ 2=p(f") = HY(T, R*~ 2~ 7f;Q(k —d)) = FPH" 24 X", Q(k —d)),

in particular, h, FPH"(X', Q(k)) = FPH"~24(X’, Q(k — d)).
By Lemma 2.4.1 (see also Remark 2.4.3),

{Z;} e F'H*"(X, Q(py).
For

ae H (¥, Q(r)),
g*@eH* (X, Q) = FPH* (X, Q(r)),

and by (ii) and iterated use of (i), we obtain
fu v g*@) =f,({Zo} v - U {Z)} L g*(a)e F ' H(T, Q) = 0,

hence, the lemma is proven.

5.3. For a smooth projective variety W and integers g, I, we consider the
condition:

H(W, g, 1): There exist smooth projective varieties T;, and cycles u; on T; x W of
codimension dim W — g such that
(i) the map

g H** (W, Q(g)) - LI er°HY(T;, Q)
j

induced by u; is injective;

(ii) The following condition H(T}, ) holds for [ and all T;. H(T;I): There exist
smooth varieties S, %, morphisms & — S, and cycles xy4,..., x5 1 <k <n,
n>=1) on & x T such that

(i) & — S is smooth projective;
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(ii) Y ;codim x; = rel.dim #/S +dim T, for all k;
(iii) x| % x T are homologous to zero for all i, k and s€S;
(iv) The map

gr®H(T, Q) - gr°H'(S, Q)

induced by the cycle Y, x ;- - Xy is injective.

(For I =0, x4 Xy = n- 1, 7# 0, and by (i), T must be a point; in that
case, H(T, 0) always holds).
The reason we introduce the condition is this:

COROLLARY 5.4. Let V and W be smooth projective varieties of dimension m
and n respectively, ze CH?* YW x V), r = m — p, and | an integer, and suppose
that the condition H(W, q,1) holds. If the map

[z]: Gr'CH, (W) - Gr'CH,(V)
(cf. 1.8) is zero, then the map

{'z}: g H 'V, Q(r) - gr* H** (W, Q(q))

is also zero.

With the notations of 5.3, we have
0 = [z°u;]: Gr'CHy(T) 4> Gr'cH, () —Z> Gr'CH, (V)

and

Y. {{zou)}: g” H(V, Q@) — 2 grtH>4 (W, Q(g))

_&L I_[groH’(’I}, Q),
j

and since ) ; {*u} is injective, we may assume that H(W,[) holds and g = 0. The
notation being as in the definition of H(T; ) with T= W, let x = Y ;X5 ++-* Xp.
If : # — S is the morphism, then we set y = (n x idy),(x)e CH(S x T). For s€S,

y(s)e <H*l>oCHo(T),

and zo y(s)e H*“*DCH, (V). By the theorem, we have that

{iz> y)}: gr" H* (¥, Q) — > grH (W, Q(g) -2 gr°HY(S, Q)
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is zero. But by 5.3, (iv), {*y} is injective, so that {'z} is zero.

5.5. We shall reformulate the corollary 5.4. To do so, we introduce a pseudo-
abelian category %(l). First, we define an additive category €*(l), as follows:

Objects: formal sum ]_[,-Gr’CH,,(Vi), where the condition H(V,,r;,1) holds for
each smooth projective variety V;.

Morphisms:

Hom(Gr'CH (W), Gr'CH,(V))
= {[z]: Gr'CH (W) - Gr'CH,(V); ze CH?*{W x V), p+r=dim V}

and for general objects, we define

Hom (]_[ Gr'CH,,(W)), ]_I Gr’CH,i(Vi)> = || Hom(Gr'CH, ,(W;), Gr'CH,,(V)).

i,Jj

It is clear that ¥*(l), is an additive category, and we define a Q-additive
category €*(I) having the same objects as €*(I), and

Hom(p(,)(M, N) = Homgu(l)z(M, N) ® Q.
Then the pseudo-abelian category %(]) is obtained as the pseudo-abelian
envelope of €*()).

Let Hdg be the category of polarizable Q-Hodge structures and Hdg(l) be the

full subcategory of Hdg whose objects are effective of weight I. As noted above,
gr" H"*{(V, Q(r)) e Hdg(l). By Corollary 5.4, we have

COROLLARY 5.6. We have an additive contravariant functor
n:%(l) - Hdg()), Gr'CH, (V) gi" H>"*!(V, Q(r).

