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Abstract. The main purpose of this paper is to give a sharper asymptotic formula for the mean
square value

Y Le+it, )Ll —o —it, })

xmod g

where 0 < o < 1. This will be derived from the functional equation of Hurwitz’s zeta-function and
the analytic methods.

1. Introduction

For integer g > 2, let x denote a typical Dirichlet character mod g, and L(s, y) be
the corresponding Dirichlet L-function. We define the function T(q, s) as follows:

T(q’ S) = Z L(S, X)L(l -9 Z)

xmod g

where the summation is over all Dirichlet characters modgq, and s = ¢ + it,
O<o< 1

The main purpose of this paper is to study the asymptotic property of T(q, s).
We know very little at present about this problem. Although D. R. Heath-
Brown [1] first introduced the function T(g, s), he obtained an asymptotic series
only for T(g, 1/2). Enlightened by the idea in [2], this paper, using the functional
equation of Hurwitz’s zeta-function and the analytic method, studies the
asymptotic property of T(g, s) for all 0 < ¢ < 1 and proves the following three
theorems:

THEOREM 1. Let integer q>2 and real t>3, 0<o<l1, c(o)=
Max(o, 1 — 0), s = 0 + it, then we have

1—s
r <__)
T(q, s) = m In (2) + 2y + .77-' + Inp 1 2 I(s/2)
q n 2 sin(ms)

1
+0 [(qt)“"’ exp (m’;ffi;)oﬂ

+ +
mp—1 2 r l—s I'(s/2)
2
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where y is the Euler constant, Zp,q denote the summation over all distinct prime
divisors of ¢, I'(s) is Gamma function and exp(y) = e”.

THEOREM 2. Let mod q > 2, then we have asymptotic formula

¢2()[ <q> lnp]
1 )2 —
,rgd.,'L(z’X)l . In 2 +v+mp_1

* 0[ o (hirllj q)]

THEOREM 3. The asymptotic formula

2
1mzo:dq IL(% it X)|2 N %l l: <2 > pla P 1]

1
e (52

holds for all mod q and real t > 2.

From the theorems we may immediately deduce the following:

1 —
COROLLARY 1. Let O<o<1, s=0+it, c=Min( 7. "), if

1 < |t] < ¢°"¢, then we have

-
a " np 1 <2> I'(s/2)
1“( >+2’)+2sin(ns)+p/qp— 172 r<1 —s> T2

T(q, s) ~

$*(q)
q

where ¢ is any fixed positive number.

COROLLARY 2. If [t| < q* ¢, then

2
S L+t P ~ ¢@

xmodgq

In|qt| for all t > 3.

Corollary 2 is an improvement of result of Balasubramanian [5], who gave the
asymptotic formula in the range |t| < g4 ~*.

2. Some lemmas

In this section, we shall give some basic lemmas which are necessary in the
course of proving the theorems.
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LEMMA 1. Let integer q > 2, then for any 0 < ¢ < 1 and s = ¢ + it we have

P e

where (s, a) is Hurwitz zeta-function, ¢(q) is Euler function and u(n) is Mobius
Sfunction.
Proof. From the orthogonality of Dirichlet characters and

1
pry x(@)(s, a/q)
q 1<a<yq

L(s, ) =

N

we may get

= (5 (- )8 (1)
_ %9 Nef1-s9
B q ISaSqZ;‘a.q)-_-l ‘:(&q)‘:(l > q)

¢(q) n o
5 Z §<s’ q/d> C( > q/d) O
Let
l—s+w s+ w
()05 e
F(w, s, k) = 2 2 .sm(ns) + sin(zw)

(nk)* 2

k h h
xhzll<s+w,E>C<1—s+w,E>.

We then have the following,
LEMMA 2. If integer k > 2, Re(w) = 1, then

—s+w rf? + w>
2 2 y sin(nw)
(mk)” 2

X[;ﬁ‘; C<S+W,£)C<1 —S+W,Z)+C(s+w)(:(l—-s+w)

k=1 y k—vy
+V;C<S+W’E)C<1_S+w_k )]

r(l
F(—w, s, k) = F(w, s, k) —
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Proof. From the functional equation of Hurwitz zeta-function (See [3],
theorem 12.8) and the property of Gamma function we know that

h (1-s 1 —
C<1—s,z>n” 2 F( 2S>sing—(1—s)

_[(s/2n™ 2 & 2mivh  mis
= 7 21 exp|—, 5 ) +ex

y=

mis  2miyh Y
(5= (4)

holds for all integers 1 < h < k.
From above and notice that

sin(ws) + sin(nw)

sing(l—s+w)sing—(s+w)= 3 ,

K o (k ifk/m
y;l exp(2miny/k) = {0 it kfn.

we may immediately get

l1-s—w S—=WA 42
F(—w, s, k) = Zk: F< 2 )F( 2 )n/ Xsin(ns)—sin(nW)

h=1 kv LT 2

xC<1—s—w,£)C(s—w,%>
1—s+w s+w
F< 2 >F< 2 ) k& ¥ Y1
= Y ¥ C<s+w,—>§<1—s+w,—)
y=17=1