LEMMA 5.7. (i) If z is a cycle of codimension q + dim W’ — q’ on the product
W x W' of smooth projective varieties such that the induced map

{z}: gt H** (W', Q(g)) > gr'H*** (W, Q(q))
is injective and if the condition H(W, q, 1) holds, then the condition H(W', q', 1) also

holds.
(ii) If H(T,1) holds. then H(T,0,1) also holds.
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For (i), let T;’s and u;’s be as in 5.3 (for H(W, g, I)). Then, the map

g B2 (W, Q(q) > grHX (W, Q(g) [ | er°HA(T;, Q)
J

induced by zcu; is injective, and H(T}, ) hold for all T;.
(ii) is trivial by taking the diagonal as u = u, in the definition of H(T;0, ).

PROPOSITION 5.8. For a smooth projective variety V, the condition H(V, 0, 2)
holds.

Let i: V' ¢, V be a smooth hyperplane section. Then
i*: H}(V, Q) » H*(V', Q)
is injective if dim V' > 2. Note that

N'HX(V, Q) = H¥(V, Q) n H"'(V) = Q(—1)®*

Since Homyg,(gr°H*(V, Q), Q(—1)) = 0 = Homya,(Q(—1), gr’H*(V,Q)), we
have the canonical decomposition

HX(V, Q) = gr’H*(V, Q) @ gr' H*(V, Q)

and i*: gr® H¥(V, Q) —» gr’H*(V’, Q) is also injective. Therefore, there exist a
surface S, and j: S — V such that the map

j*: gr®H}(V, Q) - gr®H*(S, Q)

is injective. Then, by lemma 5.7, it suffices to show H(S, 0, 2).

If b: S’ — S is surjective, b*: gr® H%(S, Q) — gr®H%(S', Q) is injective. In view of
5.7, considering a Lefschetz pencil and its base change over P?, for example, we
can suppose S has a fibration n: S — C over a curve C with smooth generic fibre,
and a section ¢: C — S.

LEMMA 5.8.1. Let S be a smooth projective surface. Then there exists a 2-cycle
Z on S x S with Q-coefficients inducing the projector H'(s- Q) — gr’H%(S, Q), i.e.,
the  induced map H"S,Q)—>H"S,Q) are zero for n#2,
N'H?*(S, Q) - N*H?(S, Q) is also zero, and the map gr’ H*(S, Q) — gr®H*(S, Q) is
the identity.

Sketch of proof. Let ¥~ be the full subcategory of smooth projective schemes
consisting of schemes whose components V satisfy the condition B(V) of [7].
Note that the condition B is stable under product, that the Kiinneth compo-
nents of the class of the diagonal of V are algebraic (loc. cit., 2.5, 2.9), that the
condition I(¥, L) (loc. cit.) holds for those schemes by the Hodge theory, and that
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all the curves and all the surfaces (and all the abelian varieties) belong to ¥".
Starting from 7", employing algebraic cycles modulo numerical equivalence as
morphisms, we can construct the category .# of motives as in [10]. The category
A is semi-simple, and we have a faithful functor

H:.# - Hdg

with H(h"(V)) = H"(V, Q), the Betti realization. By [6], there exist a finite number
of curves C,,..., C, and morphisms ¢;: C; > S such that the image of

U H(C;, Q) L’ H*(S, Q)(1)
is N1H?(S, Q)1). Since C;, Se Ob¥", we have as well
Z‘Pp
LI x°(c) ——— K (SY).

in .. Denote the image by I. Since the category .# is semi-simple, we have the
projector p:h*(S)1) —» I = h*(S(1). The composite of the morphism
h(S)(1) = h*(S)(1)with id — p is represented by a 2-cycle with Q-coefficient on
S x § which has the required properties, by considering the Betti realization.

LEMMA 5.8.2. For a surface S which has a fibration n:S — T over a curve with
smooth generic fiber and a section ¢:C — S, the condition H(S, 2) holds.

Let C, be an open subset of C such that n,:Sy:= n~}(Cy) = C, is smooth,
and set # = S, xS. We have the projections n,: # — S, and n,: ¥ — S, and
put

Ty =m, Xid: F xS > Sy xS,
and
,=m,Xid:F xS > Sx8S.

Note that 7, is smooth projective, so that & is smooth. Let Z be the cycle with
Q-coefficients as in 5.8.1, and let N be a sufficiently large integer > 0 such that
Z, = N-'Z has Z-coefficients, and put X; = 7%(Z,), a 3-cycle on &# x S. To the
C-morphisms y,:S, — S, the inclusion, and Y, = gon:S,— S, there corre-
spond the sections t,, 7,:Sy, > & of ny, and 7,, T,:S,x S = F x §, the base-
changes. Finally, we set

Xy =T1ulls, x5) — Talls, x 5)-
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For se S, putting ¢ = n(s), # = s xS, = S,, and we have

JHX2) = ¥1(5) X S — Y5(s) X §,

where j: S, xS = #,x S - & x §, and j*(X,) is homologous to zero on %, x S.
Denoting the natural inclusion S, xS — S x S by j’, we have

J*X ) = @20 )NZy) =jMZy) = Z;|S.XS.
In the Kiinneth decomposition

HYSxS,Q2)= [l H*i(S, Q) ® H(S, Q)2),

0<i<4

Z, has no other than H?*(S)® H*(S)-component, and further, in the
decomposition

H*(S, Q)® H*(S, Q)2)
= gr®H(S, Q) ® gr’H*(S, Q)2) @ gr’H*(S, Q) ® gr'H(S, Q)2)
@ gr' H¥(S, Q) ® gr’H*(S, Q)(2) @ gr' H(S, Q) ® gr'H*(S, Q)(2),

Z, has only gr’H? ® gr®H?-component. Hence Z, | S, x S is Q-homologous to
zero, by gr®H?(S,, Q) = 0. Taking N larger if necessary, we may assume that it is
Z-homologous to zero. We claim that

{{(rX - X))} = N -yt :gr°H(S, Q) — gr’H?(S,, Q),
hence, injective. We have X, - X, = X, 7,415, xs) — X T2, x s), and

Tyl X1 Ti(ls, «8) = T(Tu(TF73(Z2))) = (Y x idg)*(Z,),
for i = 1, 2. Therefore,
(X1~ X,))}: GrH(S, Q)2 gr0HY(s, @)
Y, grOH(S,, Q).

On gr’H?(S, Q), {!Z,} = N-id, y* = 0 because

Y¥: gr®HA(S, @) —2 grPH(C, Q) = 0—> grH(S,, Q).
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This completes the proof of 5.8.2 and hence that of 5.8.

REMARK 5.9. We can prove similarly that for a smooth projective variety V,
the condition H(V,0, 1) holds.

6. Generalization of Abel’s theorem

THEOREM 6.1. Let V and T be a smooth projective varieties, ze CH?*4(T x V),
q' = dim T—gq. If the map

{z}:gr" ' H?T~X(T, Q)¢) - gr*~ *H**~'(V, QX(p).
is zero, then the map
[z]: Gr'CH(T) - Gr'CH?(V)

is also zero.

To see [z] =0, it suffices to show that for any curve C and for any
ue CHY (C x T), the composite

[z°u]: Gr'CH(C)—L GriCH,(T) -2 GriCH,(V)

vanishes because (H),CH,(T) = ACH,(T) is generated by u(ACH(C)) for all C
and u. By hypothesis,

{Zou}ZHl(C, Q) = grOHl(C)_{"_}_, grq’—lHZq'—l(T)

{7 | gr? " LH?P~Y(V) < H2P~\(V)

is zero. Hence, in the Kiinneth decomposition,
H?**(CxV)=H%C)® H*»(V) ®H'(C) ® H**~ (V) ® H*(C) ® H**"4(V),

the H* ® H2?~!-component of the class {z°u} in H*?(C x V, Q) vanishes. Some
multiple of z°u is, therefore, homologically equivalent to the sum of cycles of
the form C x (cycle on V of codimension p) and of the form point x (cycle on
V of codimension p—1). Since these cycles induce the zero map
Gr'CHy(C) - Gr!CH?(V), the multiple of zou induces the zero map
Gr!CHy(C) - Gr'CH?(V) by 1.8. We have [zcu] =0 by divisibility of
Gr!CH,(C).
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THEOREM 6.2. Let V be a smooth projective variety, and p be an integer. Then,

(i) Gr'CHP(V) has a structure of abelian variety, and the canonical map
ACHP?(V) » Gr'CHP?(V) is regular: ie., for an arbitrary smooth projective
variety T, a cycle ze CHX(T x V), and t, € T, the map

T - Gr'CH?(V), t—z((t) — (to)

is a morphism of varieties.
(ii) The canonical mapping (cf. 1.11)

y2:Gr'CH?(V) — J2(V)

is surjective and the kernel is finite.
(iii) If <(H)oCHP(V), ;s — JE(V) is injective, then y? is bijective, where
(H)»oCHP?(V),,,s denotes the torsion part.