4k(nk)” X p
X hi <exp<— %i(s +w) + @) + exp <g (s 4 w) — 27z;'yh>>
TR R
(=)
) (wh)”

y [sin;ns) Yil C(s +w, %) 4 (1 — 5+ w, %)
sin(ntw)

- (C(s Wil —s W+ Y c<s +w, %)
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xC(l —s+w,——k;y>>]
1—s+w s+ w
(=) ()
— F(w, s, k) — 2 2 ) sin(zw)

(km)¥ 2
[Z c<s+w )C(l—s+w Z>+C(s+w)C(l——s+w)

k-1

+y;C(s+w,%)C<l—s+w,kk;y>]

This completes the proof of the lemma 2.

O
LEMMA 3. Let integer k> 2,s=0 +1it,0 <o < 1, then

k y Y\ 1 [tFiegls, w) sin(zw)
Le(sp)e(-ad) =5 o+ o)

1-iw 9(s, 0) sin(ns)

k y 7\ e”
xyglé(s+w,E 4 1—s+w,% wa

1 [t*i® g(s, w) sin(mw) k—y
~—§;; 1-io g(S 0) Sln(TES)(Z C( >C(1—S+Wa—>

k
+{s+ w1 —s+ w)) % dw+0 <EG+IS—I|(1—G>

where
s, w) =T l—s+w r s+w (k)
2 2
Proof. Let
1+iw w2
p=-! Fiw, 5, k) < dw,
2mi ico w

moving the line of integration in I to Re(w)

= —1, in this time the integrand has
one order pole at the point w = 0, s and 1 — s with the residues F(0, s, k) and

l"(%)l"(s) . e_ k k°
kS0 S XL ( ) N
réra — s (=92

- (& k Y kl—cr
TR sin(r(1 — s)) 7= ; <2 — 2s. E) «T'
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Thus from lemma 2 and the above we may get

1 1+io w2 ke kl—a
[=FQ,s, k)—%J F(—w,s,k)%dw+0<+——>

1-iw Is|
1 1—s s\ . X Y Y
= 5 r (T) r <E> Sln(ns) y;l C(S, E) C <1 — S, %>
1 1+iw e"? 1 1+ioo g(s, w) .
- F k) — =
i w, s, ) dw + i > sin(ntw)

: Y 7\ e”
XYZIC<S+W’E>C<1_S+W’E>7dw

1 [L+io g(s, w)sin(nw) y k—y
+%Liw———2 [ZC<s+wk>C<l—s+w—k >

w2 a 1-¢
FOs + W1 — s + w)] 67 dw +0 (k—J“Ik—>

s|

by the definition of I and F(w, s, k), and the above we immediately deduce lemma
3. O
LEMMA 4. For real number t > 3 and x > 0, we have

1 [t+i= _ g(s, w) sin(nw)) e*’
W) =5 L ) (2 + sm(ns)> W
t/kx, if x > (t/2nk),
V1. if x < (t/27k).

Proof. From the Stirling Formula we know that

ID(B + it)] = |¢(ff~ 12 e~ DM /o {1 +0 G)} t - 0. 1)

For w =y + iy, by (1) we may estimate

g(s, w)

g, 0)

If x > t/(2nk), then by (2) we may get trivial estimate

< (It] + Iy e k™ @

e 1 Iyl ey e
w(x) < f (k)= (e] + I¥e y<2+ nm>|yl+1dy

+ 0
« t/kx f e2™ " dy « t/kx.
0
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If x < t/(2nk), then we move the line of integration to

c l—o
R = —min( -, ——
e(w) m1n<2, > ),

in this time the integrand has one order pole at the point w = 0 with the residues
2, from this and (2) we can deduce that

t —min[a/2),(1 -0)/2)] f+ N
wix) < 1 + <H> J e?™=rdy

- o0

<1 + (t/kx)™minl@/2) A =D} o

Combining above two cases we immediately deduce the lemma 4. O

LEMMA 5. For integer k and real t > 2, we have

— 1 [trie o, (s, w) sin(nw) ev’
L w 2 142w d
My =5 Jl,m K 60 P T Siny ) U H 2 S dv

~ K\ 1/T(1 =52 T(s2) -
=k [m <E> *3 (r((l “9) T F(s/2)> * Jsin(ns) +2y]

+ 0(k%) + O(k' )

Proof. Moving the line of integration in M, to Re(w) = —1, this time the
integrand has two order poles at point w = 0 and the one order pole at the
points w = —s and w = —(1 — s) with the residues:

1+2w 905, W) sin(nw) LT
552 I:k g(s, 0) (2 + sin(ms) > w{(l + 2w)e ]

_ E 1 I'(1 —s)/2) I'(s/2) i
- ['“ (n) 2 (r«l —92) " r(s/z>> T sin(ns)]

and the residues:

2k"2‘(kn)sl"(% — s — 28)652/(—5'9(5’ 0)) « kl-e,
2 k1209 k) ~*T(s — B e =25 — 1/(—(1 = 9)-g(s, 0)