LEMMA 6.2.1. There exist an abelian variety A of dimension a and
ue CHP(A x V) such that the induced mapping

{u}:gra—lHZa—l(A’ Q) — grp-lHZp—l(V’ Q)

is bijective. Moreover, putting 'Gr'CHP?(V)= ACH?(V)/A*HCH?(V), the
mapping

[u]:'Gr'CHy(A) - 'Gr!CH?(V)

is surjective.

We have a surjective map H,(P) - N~ 1H??~ (V) induced by an algebraic
cycle, where P is an abelian variety. In fact, by [6], N?~ 'H2P~ (V) is the sum of
the images of H(T) by f,., where f: T— V is projective with codimf(T) = p — 1.
Let P; be the Picard variety of T; then, the Poincaré divisor induces the
bijection H,(Py) — H'(T). Therefore, N°~1H?P~ (V) is the sum of the images of
H,(Py) —> H**~}(V) induced by algebraic cycles u;. Since N?"'H?*’~(V) is
finite dimensional, we can find a finite number of T, such that the sum of the
images of H,(Py,) > H**~ (V) is N°"'H??~ (V). Let P be the product of Py s,
and u’ be the sum of pull-backs of ur, to P x V. Then H,(P) = I1TH 1(Pr), and the
image of H,(P) in H**~ (V) induced by u' is N?)H?*?~ (V).

Since the kernel of H,(P) - N?~'H2P~ (V) is a sub-Hodge structure of weight
—1 of H,(P), there exists an abelian variety K, of P such that
0- H,(K,;) > H,(P) > NP~ 'H?P~ (V) is exact. Let A be an abelian subvariety
of P such that 4+ K; =P and AnK, is finite. Then the map
H,(A) > NP~ 'H?P~ (V) induced by the restriction ue CH?(A x V) of ' to Ax V
is an isomorphism. Replacing u by u — 0 x u(0), we may assume u(0) = 0.
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We shall show that [u]:'Gr'CH(4) - 'Gr!CHP?(V) is surjective. It suffices to
show that u: 4 - 'Gr'CH?(V), x> u(x) is surjective.

Let B be an abelian variety and zeCHP(BxV), z(0)=0. Put
w=lgxu+ 1,xzeCH?(Bx A x V). We have

u:A~0xAc Bx A% 'GrlCHA(V),
2:B~Bx0c¢ Bx A% 'GrlCH?(V).

Let K = B x A be an abelian subvariety such that
H,(K) = Ker(H,(B x A) % H**~1(V)).

By 6.1, K = B x A * 'Gr!CHP?(V) vanishes. Therefore, we obtain

A

0> K—->BxA—(BxA)K -0,

" !
'Gr'CH”(V)

and

H\(4)

J

0— H,(K) — H,(Bx A) - H,((B x A)/K) -0,

{w} !
NP LH2P- ()

where the dotted maps are not known to be algebraic. Since
{u}:H,(A) > H,(Bx A)/)K) - NP°"1H??~ (V) is bijective, so is the map
H(A) - H,(Bx A)/K). Hence A — (Bx A)/K is an isogeny, in particular, is
surjective. It therefore follows that

Im(B — Gr'CH?(V)) < Im(B x A * 'Gr'CH?(V)
cIm((B x A)/K = 'Gr!CH?(V)) = Im(4 % 'Gr!CH?(V))
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Since, for any element of ‘Gr'CH?(V), we can find an abelian variety B and
ze CHP?(B x V) as above such that the element is contained in the image of
B 5 'GrlCHP?(V), we see that A % 'Gr!CHP?(V) is surjective.

We shall prove the theorem 6.2. Note that we have

y*:'Gr'CHP(V) » GriCH?(V)—L> JE(V).

Let ‘N be the kernel of A % 'Gr'CHP(V). The map 4 % 'Gr'CH?(V) - J2(V)
is an isogeny, since its H, is identified with the bijection
H,(A) % NP~ 1H?P~ (V). Hence 'N is contained in the kernel, and finite. By the
surjectivity of 4 % ‘Gr'CHP(V), and of the maps in the factorization of 'y?, the
kernel of each of these maps is finite.

Suppose ACH?(V),,rs = JE(V),ors I8 injective, and put

K = Ker(ACH?(V) - J2(V)).

For ke Z, we have a commutative diagram

0 > K - ACHP(V) — JB(V) - 0
l lxk lxk
0 - K - ACH?(V) — J2(V) - 0

and we see that K is torsion-free. From A+ HCHP?(V)< K follows that
A+HCHP(V) is torsion-free and divisible (cf. 1.10). Hence Ker(y?) =
K/A«HCHP?(V) is torsion-free. Since it is finite, Ker('y?) = 0. As its quotient,
Ker(y?) = 0, too. In particular, for p = dim V, the maps 'y? and y? are bijective by

[91.
We shall prove (i). Putting N = Ker(4 % Gr!CHP?(V)), a finite group, we have

A/N ~ Gr'CHP?(V).
The left hand side has a structure of abelian variety, and we endow the right
hand side with the structure of abelian variety via the isomorphism above. We
shall show that the natural homomorphism

ACHP(V) —» Gr'CH?(V)

is regular. Let T and z be as in (i), and B be the Albanese variety of T: : T— B,
with B(t,) = 0. Assume z = (f xid})*(z"), z’€e CH?(B x V). Then,

z: TS B % Gr!CH?(V).
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With the notations of the proof of lemma 6.2.1, z replaced by z’, we have

A > Bx A > (Bx A)/K.

Gr'CH?(V)
Let N’ = Ker(4 — (B x A)/K). We get (Bx A)/K = A/N’ and N’ = N. Then,
A/N = (A/N)/(N/N’) = (B x A)/K)/(N/N’),
and the map
B (BxA)/K > (Bx A)/K)/(N/N') = A/N
is a morphism. (Notice we are in characteristic 0.) Therefore,
2:T 4 B 5 GriCH?(v)
is also a morphism.

Next we shall assume dim T' = 1. Let J be the jacobian of T and P be the
Poincaré¢ divisor on J x T. The map

{B}: H,(J) > H(T) = Hy(T)
is the inverse of B: H,(T) — H,(J). For ze CH?(T x V), let
7z =2z PeCH?(J x V).
We have
{z} = {(Bxidy)*@)}: H(T) > B,0) - By (1) B2 1),
hence
z = (B xidy)*z'): T - Gr'CH?(V)
and
J =~ Gr'CH,(T) - Gr'CH?(V)

is a morphism.
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Consider the general case. Let C be a general curve of T i:C ¢, T. Then

i,: AIb(C) —» AIb(T) is surjective, and we have

c —5 T —5 ACH?(V)

b

AIb(C)—*—> AlN(T)—— Gr'CHP(V)

As shown above, z ¢ i, : AIb(C) » Gr'CH?(V) is a morphism, and so is the map
AIb(T) —» Gr'CHP(V) by the surjectivity of i,. It follows that z: T — Gr!CH*(V)
is a morphism.

COROLLARY 6.3. For p=0, 1, 2, dim V, the canonical map

y*:Gr'CH?(V) > Ji(V)
is bijective.

We may assume p = 2. By virtue of [8], for any prime e, we have an
isomorphism CH?(V)(e) ~ N'H3(V, Q,/Z,(2)), where CH?(V)(e) is the e-torsion

subgroup of CH?(V), and the map is induced by Bloch’s map [4]. Summing up
over all primes, we get

ACHZ(V)tors < CHZ(V)tors = Nle(V’ Q/Z)
c HS(V; Q/Z) = TZ(V)torsa

which is induced from the Abel-Jacobi map

ACH*(V) - J2(V) = T*(V).