«<k°.
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For w= —1 4+ iy, |y| < t/2, from the estimate (2) we may get
b+ 2w g(s, w) ) si.n(nw) {42 i
46, 0) \> T Sinas) ) 2

k 2
«<k™! -<;>'IC(—1 +2iy) (1 + [y~ e
<™=y, 3)

It is clear that the estimate (3) also holds for |y| > t/2. From the residues and
estimates (3), and notice that

+ oo
J e2™ =’ dy « 1

— o0

we may immediately deduce lemma 5. O

LEMMA 6. For any fixed 0 <o <1 and real number t > 2, we have the
asymptotic formula

(o + it) T 1
9T e+ Zivof-
To+i " F2t7 <t>

Proof. (See [4], Lemma 3). O

LEMMA 7. For integer k and real number t > 2,let 0 <o < 1,s = o + it, then
we have the asymptotic formula

< v Y\ _ k n
P (S’ E) ‘ (1 P E) =k [I" <E> 2 S Sin)

L(T(1 = 9)/2)  Ts/2) 3y
2 <F((1 972 T TeR) )] + 0((kt)Inz)

where ¢(o) = max(o, 1 — o).
Proof. From the definition of W(x) and {(s, «), and apply lemma 3 we may get

y 7\ _ L L+io g(s w) sin(nw)
Z C<s’ E) ¢ (1 - E) = u L_,-w 4(s, 0) <2 " sin(ns))

k y 7\ e”
XVZ‘1C<S+W’; { 1—s+w,k wa
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_ L L+io g(s, w) sin(nw_)
27 J1-io g(s, 0) sin(ms)

k-1 y k—vy\]e”
+y;1 Ls + W,E> ¢ <1 — s+ W,T>:l7dw
+0(k?) + O(k' %)
= A(k, s) — B(k, s) + O(k“) 4

[C(s + w)(l —s+ w)+

Now we estimate A(k, s) and B(k, s) respectively, we have

2

1 1+ic0 1 w
Al 9) =5 j e gls, W) (2 + S'“(”W)> (1 + 2w) 67 dw

1—iw g(s, 0) sin(7s)
) tr—w((n+2)(m+2))
m=mO¢n"=0y=l m+2 n+2 k k
k k
=M, +M, (5)

Let ¢(6) = max(a,1 — o), by lemma 4 we may get

o 1

My« Y Y Y . — min |1,
m=0n=0y=1 Y Y v 14
m#n n+£ m+% k n+% m+%

K=k k
‘n—aﬁ+ﬁ>+ > =

mi<ye m' =00
m#n
© ko[l ke t
_ | —
+ Z Zl <na,y1-a nl—ayz:'),yn

t
+k Z m < (kt)c(ﬂ) Int

(6)
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For Re(w) = 1, we have trivial estimate

k—1 k —
Y C(s+w,——-——2>C(1 —s+w,2)
= k k
k—1 k 1+eo k)l -o+1
< —_ -
y; <k - v) (7
L ktte@ (7)

from (2), (7) and the definition of B(k, s) we get

_yz

o ¢ erhl
B(k, S) « J r € kl +c(o) _C_ dy < kc(a) (8)

_ o k€™ 1+ |yl

Combining (4), (5), (6), (8) and lemma 5 we may obtain
: Neli—s?
Lels8)s(-=3)

~ k 1T —s2) T2
=k [l" (E) 2 Sein) T2 <r((1 =92 T T6R) ﬂ

+0((q) Int)

This completes the proof of the lemma 7. O

3. Proof of the theorems

In this section, we shall give the proof of the theorems. First we prove theorem 1;
by lemma 1 and lemma 7 we may get

a9 =52 3w 8 o5 ¢ (15 )
(,,(q)d% (d){ [ <nd>+2siz<ns) t2
(i mea) o ()" mo)}
-0 <%>+2v+2si:<m)+%<¥’:3§: R3]

PR 0[(qr)“”>ln (Y Iu(d)l]
q pla djq
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Notice that

pd)Ind _ $q) lnP Ing
;/q d T T pla P — z Iu(d)] « exp <l In q)

From (9) we may immediately obtain
$*(q) q n Inp
T = In | = 2
(@9 == )+ 2+ g T
1 /(1 —s)/2) T'(s/2) In(qt)
— 0 t c(a)
2 (F((l —2 Tt/ |9 P
This completes the proof of the theorem 1.
Notice that L(} + it, y)L(3 — it, ¥) = |L(} + it, )|, from theorem 1 and lemma

6 we can easily deduce theorem 3.
From the properties of Gamma function we may get

e re_

e _ I r'e_
ré)  Te e ' Te)

= —2y—2In8

Applying the method of proving theorem 1 and above we can deduce

/% 1
Z |L(%>X)|2 ¢(q)[ <)+2 +2+F() Z npl]

xmod g F(A) pla P —

o[ (i)
)+ g oo ool

This completes the proof.
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