REMARK. 6.4. In the course of the proof of 6.2, we have proven that the
subgroups

A*HCH?(V) < (H>,CH?(V) n H¥2CH?(V)
cKer({H»oCH?(V) - Ji(V))

coincide up to finite groups, and if the assumption 6.2, (iii) is satisfied, then they
coincide precisely.
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7. The equivalence of categories

THEOREM 7.1. Let T, V be smooth projective varieties, m = dim V,
2e CHP*YT x W) and assume the condition D(V,r, 2):

N"H>**(V, Q)r) ® N~ *H?**~*(V, Q)(p) > H>"(V, Q)(m) = Q
is a perfect pairing, where p=m —r. If
0 = {'z}: gr" H¥ *X(¥, Q)(r) » gr*H>* (T, QXa),
then, we have
0 = [z]: Gr*CH,(T) » Gr*CH,(V).
LEMMA 7.1.1. The adequate equivalence relation (H*?), is generated by

(H*?)»,CH, of surfaces. More precisely, for an arbitrary smooth projective variety
V, we have

CH**)oCH(V) = ¥, z({CH*?)oCHo(5)),

where S ranges over all surfaces, and z ranges over all of elements of CH(S x V).

We denote the right hand side by ECH(V). It is clear that E gives an adequate
equivalence relation, and that (H*2), > E. Note that {(H*?), is generated by
H*2CH,, and, by 6.3, and 6.4, we have (H*?),CH, = A * HCH,, hence that

ECH(V) = Y. z(A* HCH((S)),

where S runs over all surfaces and ze CH(S x V). We may assume dim V > 2 and
it is sufficient to show that 4 * HCHy(V) = ECHy(V), i.e., that for a smooth
projective variety T, xe HCHXT x V), yeACHYTxV), with p+gq=
dim T +dim V, we have

pry+(x-y)e ECHy(V).

By definition, there exist a curve C, ue CHYC x T x V), and points a and b of C
such that y = u(y), where y = (a) — (b). Since

prys(x-y) = prya(lexx-u-yx 1y x 1),

it suffices to show that 1o xx-u-yx1;x1,e ECHy(C x Tx V). We are thus
reduced to show the following assertion:
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Let V be a smooth projective variety of dimension >2 with a morphism
n:V — C to a curve, xe HCH(V), ye ACH(C). Then x - n*(y)e ECH(V).

Let X be a 1-cycle representing x, and let Supp(X) denote the support of X
with reduced scheme structure. Blowing-up V at singular points of Supp(X), we
get b: V > V such that the proper transform of Supp(X) is smooth. Then the
proper transform X of X is a 1-cycle whose support is smooth and b*(X~ )= X.
By the following sublemma, we can find a smooth hyperplane section V' < ¥,
with respect to some embedding into a projective space, containing the support
of X, if dimV > 2.

SUBLEMMA 7.1.2. Let X be an r-dimensional smooth subscheme of a smooth
projective variety V, Iy the ideal sheaf of X in V, L an ample line bundle. If
2r < dim V, a general member of |Iy ® L®"| is a smooth variety containing the
scheme X for sufficiently large n.

For sufficiently large n, the map
HUV, Iy ® LB ® 0y » Iy ® L®"

is surjective. Then (Iyx/I3)® L®" is generated by the global sections of
HO(V,Iy ® L®"). Since the rank of the vector bundle Iy/I3 on X is
dim V — r > r, the image of a general member s of |Iy ® L®"| by the canonical
map Iy ® L®" - (Ix/I%) ® L®" vanishes nowhere. Then, V' = (s) = V is smooth
at the points of X. By Bertini’s theorem, it is smooth off X, whence the sublemma
7.1.2.

We return to the proof of 7.1.1. Taking hyperplane sections repeatedly, we
obtain a smooth surface S & ¥ containing the support of X. Let b’ = boi.
Denoting by X' the 1-cycle X regarded as a cycle on S, we have b(X)=X.In
the commutative diagram

Pic®V = Gr‘CH‘(V)—bT) GriCHL(S)

X .X’

Alb V = Gr'CHy(V) TGr‘CHO(S),
the horizontal map below is an isogeny, since

b+ HY(V)—2> HY(V)—— H'(S)

is an isomorphism. The cycle X is homologous to zero, hence the left vertical
arrow vanishes, which means that b'*(®): X' =0 in Gr'CH,(S), for any
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ae Gr'CHY(V) = ACH!(V). In other words, b*()- X’ € A * HCH(S). It follows
that

o+ X = b,(b'*(x) X')e ECHy(V).

It is now enough to take o = m*(y).

We shall prove the theorem 7.1. By means of 7.1.1, we are reduced to the case
where ¢ = 0 and T is a surface, as in the proof of theorem 6.1. We shall show that
there exists an integer N # 0 with

0 = N-[z]: Gr?CH(T) - Gr?CH, (V).

Then, since A *HCHy(T) = (H*?),CH(T) as noted above, Gr>’CH(T) is
divisible by 1.10, so that [z] = 0.

Since T is a surface, the Kiinneth components A;e H(T) ® H*~{(T) of the
diagonal {A;} € H{T x T, Q) are algebraic; moreover, for a hyperplane section
he H¥(T, Q), the inverses of the bijective maps h'u: H2 YT, Q) » H>*{(T, Q) are
algebraic (cf. [7]). Put

z; = {z} o A;e H(T, Q) ® H** (¥, Q).
They are the Kiinneth components of {z} € H*?(T x V, Q) and are algebraic. For
each i, there exists some integer N such that N - z; is integral (and algebraic) and
induces the zero map

Gr2CH(T) —» Gr’CH,(V),
which follows from the following two lemmae.

LEMMA 7.1.3. For i # 2, there exists an integer N such that N - A, is integral
algebraic and induces the zero map

Gr2CH(T) - Gr’CH(T).

LEMMA 7.1.4. Under the hypothesis of 7.1, there exists an integer N such that
N -z, is integral algebraic and induces the zero map

Gr2CH,(T) - Gr*CH, (V).

Proof of 7.1.3. L) = Wou:H?*J(T,Q) » H**/(T, Q) has the algebraic inverse
L™Je H*~2(T x T). We distinguish two cases:
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CASE i<2. Put A;j=L"2cA;eH*(TxT). Then (1xh?> " "-Ap)cA;=A,;. In
fact, the left hand side induces the map

H(T, ©)—2> HI(T, @5 HI*-4T, @25 HT, @),
which vanishes unless j = 4—i, and in that case, which is id. Take integers N,

N, so that N, -A; and N,A; are integral and that N,N,(1 x h*~*-Ap)c A and
N,(N,A) are Z-homologically equivalent. Set N = N;N,. By 1.8,

NA: Gr2CH(T) 1% Gr2CH{(T) X" Gr2CH(T),

which is zero because Gr2’CHY(T) = 0 by 1.11.

CAsE i > 2. Let A= A;o L* "€ H*~%(T x T, Q). Then, Ajo(1 x hi=2-Ag) = Ay

HI(T, @5 piv2i-41, @55 BT, Q) —25 H(T, Q),

which is zero unless j = 4—i, and is id in that case. Take an integer N similarly
as above. Then symbolically,

A;: Gr2CH,o(T)—=> Gr2CH, _ (T)—2> Gr*CH(T),,
and Gr2CH, _,(T) = 0 because 2 — i < 0.

Proof of 7.1.4. First, we prove

z,€ H(T) @ N*"2H?** "%V, Q). 7.1.5

Lete,..., e, be a basis for HX(T, Q), where b = dim H*(T, Q); e¥, ..., e} be the
dual basis for H*T,Q) via the intersection product H*T,Q)®
H*(T,Q) - H¥T, Q) = Q, and write

2,=)¢®x;, x;eH?® *(V,Q).
Then,

x; = prys({z} ' ef ® 1,).

Since {z}e NPH??(V,Q), we have {z} e} ® 1, NPH***% (T xV,Q), hence,
x;€ NP 2H??~%4(V,Q), ie., 7.1.5.
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The hypothesis
0= {'z}: g’ H***(V,Q) - gr’HA(T, Q)

means {"z}(N"H**%(V, Q)) ¢ N'H*(T, Q), or 'z,(N"H***(V,Q)) =« N*H¥(T, Q).
The condition D(V,r,2) together with 7.1.5 implies z,e N'H*T,Q)®
NP~2H??~%(¥, Q). Choose the basis ey, ..., e, so that ey, ..., e, form a basis for
N1H*(T, Q), where p = dim N'H*(T, Q), the Picard number of T. Then e}, ..., e
are the dual basis for N'H?(T, Q), since the restriction to N'H*(T, Q) of the
intersection product is perfect. We can write

Zy = Z ei®x,~, xiGNp_szp_z(V; Q).

i<p
For i<p, we have e!®1,eN'H¥TxV,Q), and hence, {z}'e}®
1, e N?*1H2P* YT x V,Q), from which we get
x;e N°"tH**~2(V;, Q),

ie., x; is algebraic. Let N,, N, be the non-zero integers such that N, -e;s are
represented by integral divisors E; on T, and that N,-x;’s are represented by
integral algebraic cycles X; on V. Put N = N, N,. Then N - z, is represented by
the cycle Y E; x X; which induces the zero map

Gr2CH(T) —» Gr2CH,(V).

7.2. We shall define the pseudo-abelian category €’(2), as in 5.5, starting from
Gr2CH,(V) with H(V,r, 2) and D(V, r, 2). Then, €’(2) is a full subcategory of €(2)
and we have the composite

€(2) < 4(2) % Hdg(2),

which we shall also denote by 5. Note that Gr?CH (V) are objects of €"(2) for all
smooth projective varieties ¥, since the condition D(V, 0, 2) holds trivially for
r = 0, and the condition H(V,0,2) holds by 5.8.

COROLLARY 17.3. The contravariant functor

n:€¢'(2) » Hdg(2)

is faithful.

74. Let €(2),, be the full pseudo-abelian subcategory of (2) obtained from
Gr?CH,(S) with surfaces S, and let .4, be the full subcategory of motives defined
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in 5.8.1, consisting of the subobjects of sums of grh%(S), where S is a surface,
gr’h?(S) = h*(S)/N*h*(S), and N'h*(S) is the submotive of h%(S) whose Betti
realization is N1H?(S, @) (cf. 5.7.1). Then .#, is a semi-simple abelian sub-
category of .#Z. Note that by Betti realization, we have a faithful functor

H: .4, - Hdg(2).

€2 is a full subcategory of %'(2) and, we have the restriction
n: €(2)surs — Hdg(2), which is factorized as

1: G Q2)gurg—— My—— Hdg(2),

where n': €(2),..s — A, is given by Gr2CH(S) — gr®h?(S).
COROLLARY 7.5. The functor n' gives an anti-equivalence of categories:

”’: (g(z)surf > ‘//{2'

In particular, the category €(2)s, is a semi-simple Q-abelian category.

We have shown that 7’ is faithful. By definition, the morphisms from gr®h?(S)
to gr®h%(S’) are induced by algebraic cycles of codimension 2 on §’ x S. Hence it
is clear that #n' is fully-faithful, and its essential image is .#,, because
1'(Gr*CH,(S)) = gr®h*(S).

REMARKS 7.6.1. Since gr’H?*(S,Q) and gr’H*(S, Q)2) are dual via inter-
section, we could formulate the corollary 7.5 as

C(2)surt = My, Gr*CHo(S)— groh*(S), [z]— {z}

is an equivalence of categories.

7.6.2. By 7.1.1, for any smooth projective variety ¥, Gr2CH(V) is generated by
those of surfaces as abelian group. We do not know, however, whether the
inclusion from %(2),,; into the category generated by all Gr2CHy(V) is an
equivalence of categories, or more generally, whether %(2),, < %(2) is an
equivalence of categories. Assume, however, that the standard conjecture B(V)
holds universally. Then the conditions H(V,r,2) and D(V,r,2) are true and
Gr?>CH, (V) is an object of €'(2) for arbitrary V and r. Hence, ¢'(2) = ¥(2), and
B (2)surs & €(2) is an equivalence of categories, and they are equivalent to the
category .#, via the functor .

REMARK 7.7. So far, we have assumed that the ground field k is the complex
numbers. Some statements remain true even if k is algebraically closed of
characteristic zero. For example, theorems 6.1 and 7.1 are those ones when the
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Betti cohomology is replaced by etale cohomology or De Rham cohomology,
the proof being reduced to the case of complex numbers by the comparison
theorem. However, theorem 4.1 (hence 5.1) makes essential use of the hypothesis
that the ground field is uncountable, and it is plausible that it is false if k is the
algebraic closure of the field of rational numbers. Hence it might be a right
formulation to define first a functor of the form

M- E(1)

and to show it is (fully) faithful when k is, for example, the field of complex
numbers.
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